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Introduction

This text is the course material for the fall 2023 courses INTRODUCTION TO MANIFOLDS
and DIFFERENTIAL GEOMETRY ON MANIFOLDS. Together, these courses form an introduction
to the basics of differential geometry.

Prerequisites for the course include a good knowledge of differential calculus (Vector
Analysis 2) and mastery of the basics of topology, for example based on the sources [?]
or [?, Chapters I-V]. It is possible to take the courses even if the topology course is taken
concurrently with DIFFERENTIAL GEOMETRY ON MANIFOLDS. In this case, assimilating
new concepts is in some respects more demanding, but the aforementioned sources will
assist in this task. Many concepts appear in the metric spaces course in a more limited
context and thus become familiar through that.

The book [?] is recommended reading for the course, and the course is largely based
on this book.
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Notations and Conventions

This section introduces notations for some concepts that may be familiar from previous
courses. Some notationsﬂ) or choicef] differ in different courses.

N ={0,1,2,...} the natural numbers.
#(A) € NU {oo} the number of elements in the set A.
A—B={ae A:a¢ B} the difference of sets A and B.

AU B is the disjoint union of sets A and B. The notation signifies the set AU B with
the additional information that AN B = (.

The disjoint union of sets X, is

HXa:{(a:,oz):xeXaozeA}.

a€A

f|a the restriction of the map f: X — Y to the subset A C X, f|a(a) = f(a) for all
ac A

Uaca Ua = {u: Ja € A, such that u € U, }.

Naca Ua ={u:u e U, for all « € A}.

A G B the set A is a proper subset of the set B: A C B and A # B.
{1 ifm=n

0 otherwise

6mn -

tA is the transpose of the matrix A.
(x| y)=>0r, xy; for all z,y € R™
E" is n-dimensional Euclidean space, see Chapter [1.2]

S* = {z € E* ||z = 1).

IFor example, the notations used for set differences vary.
2Is 0 a natural number?
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viii Contents

e B'a,r)={x€E": |z —al <r}

e 0;f(p) =0|,f = B%k (p) is the partial derivative of the map f: E® — E! at the point
p e E"

e Df(p) = ((%fj (p)) is the differential of the map f: E" — E™ at the point p € E".

Uusien kasitteiden mdaritelmdt on laatikoitu nain. Niitd ei ole numeroitu.

Tallaisessa laatikossa on jokin huomautus tai sopimus, joka on tarkea huomata.
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Part 1

Introduction to Manifolds
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Chapter 1
Smooth Manifolds

In the first chapter, we define smooth manifolds and become acquainted with several
key examples. The definition of a smooth manifold given in Section is based on
the definition of a topological manifold, so Subsection deals with this, more general
concept than a smooth manifold. Subsection and part of Subsection require a
more advanced mastery of the content of the topology course, but most of Chapter [I] can
be studied smoothly before studying topology.

1.1 Euclidean Space

The standard basis vectors of the vector space R™ are
e; = (1,0,...,0), e =(0,1,0,...,0),...,e, = (0,...,0,1)

and a general vector is expressed in terms of its components in the forms
n
r=(x1,T2,...,2,) = Zxkek.
k=1
The Fuclidean inner product on the vector space R"”
n
(z]y) = sz‘yi .
i=1

determines the Fuclidean norm

ol = /(alr) = 3o a2

i=1

and the Fuclidean distance d(x,y) = ||x — y||. The triple
E" = (R", (- ), - )

is n-dimensional Euclidean spacell]
'We agree that EY = {0}.

October 3, 2025 3



Smooth Manifolds

1.2 Topological Manifolds

Topological manifolds are topological spacesE] which locally have the same properties as
Euclidean space.

Let X be a topological space. If every x € X has a neighborhood that is homeomorphic
to Euclidean space, then X is a locally Fuclidean space. Let n € N. If every x € X has a
neighborhood that is homeomorphic to some open set of Euclidean space E™, then X is
an n-dimensional locally Fuclidean space.

If U ¢ R*" and V C R™ are non-empty open sets and m # n, then there is no
homeomorphism h: U — V. It follows that the n-dimensionality of a locally Euclidean
space is well-defined. This result is proven, for example, in the sources [?, 13.22], [?, Thm.
17.26] using methods of algebraic topology. We will not examine this result more closely
in this course, as the result is considerably easier for differentiable manifolds, as we will
notice in Chapter [1.4]

A topological space X is a Hausdorff space if for all x,y € X, © # y there exist open
neighborhoods U > z and V' > y such that UNV = 0.

A topological space X is an Ng—spaceE] if its topology has a countable basisE]

“Usually called second countable in English.
bA subset 3 of the topology T is a basis for the topology 7 if for every U € 7 — {()} there exist B; € 8
such that U = | J,; B; for some index set I.

Esimerkki 1.1. As a metric space, E" is a Hausdorff space. Any open set of Euclidean
space can be expressed as a countable union of balls whose center and radius are rational
numbers. These balls form a countable basis for the topology of the space E", so E” is
an No-space.

Let n € N. If M = (M, 7) is an n-dimensional locally Euclidean Hausdorff Ny-space, then
it is an n-dimensional topological manifold or a topological n-manifold.

Esimerkki 1.2. (1) Euclidean space E" is a topological n-manifold.

(2) Let U C E™ be an open set and let f: U — E™ be a continuous map. The graph of

the map f
G(f)={(x,f(x):x €U} CE"xE"

is an n-dimensional topological manifold when equipped with the relative topology, i.e.,
the subspace topology. Then ¢(f) is a Hausdorff space and Ns, because these properties
are inherited from Euclidean space E"*™,

The map F: U — ¥(f), F(z) = (x, f(z)) is continuous and the projection map
(x, f(x)) — x is its continuous inverse. The entire graph ¢(f) is thus homeomorphic to
an open set of the space E", so ¢(f) is a topological manifold.

2A topological space X = (X, 7) is a pair where X # () is a set and 7 is a collection of subsets of
X that has the same properties regarding unions and intersections as the open sets of Euclidean space:
(1)) e 7and X € 7, (2) if U1,Us,...,Uxy € T, then ﬂszlUk € 7and (3) if A# 0 and U, € 7 for all
a € A, then |J,c4 Ua € 7. The collection 7 is a topology and its elements are open sets. The theory of
topological spaces can be reviewed or studied using, for example, the sources [?], [?] and [?].
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1.3. Properties of Topological Manifolds

Propositio 1.3. Let My, Ms, ..., M, be topological manifolds. Then My x My X ---x M,
is a topological mam'foldE]

Proof. Exercise (1.3 m

Let M be a topological manifold and let p € M. Let U be an open neighborhood of the
point p and let ¢: U — ¢(U) C E™ be a homeomorphism. The pair (U, ¢) is a chart or
a local coordinate and the map ¢ is a chart map or coordinate map. The open set U is a
coordinate neighborhood of the point x.

A chart (U, ¢) contains a point p € M if p € U. A chart (U, ¢) is centered at p if ¢(p) = 0.

Esimerkki 1.4. The surface of the unit sphere
S*=8"0,1) ={z € E" : ||z]| = 1}

is a topological space equipped with the relative topology from the topology of the space
E"*!. Thus S™ is a Hausdorff space and since E" is an N,-space, S" is also an Nsy-space.
Let 1 < k < n+ 1. The coordinate projection in the direction ey, which is the map

pry: Evt — B
pry(z) = Z%ei’
itk

determines homeomorphisms from the sets
Uf ={x €S": £x;, > 0} (1.1)

to the unit ball B"(0,1). If x = Y/ 2;e; € S”, then x; # 0 for some 1 < j < n+1. Then
x € Uf. So S" is locally an n-dimensional Euclidean space, therefore it is a topological
n-manifold.

Let # € S". The orthogonal projection pr,: E"*' — 2t pr (y) = vy — (v | 2)z,

determines a homeomorphism from the open hemispheres of the sphere S™
Uf={yeS":(z|y) >0} and U, ={yeS":(z]y) <0}

to the set B"*1 N xlf_f] From linear algebra we recall that there is an orthogonal linear
map L, such that L,(z) = e, and L(zt) = E" x {0} = {x € E"*' : x,,,, = 0}. The
map pr,,;q oL, o pr, |y, : U, — B"(0,1) is a homeomorphism. The pair (U, pr, [;+) is a
chart centered at z.

1.3 Properties of Topological Manifolds

A topological manifold has useful topological properties. The properties discussed in this
section will mainly come into use in Part [T, They are introduced in this part of the text
because they hold even if the manifold does not have the differentiable structure defined

in Chapter [1.4]

3The product space uses the product topology.
f x = e, for some 1 < k < n + 1, then pre, is the coordinate projection pr, and Ueik = U,;t as
defined in equation (1.1)).
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Smooth Manifolds

A topological space is locally compact if every point has a neighborhood whose closure is
compact.

Propositio 1.5. A topological manifold is locally compact.

Proof. Let M be a topological manifold and let p € M. Then there is an open neighborhood
p € U C M and a homeomorphism ¢: U — ¢(U) C E™, where ¢(U) is open. For some
r > 0, we have B(¢(p),r) C ¢(U). Since ¢ is a homeomorphism, ¢~ *(B(¢(p),r)) is a
neighborhood of the point p and ¢=1(B(¢(p),7)) = ¢~ (B(¢(p),r)) is compact. O

A topological space is a Lindelof space if every open cover has a countable subcover.

Propositio 1.6. A topological manifold is a Lindeldf space.
Proof. See [?7, Theorem 9.15]. O

A topological space is o-compact if it is a countable union of compact sets.

Propositio 1.7. A topological manifold is o-compact.

Proof. Exercise m

Let X be a topological space. A collection o7 C Z(X) is locally finite if every z € X has
a neighborhood U such that the set {A € & : ANU # 0} is finite.

Let X be a topological space and let 7 and ¥ be covers of the space X. The cover 7 is
a refinement of the cover % if for every U € % there exists V € ¥ such that V C U.
A topological space is paracompact if every open cover has a locally finite refinement.

Lause 1.8. A topological manifold is paracompact.
Proof. [?, Thm. 1.15]. O

Theorem [1.§ follows from a more technical result needed for the construction of the
smooth partition of unity in Chapter [I1.4]

Lause 1.9. Let M be a topological manifold and let B be a basis for its topology. Let
(Ua)aca be an open cover of the manifold M. Then there exists a locally finite open cover
(B:)ier of the manifold M such that B; € B for alli € I.

Proof. [?, Thm. 1.15]. O
Lause 1.10. A topological manifold is metrizable.

Proof. By Smirnov’s metrization theoremP}, every locally metrizable paracompact Hausdorff
space is metrizable. A topological manifold is locally metrizable because it is locally
homeomorphic to Euclidean space and the topology of Euclidean space is a metric topology.
By definition, a topological manifold is a Hausdorff space and by Theorem it is
paracompact, so the claim follows. O]

5[7, Thm. 42.1]
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1.4. Smooth Manifolds

1.4 Smooth Manifolds

The structure of a topological manifold is not sufficient for developing differential calculus
on manifolds. In this chapter, we define the necessary additional structure.

Let U C E™ be an open set. A map F: U — R™ is smooth or a C>*-map if it is infinitely
many times continuously differentiable.

Let M be a topological manifold. The charts (U, ¢) and (V,1)) defined on open sets U
and V' of the manifold M are (C*-)compatible if the transition map

VYo (dluav) t: d(UNV) = p(UNV)

is a C*°-diffeomorphism[]

%The condition is empty if U NV is empty.

Figure 1.1 — Charts (U, ¢) and (V, %) and their transition function.

Lemma 1.11. Let (Uy, ¢1), (Us, ¢2), (Us, ¢3) be charts on a topological manifold M such
that (Uy, ¢1) and (Us, ¢o) are compatible and (U, ¢2) and (Us, ¢3) are compatible. Then

b1 0 (d3|varwanus) ™" is smooth.
Proof. Exercise (1.5 m
Let % = {(Ua,¢a) : @ € A} be a collection of pairwise C*-compatible charts on the

topological manifold M such that {U, : « € A} is a cover of the manifold M. Then % is
a C*®-atlas or a smooth atlas of the manifold M [

“The term atlas can also be used for the collection.
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Smooth Manifolds

In a similar manner, one can define C*-manifolds for any & € N, analytic manifolds,
and for example complex analytic manifolds. For simplicity, in this course we will only
consider smooth manifolds.

Esimerkki 1.12. (1) The collection {(U,id |y) : U C E" open, U # 0} is the canonical
atlas of Euclidean space E™. The transition functions of the canonical atlas are identity
maps, so the canonical atlas is a C*-atlas.

(2) The restrictions of the coordinate projections form a C*-atlas on the unit sphere S™.
In the case of the unit circle S, these charts are (Ui, pr;) and (U, pr,) as in Example
[L.4] For example, on the set pry(U; NUS) = {s €E' : 0 < s < 1} we have

pryopry '(s) = pry(s, V1 —s?) = V1 — s

and similarly in other cases, so the transition maps are smooth.
(3) The map Sy: S™ — {en41} — E"!

T —e,
So(z) = s Entl

- + en+l
1- Tnt1

associates to the point = the intersection point of the line between e,,; and x and the
hyperplane E"* x E!. The map . = pr,, 1 0S50: S" — {es} — E™,

Tlyeny Ty)

(
S (x) =
( ) - Tn+1
is the stereographic projection from the north pole. The expression for the inverse map of
the stereographic projection is

2, Iyl = 1)

“1py
S y) = e (1.2)

Similarly, the stereographic projection from the south pole S =: S" — {—e, 1} = E”
is formed by the expression

Sy (T Tn)
y(x)_ 1_|':L'n-i-1

The coordinate neighborhoods of the stereographic projections . and . form a cover
of the topological manifold S™. Their intersection set is S™ — {+e,, 41} and by expression

(1.2), on the set E" — {0} we have

— B Y —~
S oSy = wE="°" "(y),

so the transition map is a reflection in the sphere S*! C E". Thus, the stereographic
projections from the north and south poles form a smooth atlas.

(4) Example (2) can be generalized using the implicit function theorem%} Let U C E" be
open and let F': U — E! be smooth. A number ¢ € F(U) is a reqular value if VF(p) # 0
for all p € F~!(c). By the implicit function theorem, the level set F'~*(c) is locally the
graph of a smooth function and the transition maps are smooth.

6See Vector Analysis 2 or for example [?, Thm. C.40].
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1.4. Smooth Manifolds

€3

Figure 1.2 — Stereographic projection.

For example, V: R? — R,
V(z) = af(z1 —1)° + 3,
—41’1(371 — %)(Il — 1) _
—QZEQ
0 only if 5 = 0 and z; € {0, %, 1}. Thus, the level curves of the function V illustrated in
Figureare smooth everywhere except at the point (%, 0), since F~1(0) = {(0,0),(1,0)}
is a smooth 0-manifold even though 0 is not a regular value of the function V.

as a polynomial function of two variables is smooth and VF'(z) = (

0.6F — — T ——3
04/
02 i

00/

Figure 1.3 — Level curves of the function V' from Example [1.12(4)

If % is a smooth atlas and for no smooth atlas ¥ does % C ¥ hold, then % is a mazimal
smooth atlas or a differentiable structure or a smooth structure on the manifold M.

If 7 is a differentiable structure on a topological manifold M, then (M, %) is a smooth
manifold or a differentiable manifold.

If (M, %) is a smooth manifold and (U, ¢) € %, then (U, ¢) € % is a smooth chart.

October 3, 2025



10

Smooth Manifolds

Propositio 1.13. FEvery smooth atlas % on a manifold M is contained in a unique
maximal smooth atlas.

Proof. Let % be a smooth atlas on the manifold M. Let U be the collection of all charts
that are compatible with the atlas %/. The charts belonging to the atlas % cover the
manifold M and they are contained in the atlas %, so the charts belonging to the atlas
% cover the manifold M. Let (U, ¢1),(Us, o) € %. Assume that p € Uy NU,. Let
(V,4) € % be a chart that contains the point p. By Lemma , &1 0 (o|u,runny) ! s
smooth. This holds for all p € U1 NUs, so ¢y 0 (¢ Ung) is smooth. Thus the collection
U is a smooth atlas. By its definition, the atlas U is a maximal smooth atlas.

If 7 is an atlas that contains the atlas %, then its charts are compatible with the
charts of the atlas %. So they belong to the atlas % hence ¥ C %. Thus % is
unique. L]

Let % be a smooth atlas on a topological manifold M. The smooth structure in which
% is contained is the mazimal smooth atlas/differentiable structure/smooth structure
determined by the atlas U .

Propositio 1.14. If a chart (V1) is compatible with a smooth atlas % of a topological
manifold M, then it is smooth in the smooth structure determined by the atlas % .

Proof. Exercise O

Esimerkki 1.15. (1) The atlases from Example determine differentiable structures,
and the topological manifolds equipped with these structures are smooth manifolds.

We use the smooth structures determined by the atlases presented in Example for

the smooth manifolds E"® and S™.

(2) If My, My, ..., M, are smooth manifolds, their product manifold M = M; x --- x M,
has a smooth manifold structure: If (U;,¢;) is a smooth chart on the manifold M,
1 <j<n,then (U3 X - X U,,¢1 X -+ X ¢,) is a smooth chart on the product manifold
M. The sets Uy x --- x U, cover the manifold M and it is easy to check that the atlas
thus obtained is a smooth atlas. Unless otherwise stated, we use the smooth structure
determined by this atlas for the product manifold of smooth manifolds.

(3) Let M be a smooth manifold and let V' C M be a non-empty open subset. If %
is a smooth atlas of the manifold M, then {(U NV, dlyav) : (U, ¢) € % ,UNV # ()}
is a smooth atlas that makes the open set U a smooth manifold. Then U is an open
submanifold of the smooth manifold M.

Esimerkki 1.16. The map ¢: E' — E!, ¢(t) = 3, is a homeomorphism, so (E!, ¢) is a
chart and it forms an atlas. By Proposition m, (E!, ¢) is contained in a maximal atlas
Y. This atlas is not the same as the maximal atlas of the canonical atlas, because the
transition map ido¢~!, s — ¥/s, is not smooth.
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1.5. Manifolds and Quotient Maps 11

1.5 Manifolds and Quotient Maps

In this chapter, we examine some key examples of smooth manifolds constructed from
equivalence classes using the quotient construction.

Let (X, 7) be a topological space and let ~ be an equivalence relation on the set X. The
equivalence classes of the equivalence relation ~

[z] ={y e X 1y ~x}
form the quotient set
X/~ = {[x] :xGX}
and the map m.: X — X/ ~,
pe(z) = [1],
is the quotient map or natural or canonical projection.

The collection
.={UC X/~ : 7 }U) €7}

is the quotient topology on the set X/ ~.

Propositio 1.17. Let X be a topological space and let ~ be an equivalence relation on
the set X. The quotient map w..: X — X/~ is a continuous surjection.

Proof. [?, Prop. 12.12], [?, §22]. ]

Let X and Y be topological spaces. A map f: X — Y is an open map if f(U) is open for
all open sets U C X.

An equivalence relation is open if its quotient map is an open map.

The following result is often useful in constructing manifolds:

Propositio 1.18. Let X be a topological space and let B be a basis for the topology of the
space X . Let ~ be an equivalence relation on the set X whose quotient map 7: X — X/~
is an open map. Then {mw(E) : E € B} is a basis for the topology of the space X/ ~.

Proof. Exercise O

Seuraus 1.19. Let ~ be an open equivalence relation on an Ny-space X. Then X/~ is
an Ny-space. O

In Exercise [I.10] we examine an example where the quotient map of an equivalence
relation is neither open nor closed.
Verifying that a quotient space is a Hausdorff space is often more challenging.

Esimerkki 1.20 (Torus). Define an equivalence relation on the space E" by choosing
the equivalence classes to be the sets x + Z™ for all x € E". The quotient space thus

formed
™ =E"/Z"
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12

Smooth Manifolds

is the n-dimensional torus.

Figure 1.4 — Ball neighborhoods of the points (3, 5) +Z? and (3, ) +Z? on the 2-torus
T? = E2/Z%. The torus can also be formed by identifying opposite sides of the closed unit
square as indicated by the arrows.

Figure 1.5 — 2-torus.

If a4+ 7Z" b+ 7Z" € T™ are two distinct points, then their preimages a + Z" C E™ and
b+Z" C E™ are disjoint and it is easy to choose a small r > 0 such that B(a,r)+Z" C E"
and B(b,r) + Z™ C E" are disjoint. The images of these open sets on the torus are open
disjoint neighborhoods of the points a + Z", b+ Z™ € T™. Thus T" is a Hausdorff space.

Next, we check that the quotient map 7: z — x + Z" is open: Let U C E" be an open
set. From the definition of the equivalence relation it follows that

7T_1(7T(U)> = || (U+k),

kezn
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which is an open set. By the definition of the quotient topology, m(U) is thus open. By
Corollary T™ is an Np-space.

The torus has a natural smooth atlas obtained from local inverses of the quotient map:
Let a+Z™ € T". The restriction of the quotient map 7 to the ball B(a, %) is an injection,
so its inverse map ¢, = 7 *: U, = (B(a,3)) — B(a,3) C E" is a chart map. By the
definition of the equivalence relation, the transition maps of the atlas {(U,, ¢,) : a € R™}
are affine maps x — x + k, k € Z". In particular, the transition maps are thus smooth.

Let ~ be an equivalence relation on the set X. A map f: X — Y is compatible with the
equivalence relation ~ if f(x;) = f(x2) for all z1, x5 € X for which zy ~ x5.

If a map f: X — Y is compatible with the equivalence relation ~, then it determines a
map fo: X/~ =Y,

For a map f: X — Y compatible with the equivalence relation ~ on the set X, we

thus have f = f_om..
l ~J
X/~ Y

Propositio 1.21. Let ~ be an equivalence relation on a topological space X and let Y
be a topological space. Let f: X — Y be a map that is compatible with the equivalence
relation ~. Then f is continuous if and only if f- is continuous.

Proof. See [?7, Chapter 12.2], [?, Thm. 22.2]. ]

Esimerkki 1.22. The quotient space E!/Z is homeomorphic to the unit circle S C E%:
The map f: E! — S, ¢ — (cos27t, sin 27t), is a continuous surjection, which is injective
on the interval [0, 1]. It is compatible with the equivalence relation due to the periodicity
of cosine and sine, so by Proposition the map f.: E' — S! is continuous. The
restriction of the quotient map 7. to the interval [0, 1] is a bijection, so the map f. is a
bijection.

By Proposition , the quotient map . is continuous and E!'/Z! = 7.(0,1),
so E'/Z!' is compact as the image of a compact set under a continuous map. Thus
f~ is a continuous bijection from a compact space to a Hausdorff space, so it is a
homeomorphism[’| More generally, T is homeomorphic to the product space (S*)".

Esimerkki 1.23 (Projective space). Let R* = R — {0}. Define an equivalence relation
~ on the topological space E"* — {0} by setting the partition to be the sets

Rz ={trx:teR*}=x]=r; :x2: Ty Tpy] .

Each equivalence class of this equivalence relation intersects the sphere surface S™ in
exactly two points and determines a partition of the set S™ into sets {z, —z}, z € S*. The
quotient space

P = (B — {0})/~ ="/~
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Figure 1.6 — Formation of the projective plane P? by identifying opposite points on the
surface S? as in the left figure and by identifying opposite points on the equator of the
closed southern hemisphere as in the right figure.

is the n-dimensional projective space. Projective space is compact by Proposition [1.17]
since S” is compact.

Projective space P" is the space of lines, i.e., 1-dimensional vector subspaces, of the
space E"1: Points z,y € E"™ — {0} span the same line

(xy ={rz:reR}={ry:r e R} = (y),

if and only if y = sx for some s € R*.

Figure 1.7 — The projective plane is the space of lines in E3.

By Exercise P™ is a Hausdorff space and an Ns-space. We show next that
projective space is an n-dimensional smooth manifold. Let 1 < k <n+1. Let Uy = {[azl :

"See [?, Theorem 11.17], [?, Thm. 22.2].
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To i Tpyt] Tk F 0}. The map ¢ : U, — E",

x1 Tk—1 Tk41 Tpt1
¢k([x1:x2:~~~:xn+1]): —, ..., )

T $k7 ka“’ T

The map is clearly well-defined, because 22— % for all 1 < j,k < n+ 1 and all

Az,
A € R — {0}. By restricting to the unit sphere surface, Example shows that it is a
homeomorphism onto its image and that the coordinate neighborhoods Uy, Us, ..., U,

cover the projective space P".

We show that the transition maps are smooth diffeomorphisms: Let [x] € P". Assume
that xq1, 29 # 0, so [z] € Uy NU,. Then

sille) = (2o, ) and gaflal) = (2,2, 22,

ﬂUl7 g I27 1‘2’ X2

The expressions for the inverse maps ¢; ', ¢5 ' : E* — P are

oM y)=[Leyr:- iy and @ (y) =[yr:Ll:yo: 1y,
SO
-1 1 Y2 Yn
¢20¢1 (y):<>a"'>>7
1 n
and
ooty - (L2, )
? vy

Thus the transition map ¢ 0 ¢7': {y € E* : 1 # 0} — {y € E" : y; # 0} is a smooth
diffeomorphism. The other transition maps are examined similarly.

We use the smooth structure determined by the atlas presented in this example for
projective space.

Projective space is an abstract smooth manifold whose definition does not give it as a
subset of any Euclidean space.

8The condition x; = 0 is well-defined because the equivalence class is defined by multiplying by
non-zero real numbers.
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Figure 1.8 — Visualization of the projective plane based on the construction in the right
part of Figure The figure shows an image of the projective plane P? by the map f,
from Exercise

Let X and Y be topological spaces. A map F: X — Y is a (topological) embedding if
F: X — F(X) is a homeomorphism/[]

®The image set F'(X) is equipped with the subspace topology, i.e., the induced topology.

By Whitney’s embedding theoremﬂ P can be embedded into Euclidean space E?" for
all n > 2. In Exercise [1.13| we examine a topological embedding of the projective plane
P? into the space E*.

Esimerkki 1.24 (Real numbers with two zeros). Let X = E! x {0,1} equipped with
the disjoint union topology of the topological spaces E! and E!. Let ~ be the equivalence
relation whose equivalence classes are {(z,0), (z,1)} for all + # 0 and the one-point
sets {(0,0)} and {(0,1)}. The quotient space X/ ~ is locally Euclidean but it is not a
Hausdorff space, because the points {(0,0)} € X/~ and {(0,1)} € X/~ do not have
disjoint neighborhoods.

Exercises

1.1. Let
X = (R x {0})u ({0} x R) C E?

equipped with the relative topology. Show that X is an Ny Hausdorff space but X is not
a manifold [V

1.2. Let T > 0 and let
Sr = {(sin(t),sin(2t)) : 0 <t < T} C E*.
Show that St is a manifold when 0 < T' < 7, and that St is not a manifold when T" > 7.

9Theorem |6. 16
10 Justify carefully why the origin does not have a neighborhood that is homeomorphic to an open set
of Euclidean space.
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1.3. Prove Proposition [1.3]
1.4. Prove Proposition [1.7]
1.5. Prove Lemma [L.11]

1.6. Prove Proposition [1.14}

1.7. Show that the stereographic projection .: S* — {e3} — E? is compatible with the
smooth structure of the smooth manifold S2.

1.8. Prove Proposition [I.1§]
1.9. Show that the quotient topology is a topology.

1.10. Let X = {z € E? : 23 > 0} U{z € E? : 25 = 0} equipped with the relative
topology. Let ~ be the equivalence relation whose equivalence classes are the sets {z €
X :xy = a}, a € R. Show that the quotient map m: X — X/~ = E! is neither open nor
closed.

1.11. Show that projective space is a Hausdorff space and an Nz—space.E
1.12. Let fi, fo, f3: S? — B3,

fi(z) = (waws, w321, 2172)
fo(@) = (waws, 22120, 27 — 23)

(21 + 72 + 73) (21 + T2 + 23)° + 432 — 71) (03 — 22) (11 — 3))
_ 4

fa(x) = (222 — a3 — 22)||z|)* + 2zow3(23 — 23) + w3y (23 — 22) + 2120(23 — 22)

V3((@3 — @)z |]? + wsw1 (a3 — 23) + w125(a3 — 23))

Show that the maps fi, f2, f3 determine continuous maps fi, fo, f3: P2 — E3.
1.13. Show that the map v: P? — E*,

v([z]) = (55'% - xga T1Ta, T1T3, TaT3)

is a topological embedding.m

1Show that the projection map is an open map. Figure may help in showing the Hausdorff
property.

12Examine the map v: E* — E*, v(x) = (22 — 22, 2129, 2173, 2273). To show that v is injective, show
that 7(z) = v(y) if and only if x = +y. Why is it sufficient to show that v is a continuous injection?
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Chapter 2

Smooth Functions and Maps

The differentiable structure of a manifold enables the development of differential calculus
on the manifold. In this chapter, we will become acquainted with smooth maps. At the
beginning of the chapter, we will examine vector-valued maps. In this course, we call
maps whose target set is E! functions.

2.1 Smooth Vector-Valued Maps

Let m,n € N and let M be a smooth n-manifold. A vector-valued map f: M — E™ is
smooth if fo¢~': ¢p(U) — E" is smooth for all smooth charts (U, ¢).

Let C*(M,E™) = {f: M — E™ : f is smooth}.

Lemma 2.1. Let M be a smooth manifold and let (U, ¢), (V, ) be smooth charts of the
manifold M such that UNV # (. Let f: M — E™. If fo¢™' is smooth, then fo(¢|yny) ™
is smooth.

Proof. In the domain (U N'V) of the map f o (¥|yny) !, we have
fo@luav)™ = (fog ") o(po (@lunv)™),

so f o (¥|yny) ! is smooth as a composition of two smooth maps. O

By Lemma [2.1] it suffices to check the smoothness of a vector-valued map using one
smooth chart around each point.

Seuraus 2.2. Let M be a smooth manifold. A map f: M — E" is smooth if and only
if for every p € M there is a smooth chart (U,,¢,) such that p € U, and the map
foo™t: ¢(U) — E" is smooth.

Proof. Assume that for every p € M there is a smooth chart (U,, ¢,) such that p € U
and the map fo gb;l: ¢(U,) — E™ is smooth. Let (V1) be a smooth chart and let g € V.
Then

foWlvau,) ' =(fo ﬁb;l) o (¢g0 (Ylvrr,) ")
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is smooth as a composition of two smooth maps. Since this holds for all ¢ € V', the map
f o~ is smooth.

If, on the other hand, f is smooth, then f o ¢~! is smooth for all charts ¢. The claim
follows because any point p of the manifold M has a smooth chart containing the point
p. ]

The E"-valued maps defined on a smooth manifold M form a vector space when the
addition of maps f,g: M — E™ and multiplication by a constant A € R are defined by
setting

(f+9)p) = flp)+90p),
(Af)(p) = Af(p)

for all p € M.

Lemma 2.3. Let M be a smooth manifold. The set of smooth maps C°°(M,E"™) equipped
with map addition and multiplication by constants is a real vector space.

Proof. We show that C°°(M,E™) is a subspace of the vector space of all E™-valued maps
defined on the manifold M. The constant functions are smooth, so C*°(M,E") is not
empty. Let f,g € C°(M,E") and let \,u € R. Let p € M and let (U,p) be a chart
containing the point p. By definition, the vector-valued maps fo¢~! and go¢t: ¢(U) —
E™ are smooth. By known results from differential calculus, A\f o=+ pugo¢~! is smooth.
Since this holds for all p € M, it follows from Corollary that f + g is smooth. m

Lemma 2.4. Let M be a smooth n-manifold and let (U,¢$) be a smooth chart. Then
¢: U — E™ is smooth.

Proof. By Corollary [2.2] to check the smoothness of the map ¢, it suffices to use the chart
(U, ¢) itself. In this chart, we have ¢ o ¢~! = id. O

2.2 Smooth Real-Valued Functions

Smooth functions are a particularly important special case. Different sources use different
notations for them

C®(M) =g (M) = C>(M,E").
In addition to addition and multiplication by constants, multiplication is defined for real-
valued functions by setting

(f9)(p) = f(p)g(p)
for all p € M.

Let V' be a vector space equipped with a bilinear multiplication of vectors (v, w) — vw.
If (V,+,-) is a ring, then V' equipped with addition, multiplication, and multiplication by
constants is an (associative) R-algebra.

Propositio 2.5. The set of smooth functions C°(M) = §F(M) equipped with addition,
multiplication, and multiplication by real constants is a commutative associative R-algebra.

Proof. By Lemma 2.3 F(M) is a vector space. The rest of the claim is proven similarly.
Exercise 2.1] O
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2.3 Smooth Maps

Let M and N be smooth manifolds. A continuous map F': M — N is smooth at the point
p € M if the map ¢ o F o (¢|ynp-1(1)) " is smooth for every chart (U, ¢) containing the
point p and for every chart (V, ) containing the point F'(p),

The map F'is smooth if it is smooth at every point p € M.

Let
C®(M,N)={f: M — N : f is smooth} .

X Y

Figure 2.1 — Differentiable map.

Propositio 2.6. Let M and N be smooth manifolds. A continuous map F: M — N is
smooth at the point p € M if the map ¥ o f o (¢|unp-1(v))~" is smooth at the point ¢(p)
for some smooth chart (U, ®) containing the point p and for some smooth chart (V,)
containing the point F(p).

Proof. Exercise O
Propositio 2.7. The composition of smooth maps is smooth.

Proof. Let My, Ms, and M3 be smooth manifolds. Let F}: My — My and Fy: My — M;y
be smooth maps. Let p € M, let (U, ¢1) be a smooth chart containing p, let (Us, ¢2) be
a smooth chart containing F(p), and let (Us, ¢3) be a smooth chart containing F» o F(p).
Then

¢3 0 Fy 0 F1 0§y, wanrs ()
= (¢3 0 F2 0 (&alu,nry ) ) © (620 F1 0 b1l mrr any )
is smooth. The claim follows from Proposition [2.6] O
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Esimerkki 2.8. (1) The inclusion map i: U — M, i(p) = p, of an open submanifold
U C M of a smooth manifold M is smooth: Let p € U and let (¢, V) be a smooth chart
of the manifold M containing the point p. Then ¢|y is a smooth chart by Example ?77?.
The map ¢ is smooth at p, because ¢ o i 0 (¢|y)~! = id in its domain U NV > p. The
identity map is smooth, so ¢ is smooth by Proposition [2.6]

(2) The quotient map =: (E”H - {0}) — P 7w(x) = [z] is smooth: Use the chart
defined by the canonical chart of the Euclidean space on the smooth manifold E*! — {0},
id [gn-1_goy : E"*' — {0} — E™", and the charts ¢5: Uy — E", 1 < k < n + 1, defined
in Example ?? for the projective space. Let p € E*"™! — {0} and assume that p,,; # 0.

Then
(131,372, e 71:71)

Tn+1

¢romoid™ (z) =

is smooth in its domain {x € E""! : x;, # 0} > p. The calculations are done similarly for
the other charts.

(3) The map F: S" — P, F(x) = [z] is smooth: Let p € S*. Assume that p; > 0.
Use the chart maps pr;: U;Y — B"™(0,1) and ¢; defined in the previous chapter. Let
y € B"(0,1) = Impry. Then

i Y
é10 Fopri (y) = o (F(J/1— [yl2 yis-- - yn)) = N
—ly

so ¢ 0 Fopry! is smooth. The calculations are done similarly for the other charts.

2.4 Diffeomorphisms

Let M and N be smooth manifolds. A smooth bijection F': M — N is a diffeomorphism
if its inverse map is smooth.

A map G: M — N is a local diffeomorphism if for every point p € M there is a
neighborhood U, such that G|y, : U, = G(U,) is a diffeomorphism.

Lemma 2.9. Let My, Ms, and M3 be smooth manifolds. If My and My are diffeomorphic
and My and Mz are diffeomorphic, then My and Ms are diffeomorphic.

Proof. Let Fy: My — My and Fy: My — Mj be diffeomorphisms. The composition of
bijections is a bijection and the composition of smooth maps is smooth by Proposition
2.7 The claim follows by noting that (Fyo Fy)™' = Fy ' o Fy L. O

Lemma 2.10. Let M be a smooth manifold and let (U, ¢) be a smooth chart. Then
¢: U — ¢o(U) is a diffeomorphism.

Proof. The coordinate representation of the chart map ¢ in the chart (U, ¢) is id ogpog™t =
id, which is a diffeomorphism. ]

Esimerkki 2.11. (1) The map ¢: E! — E!, ¢(x) = 23 is not a diffeomorphism, because
its inverse map y — ¥y is not smooth at the origin.

In Example ?? we noted that the maximal atlas % containing the atlas {(E!, ¢)} is
different from the maximal atlas of the canonical atlas. The map ¢~': E! — (E', %) is
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a diffeomorphism, because its coordinate representation is ¢ o ¢! o id™' = id, which is
smooth.

Lemma 2.12. Let M be a smooth n-manifold and let U C M be open, U # 0. Let
F:U — F(U) C E" be a smooth diffeomorphism. Then (U, F') is a smooth chart.

Proof. Exercise [2.9 O

If the smooth manifolds (M, %) and (M, ¥’) are diffeomorphic, then the differentiable
structures % and ¥ are equivalent.

If smooth manifolds are diffeomorphic, they are considered manifestations of the same
abstract smooth manifold and are said to be the same up to diffeomorphism. FEvery
manifold of dimension at most 3 has a unique differentiable structure up to diffeomorphism.
The topological space E* has uncountably many differentiable structures that are not
equivalent to each other. Results proven by Donaldson and Freedman in the 1980s imply
that such exotic structures existE] For compact manifolds, examples were already known
earlier of manifolds with multiple differentiable structures that are not equivalent to each
other. For example, Milnor [?] showed that the manifold S” has 15 differentiable structures
up to diffeomorphism. On the other hand, Kervaire [?] gave an example of a 10-manifold
with no differentiable structure at all.

It is easier to show that diffeomorphic smooth manifolds must have the same dimension
than to show that homeomorphic topological manifolds have the same dimensionE]

Propositio 2.13. Let M be a smooth m-manifold and let N be a smooth n-manifold. If
M and N are diffeomorphic, then m = n.

Proof. Let F': M — N be a diffeomorphism. Let (U, ¢) be a smooth chart on the manifold
M and let (V,4) be a smooth chart on the manifold N such that V' C F(U). The map

F=v¢oFo(d|pi)"

is a diffeomorphism from an open non-empty subset ¢(F~*(V)) of E™ to an open subset
o(V) of E".
Let zo € ¢(F~1(V)). By the chain rule,

~

I, = D(F~' o F)(xq) = D(F7')(F(x0)) DF(x)

and
Ly = D(F o F~)(F(x0)) = DF(x0) D(F~)(F (o)),
so DF(x) is invertibl and D(F~Y(F(x0)) = DF(x0)~*. Thus n = m. O

1See for example [?].
2See Chapter ?7?.
3See Exercise m
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2.5 Smooth Bump Functions

Let f: E! — E,
, whent >0
0, when ¢t < 0

~
—~
~
N~—
|
——
ml
o+ =

Let a < b and let g: E! — E!,

for all t € E'.

(2.1)

Lemma 2.14. The functions f and h are smooth. Furthermore, hqop(t) =1 for allt < a

and hqp(t) =0 for all t > b.

Proof. The smoothness of f is an exercise in analysis. The denominator of the expression
defining h,j, has no zeros because a < b. Its smoothness thus follows from the smoothness

of f. See [?, Lemmas 2.20,2.21].

Figure 2.2 — Graphs of the functions f and hj .

Let 0 < a < band let h: E* — E!,

Hap(2) = hap([l]) -

]

Lemma 2.15. The function H,y is smooth. Furthermore, H(z) = 1 for all z € B(0,a)

and H,y(x) = 0 for all x ¢ B(0,b).
Proof. See [?7, Lemma 2.22].

The function H,j is a smooth bump function at the point 0 € E".

]

Lemma 2.16. Let M be a smooth n-manifold and let (U, ¢) be a p-centered chart at the
point p. Let b > 0 such that B(¢(p),b) C ¢(U) and let 0 < a < b. Let nop: M — E!,

_[Hoolg), ifqel,
Ua,b(Q) -

0 otherwise
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Figure 2.3 — A smooth bump function H;, in the plane.

Then nap is a smooth function such that n,,(q) = 1 in some open neighborhood of the
point p and whose supporﬂ is contained in the open set U. l

The smooth bump function is a useful tool with which we can, for example, extend a
smooth function defined in a coordinate neighborhood of some point p € M to a smooth
function defined on the whole manifold M, which takes the same values as the original
function in some neighborhood of the point p.

Lemma 2.17. Let M be a smooth n-manifold and let p € M. Let U be an open
neighborhood of p and let g € C*°(U). Then there exists g € C°(M), and an open
neighborhood V- C U of the point p, such that gly = glv.

Proof. Let (W, ¢) be a p-centered chartf| By Lemma there is a smooth bump
function n: M — E! whose support is contained in the set W NU. Let g: M — E!,

. nl@)g(q), ifgeWnU,
g(q) = . :
0 otherwise

Then g is smooth at all points of the open set W N U, because it is the product of two
smooth functions. If ¢ ¢ W N U, then n(q) = 0 and since the support of a continuous
function is closed, the point ¢ has an open neighborhood in which g is the constant zero
function. Thus g is smooth at ¢, so g € C*(M). O

Exercises

2.1. Prove Proposition [2.5

4The support of a function is the complement of its zero set.
®The open set U is not necessarily a chart neighborhood.
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2.2. Prove Proposition [2.6]

2.3. Show that the inclusion map i: S' — E?, i(p) = p, is smooth.

2.4. Let f: E? = E! be a smooth function. Show that f|s: is smooth.

2.5. Show that the quotient map 7: E" — T" w(x) = x + Z", is smooth.

2.6. Show that the map 7: S" — P, w(z) = [z], is a smooth local diffeomorphism.

2.7. Let M and N be smooth manifolds and let gy € N. Let i,,: M — M x N be the
map i, (p) = (p, @o). Show that i, is smooth.

2.8. Show that the map F': T' — S, F(s + Z) = (cos(27s), sin(27s)) is smooth.
2.9. Prove Lemma 212

2.10. Let A and B be matrices such that AB = I, and BA = I,,,. Show that B = A~!
and n = m.

2.11. Let M be a smooth n-manifold, n > 1. Show that the vector space F(M) is
infinite-dimensional

2.12. Let M, Ny, and N5 be smooth manifolds. Let m: Ny X Ny — N}, be the projection
maps 7 (p1, p2) = pk, for k € {1,2}. Show that a map F': M — N; X Nj is smooth if and
only if the maps m; o I and 7y o F' are smooth.

6Show that it is not finite-dimensional! Bump functions may be helpful here.
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Chapter 3

Tangent Space

In this chapter, we define the tangent vectors of a smooth manifold by generalizing the
concept of the directional derivative in Euclidean space to this more abstract setting.

3.1 Tangent Vectors and Derivatives at a Point in
Euclidean Space

Let U C E™ be an open set and let p € U. Every vector v € R™ determines a directional
derivative at the point p by setting, for everyE] feC=),

Bulpf = 0uf(p) = Df(p)v = (Vf(p) - v) = lim fp+tv) = f(p)

t—0 t

From differential calculus, we know that the directional derivative 9,|,: C*(U) — R is a
linear map that satisfies the Leibniz rule: If f,g € C>*°(U) and v € R", then

Duolp(f9) = Oulpf 9(p) + f()Oulpg -

In this chapter, we consider the generalization of the directional derivative to manifolds.

Let M be a smooth manifold and let p € M. A linear map 9: C*°(M) — R is a (point)
derivation at the point p on the space C*°(M) if it satisfies the Leibniz rule

o(fg) =0o(f)g(p) + f(p)o(g).

Let ©,(M) be the set of point derivations at the point p € M.

The definition is set up so that the directional derivative is a derivation at the point
p for all p € U, where U C E" is an open set.

!The definition of the directional derivative works for more general functions as well, but in this
course we only consider smooth functions.
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Lemma 3.1. Let M be a smooth manifold. Letd be a point derivation at the point p € M.
(1) If ¢ is a constant function, then 0c = 0.

(2) If f.g € C*(M) and f(p) = g(p) =0, then d(fg) = 0.

Proof. For the derivation 9, we have (1) = 9(1-1) = 19(1) +9(1)1, so 9(1) = 0. By
linearity, the same holds for all constant functions.
(2) Follows directly from the Leibniz rule. O

Lemma 3.2. Let M be a smooth manifold and let p € M. The derivations at the point
p form a vector space.

Proof. Exercise O
The point derivations of Euclidean space are directional derivatives:

Propositio 3.3. A linear map L: C*(E") — R is a derivation at the point p if and only
if L = 0,l, for some v € R".

Proof. Let 0 be a derivation at the point p € E". Let f € C*°(U). Consider the function
f on the line t — p + t(x — p). By the chain rule,

o+ to =) = Df(p+ 1o = p) (o = p) = 3 Ouf 0+ 1o — p) (= 1),

so by integrating we get

n

flx) = f(p) + D (2 — p) /01 O f(p+t(x —p))dt
k=1

= f(p) + > (zx — pr) gr(2) -

k=1

In particular, gx(p) = O f(p). By the Leibniz rule for the derivation, linearity, and Lemma
B.1}

n

ixk—pk ) gela)) = Y- 0l = i) (p) + 0(91) (e — )
e

(Vf(29) S (0(21),0(22), -, 0(w)) = Oty aten.ate|, ] -
Thus the derivation 0 is a directional derivative. O

Lause 3.4. The map 0.: R" — ©,(E"), v N 0v|p, is a linear bijection.

Proof. By the definition of the directional derivative,

Ovtuwlpf = Df(p)(Av + pw) = AD f(p)v + pD f(p)w = (ADy|p + pOuwlp) f

so the map is linear. Surjectivity was shown in Proposition
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Let v € R" — {0}. For the map ry,: E* — E!, ri(z) = 2, we have

Oyri(p) = Dri(p)v = vy,

for 1 < k < mn. Since v # 0, there is 1 < k < n such that v; # 0. Thus 0,|, # 0, so the
map v — 0O,|, is injective. O

Theorem identifies the tangent space of Euclidean space at the point p € E™ with
the vector space whose elements are derivations, i.e., directional derivatives at the point

D:
T,(E") = D,(E").

This observation is the basis for the definition of the tangent space of a smooth manifold:

The tangent space of the smooth manifold M at the point p is

T,(M) = ©,(M).

The following result shows that a point derivation is determined by the behavior of
the function near the point in question.

Propositio 3.5. Let M be a smooth manifold and let p € M. Let f,g € C*°(M). If
there is an open neighborhood V of the point p such that f|y = glv, then vf = vg for all
ve M.

Proof. Let (U,¢), U C V, be a chart centered at p. The set ¢(U) C E" is an open
neighborhood of the origin, so there exists b > 0 such that B(0,b) C ¢(U). Let 0 < a < b.
Let 1, be a smooth bump function as in Lemma ??. With these parameter choices, we

have (f = g)(1 =1ap) = f — 9.
Let v € T,M. By Lemma [3.1, we have

o(f —g)=v((1=na)(f —9)) =0,

so by the linearity of the point derivation, vf = vg. O]

3.2 Differential of a Smooth Map at a Point

If feC®(M)and F € C®°(M, N), then by Proposition ??, fo F' € C®(N).

Lemma 3.6. Let M and N be smooth manifolds and let p € M. Let F': M — N be a
smooth map and let v € T,M and f € C®(N). Let v: C*(M) — R, 0(f) = v(f o F).
Then v € Tp(p)N.

Proof. Let f,g € C*°(N) and A, u € R. Then by the linearity of the map v,
U(Af +pg) =v(AfoF+pugoF)=Xv(foF)+pv(goF)=A(f)+ puo(g),
so v is linear. Similarly, from the Leibniz rule for the derivation v, it follows that

o(fg) =v((fg)oF)=v(foFgoF)=uv(foF)goF(p)+ foF(p)v(goF)
=0(f) g(F(p)) + f(F(p))v(g),

so U satisfies the Leibniz rule. O
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By Lemma the following definition is well-posed.

Let M and N be smooth manifolds and let F': M — N be a smooth map and let p € M.
The map deI TpM — TF(p)N,

dF,(0)(f) = v(f o F)

for all f € C*(N), is the differential of the map F at the point p € M.

Propositio 3.7. (1) The differential of a smooth map F: M — N at the point p € M is
a linear map.

(2) Let My, My and Ms be smooth manifolds and let Fy: My — My and Fy: My — M3 be
smooth maps. Then
d(Fy 0 F1)p = (dF2)py ) (A7), -

(8) The differential of the identity map of the smooth manifold M at the point p € M is
iz, ar-
(4) If F is a smooth diffeomorphism, then dF, is a linear bijection and

(dF,) ™" = (dF ) pg) -

Proof. Exercises [3.2] and [3.3] O

Propositio 3.8. Let M be a smooth manifold, let U C M be an open set, and let p € U.
Leti: U = M be the inclusion map. Then di,: T,U — T,M is an isomorphism.ﬂ

Proof. First, we show that di, is injective. Let v € T,U such that di,(v) = 0 € T,M.
Then for all f € C>®(M), we have

0 = dip(v)(f) =v(f o) = v(flv).
Let g € C®(U). By Lemma 7?7, there exists g € C*°(M) and an open neighborhood
V C U of the point p such that g|yy = g|y. By Proposition 3.5, vg = v(g|y) = 0. This
holds for all g € C*(U), so v = 0. Thus di, is injective.
Next, we show that di, is surjective. Let v € T,M. Let ©: C*(U) — R be the map
of = vf, where f € C>*(M) is any function such that f!w = f|w in some neighborhood

W C U of the point p. The map ¢ is well-defined by Proposition 3.5, and in Exercise |3.4
it is verified that v € T,U. For all g € C*°(M), we have by Proposition

diy(0)g = 0(g 0 i) = d(glv) = v(glv) = vy,
so diy(D) = v. O
Lause 3.9. Let M be a smooth n-manifold and let p € M. Then dimT,M = n.

Proof. Let (U, ¢) be a chart containing the point p. By Lemma ??, ¢: U — ¢(U) is a
diffeomorphism. By Proposition (4), the vector spaces T,U and Ty, E"™ are isomorphic.

By Proposition [3.8 and Theorem [3.4]
dimT,M = dim T,U = Ty, E" = dimR" =n. O]

280 it is a linear bijection.
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3.3 Computations in Coordinates

Let (U, ¢) be a chart on the smooth n-manifold M and let p € U. By Theorem , the
coordinate (tangent) vectors Oy|g(p); - - -, Onls(p) form a basis for the tangent space Ty, E".
The tangent vector

0
ox’ |y
is the 1th coordinate vector at the point p in the coordinates defined by the chart ¢.

= 0ylp = (dop) " (Dils(r))

Seuraus 3.10. The coordinate vectors form a basis for the tangent space T,M .
Proof. The claim follows from the proof of Theorem [3.9] O

Here we introduce the general notation for the coordinate vector of a manifold at a
point p € M.

Note that we now move to the general notation used in differential geometry for
computations involving coordinates, where the components of the coordinate x are
denoted by a superscript

Rule: Basis vectors of the tangent space use subscripts and vector components use
superscripts. The index ¢ in the expression aii is interpreted as a subscript because
it is the superscript in the denominator of the fraction.

Einstein summation convention: If the same index appears once as a superscript and
once as a subscript in a monomial expression like ca'b;, the expression means the sum
>, ca'b; However, we will avoid using the Einstein summation convention.

Let M be a smooth m-manifold and N a smooth n-manifold and let F': M — N be
a smooth map. Let ¢ = (x',...,2™) be a local coordinate at the point p € M and let
Y = (y,...,y") be a local coordinate at the point F(p) € N. Then by the definitions
and differential calculus, we have

dF,(0]p) = dFpd(d™") 5(p) (Dl o)
=d(¥~ )woF(p)d(l/) o F o ¢ ") o) (Dilor))

d(¢_1>woF(p) Z az(¢ olo ¢_1>j (¢(p)) aj|¢0F(P)
j=1

) (3.1)
=2 0o Fo¢ Y (6(p) d(¥")yorw)0sluorp)

1

= S 00 F o™V (0(0) 9yl

1

.
Il

<.
Il

Such concise notation is well-suited for situations where M and N are different manifolds.
The effect of a change of coordinates on the coordinate vectors is obtained by the same
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calculation, but now the notation used above is not sufficient because the atlas used is
not clear from the notation. A more traditional way to write equation (3.1]) is

dF <6ﬂ ) n M’OFW )(qﬁ(p))a . (3.2)

=1 oY | p(p)
If there are many calculations to be done, it is good to adopt a more concise notation for
the map v o Fo g™t

Let p € M and let (U, ¢) and (V1) be smooth charts at the point p. When F' = id,
the calculation of equation (3.1)) gives as a special case

0

t 0 o,
oxt|, '

= Z 8902 (¢ o ¢_1)j ﬁ

J=1

(3.3)

p

Traditionally, the abbreviated notation y/ = y’(x) = (¢ o ¢~')7 is used, so that equation
(3.3]) takes the form

9
oy’

(3.4)

=3 (600

J=1

ox |,

P
Esimerkki 3.11. Let o € R and let

Co = {t(cos a,sina) 1 t > O} :
The map @, : [open]0co X [open]—7 + at + a — U, = E? — C,,

O, (r,0) = (rcosb,rsinb),

gives the polar coordinates of the plane E2. Then ®_': U — [open|0ocox [open]—7 + am + «
is a chart map on the manifold E2. The choice & = 0 gives the conventional polar
coordinates.

By considering the charts ¢ = ®_! and ¢ = id, the change of coordinates gives the
expressions

g = cosf + sin 6 J
Orlesmosy Ozl 0 922"
0 " n 0 0
— —7psin T COS
00 . (ro,00) ’ " 0x? ’ Y 0x2”
or in another form
0 0
Too- =Ti 57 TT255,

Or @4 (r0,00) Ox oz

0 0

a0 =—T25 7 T4 5,

00 |3, (ro,00) ox ox

where (z1,22) = ®, (70, 00).
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3.4 Tangent Vector of a Curve

By Theorem [3.9} the tangent space of the smooth manifold E' at the point ¢, € E! is

1-dimensional. Then the tangent space Ty E! has a natural basis %t , for which the
0
traditional notation is
di 0
dtl, Oty

Let M be a smooth manifold and let p € M. Let J be an open interval, let v: J — M
be a smooth curve, and let ¢y € J such that y(ty) = p. The tangent vector of the smooth
curve 7y at the point p or the velocity at time to i’

d
y(to) = dyey —| -
/y( 0) ,ytO dt to

“Lee [?, s. 69] denotes the velocity vector by v/ (¢o).

Let v: I — M be a smooth curve and let ¢, € I. Let (U, ¢) be a chart containing the
point (o) and let z*, 2%, ..., 2™ be the component functions of the chart map ¢. Denote
v = x; 0 for all 1 <14 <n. Then we get as a special case of formula ({3.1)

(3.5)

Propositio 3.12. Let M be a smooth manifold and let p € M. For every v € T,M,
there exists an open interval I C E' with 0 € I, and a smooth curve v: I — M such that

5(0) = v.
Proof. Let (U, $) be a smooth chart centered at p. Let © € R" such thatf]

" 0
_ Nk 9
doy,v = kz::lv 9k

0

Let 4o: [open|—ee — ¢(U),

Yo(t) =10
Then for every f € C*(¢(U)), we have
d d d . .
(@600 55| ) = G| 270 = 5| 749) = DO = (dyo)s
So
d( )d‘—d¢v
fyo 0 dt 0 - v -
Let v = ¢! o vy. By Proposition parts (2) and (4),
d

d
5(0) = (6™ 0 70)o 57| = d(@ oo d(0)o | =

3By Theorem ifveT,E", thenv=20;, =5 ,_, @k% for some ¥ € R"™.

d(¢p™ ) o dpv =v. O
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The following result can be used, with the help of Proposition to determine the
differentials of smooth maps.

Propositio 3.13. Let M and N be smooth manifolds and let F': M — N be a smooth
map. Let p € M and let v € T,M. Let v: I — M be a smooth curve such that (0) = v.
Then .

dF,v = (Fo~)(0).

Proof. By the assumption, the definition of the velocity of a curve, Proposition (2),
and the definition of the differential, we get

) d d .
dF,v = dFyy(0) = dF,dyy—| =d(Fovy)y—| = (Fov)(0). O
dtlo dtlo

The tangent space can also be described using smooth curves. Let
I'y={y:J— M:J >0 open interval, v: J — Msmooth, v(0) = p}.
Define 7, ~ 7, if and only if %f ov(0) = % 0 v,(0) for all f € C*(M).

Propositio 3.14. Let M be a smooth manifold and let p € M. The map [vy] — 4(0) is a
well-defined bijection from the quotient set I',/ ~ to the tangent space T,M.

Proof. Exercise ]

Exercises

3.1. Prove Lemma 3.2
3.2. Prove parts (1) and (2) of Proposition [3.7]
3.3. Prove parts (3) and (4) of Proposition [3.7

3.4. Show that the map v defined in Proposition [3.8|is a point derivation at the point
p on the space F(U).

3.5. The spherical coordinates of a point € E*\ {0} are determined by the expression

x = (rcos by sin Oy, rsin 6 sin Oy, r cos Oy) .

9
or

0

0 9
o 96 and

Let p € E* — {0}. Determine the expressions of the tangent vectors 565

o) 0
57|, and g

p p

in the basis formed by %

p

3.6. Let M; and M, be smooth manifolds and let 7y : M; x My — M), be the projection
maps 7 (p1, p2) = Pk, for k € {1,2}. Let p = (p1,p2) € My x M. Show that the map
d(m)p X d(ma)p: Tp(My x My) — Ty, (M) x T, (Ms),

d(m)p X d(m2)p(v) = (d(71)p(v), d(72),(v)),

is a linear isomorphism []

4Use the smooth structure on the product space defined in Example ??. What happens to the
coordinate vectors?
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3.7. Prove Proposition [3.14]

Let G be a smooth manifold and let there be a binary operation defined on the set G,
which we denote like multiplication, such that G is a group and the maps u: G x G — G,
w(g,h) = gh and t: G — G, 1(g) = g~! are smooth. Then G is a Lie group.

3.8. Let G be a Lie group and let e € GG be the identity element. Show thatﬂ
dpie,ey(V,w) = v+ w

and
die(v) = —v.

5First compute dfi(e,e)(v,0) for example using Propositions and
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Chapter 4

Tangent Bundle and Vector Fields

Let U C E™ be an open set. A mapping X: U — E" is a vector field in the set U.
Vector fields are important mathematical objects, especially because in applications many
phenomena are modeled using differential equations and initial value problems

{s‘c(t) = X((1))
z(0) = x¢

A continuous or smooth vector field X determines at each point p € U a tangent
vector X (p) € E™, where E" is thought of as the tangent space T,E". In this chapter,
we define vector fields on a smooth manifold M, where to each point p € M a tangent
vector X (p) € T,M is associated. Now, the tangent vectors at different points lie in
different vector spaces, which together form the manifold’s tangent bundle, which is a
smooth manifold.

4.1 Tangent Bundle

Let M be a smooth manifold. The tangent bundle of the manifold M is

T™ = | | T,M

peEM

equipped with the smooth manifold structure defined below. The (base point) projection
of the tangent bundle 7'M is the mapping 7 = mpr: TM — M, wp (v, p) = p.

For an element (v, p) of the tangent bundle 7'M, we use the notation v, = (v, p), so that
we think of v, € T,M C T'M.

Let (U, ¢) be a smooth chart on the smooth n-manifold M and let p € U. In Chapter

0 0

7?7 we noticed that the coordinate vectors 75| ,..., 5=

form a basis for the tangent

p p
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space T,M = T,U. Thus, for every (v,p) € T,U C TU C T'M we have
0

v = —_—
k
oxk|,

c*(v)

(4.1)

n
k=

for some coefficients c!(v), ¢*(v),...,c"(v) € R. Let ¢: TU — E™ be the mapping whose
components are ¢ (v),c*(v),...,c"(v). Let ®y: TU — ¢(U) x E" be the mapping]]

Dy (v, q) = (¢(q),c(v)) -

We choose a uniquely defined topology on the set TU for which the mapping ®; is a
homeomorphism. Let

B ={ACTM:ACTU is open for some coordinate neighborhood U C M}.

Lemma 4.1. The collection % is a basis for some topology on the set T M.

Proof. Clearly T'M is the union of the sets TU belonging to the collection Z, since the
sets U cover the manifold M. Let Ay, Ay € B and let (v,p) € A; N As. By the definition
of the collection %, there are chart neighborhoods U; and Uj of the point p such that A,
is open in TU; and A, is open in TU,.

The set Uy N U, is open, so the space T'(U; N Uy) appears in the definition of the
collection AB. The topological space T'(U; NUs) is a subspace of the spaces TU; and TUs,
so by the definition of the relative topology, the sets Ay NT (U3 NUs) and Ao NT(U; NUs)
are open in 7'(U; N Us). Thus

pE Al N AQ = Al N AQ N T(Ul N U2> = (A1 N T(Ul N Ug)) N (Az N T(U1 N UQ))

is open in the topological space T'(U; NUs) as the intersection of two open sets. The claim
follows from the basis lemmal m

We choose the topology on the set T'M whose basis is A.

Propositio 4.2. T'M is a topological manifold.

Proof. By Lemma [A.I TM is a topological space and by its construction it is locally
Euclidean. By Proposition 77, the manifold M has a countable cover by coordinate
neighborhoods Uy, kK € N. The topology of the space T'M was defined so that the sets
TU, C TM are homeomorphic to an open set of Euclidean space, so each topological
space T'Uy has a countable basis Z;. The countable collection ey Ay is a countable
basis for the topology of the space T'M, so TM is Ny (second-countable).

Let (v,p), (w,q) € TM. If p = q and v # w, then there is & € N such that
(v,p), (w,p) € TUy. Since TUy is homeomorphic to an open set of Euclidean space,
the points (v, p) and (w, p) have disjoint neighborhoods. If on the other hand p # ¢, then
the points p and ¢ have disjoint neighborhoods V,, and V;, on the manifold M. Then TV,
and T'V, are disjoint neighborhoods of the points (v, p) and (w, q). ]

n this context, it might be logical for the alternative notation of the vector v, € T, M to be (p,v)
instead of (v,p) as above.

2See [?, Lemma 13.5]. Munkres [?, §13] takes the conditions of the basis lemma as the definition of
a basis for a topology.
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4.2. (Global) Differential of a Smooth Map

Equip TM with the atlas {(TU, ®y) : (U, ¢) is a smooth chart}.

Propositio 4.3. The tangent bundle of a smooth manifold is a smooth manifold. The
base point projection is a smooth map.

Proof. Let M be a smooth n-manifold. Let (TU, ®) and (T'V, ¥) be charts of the tangent
bundle T'M, associated with the smooth charts (U,¢) and (V,1) on the manifold M.
Then for every (y,w) € ®(TU) = ¢(U) x R" we havef

To ! (y,w) = (Voo '(y), DWood )y w), (4.2)
so the chart transition is a smooth diffeomorphism. The first claim follows from Proposition

42
In the smooth charts defined above, pomo®!(y, w) = y, so the base point projection
7 is smooth. ]

Esimerkki 4.4. If the manifold M has a global smooth chart, then T'"M is diffeomorphic
to the product space M x E". In particular, TE" is diffeomorphic to the space E?". Not
all tangent bundles are this simple: Using methods of algebraic topology, it can be shown
that, for example, the tangent bundle of the manifold S? is more complex. We do not

have the means to show this in this course. In Exercise 77, we will show that the smooth
manifolds 7'S? and S? x E? are diffeomorphic.

4.2 (Global) Differential of a Smooth Map

In Chapter 77 we defined the pointwise differential dF),: T, M — Tr)N of a smooth map
F: M — N at each point p € M. We now combine these maps into a map defined on the
tangent bundle in a natural way.

The (global) differential of a smooth map F': M — N is the map dF': TM — TN,
dF(v,p) = (dF,v, F(p)).

Propositio 4.5. The global differential of a smooth map is a smooth map.

Proof. Let M be a smooth m-manifold and let N be a smooth n-manifold. Let (T'U, ®)
and (T'V, V) be charts associated with the smooth charts (U, ¢) and (V1) on the manifold
M. Then for every (y,w) € ®(TU) = ¢(U) x R™ we have

Vo Fod ™ (yw)=(YoFo¢(y),DWoFod )y w),
so the differential is smooth. O

Propositio 4.6. (1) Let My, My and Mz be smooth manifolds and let Fy: My — My and
Fy: My — Mj be smooth maps. Then d(Fy o Fy) = dFy o dFy.

(2) The differential of the identity map of a smooth manifold M is idry.

(3) If F is a smooth diffeomorphism, then dF is a smooth diffeomorphism and (dF)~' =
d(F~1).

Proof. Exercise O

3See equation (?77?).
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4.3 Vector Fields

Let M be a smooth manifold. A (smooth) map X: M — TM, for which 7y, 0 X = idy,
holds, is a (smooth) vector field on the manifold M.

Let
X(M)={X: M —TM : X is a smooth vector field} .

We use the notation
X, =X(p).

This is compatible with the notation for coordinate vectors and coordinate vector fields.

Esimerkki 4.7. Let M be a smooth manifold and let (U, ¢) be a smooth chart with
components x!, 2%, ..., 2" The coordinate vector fields a%k are smooth vector fields on

the set U, since their representation in the natural chart & is

0

dak

0 _
@o@ogb l(y):q)(

) = (y.ex),

o~ (v)

from which it is easily seen that m o % = id and that the vector field is smooth.

In the set of vector fields X(M) addition and multiplication by a scalar are defined
pointwise: If XY € X(M) and X\ € R, set

(X+Y),=X,+Y, and (AX),=)X,,
where the addition of tangent vectors and multiplication by a real number are performed

using the operations of the vector space T,M for all p € M. A vector field can also be
multiplied by a smooth function pointwise: If X € X(M) and f € C®°(M), set

(fX)p = f(P) X, (4.3)
for all p € M.
By equation (4.1), any vector field X on the set U can be expressed using the
coordinate vector fields: There are functions X', X2, ..., X": U — E!, for which
X(p) = Z X"(p) Ok (4.4)
k=1 x

Propositio 4.8. Let M be a smooth manifold and let (U, ) be a smooth chart. A vector
field X: M — TM is smooth on the set U if and only if ils coefficient functions in the
representation (4.4) are smooth.

Proof. The representation of the vector field X in the natural coordinates (U, ¢) and
(TU,®) is

g (v (X oo™ (), X 007 (y)))

1

so X|y is smooth if and only if the coefficient functions ¢', ..., ¢" are smooth. O
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Esimerkki 4.9. Let v: E' — S' v(s) = (cos(2ws), sin(27s)). The maps

Y1 = Py O’Y’(_g 5 s 71 (s) = cos s
T —pr107|(% sz v (s) =coss
Y2 = Py oY|(=r0) ; v, (8) =sins
7; = Pry 07|(0,7r) ) ’Y;“(S) =sins

are diffeomorphisms, so the maps

0F = Olices) B =0lga) s 0= (lno)”

are smooth chart maps, called angle charts.

The chart transitions of the angNIe charts are of the form s — s+ k27 for some k € Z.

If 6 and 6 are angle charts, then % =1, so % = %
coordinate neighborhoods. Since the angle charts cover the entire circle S, we obtain the
angle coordinate vector field % defined on the whole manifold S*, which has no zeros.

and 0F = (7‘(0’7())71

on the intersection sets of the angle

Propositio 4.10. The map ®: S'xE! — TS!, ®(p,s) = s %|p is a smooth diffeomorphism.

Proof. Exercise O

Propositio 4.11. Let M be a smooth manifold. Let p € M and let v, € T,M. Then
there exists X € X(M) such that X, = v,.

Proof. Exercise [4.4] O

4.4 On the Algebraic Structure

In this chapter we examine vector fields from a more algebraic perspective. In Chapter
2.2l we observed that the smooth real-valued functions on a smooth manifold form an
algebra; in particular, they form a ring. We defined the multiplication of vector fields by
functions in equation (4.3). The following definition links this operation to more general
algebraic structures.

Let (K,+,-) be a commutative ring and let (M, +) be a commutative group. Let p: K X
M — M be a map, u(k,m) = km, such that

o ko(kym) = (koki)m for all ki, ky € K and m € M,

e Ilym=miforallme M

o (ki + ko) m = kym + kom for all ky, ks € K and m € M, and
o k(my+mgy) =kmy+ kmgy for all k € K and my,mg € M.

Then M is a K-module.

Esimerkki 4.12. (1) If K is a field and V' is a K-vector space, then V is a K-module.

(2) Z? is a Z-module, when multiplication by an integer is defined in the natural way by
setting p(k, (n1,m2)) = (kny, kng).
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Propositio 4.13. The smooth vector fields of a smooth manifold M form a real vector
space and a C*(M )-module.

Proof. Exercise O

Let X: M — TM be a vector field on a smooth manifold M and let f € C*°(M).
Since X,, € Der,(M) for each p € M, X and f determine a function X f: M — E! by
setting

(X/)(p) = Xpf

for all p € M. The following result shows that a smooth vector field determines a map
from the set C*°(M) to itself, and we obtain a characterization of smooth vector fields
via this property.

Propositio 4.14. Let M be a smooth manifold. Let X : M — T M be a vector field. Then
X € X(M) if and only if X f € C*(M) for all f € C®(M).

Proof. Let X € X(M) and let f € C*°(M). Let (U, ¢) be a smooth chart. Then

XN = (X X055

)f = f:Xk(q)gg;fk(QL
q k=1

so X f is smooth as a finite sum of smooth functions.
Assume then that X f is smooth for all f € C>®°(M). Let (U, ¢) be a smooth chart.
Then

, n 0 . .
Xt = Xk:> i XU
! <,€2::1 aak )"

Let p € U. By Lemma [2.17, there is an open set U D V 3 p, and a function ¥ € C*(M),
such that x'|y = Z'|y. By assumption, X7’ is smooth on the set V, so X! = X' is
smooth on V. Since this holds for all p € M, we can conclude that X € X(M). O

The mapff| X : C®(M) — C*°(M) determined by the vector field X satisfies the Leibniz
rule pointwise because X (¢) is a point derivation at each ¢ € M: For all f,g € C*(M)
we have

X(f9)(q) = Xo(fg) = Xof 9(q) + [(q) Xq9 = (X f)(@)g(q) + f(q)(Xg)(q) . (4.5)

Similarly, the linearity of the map X follows from the linearity of the point derivations.

Let A be an associative R-algebra. A linear map 0: A — A is a derivation if it satisfies
the Leibniz rule

0(ab) = 0(a)b + ad(b)
for all a,b € A.

Lemma 4.15. (1) If 9 is a derivation of the algebra A, then 9(1) = 0.
(2) If 91 and 0y are derivations of the algebra A, then 0102 — 0901 is a derivation.

4We denote the map by the same symbol as the vector field, for simplicity or obfuscation, depending
on the viewpoint.
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Proof. Exercise O

Let Der(M) be the set of derivations of the associative R-algebra C°°(M)[

@C> (M) is an R-algebra by Proposition

Let M be a smooth manifold. If @ € Der(M) and g € C*°(M), then we define the
map fo: C®°(M) — C*°(M) by setting
((90)£)(p) = 9(p) (/) (p)
for all f € C*°(M) and for all p € M.

Lemma 4.16. Let M be a smooth manifold. Then Der(M) is a C*°(M)-module.
Proof. Exercise

Propositio 4.17. Let M be a smooth manifold. Then X € X(M) if and only if X €
Der(M).

Proof. We checked above that a vector field X € X(M) determines a derivation; see
equation (4.5).

Let 0 € Der(M). Let p € M. By the calculation done above, d determines a point
derivation X, at the point p by setting X, (f) = (0f)(p) for all f € C°>°(M). The vector
field X thus determined is smooth, because X f =0f € C°(M) for all f € C*(M). O

4.5 Integral Curves of a Vector Field

Let X be a smooth vector field on a smooth manifold M. A smooth curve v: I — M is
an integral curve of the vector field X if

forallt e I.

Let (U, ¢) be a smooth chart on the manifold M. Let «!,... 4™ be the coordinates
of the curve 7 in the chart ¢. By equation (??), the equation defining the integral curve
becomes

> G0 5 = 10 = XO(0) = X XG50

Componentwise, we obtain the differential equation(s) in the open set ¢(U)
d n n
010" 0) = (X)), X (1)

Lause 4.18 (ODE Theorem). Let D C E"™ be open. Let f: D — E™ be a smooth vector
field. For every a € R and b € D there exists 6 > 0 such that the initial value problem

&= f(x),
froe "

has a unique solution defined on the interval (a — d,a + 9).
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Proof. See [?7, Theorem 5.2] or [?, Appendix D].

Seuraus 4.19. Let M be a smooth manifold and let p € M. FEvery smooth vector field

X € X(M) has an integral curve passing through the point p.

Figure 4.1 — Integral curves of the plane vector field V' (z) = x
77, the expression of the vector field V' in polar coordinates is — 5.
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Figure 4.2 — Integral curves of the plane vector field
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Exercises

4.1. Prove Proposition [4.6]
4.2. Prove Proposition [4.10]

4.3. Let M be a smooth n-manifold. Let X1, Xs,..., X,, € X(M) be smooth vector fields
such that the tangent vectors Xi(p), Xa(p), ..., Xn(p) € T, M are linearly independent for
all p € M. Show that there is a smooth diffeomorphism F: M x E® — T M.

4.4. Prove Proposition E]
4.5. Prove Proposition [4.13]
4.6. Prove Lemma 415
4.7. Prove Lemma 116
Let M be a smooth manifold. Let X, Y € X(M). Define the map XY : C*(M) — C*(M)

by setting
(XY)f = X(Y[)

for all f € C*(M).
4.8. Give an example of vector fields X,Y € X(M) for which XY is not a vector field.

Let M be a smooth manifold. The Lie brackef’] [X,Y] of vector fields X,Y € X(M) is
defined by setting
[X,Y]h=XYh—YXh

for all h € C*(M).

a

4.9. Let M be a smooth manifold. Let X,Y € X(M). Show that [X,Y] € X(M).
4.10. Let M be a smooth manifold. Let X,Y,Z € X(M). Show that

X, [V, Z]) + [V, [Z, X)) + |Z.[X,Y]] = 0.

4.11. Let M be a smooth manifold. Give an example of a manifold M and vector fields
X,Y € X(M) for which XY ¢ X(M). Let X,Y € X(M) and let f,g € C>°(M). Show
that

[fX,gY] = fglX. Y]+ f(Xg)Y —g(Y )X

4.12. Let X,Y,Z € X(E?) be the vector fields
o 2?0 o b0 9,
X=—-"—" Y=——-— 7= .
ozt 2 Ox®’ dx? 2 Ox’’ 0x3
Determine the Lie brackets [X, Y], [X, Z] and [Y, Z].

5Note that the vector field in the claim is defined and smooth on the whole manifold M.
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Chapter 5

Submanifolds

In this chapter, we define the concept of a smooth embedded submanifold of a smooth
manifold, which generalizes, for example, the linear and affine subspaces of a vector space,
as well as the case S* C E"*!, which was previously examined as a central example in the
course, to abstract manifolds.

5.1 Embedded Submanifold

Let M be a smooth n-manifold and let 0 < k < n. A subset S C M is an embedded
k-submanifold [/} if for every p € S there is a smooth chart (U, ¢) of the manifold M that
contains the point p and for which

Pp(UNS)=oU)N{z cE": 2" =... = 2" =0}.

Then codim S = n — k is the codimension of the submanifold S and (U, ¢) is a chart
adapted to the submanifold S or a slice chart.

The submanifold S is a hypersurface, if codim .S = 1.

“Sometimes it is also called a regular submanifold.

Esimerkki 5.1. (1) The affine k-planes of Euclidean space are k-dimensional submanifolds.

(2) If M and N are smooth manifolds and ¢ € N, then M x {q} is an embedded
submanifold of the manifold M x N[ Let (p,q) € M x {q} C M x N. If ¢: U — E™ is
a smooth chart on the manifold M containing the point p and ¢: V — E" is a smooth
chart on the manifold N centered at ¢, then ¢ x ¢): U x V — E™ x E" is a smooth chart
on the product manifold M x N. Furthermore,

¢ x P((U x V)N M x {g}) = (U) x {e(q)} = ¢(U) x {0}
=¢x (U xV)n{z e E™m: gt = ... = g™ = 0},

IThe smooth structure of the product manifold was defined in Example (2)
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SO ¢ X 1 is a slice chart.

(3) Let U = {x € E* : 2% > 0}. The mapping ¢: U — ¢(U) = {y € E* : y* > (y*)? — 1},
é(x) = (21, ]|z]|> — 1), is a slice chart adapted to the submanifold S' of the Euclidean
plane.

(4) Polar coordinates?] @' map the set U = E2—[open]—oo0x {0} onto the set [open]0oo x
[open]—7m such that &1 (UNS') = {1} x [open]—mr. Let h: E? — E2, h(x) = (22, 1—z").
Then h o ®;* is a slice chart as in the definition.

Similarly, spherical Coordinatesﬂ x +— (r,¢,0) determine a slice chart adapted to the
submanifold S? of the smooth manifold E? in their domain of definition.

Let Pry: E" — EF,
k
Pri(z) =D a'e;
i=1

be the projection map corresponding to the orthogonal projection onto the subspace
EF x {0} C E™.

Propositio 5.2. If S is a k-dimensional embedded submanifold of a smooth n-manifold
M, then it is a k-dimensional smooth manifold when equipped with the subspace topology
and the atlas defined by the adapted charts

{(U NS, os) : (U, ¢) is an adapted chart},

where ¢s = Pry op|uns.

The inclusion map i: S — M is a smooth injection.
Proof. Exercise [6.1 |

Propositio 5.3. Let S be a smooth embedded submanifold of a smooth manifold M.
(1) If G: M — N is a smooth map, then G|g is smooth.
(2) Let F: N — M be a smooth map such that F(N) C S. Then F: N — S is smooth.

Proof. (1) G|s = G o, so Gg is smooth as a composition of smooth maps.

(2) Let p € N and let (U, ¢) be a smooth chart of the smooth manifold N that contains
the point p. Let S C M be a k-dimensional submanifold and let ¢»: V' — E™ be a smooth
slice chart of the manifold M that is adapted to the submanifold S and contains the point
F(p). Then the map g o Fo ¢! = Prj'oy o Fo¢~ ! is smooth as a composition of
smooth maps, so F': N — S is smooth. n

5.2 Regular Level Sets

In this chapter, we observe that the level surfaces of smooth functions and smooth maps
yield embedded submanifolds of smooth manifolds, similarly to the case of Euclidean
space, provided we consider regular values.

2See Example
3See Exercise [3.5
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Lause 5.4 (Inverse Function Theorem). Let M and N be smooth n-manifolds. Let
F: M — N be a smooth map and let p € M. If dF,: T,M — Tp@)N is invertible,
then there is an open neighborhood W > p of the point p such that F: W — F(W) is a
smooth diffeomorphism.

Proof. Let (U, ¢) be a smooth chart centered at p and let (V, 1) be a smooth chart centered
at F'(p) such that F'(U) C V. The map ¢poFo¢~': E" — E" is smooth and d(poFo¢™") 4
is invertible by Proposition [3.7], since the maps ¢ and ¢ are diffeomorphisms. By the
inverse function theorem of differential calculusf_f] there is an open neighborhood U’ C
#(U) of the point ¢(p) such that o F o ¢~ y: U — 9o Fo ¢ }(U') is a smooth
diffeomorphism. Then W = ¢~}(U’) C U is an open neighborhood of the point p and
Fly@wry: W — F(W) is a diffeomorphism. O

Let M and N be smooth manifolds and let F': M — N be a smooth map and let p € M.
If dF,: T,M — Tg@)N is surjective, then p is a regular point of the map F'. Otherwise p
is a critical point.

Esimerkki 5.5. A point p € M is a critical point of a real-valued smooth function
f: M — R if and only if df, is the zero map.

Let M and N be smooth manifolds. Let F' € C*(M,N). If ¢ € F(M) and dF, is
surjective for every p € F~1(S), then c is a reqular value and F~1(c) is a reqular level set.

Lause 5.6. Let M be a smooth manifold. Let f € C*°(M) and let c € f(M) be a regular
value. Then f~1(c) is an embedded hypersurface.

Proof. Let M be a smooth n-manifold. By considering the function f —c¢ we may assume
that ¢ = 0. Let S = f71(0) and let p € S. Let (U, ¢) be a chart centered at p. Since 0 is

a regular value, by equation (3.2)) there is 1 < k < n such that a% f # 0. By reordering
P

the chart components we may assume that k£ = 1.
Let F': U — E", F(q) = (f(),2%*(q),---,2"(g)). Then

o) 0 0
o o]y oy 2|, 7|, S 27 |,
Oxl Ox? ox™
P P 0 1 0 0
O | p2 0| g2 0| 22
Oxt D Ox? » ox™ . 0 0 1 0
Ox! pl’ Ox? pl’ oz™ |, 8 0 (1)

By assumption, the Jacobian determinant of the map F o ¢!

0

D)0 = 55| Too™

4The continuously differentiable case is treated in the course Vector Analysis 2, see also [?, Chapter
4.5]. The smooth version is proved in the appendix of Lee’s book [?, Thm.C.34].
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at the point ¢(p) € ¢(U) C E™ is nonzero, so dF), is invertible. By the inverse function
theoremﬂ there is an open neighborhood V' C M of the point p such that (V, F|y) is a
smooth chart. This is the desired chart, since f(q) =0 for all ¢ € SN VE] O]

Esimerkki 5.7. (1) Let f: E"™ — E! be a smooth function. A number ¢ € f(E) is a
regular value if Vf(z) # 0 for all z € f~!(c).

(2) The map r: E"*' — E! r(z) = ||z||* is smooth and Vr(z) = 2z, so S" = r~!(1) is a
smooth submanifold.

A more general result, which gives submanifolds of higher codimension, can be proved
in a similar way.

Lause 5.8. Let M and N be smooth manifolds. Let F': M — N be smooth and let
c € F(M) be a regular value. Then F~*(c) is an embedded submanifold.

Proof. See [?, Cor. 5.14]. O

5.3 Immersion and Embedding

Let S and M be smooth manifolds. A smooth map F': S — M is a smooth immersion, if
dF), is injective for all p € S.

If F'is a smooth immersion and a topological embedding[’] then it is a smooth embedding.

%A map is a topological embedding if it is a homeomorphism onto its image.

Propositio 5.9. Let S C M be a smooth submanifold and let i: S — M be the inclusion
map i(p) = p. Then i is a smooth embedding.

Proof. By the definition of a submanifold, the inclusion map is a topological embedding.
Furthermore, using a slice chart one easily sees that di, is injective. O]

Propositio 5.10. Let S be a compact smooth manifold and let F': S — M be an injective
smooth immersion. Then F is a smooth embedding.

Proof. The map F is a continuous bijection onto the set F(S), which is a Hausdorff
space with the subspace topology. Thus F': S — F(95) is a homeomorphismﬂ so F'is a
topological embedding. O

Esimerkki 5.11. In Exercise it was shown that the quotient map x: S* — P",
m(z) = [z], is a smooth local diffeomorphism, so dm, is invertible for every p € S". In
particular, dm, is injective, so 7 is a smooth immersion.

Lause 5.12 (Immersion Theorem). Let F': S — M be a smooth immersion and let p € S.
Then there is a smooth chart (U, ) of the manifold S centered at p and a smooth chart
(V, ) of the manifold M centered at F(p) such that oFo¢™1(x) = (z,0) for allz € ¢(U).

®Theorem

6According to the definition, the last coordinate should be zero and not the first, but the order
naturally does not matter.

"See [?, Theorem 11.7], [?, Thm. 26.6]
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Proof. The claim is proved using the inverse function theoremf| in the same way as
Theorem [6.6 see for example [?, Chapter 2.6.2], where a differentiable version of the
theorem is proved. O

Lause 5.13 (Embedding Theorem). Let F': S — M be a smooth embedding. Then F(S)
is a smooth submanifold of the manifold M.

Proof. Let dim S = k and dim M = m. Let p € S. Choose neighborhoods U > p and
V' 3 F(p) and charts as in the Immersion Theorem such that F(U) C V and

YFO)NV)={z € E": 2" =... = 2" =0} ny(V).
Since F' is an embedding, F(U) is open in the space F(S). By the definition of the
subspace topology, F'(U) = F(S) N W for some open W C M. Thus
(VNW)NFES)=VNFU)=F(QU),
so in the neighborhood W NV C V of the point F(p) we have
Y(FSNVAW) ={z eE": 2" = .. =2" =0} ny(V N W).
Thus F(S) is an embedded submanifold. O
Esimerkki 5.14. Let o € R and let 7,,: B! — T? = E?/Z2,
Ya(t) = (t,at) + Z*.

The map 7, is a smooth immersion, since it is the composition of the smooth embedding
t — (t,at) and the smooth map x +— x + Z>.

Ifa="2€Q,then 1 (t +q) =7a(t) + (¢, p) forall € E!'. Thus 7, defines a smooth
map from the compact quotient manifold E'/qZ, t + qZ + 7,(t), which has the same
image as the map ~,. By Proposition Yo (E!) is an embedded submanifold.

If « € R —Q, then by Kronecker’s approximation theoremﬂ Yo (E') is a dense subset
of the torus T?. Thus it is not a submanifold.

Let M and N be smooth manifolds and let F': M — N be a smooth map. Then
I'(f) ={(z, F(z) : 2 € M}
is the graph of the map F.

Propositio 5.15. Let M and N be smooth manifolds and let F': M — N be a smooth
map. Then the graph of the map F' is a smooth manifold.

Proof. Let F: M — M x N, F(z) = (2, F(z)). Then I'(F) = F(M). The map F is
clearly injective. The restriction of the projection map 7y : M x N — M to the graph
I'(F) is the inverse of the map F: M — I'(F), which is continuous as the restriction of a
continuous map. Thus F is a homeomorphism onto its image.

The map dﬁ’p is injective for every p € M, since from the equation 7y o F' = idyy it
follows by Proposition (2) that idy,p = d(ma) 7 dF,. Thus F is a smooth embedding,
so I'(F') is an embedded submanifold by Theorem @ O

8Theorem
9See for example [?, Chapter XXIII].
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Seuraavan tuloksen mukaan kaikki siledt monistot ovat itse asiassa sileasti diffeomorfisia
jonkin euklidisen avaruuden silean alimoniston kanssa.

Lause 5.16 (Whitney’s Embedding Theorem). Every n-manifold has a smooth embedding
into Buclidean space E*"+1.

Proof. See [?, Theorem 6.15]. O

Esimerkki 5.17. (1) The torus T" is by definition an abstract smooth manifold, whose
definition _does not provide an embedding as a submanifold of any Euclidean space. In
Example we noted that the map f: E! — E? f(t) = (cos2nt,sin 2nt) determines
a homeomorphism f: T' — S'. The differential df; of the map f is injective for every
— sin 27t

p € E!, since in coordinates its matrix is
cos 2mt

) # 0 for all t. Furthermore, the

quotient map 7. : E! — T! is a local diffeomorphism, since it is the inverse of the chart
maps of the 1-torus when restricted to short intervals. Let p € T!, let (U, ¢) be a chart
containing the point p such that 7. o ¢ = id. Thus df, = df) d¢, is injective, so f is an
embedding.

In the general case, let F': T" — E** = (E?)",

It is easy to check that dF, is injective for all p € T", so F'is an immersion. The torus
T™ is compact, since T" = 7([0,1]"). The map F is clearly a smooth injection, so by
Proposition |6.10] it is an embedding. In particular, we thus obtain a smooth embedding
of the 2-torus into space E*.

It is well-known that the torus can be embedded into space E3. The map G: T? — E3,
defined by the map G: E? — E3,

G(z) = ((2 + cos 2wy ) cos 2mxs, (2 + cos 2wy ) sin 27w, sin 27T:c'1) (5.1)

is a smooth embeddingm

(2) Projective space P™ is an abstract smooth manifold, whose definition does not provide
an embedding as a submanifold of any Euclidean space. By Whitney’s embedding theorem,
it can be embedded into space E2"*!. In Exercise [6.6| we show that P2 can be embedded
into space E* as an embedded submanifold. The projective plane cannot be embedded
into space E3 E but there are several immersions F': P? — E3. The map f3 in Exercise

is an immersion[?] Its image f3(P?) is the Boy’s surface.

WExercise
HSee for example [?, Thm. 4.7].

12Exercise
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Figure 5.1 — Boy’s surface from two different directions.

5.4 Tangent Space of a Submanifold

It is natural to think of the tangent space of a smooth submanifold S C M at a point p as
a subspace of the tangent space T, M of the ambient manifold M. In this identification,
the space T,S is identified with the image of the differential di,: T,S — T,M of the
inclusion map ¢: S — M: If f € C*(M) and v € 7,5, then

diyof =v(foi)=uv(f]s). (5.2)

The differential di,, of the inclusion map is a linear map, so we think of the subspace 7,5
as a linear subspace of the vector space T, M.

Propositio 5.18. Let S be a smooth submanifold of a smooth manifold M. The map
di: TS — TM is a smooth embedding. In particular, T'S is a smooth submanifold of the
smooth manifold T M .

Proof Let S be a k-manifold and let M be an n-manifold, £ < n. In slice coordinates

diy, ( G ) =

the tangent bundle T M, di corresponds to the map (z,y) — ((xl, xR 0,.00,0), (yh LYk 0,
so di is smooth. It is clearly injective and a topological embedding as the inclusion of a
linear subspace part in Euclidean space. O]

Propositio 5.19. Let S be a smooth submanifold of a smooth manifold M. Let p € S
and let v € T,M. Then v € TS, if and only if there is a smooth curve v: I — M, such
that 4(0) = v and y(t) € S for allt € I, for some interval I C E' containing the point 0.

Proof. Exercise O
Esimerkki 5.20. Let 2o € S* C E""! and let a € zy. Let v,: E! — E*L,

Ya(t) = xg cos (HaH t) H H sin (HaH t)

Then 7,(t) € S" for all ¢t € E! and by equation (3.5))

n+1

Za@x

o
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Thus
n &= k d 1 n+1
TxOSZ{ZaWIQEZL’O}CTxE .
k=1
This corresponds to the familiar result from differential calculus, where T'S™ is identified

with the space zj .

The following result gives a slightly different way to recognize tangent vectors of a
submanifold.

Propositio 5.21. Let S be a smooth submanifold of a smooth manifold M. Letp € S.
Let v e T,M. Then v € T,S, if and only if vf =0 for all f € C®(M) such that f|s = 0.

Proof. If fls =0 and v € T,,S, then vf = 0 by equation (6.2).
Assume then that v € T,M and vf = 0 for all f € C°°(M) such that f|s = 0. Let
k= dim S < dim M = n. In slice coordinates
)

Let v € T,M. Then v = Y p_,v*:2%|,. Let k+1 < j < n. Then 2*(¢q) = 0 for all
qge SNV, so

9
ox!

0

T,5 = di(T,5) = < e

Thus v € T,,S. OJ

When considering maps between submanifolds of Euclidean spaces, the map can often
be thought of as the restriction of a map of the ambient space. In that case, the differential
can be examined using the derivative matrix, i.e., the Jacobian matrix. In particular, if
the differential of the extended map is injective at some point of the submanifold, then
the restriction of the differential to the tangent space of the submanifold is also injective.

Let 1 < m < n be natural numbers. A linear map A: R™ — R" is injective if the rank
of the corresponding n x m matrix'| A is m. The rank of the matrix A is m if its rows are
linearly independent, which is equivalent to the matrix A having m linearly independent
rows. The rank of the matrix A is thus m if it has a nonzero m x m subdeterminant. See
for example [?, V§3, VI§9].

Esimerkki 5.22. Let W: E? — E3 W(x) = ((z'2?, 2", (2%)?). The derivative matrix
of the map W is

22 !
1 0
0 a2

If 22 # 0, then the columns are linearly independent, for example because the determinant
of the 2 x 2 matrix formed by the second and third rows is xo # 0. If 22 = 0 and 2! # 0
the same conclusion is reached by considering the 2 x 2 matrix formed by the first and
second rows. If = 0 then the second column is the zero vector. Thus Wgs_goy is a
smooth immersion but the image of the linear map dW, is 1-dimensional. The image of
the map W is the Whitney umbrella.

13Gych a matrix has n rows and m columns.
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Figure 5.2 — The Whitney umbrella from three different directions.

Exercises

5.1. Prove Proposition [6.2
5.2. Let f: E3 - E', f(y) = ys3 for all y € E® in the standard coordinates of Euclidean

space. Show that f = f|s2: S* — E! is a smooth function. Determine the critical points
of the map f.

5.3. Let M be a smooth manifold. Let f: M — E! be a smooth function that has a
local maximum at a point p € M. Show that p is a critical point of the function f E

5.4. Prove Proposition [6.19
5.5. Show that the map G: E? — E3,

G(z) = ((2 + cos 2wy ) cos 2mxo, (2 + cos 2wy ) sin 27w, sin 27rx1)

defines a smooth embedding of the torus T? = E?/Z? into the smooth manifold E?.

4Results from analysis and differential calculus may be used.
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5.6. Show that the map v: P? — E4,
v([z]) = (2] — 23, 2129, 2123, To23)

is a smooth embeddingE
5.7. Show that the map f3 in Exercise [1.12]is an immersion.

5.8. Show that the map v: P? — 3,

v([z]) = (woxs, T13, 2122)

is a smooth map but is not an immersion. Show that there is a finite set P C P? such

that the restriction of the map v to the set P2 — P is an immersionm

5.9. Let 7: E3 — ES,
v(z) = (:cf, x%,mg, \/§x2x3, \/§$1x3, \/§x1x2) )

(1) Show that 7(S?) C S°.
(2) Show that |sz: S* — S° is a smooth immersion.
(3) Show that the map v: P? — P

v([z]) = [ : 22 22 V2xoms 1 V2115 1 V21 3]

is a smooth embedding.

5.10. Let X, X5, X3 be vector fields on the manifold E?,

0 0 0 0
K@) = T g T g T g
5 0 4 0 0 $2i
Oxt’

(1) Show that X, X5, X3 define vector fields on the submanifold S* C E*.

(2) Show that X;(p), X2(p), X3(p) are linearly independent for all p € S3.
(3) Show that T'S? is diffeomorphic to the product manifold S* x 3.

15Exercise
16See the cover image.
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Chapter 6

Kotangenttikimppu

Tassa luvussa maarittelemme silein moniston kotangenttikimpun, joka on moniston tangenttiavaruuksie
duaalien erillinen yhdiste. Tangenttikimpun tapaan myos kotangenttikimppu on siled

monisto. Luvun aluksi tarkastelemme vektoriavaruuksien ja erityisesti tangenttiavaruuksien

duaaleja.

6.1 Vektoriavaruuden duaali ja duaalikuvaus

Olkoon V reaalinen vektoriavaruus. Lineaarikuvaus w: V — R on lineaarimuoto eli
lineaarinen 1-muoto eli kovektori. Vektoriavaruuden V' (algebrallinen) duaali on

V*={w:V =R kovektori}.

Lineaarialgebrasta tieddmme, ettd duaali on vektoriavaruus, kun se varustetaan tavanomaisilla
funktioiden yhteenlaskulla ja vakiolla kertomisella.

Lemma 6.1. Olkoon (vy,vs,...v,) vektoriavaruuden V kanta.

(1) Jos v =" av;, nitn w(v) = X" a'w(v;).

(2) Jokainen wvektori b = (by,by...,b,) € R™ mddrdd lineaarimuodon w, € V*, kun
jokaiselle v = Y1 | a'v; asetetaan wy(v) = X1, a'b;.

(8) dimV* =dimV = n.

Proof. Harjoitustehtava |7.1 n

Lemman [7.1] nojalla lineaarimuoto w € V* méaraytyy yksikésitteisesti arvoista w(v;),
1 <1< n,kun (vy,vs,...v,) on vektoriavaruuden V kanta.

Propositio 6.2. Olkoon (Ey, Es, ... E,) wvektoriavaruuden V kanta. Olkoot €',... " €
V* siten, ettd

. , 1, kuni=j,
(E;) =0 = :
S(E) =9, {O, muuten
Tdlloin (¢',...,€") on duaaliavaruuden V* kanta.
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Proof. Lemmannojalla véiitteeen ehto méadrittelee lineaarimuodot €!, . . ., " yksikésitteisesti.
Olkoon w € V*. Jokaiselle v = Y ,v'E; € V pitee lineaarisuuden ja kuvauksen
¢/ méiritelméin nojalla

n n
g'v) => veEE; = Zvjé; =
j=1 j=1

kaikille 1 < 4,5 < n. Siis
wo= w(lf:llez) = zn:viw(Ei) = zn:w(Ez) e'(v) = (f:w(EZ) ai) (v).

=1 =1 i=1

Siis w = Y1 w(E;) e’ € (4., ") kaikille w € V*. Lemman [7.1](3) nojalla dim V* = n,

joten vaite seuraa tasta. ]
Olkoon (v, vs, ...v,) vektoriavaruuden V kanta. Olkoot €!,... &" € V* siten, ettd
“E) =50
T&llsin (g',...,e") on kannalle (v1, vy, ... v,) duaalinen kanta.
Esimerkki 6.3. (1) Vektoriavaruuden R” standardikannalle (ey, ..., e,) duaalinen kanta
(e',...,e") on duaaliavaruuden (R™)* standardikanta.

(2) Olkoon (E\, Es, ... E,) vektoriavaruuden V' kanta. Jokainen v € V voidaan kirjoittaa
yksikésitteisesti muodossa

v=> VE; =) (v)E;.
i=1 i=1

Olkoot V' ja W  vektoriavaruuksia ja olkoon L:V — W lineaarikuvaus. Kuvaus
L W* - V*
L*(w) =woL

on kuvauksen L duaalikuvaus eli transpoosi.

Lemma 6.4. (1) Lineaarikuvauksen duaalikuvaus on lineaarikuvaus.
(2) Jos Ly: Vi — Vs ja Ly: Vo — V3 ovat lineaarikuvauksia, niin (LoLy)* = L{L3.

Proof. Harjoitustehtéva O
Vektoriavaruuden V' duaalin duaali V** = (V*)* on vektoriavaruuden V' biduaali.

Seuraava tulos on hyoddyllinen luvussa [§, kun késittelemme tensoreita.

Propositio 6.5. Olkoon V' ddrellisulotteinen vektoriavaruus. Kuvaus &:'V — V**,
E(v)w =wv,
on lineaarinen isomorfismi
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Proof. Olkoon V vektoriavaruus ja olkoon v € V. Kuvaus £(v): V* — R on lineaarinen
silla kaikille wy,wy € V* ja kaikille a;,as € R patee duaaliavaruuden laskutoimituksia
kayttamalla

E(v)(a1wy + agwr) = (a1wr + Aow2)v = a1w1v + agwav = a1§(V)wy + ax€(v)ws .

Osoitetaan sitten, ettd £ on lineaarikuvaus. Olkoot vi,vs € V ja ay,a, € R. Télloin
kuvauksen w € V* lineaarisuuden nojalla

£(a1v1 + agve)w = w(avy + agvs) = awvy + aswve = a1&(v1)w + asf(ve)w
= (a1€(v1) + af(v2))w,
joten
§(arvr + agva) = a1§(v1) + ag€(va) .

Lemman [7.1f3) nojalla dim V** = dimV* = dimV < oo, joten { on isomorfismi,
jos se on injektio. Olkoon v € V — {0}. Olkoot vq,v3,...,v, € V — {0} siten, ettd

(v, V2,03, ...,v,) on avaruuden V kanta. Olkoon w, € V* se (yksikésitteisesti maarétty)lineaarimuoto,
jolle patee w,(v) =1 ja wy(ve) = wy(vs) = -+ = wy(vy,). Talloin

EW)wy, = wyp(v) =1,
joten &(v) # 0 € V**. Siis ker £ = {0}, joten £ on injektio. O

6.2 Kotangenttivektorit

Olkoon M siled monisto ja olkoon p € M. Duaaliavaruus  T(M) on
moniston M kotangenttiavaruus pisteessid p. Kotangenttiavaruuden alkiot ovat
kotangenttivektoreita pl[]

@Joskus niitd kutsutaan kovektoreiksi pisteessd p.

Lemma 6.6. Olkoon M siled monisto. Siled funktio f € §(M) mddrdd kotangenttivektorin
df|,asettamalla

df|pvp =vpf
kaikille v, € T,M.

Proof. Olkoot v,w € T,M ja a,b € R. Talloin
dfly(av+bw) = (av+bw)f = a(vf) + bwf) = adfl, +bdf|uw,
joten df|, € Ty M. O

Siledn funktion f € F(M) differentiaali df,, pisteessd p € M méaéiriteltiin luvussa
asettamalla df,(v,)g = v,(g o f) kaikille v, € T,M ja kaikille g € F(E").

Lemma 6.7. Olkoon M siled monisto ja olkoon f € §(M). Tdlloin

d

dfp(vp) = df|pvp %’f(p) .
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Proof. Kiinnitetaén v, € T,M. Koska Ty, E' = <%‘f( )>, on a € R, jolle
p

d
d = a— 1
folv)) =az| (6.1)
Differentiaalin méaritelmén ja yhtéalon (7.1]) nojalla
. : d .
df|,v, = v,(f) = vp(idgi of) = dfpvpidgr = a —|  idg = a. O
dt ()

Tangenttiavaruus T, E' samastetaan usein vektoriavaruuden R kanssa kuvauksella
d

dt| 5 (p)
kotangenttivektoria df, € T,y M, jota merkitsimme edelld df],.

a = a. Taman samastuksen jalkeen merkinta df, tarkoittaa yleensa

Olkoon (U, ¢) siled kartta siledlld monistolla M ja olkoon p € U. Kuvauksen
¢ komponenttien z' ... 2" differentiaalit dz'|,,...,dz"|, ovat kartan (U,¢)
koordinaattiko(tangentti)vektorit pisteessi p.

Kaytamme kotangenttivektoreille yldindeksejé ja niiden komponenteille alaindeksejé.

Propositio 6.8. Olkoon (U, ¢) siled kartta siledlla monistolla M ja olkoonp € U. Talloin
(dat|,, ..., dz"],) on kotangenttiavaruuden Ty M kanta, joka on duaalinen tangenttiavaruuden

M kanna (32, - -+ s 52 |p) kanssa.
Proof. Méaritelmén nojalla kaikille 1 < 4,5 <n = dim M pétee

0

'l

0

p  O0xI

a' =0 (6.2)

p

Jos wy, € T7M niin kaikille 1 < j < n pétee

; 0
p)d$ |p) i

Koska kotangenttivektorit w, ja Y1 (w, %
T, M kantavektoreilla, paattelemme

(S

=1

p)dxi saavat samat arvot tangenttiavaruuden

Wp = En: (Wp aii|p>dxi :

=1

Siis n koordinaattikovektoria virittad n-ulotteisen vektoriavaruuden 77 M, joten ne muodostavat
kannan. O]

IMuista Seuraus
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6.3 Kotangenttikimppu

Olkoon M silea monisto. Moniston M kotangenttikimppu on

M= || ;M

peEM

varustettuna silein moniston rakenteella, joka maéaaritelladn alla. Kotangenttikimpun
T*M (kantapiste)projektio on kuvaus m = mpr: T"M — M, 7(w, p) = p.

Olkoon (U, ¢) siled kartta sileilli n-monistolla M ja olkoon p € U. Proposition
nojalla jokaisella w, € T;U C T*U C T*M pétee

n

wy = Y cp(w) da®], (6.3)
k=1
joillain kertoimilla ¢;(v), ca(v),...,ca(v) € R. Olkoon c¢: T*U — E™ kuvaus, jonka

komponentit ovat ¢1(v), ca(v), ..., c,(v). Olkoon @F : T*U — ¢(U) x E" kuvaus
07 (wq) = (0(q), c(w)) -

Valitaan joukkoon 77U yksikasitteisesti méaritelty topologia, jolle ®}; on homeomorfismi.
Olkoon

B ={ACT*M:ACTU on avoin jollain koordinaattiympéaristolla U C M} .

Valitaan joukkoon T*M topologia, jonka kanta on %* ja varustetaan T*M kartastolla
{(T*U, @f;) : (U, ¢) on siled kartta}.

Propositio 6.9. Silein moniston kotangenttikimppu on siled monisto. Kantapisteprojektio
on siled kuvaus.

Proof. Todistetaan kuten Propositio ?7?7. Harjoitustehtéava 7.4 O

Esimerkki 6.10. Jos monistolla M on globaali siled kartta, niin 7*M on diffeomorfinen
tuloavaruuden M x E" kanssa. Erityisesti T*E" on diffeomorfinen avaruuden E?" kanssa.

6.4 Sileat 1-muodot

Olkoon M siled monisto. Kuvaus w: M — T*M, jolle m o w = idys, on 1-muoto eli
kovektorikenttd eli kotangenttikimpun T*M (globaali) leikkaus[]

Olkoon [
X*(M)={w: M — T*M : w on siled 1-muoto} .

“Englanniksi section.
bJoissain lihteissd kilytetéiin sileiden 1-muotojen avaruudelle merkintii Q(M).
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Kéaytdmme merkintaa
wy = w(p).

Monistolla M maéritelty 1-muoto w maéarittelee kuvauksen moniston M vektorikenttien
avaruudelta funktioiden avaruuteen luonnollisesti pisteittdaisen toiminnan kautta.

Josw e X*(M) ja X € X(M), niin
(WX)(p) = wpXy.
Luvussa maaritelty silean funktion pisteittainen differentiaali maaréa 1-muodon.

Olkoon M siled monisto. Funktion f € F(M) differentiaali df on kuvaus df: M — T*M,
p > dfy.

Esimerkki 6.11. Olkoon M siled monisto ja olkoon (U, ¢) silea kartta, jonka komponentit

ovat z',22%,... 2" Koordinaattimuodot dz', ..., dx" ovat sileiti 1-muotoja joukossa U,

silld niiden esitys luonnollisessa kartassa ®x*;; on

P} oda* o7 (y) = (v, ex).

Kovektorikenttien yhteenlasku ja vakiolla kertominen maéaritellian pisteittain: Jos w
ja a ovat 1-muotoja ja A € R, asetetaan

(wWHa),=w,+a, ja (M), = A\w,,

missa kotangenttivektorien yhteenlasku ja reaaliluvulla kertominen suoritetaan vektoriavaruuden
Ty M laskutoimituksilla kaikilla p € M.
Seuraavat differentiaalin ominaisuudet ovat kayttokelpoisia:

Propositio 6.12. Olkoon M siled monisto ja olkoot f,g € F(M). Tdllsin
(1) d(af + bg) = adf + adg kaikilla a,b € R.
(2) d(fg) = fdg+gdf.
(3) jos g(p) # 0 kaikilla p € M, niin
d(f) _gdf — fdg

) =222 =,

g g
Proof. (1) Olkoon X € X(M). Talloin

dlaf +b9)X = X(af +bg) =aXf+bXg=adfX +bdgX .
Loput véitteet todistetaan Harjoitustehtévassa [7.8] [

(Siledn) 1-muodon kertominen (siledlld) funktiolla madritelladn pisteittain: Jos w €
X*(M) ja f: M — R, asetetaan
(fw)p = f(p)wy (6.4)
kaikilla p € M.
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Lemma 6.13. Olkoon M on siled monisto ja olkoon w € X*(M). Tdlloin
w(fX)=fwX
kaikille f € (M) ja kaikille X € X(M).

Proof. Koska w, on lineaarikuvaus jokaisella p € M, saamme

w(fX)(p) = wp(f(p)Xp) = f(p) wpXp = (fw)p X, [

Jos U C M on avoin koordinaattiympéristo, niin yhtalon (7.3]) nojalla mika tahansa 1-
muoto w: U — T™*U voidaan ilmaista koordinaattimuotojen avulla: On funktiot ¢1,¢o,...,¢,: U —
E!, joille

w=>cda*. (6.5)
k=1
Propositio 6.14. Olkoon M siled monisto ja olkoon (U, @) siled kartta monistolla M.

Olkoon w: M — T*M 1-muoto. Tdlloin w on siled 1-muoto joukossa U, jos ja vain jos
sen kerroinfunktiot esityksessd ((7.5)) ovat sileitd.

Proof. Kovektorikentén w esitys luonnollisissa koordinaateissa on @(y) = (y, c(y)), joten
w on siled, jos ja vain jos kerroinfunktiot ¢y, ..., ¢, ovat sileita. O]

Lemma 6.15. Olkoon f € F(M) ja olkoon (U, zx) siled kartta. Télloin
df = —dz” . 6.6
DR (6:5)

Proof. Olkoon

no 0
X=>d"— M).
;;1& axkE%( )

T&lloin linearisuuden ja Lemman [7.13 nojalla

af X = f:k

oxk
Toisaalta yhtalon nojalla

Of 1w -~ Of J>( 3 k3>
(Zax e )X (Z 7 ) 2 g

=1
n

Yo _ Y
“ oxJ de oxk Zz (9 Z axk ' =

Lemman|7.15|nojalla siledn funktion differentiaali vastaa differentiaalilaskennasta tuttua
gradienttia.

Seuraus 6.16. Siledin funktion differentiaali on siled 1-muoto.

Proof. Seuraa Proposition nojalla Lemmasta [7.15] O
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Propositio 6.17. Olkoon M siled monisto. Olkoon w: M — T*M 1-muoto. Tdalldin
w € X*(M), jos ja vain jos wX € F(M) kaikilla X € X(M)F]

Proof. Olkoonw € X*(M) ja olkoon X € }.‘(M) Olkoon (U, ¢) siled kartta. Propositioiden
77?7 ja nojalla on funktiot ¢¢,...,¢% ck,...,c% € F(U), joille

YN

w=> ¢ dz' ja X =

n

= X0xd
Téalloin
- w 7 - = 8 < w i - w 1
:(Zlcz dx)(z Xa ]> Z a Z G :Zlcz Cx,
1= =1 1,j= INES 1=

joten wX on siled sileiden funktioiden &darellisend summana.

Olkoon w: M — T*M kuvaus, jolle m o w = idy;,. Oletetaan, ettd wX on siled
kaikille X € X(M). Olkoon (U,¢) siled kartta. Proposition nojalla on funktiot
&, ..., M — E! siten, etta

wly = Z & da’ .
Olkoon p € U. Koordinaattivektorikentat 8 T S 8an voidaan téyssyfunktiolla kertomalla
jatkaa sileiksi vektorikentiksi Zi,...,7Z, € X(M), joille Z;|y =
p avoimella ympéristolla V' C U kaikille 1 < i < n. Oletuksen mukaan funktiot wZ;
ovat sileita, joten joukossa V naemme, etta

0

WwZ; = (;cfdx’>w =cp

on siled jokaisella 1 < k < n. Proposition nojalla w on silea. O
Seurauksen toinen todistus. Olkoon f € F(M) jaolkoon X € X(M). Talloin maaritelméan
ja Proposition ?? nojalla ndemme, etta df X = X f € §F(M). Proposition nojalla

df € X*(M). O
6.5 Silean 1-muodon alkukuva

Olkoot M ja N sileitd monistoja ja olkoon p € M. Siledn kuvauksen F': M — N
differentiaalin dF), duaalikuvaus (dF,)*: Ty, N — Ty M,

(dF wpp))v = w(dFpv)

on kuvauksen F kodifferentiaali pisteessa F'(p).

Jos F on upotus, niin kodifferentiaalit (dF,)* maardava kuvauksen F*: T*N — T*M.

Yleisessa tapauksessa pisteittéiset kodifferentiaalit eivat madrdaa kuvausta kotangenttiavaruuksien

valilla mutta niiden avulla voidaan muodostaa moniston N vektorikentille alkukuvat:

2Vertaa Propositioon ?7?.
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Jos w € X*(N), niin yhtalolla
(F*w)p = (dF,) wr ) (6.7)

madritelty 1-muoto F*w on siledn 1-muodon w alkukuvd’] kuvauksella F'.

“Englanniksi pull-back.

Jos F: M — N, we X*(N) ja X € X(M), niin

(F*w)X = w(dFX). (6.8)

Monissa lahteissa differentiaalia dF merkitdan F,. Talloin yhtdlo (7.8)) saa muodon

(Frw)X = w(F.X).

Propositio 6.18. Olkoot M ja N sileitd monistoja ja olkoon F: M — N siled kuvaus.
Olkoot w, 7 € X*(N) ja f € F(N). Talloin

(1) F*(w+ 1) = F*(w) + F*(1).
(2) F*(fw) = (foF) F'w ja
(3) F*df = d(f o F).

Proof. (1) Harjoitustehtava.

(2) Méaritelmén nojalla ja koska dF) on lineaarikuvaus, saamme
F*(fw)p = (dF,)"(f w)re) = (dFp)"(f(F(p)) wre) = f(F(p)dF, (W) = foF(p) (Fw),.
(3) Olkoon X € X(M). Talloin

(F*df)pXp = dfpp) (dF,Xp) = (dF,Xp) f = Xp(f o F)

ja toisaalta
d(foF),X,=X,(foF). n

Yleisesti maaritelldaan

F'f=foF

kaikille f € §(N), jos F: M — N on siled kuvaus. T&lld merkinnélld Propositio
saadaan muotoon

Fdf = d(F*f)

kaikille f € §(V). Siis differentiaalioperaatio kommutoi alkukuvan kanssa.

Propositio 6.19. Olkoot M ja N sileita monistoja ja olkoon F': M — N siled kuvaus.
Talloin F*w € X*(M) kaikille w € X*(N).
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Proof. Olkoon (U, ¢) siled kartta monistolla M ja olkoon (V1)) siled kartta monistolla N
siten, ettd F(U) C V. Olkoot (z',...,2™) ja (y',...,y") kuvausten ¢ ja 1) komponentit.
Proposition nojalla on sileit funktiot ay, ..., a, € F(V), joille wly = S7_, ax dy*.

Joukossa U péatee Proposition kohtien (2) ja (3) ja Lemman nojalla, koska
y* o F = F* € F(M), pitee

Z ZakoFF*dy —ZakoFd(y oF)
k=1 k=1 k=1
& OF*
Z Z ay o F —-— dx] (6.9)
Funktiot aj; o F' ja y* o F ovat sileité, joten viite seuraa Proposition nojalla. [

Propositio 6.20. Olkoot Fy: My — My ja Fy: My — Ms sileitd kuvauksia ja olkoon
w € X*(Ms). Tdlloin

Proof. Harjoitustehtava O]

6.6 Silean 1-muodon rajoittuma alimonistolle

Olkoon S sileéan moniston M saédnnoéllinen alimonisto ja olkoon i: S — M inkluusiokuvaus.
Moniston S tangenttiavaruus 7,,S pisteessa p € S samastetaan avaruuden 7, M lineaarisen
aliavaruuden di,(7,5) kanssaﬁ Jokainen moniston M siled 1-muoto w € X*(M) méaaraa
sileédn 1-muodon #*w monistolla S:

(i"w)pv = wy(diyv) = wyv

kaikille v € T},S.

Esimerkki 6.21. Olkoon S siledn moniston M séannollinen alimonisto. Oletetaan, etté
s =dim S < dim M = n ja kdytetdén pisteessa p € S C M viipalekarttaa (U, x), jossa
z(S) = z(U) N E* x {(0,0,...,0)}. Télloin jokaiselle s + 1 < k < n pétee Proposition
7.18(3) nojalla

i*(do*) = d(2" 0i) =d0 = 0.

6.7 Laskelmia koordinaateissa

Olkoon M siled monisto ja olkoon p € M. Olkoot (U, ¢) ja (V1)) sileité karttoja pisteessa
p. Luvussaosoitimme, ettd kartan (U, ¢) koordinaattitangenttivektorit saadaan kartan
(V,4) koordinaattitangenttivektoreista lausekkeella

o oy B

3Katso luku
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Jos

v=) U, —
; aztly
niin yhtalon (7.10)) nojalla

v—zvzay ") 37

Pj=1 Ni=l
Siis Y
j i 9Y
v =0k L 60). (6.11)
i=1 X
Yhtélo (7.9) antaa tapauksessa F' = id muunnoskaavan
j = ayj i
dy’ =3 55 (6(p)) da’. (6.12)
i=1 9T

Tamaé yhtélo seuraa myos koordinaattivektorien ja koordinaattikovektorien duaalisuudesta
Harjoitustehtévén [7.3 nojalla.
Siledn 1-muodon kertoimien muuntumisen saa helposti yhtélon (7.10) avulla: Jos

n n
w=Y wide' =Y wldy,
=1 =1

wi (p) = p(aiz' >:°U<i ZZZW(P));W )= .n gii(aﬁ(p))wp(;yj )
o S ’ (6.13)
=3 5 e

Yhtéloiden ja mukaan kovektorien komponentit muuntuvat kartanvaihdossa
samalla sédédnnolla kuin koordinaatti(tangentti)vektorit. Sen vuoksi kovektoreita
on ollut tapana kutsua kovarianteiksi vektoreiksi ja vastaavasti tangenttivektoreita
kontravarianteiksi vektoreiksi. Tama on vakiintunut terminologia vaikka se on ristiriidassa
kategoriateorian samojen sanojen kayton kanssa.

Esimerkki 6.22. Olkoot (r, ) napakoordinaatit silein moniston E? avoimessa osajoukossa
E? — [openle ft]—o000 x {0} kuten Esimerkissé Kun kartanvaihdossa tarkastellaan
1-muodon lausekkeen muuntumista, lasketaan identtisen kuvauksen kodifferentiaalilla.
Talloin

oz! ox!
1 [ —_— P— JE—
dz 5 dr + 50 df = cos 0dr — rsin 6df
ja
z? z?
2 [ [ —_—
dx o dr + 50 df = sin Odr + r cos 0d6 .
Télloin
z'dx? — 2*dx’ 1 cos(r cos 0dO + sin Odr) — rsin 6(—r sin d6 + cos Odr)
Il r?
2do
L —w.
r
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Kotangenttikimppu

Harjoitustehtavia

6.1. Todista Lemma [7.1]
6.2. Todista Lemma[7.4] Tarkasta myos, ettd duaalikuvaus on hyvin méaaritelty.

6.3. Olkoon L: V — W lineaarikuvaus. Olkoon (vi,...,v,) vektoriavaruuden V' kanta

ja olkoon (wy,...,w,,) vektoriavaruuden W kanta. Olkoot (v',...,2") ja (w',...,@™)
duaaliavaruuksien V* ja W* kannat, jotka ovat duaalisia kannoille (vq, ..., v,) ja (wy, ..., wpy).
Olkoon (a%) lineaarikuvauksen L matriisi kantojen (vy,...,v,) ja (wi,. .., wn) subteen.
Siis kaikille 1 < j < n pétee

m .
Lv; =Y ajw; .
i=1
Osoita, ettd]
n
Lw' =" av; .
j=1
6.4. Todista Propositio (7.9

Olkoon K on kommutatiivinen rengas. Epétyhja osajoukko .# C K on ideaali, jos
o (Z,4) on additiivisen ryhmén (K, +) aliryhma ja
e za € Z kaikillax € Rjaa € .#.

Jos ., ¢’ C K ovat ideaaleja, niiden tulo on ideaali

f/’:{Zaibi:aief,bief’,meN}.

i=1
6.5. Olkoon M siled monisto ja olkoon p € M. Olkoon

Ip ={f €M) : f(p) = 0}.

Osoita, ettd .#, on renkaan §(M) ideaali.
Olkoon ®: F(M) — TyM, ®(f) = df,. Osoita, ettd’| ker ® = (£,)* ja ®(F,) = T; M,
joten ® méaraa vektoriavaruuksien isomorfismin .#,/(.%,)* = T M.

6.6. Olkoot X,Y € X(E? — {0}),

0 0 0 0
_ .2 1 - _ 1 2
AT T R T T
Etsi w € X* (E2 - {O}), jolle w(X)=1jaw(Y)=0.
6.7. Olkoon M siled monisto, olkoon f € F(M) ja olkoon g € F(E'). Osoita, etta sileille
1-muodoille pétee

d
dlgo f) = (g)e [ df.
4Tehtdvin lyhyt muotoilu on: Osoita, ettd lineaarikuvauksen transpoosin matriisi on

lineaarikuvauksen matriisin transpoosi.
SKaytd Taylorin lausetta jiinnostermilld, [?, Thm. C.15].

October 3, 2025



6.7. Laskelmia koordinaateissa 71

6.8. Todista Proposition kohdat (2) ja (3).
6.9. Todista Propositio [7.18(1).

6.10. Tassa tehtavassd x ja y ovat euklidisten avaruuksien kanoniset koordinaatit.
(1) Olkoon exp: E! — [open]0oo, exp(x) = €*. Olkoon w = d?y. Maééritéd exp* w.
(2) Olkoon F: {z € E?: ||z|| < 1} — E3 — {0},

F(z) = (a',2% /1 ||z]]?)

ja olkoon w € X*(E3 — {0}),
w=(1-(y") = "))dy’.
Maarita F*w.
(3)Méérita siledin 1-muodon F*wy lauseke tason yksikkokiekon napakoordinaateissa.

6.11. Todista Propositio [7.20]

6.12. Olkoon M siled monisto ja olkoon S funktion f € F(M) sddnnollinen tasa-
arvopinta. Osoita, ettd df maardd 1-muodon 0 € X*(S) alimonistolla S.

6.13. Olkoon f: E3 — E!, f(z) = ||z||* ja olkoon F = .#~!: E? — [E? stereograafisen
projektion kéiéinteiskuvaus.ﬂ Laske F*df ja d(f o F )|Z|

6.14. Olkoon f: E* —» E! f(z) = W Laske df kanonisessa kartassa ja napakoordinaateissa.

6Katso Esimerkki 3).
"Proposition 3) nojalla laskuista pitéisi tulla sama tulos.
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Chapter 7

Multilineaarialgebraa

Tassa luvussa kasittelemme multilineaarialgebraa reaalisissa vektoriavaruuksissa. Tarkastelemme
erityisesti alternoivia ja symmetrisia tensoreita, joista etenkin alternoivat tensorit ovat
keskeisessé osassa kurssin loppupuolella.

7.1 Vektoriavaruuden tensorit

Olkoot V4, V5, ..., Vi, ja W vektoriavaruuksia. Kuvaus L: V}; x Vo x -+ x V,, — W on
multilineaarikuvaus, jos kuvaus v — L(vy,ve,..., Uk 1,0, Vks1, ..., Vn) on lineaarikuvaus
kaikilla kiinnitetyilla v; € V;, 1 <@ <m, i # k.

Olkoon V A&érellisulotteinen vektoriavaruus ja olkoot r,s € N. Multilineaarikuvaus
A: (V5)" x V® — R on vektoriavaruuden V' (r,s)-tensori. Vektoriavaruuden V' (r,s)-
tensorien vektoriavaruus on

Tr(V) = {A: (V)" xVP—=R multilineaarikuvaus} :

Esimerkki 7.1. (1) Lineaarikuvaukset ovat multilineaarikuvauksia.

(2) Reaalisen vektoriavaruuden V sisétulo on bilineaarikuvaus, siis multilineaarikuvaus.
Se on (0, 2)-tensori.

(3) Olkoon V aarellisulotteinen reaalinen vektoriavaruus. Proposition nojalla jokainen
vektori v € V méérdé lineaarikuvauksen £(v) € V**, {(v)w = wv, joten evaluaatiokuvaus
E:V*xV =R,
E(w,v) =wv,
on (1, 1)-tensori.
(4) Olkoon V' n-ulotteinen vektoriavaruus. Kuvaus det: V" — R,
det(vy, ..., vy) = det(v))?

i,j=1

on multilineaarikuvaus, (0, n)-tensori.
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(5) Ristitulo - x -: R3 x R? — R3,
uXv= (u2v3 — w0, Pt — uto? ut? — uzvl) :

on bilineaarikuvaus.

Jatkossa samastamme aarellisulotteiset vektoriavaruudet V ja V** ja ajattelemme
tarvittaessa vektoria v € V avaruuden V** alkiona ilman eri mainintaa tai merkintaa.

Tensorien muodostaminen lineaarikuvauksista ei ole vaikeaa.

Olkoot Vi, ..., V,, vektoriavaruuksia. Lineaarikuvausten L, € V;* tensoritulo on kuvaus
L1®L2®®Lm ‘/1 X vm_>R7

Li®Ly® -+ ® Lip(v1, ..., 0m) = L1(v1) La(v2) -+ Ly (V1) -

Lemma 7.2. Reaaliarvoisten lineaarikuvausten tensoritulo on multilineaarikuvaus. O]
Proof. Harjoitustehtéava 8.1 O

Esimerkki 7.3. Olkoon V vektoriavaruus. Jos vy,...v, € V ja w!,...,w® € V* niin
VRV, RW R R@w € THI(V).

Propositio 7.4. Olkoon V n-ulotteinen reaalinen vektoriavaruus. Tdallgin T (V) on
n"ts-ulotteinen vektoriavaruus.

Proof. Harjoitustehtéivéisséitarkastetaan, etta (r, s)-tensorit muodostavat vektoriavaruuden,
joten osoitettavaksi jaa avaruuden dimensio. Olkoon (Ei,..., E,) avaruuden V kanta
ja olkoon (g!,...,e") avaruuden V* kanta, joka on duaalinen kannalle (Ei,...,E,).
Osoitamme, ettd vektorit B, @ -+ @ E;, @ &' @ -+ ®@ ¥, 1 < iy, jo < n, muodostavat
avaruuden 7% (V) kannan.

Olkoot 6,...0" € V*jaws,...,w, € V. Tallbin ' = Y7 _ 0% e jawy, = Y wit By,
joillain kertoimilla O;i,wi’“ € R. Olkoon A € T (V). Tallsin multilineaarisuudesta

seuraa

n
1 r _ 1 ro 0 Ls j jr
AW, ...0% 01, o) = > 05 05wt wg A E By, B
jl»"':j’lV
‘617---7 El

Toisaalta tensoritulon méaaritelméan, multilineaarisuuden ja duaalisuuden nojalla

ZA(Ejl,...,EjT,Egl,...,EgS)Ej ® - RE, " @ @40, ...,0"v1,...,0,)

jlw--»j’r;
O lm1
n
‘ jr 1 ro, 0 ls
- Z A(Ejl,...,gj,Egl,...’Egs)e‘jl---ejrwll...ws .
jl?"'7j’l‘7
1yeeesbs=
Siis
n
. i ’ .
A= > A, ...,& Ey,....E)E;, @ QFE;, Q" @---@¢e%,
J1seesdrs
l1,...,0s=1
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7.2. Symmetriset ja alternoivat tensorit 75

joten tensorit B, ®--- @ E; e ®@---@¢%, 1 < iy, j, < n, virittavit avaruuden 7% (V).
Tensorien By, ®- - -®F; ®e/'®- - -®¢’* lineaarinen riippumattomuus seuraa tarkastelemalla,
miten ne kuvaavat alkiot (e*,... &% E, ..., E,). O

Esimerkki 7.5. Euklidisen avaruuden E" standardisisétulo on 37 €' ® e"ﬂ

n

<iei®ei>(‘f’y> =Y a'y' = (z]y).

i=1
Vastaavalla tavalla voidaan méaaritella vektoriavaruuden V' tensorien tensoritulo. Merkintojen

yksinkertaistamiseksi maarittelemme kahden tensorin tensoritulon, jota iteroimalla saadaan
useamman tensorin tensoritulot.

Olkoon V vektoriavaruus. Tensorien A; € TTvs1)(V) ja Ay € TT2%2)(V) tensoritulo on
Al X AQI (V*)TI—H‘z x Vsitsz R,

(A1 @ Ag)(wh, ..., w™ 2 vy, Ve psy)

_ 1 71 r1+1 r1+72
=Aj(w, .. w0 ) Ag(WTT L w s Usy 41y« -y Usytsy) -

Lemma 7.6. Olkoon V wvektoriavaruus. Olkoot Ay, Ay € TUsD)(V), By, By € T2 (V)
ja ay,as,bi, by € R. Tdlloin

(a1A1 + CLQAQ) (%9 (blBl + bQBQ) = alblAl & B1 + ClleAl X B2 + CLleAQ (059 B1 + (lngAQ X Bg .

Proof. Harjoitustehtéva |8.5 n
Tensoritulon maaritelmasta seuraa vélittomasti hyodyllinen laskusaanto: Jos Ay, ..., A,
ovat tensoreita ja aq,...,a, € R, niin
a1A1®a2A2®---®anAn:(Hak>A1®A2®---®An. (7.1)
k=1

7.2 Symmetriset ja alternoivat tensorit

Jokainen permutaatio o € S,, voidaan kirjoittaa vaihtojenf| tulona
o = (i1j1)(i252) -+ * (imfm) »
missa 1 < iy, jr, < nkaikilla 1 < k£ < m. Permutaation o € S,, merkkion ryhméhomomorfismi
sign: S, = {£1},
sign ((i151) (ia) - -+ (imjm) ) = (=1)™.

Olkoon V vektoriavaruus. Olkoon A € TR (V) ja olkoon ¢ € S, permutaatio.
Maééritellddn tensori o - A asettamalla

(0 A)0r, oy 08) = AUy, s Vo)
kaikille vq,...,v, € V.

Esimerkki ( 1).

2Vaihtoja kutsutaan usein transpositioiksi. Permutaatioita késitelliin ryhméteorian kurssilla, katso
esimerkiksi [?].
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Lemma 7.7. Jos A€ T")(V) ja 0,7 € S, niin 7 - (0 - A) = (10) - A

Proof. Kayttamalld laskussa merkintoja wy = v(1), . . ., Wy = Vo(x) saamme kaikille vy, ..., v}, €
\%
(7-(0-A))(v1,02,...,05) =0 - A(Vr(1), - - -, Vry)
=o-Alwy, ..., wg)
= A(wg(l), e ,wa(k))
= A(Vr(o(1)), -+ > Wr(o(k)))
:A(UTU(l),...,’l}TU(k)) = (TO')-A(Ul,...,Uk). ]

Olkoon V vektoriavaruus ja olkoon k > 1. Olkoon A € T® (V). Jos o - A = A kaikille
permutaatioille ¢ € S, niin A on symmetrinen tensori. Vektoriavaruuden V' symmetristen
tensorien avaruus on

V) ={aeTP(V):0-a=a}.

“Lee [?] kdyttad merkintaa X(V) télle avaruudelle.

Esimerkki 7.8. Sisitulo on symmetrinen (0, 2)-tensori.

Propositio 7.9. Adrellisulotteisen vektoriavaruden V (0, k)-tensori on symmetrinen, jos
ja vain jos T - A = A jokaiselle vaihdolle T € S}.

Proof. Harjoitustehtava O

Olkoon V vektoriavaruus ja olkoon k > 1. Olkoon A € TO*(V). Jos o - A = sign(o)A
kaikille permutaatioille o € S, niin A on alternoiva tensori[y] Alternoiva (0, k)-tensori on
k-kovektori ja multikovektori. Vektoriavaruuden V' k-kovektorien avaruus on

ARV = {a ceTONV): 0-a= sign(a)a} :

Madritellddn lisaksi A°(V) = R.

®Alternoivaa tensoria voi kutsua myos antisymmetriseks: tensoriksi.

Talld kurssilla emme késittele symmetrisié tai alternoivia (k, 0)-tensoreita vaan keskitymme
yleisemmin esiintyviin (0, k)-tensoreihin. Sekatensoreille ei yleensé yritetakadn méaaritella
symmetrisyyden tai antisymmetrisyyden kasitetta.

Esimerkki 7.10. (1) Olkoon det: (R")” — R,

det(vi,va, ..., 05) = > sign(a)vi(l)vg(m S Ug(n) s
oc€Sh

missé v; = > 5, vfek kaikille 1 < 5 < n. Harjoitustehtavassa osoitetaan, etta det on
alternoiva (0, k)-tensori.

(2) AY(V) = SY(V) = TOD(V) = V*, koska ryhmissi S; = {id} ei ole parittomia

permutaatioita.
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Lemma 7.11. Olkoon V reaalinen vektoriavaruus ja olkoon k > 2. Talloin
ARV)NSHV) = {0} .
Proof. Olkoon a € A¥(V) N Sk(V). Tallsin kaikille vy, vy, ..., vx € V symmetrisyyden ja
antisymmetrisyyden nojalla pétee
a(vy, v, ..., vp) = (12) - (v, v, .. ., vk) = —a(vy, Vo, ..., V) -
joten a(vy,vg, ..., v;) = 0. ]

Propositio 7.12. Olkoon A ddrellisulotteisen vektoriavaruden V (0, k)-tensori. Seuraavat
ehdot ovat yhtapitivida:

(1) A on alternoiva.

(2) T+ A= —A jokaiselle vaihdolle T € Sk.

(8) Jos vy,...,v €V ovat lineaarisesti riippuvia, niin A(vy,...,vg) = 0.

(4) Jos vy, ...,vp €V jav; =v; joillain 1 <i,5 <k, i# j, niin A(vq,...,v;) = 0.

Proof. Todistamme eri kohtien véliset yhteydet seuraavan kaavion mukaan:

1 2

<

3 ¥4
Ehto (2) seuraa triviaalisti ehdosta (1). Se, ettd ehto (2) seuraa ehdosta (1), seuraa
Lemmasta [8.7] ja siitd, etta vaihdot virittavit permutaatioiden ryhmét, yksityiskohtainen
todistus tehdadn Harjoitustehtavéssa [8.6]

Jos A on alternoiva ja v; = v; kuten kohdassa (4), niin

A(Ub s ,’Uk) = Sigl’l(’ij)A(Ul, s 7Uk> = _A(Uh s ,’Uk) )

joten A(vy,...,v;) = 0. Siis ehto (4) seuraa chdosta (1). Samoin ehto (4) seuraa
triviaalisti ehdosta (3).

Oletetaan sitten, ettd ehto (4) on voimassa. Olkoot 1 < i,j < k siten, ettd ¢ # j.
Ehdosta (4) seuraa bilineaarisuutta kayttdmalla, etta

0=A(v1,...,0 +vj,...,0 +Vj,...,0)

:A(Ul,...,'Uz‘,...,Ui,...,Uk)+A(U1,...,Ui,...,Uj,...,Uk>
+A(vr, .oV, Vo) F AU U V)
=A(v1, .. Vi U, ) AV, g U U)

= (A4 (1)) - A)(vy, ..., v8).

Siis ehto (2) seuraa ehdosta (4).

Oletetaan edelleen, ettd ehto (4) on voimassa. Jos vektorit vq,...,vy € V ovat
lineaarisesti riippuvia, niin jokin niista voidaan esittdd toisten lineaarikombinaationa,
Voimme olettaa, ettéd vy, = Z?;ll v;. Talloin ehdosta (4) seuraa.

k-1 k-1
Avy, ... v5) = A(v, - -, Uk, Z V) = Z(vl, e Uk—1,05) =0
j=1 7j=1
Siis ehto (3) seuraa ehdosta (4) ja kaikkien ehtojen yhtépitavyys on todistettu. ]
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Multilineaarisuus ja Proposition[8.12]ehto (4) ovat k-ulotteisen tilavuuden ominaisuuksia,
joten alternoivaa (0, k)-tensoria voidaan ajatella k-ulotteisen merkillisen tilavuuden mittarinaE]
Tunnetusti | det(vy, . .., v,)| on vektorien vy, . .., v, € E" virittdmén n-ulotteisen suuntaissarmion
n-ulotteinen tilavuus euklidisessa avaruudessa E".

7.3 Symmetrointi ja alternointi

Olkoon V #érellisulotteinen vektoriavaruus. Kuvaus Sym: 7™ (V) — TOm) (V)

1
SymA:% Z o-A

. O'GSm

on symmetrointi. Kuvaus Alt: TO™ (V) — TOm™ (V)

1 .
Alt A = - > sign(o) o+ A

. O'GSm

on alternointi.
Esimerkki 7.13. (1) S, = {id, (12)}. Jokaiselle w € T2 (V) pitee
1
Symw = §(w +(12) - w),
1
Altw = i(w +sign(12) (12) - w),

joten

1
Sym w(vy,v9) = 5(&1(?}1,?}2) + w(vg, 1)),

Alt w(vy,v9) = 5(&)(@1,’02) — w(vg, 1)) -

Erityisesti piatee w = Symw + Altw. Harjoitustehtavissa [8.9] ja yleisemmin Esimerkissi
nidemme, ettd vastaava viite ei pdde korkeammissa dimensioissa.

(2) S5 = {id, (12), (13), (23), (123) = (12)(23), (132) = (13)(23)}. Siis

1
Sym(e1<2§>e2<8>e3):é(el<§3>e2(}§e3+e2<2§>e1®e3+e1®e3®e2
+e3®62®e1+e2®e3®e1+e3®e1®e2)
ja
1
Alt(e1®e2®e3):6(e1®e2®e3—(32<§§>e1<}§e3—e1<§§>e3®e2

—e3®e2®e1+92®e3®e1+e3®e1®e2).

3Merkillinen tilavuus voi olla myds negatiivinen.
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Propositio 7.14. (1) Alt ja Sym owvat lineaarikuvauksia.

(2) Alt A € A*(V) ja Sym A € Sym"*(V) kaikilla A € TOR (V).

(3) Olkoon o € TOF)(V). Télloin Sym o = «, jos ja vain jos o € S*(V).
(4) Olkoon o € TR (V). Téllsin Alt o = «, jos ja vain jos a € A*(V).
Proof. Kohdat (1), (3) ja (4) tehddin Harjoitustehtavissa [8.7]

(2) Olkoon A € TR (V) ja olkoon 7 € S. Talloin Lemman 8.7 nojalla

T-SymA:T-(TiL' > U-A):T:L' > (r0) - A= Sym(A),

t0ESm f0ESm

koska vasen siirto alkiolla 7 on permutaatioiden joukon bijektio itselleen. Vastaavasti

T-AltA:T-(Wll' " sign(o) o - A) = ;L, S sign(o) (o) - A

: O'ESm : O'ESm
1
= sign(7) — > sign(ro) (to) - A =sign(r) Alt(A),
nl'UGSm
koska sign on homomorfismi. O]

Seuraus 7.15. Olkoon V ddrellisulotteinen vektoriavaruus. Tdllsin S*(V') ja A¥(V) ovat
vektoriavaruuksia. Lisdksi

SHV) = Sym(TP(V))

ja
AF(VY = A(TOR (V) .

Jos k > 2, niin Sym(A*(V))) = {0} = Alt(S*(V)).

Proof. Harjoitustehtéva |8.8 O

7.4 Ulkoista algebraa

Alternoivat tensorit ovat tarkeitd talla kurssilla.Tdssd luvussa méarittelemme ulkoisen
tulon, joka antaa laskutoimituksen vektoriavaruuden kaikkien multikovektorien avaruuteen [

Olkoot k,¢ > 1. Alternoivien tensorien w € A*(V) ja n € AYV) ulkoinen tuldy eli
vikéatuldl on
(k+0)!

k!0
Lisdksi reaaliluvulle ¢ € R maéaéaritellaan

wAn= Alt(w ®n) € AMH(V) .

cANwWw=cw.

%external product
bwedge product

4Katso luku
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Esimerkki 7.16. Olkoot w,n € AY(V). Talléin

21
w/\nzii(w@m—n@w):(w®77—77®w).

Erityisesti w A w = 0.
Propositio 7.17. (1) Olkoot w € A¥(V), o, 8 € AYV) ja olkoot a,b € R. Tilljin

wA (aa+bf) =aw ANa+bwAp

ja
(ac +bB) Nw=aaANw+bFAw.

(2) aAB= (-3 A« kaikille « € AX(V) ja B € AYV).

Proof. (1) Véite seuraa tensoritulon bilineaarisuudesta, Lemma [8.6]

(2) Olkoon o = (12---k+ {). Huomataan ensin, etté

a®Bvr, .., vke) = (0" (B® ) (v, Vi)
Syklin o merkki on (—1)*+! joten sign(c*) = (—1)F¢++D = (—1)*_ Siis

(k+ Ot (k+0)!
k1 01

ahf= k!
— kllgl > sign(r) 7 (0 - (B® )

' TESk+e

sign(o®) Z sign(to®) (16%) - (B ® «)

TESk+e

— ()" S sign(r) T (B@a)

TESk+g
(k + 0)!
k! 0!

Alt(o" - (B® )

Alt(a ® ) =

T KO

= (1M Alt(B®a)) = (—D*BAa.

Viides yhtdsuuruus seuraa siité, ettd oikea siirto permutaatiolla o on ryhmén S, bijektio
itselleen O

Seuraus 7.18. Jos A € TR ja k on pariton, niin AN A = 0. H
Lemma 7.19. Olkoot S € TR (V) ja T € TOH (V). Téllsin
AALS®T) = Alt(S® T) = Alt(S @ AltT).
Proof. Todistamme vaitteen ensimmaéisen yhtalon. Olkoon
G={0€ Skrr:0k+7j)=Fk+jkaikilla 1 <j </} < Skys.
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Maaritelmén ja Lemman [8.7] nojalla

ALt(ALS @ T) = G i o UGES;H sign(o)o - (AltS®T)
:(kigﬂmgifgmUﬁw(;“%%ngﬂ7-8®70
- % ) (X s (s07)
—»U€+23”d02;i[é%sggda)a-(S@HﬁﬁT-(SG@TU>
:UC+}£ﬂkﬂUg;i{;;g$gn(07)07-(SQ@TU
_«ki@%g%fgm@045®7)—AMS®T%

Viimeisessa yhtdsuuruudessa kiytdmme sité, ettd oikea siirto permutaatiolla 7 € G on
ryhmén Sy, bijektio itselleen. Siis tarkasteltavassa kaksinkertaisessa summassa lasketaan
k! = #G = #5) kertaa summa yli ryhméan Sy ,.

Viitteen jalkimméinen yhtalo todistetaan samaan tapaan. O

Propositio 7.20. Josw € A*(V), a € AYV) ja B € A™(V), niin

k+ €+ m)!
(Zm;f)Amw®a®ﬁy—wAmAﬁy

Proof. Maaritelmien ja Lemman nojalla

(WAa)AB =

@na)ns= EECTE Al A ) 9 )
— (l(ck—l——i_ﬁg; ;Z‘)‘ Alt( (k]{;—li_j)' Alt(w ® o) ® 5)

k+ €+ m)! k+C+m)!

Yhtdlo w A (o A B) = Alt(w ® a ® ) todistetaan samalla tavalla. O

Proposition nojalla ulkoisen tulon merkintéd w A o A 8 on yksiselitteinen ja voimme
jattaa sulut merkitsematta téllaisissa lausekkeissa.

Seuraus 7.21. Olkoot w*,...w* € AYV). Jos w' = W' joillain indekseilli 1 < i,5 < k,
i # 4, niin W' A~ AWk =0.

Proof. Harjoitustehtava [8.11 n

Seuraus 7.22. Olkoon V n-ulotteinen vektoriavaruus. Kovektorit w', ... ,w* € V* ovat
lineaarisesti riippumattomia, jos ja vain jos w' A --- Aw* # 0.

Proof. Harjoitustehtéava [8.12] O
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Propositio 7.23. Jos w',...,w* € TOY(V) ja vy, ... v €V, niin

W AW A AR (o, g, o) = det(wivj))ﬁj:1 :

Proof. Ulkoisen tulon ja determinantin maéritelmistd saamme yhtaloketjun

Wl /\WQ/\/\wk (’Ul,'UQ,...,Uk;)
= KAl @ w? @ -+ @ W) (v1, 09, ..., 0p)
= > sign(o) (W' @ @ @ W) (Uo(1), Vo(@)s -+ > Vo(k)

€Sk

= Z sign(o) wlvg(l) wzvg(g) . -wkvg(k) = det(wivj))ﬁjzl ) O
€Sk

7.5 Alternoivien tensorien kanta

Propositio 7.24. Olkoon V n-ulotteinen vektoriavaruus ja olkoon (W', ... w") duaaliavaruuden

V* kanta. Tdlloin k-kovektorien joukko
= {W NP A AWE 1<y <y < <y <)
muodostaa avaruuden Ag(V') kannan.

Proof. Proposition todistuksessa nidimme, ettd tensorit w" ® w2 ® - - - @ W virittavit
avaruuden T* (V). Proposition nojalla Alt on lineaarikuvaus ja A*(V) = Alt(A4*(V)) =
AI(TOR(V)), joten k-kovektorit

AW @W? ® -+ @ w'*) = Hw“ AW A AW
1 <i; < nkaikilla 1 < j < k virittavéit avaruuden A (V).
Jos {i1,... i} = {Jj1,. .., 7k}, niin Proposition [8.17|(2) nojalla

W AW A AWE = AW A AW

ja wh AW A Aw =0, jos i, = i joillain 1 < r < s < n. Siis joukko @, virittaa
avaruuden A*(V).
Olkoon (vy, . ..v;) avaruuden V kanta, joka on duaalinen kannan (w', ... ,w") kanssa.
Oletetaan, etta
Z ailiz..‘ikw“ AwW2 A Aw* =0.
1<y <ip<--<ix<n
Olkoot 1 < 71 < jo < -+ < Jr < n. Talloin Proposition [8.23| nojalla

n

0= ( D Qi /\w2/\---/\w’“)(vjl,%,...,vjk)

1425y =1
L 2 AL (. v, .
= Qj W AW A AW (), V5,5 V)

_ i k — . ta\k —aq. .
= Qg1 594y det<w anb)a,b:l = Gjyjoegy, det(aj;l)a,bzl = jyjo---jy -

Joukko &7 on lineaarisesti riippumaton, koska kaikki kertoimet summassa ovat nollia. [J
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Seuraus 7.25. Jos V on n-ulotteinen vektoriavaruus, niin A*(V) on (Z)-ulottemen

vektoriavaruus. ]
Seuraus 7.26. Jos w € A"(R"), niin w = ¢ det jollain ¢ € R.

Proof. Vektoriavaruus A™(R™) on 1-ulotteinen Seurauksen nojalla, joten n-kovektori
det € A"(R™) — {0} virittaa sen. O

Kéytamme seuraavaa tulosta luvussa[I(]sileiden n-muotojen alkukuvien tarkastelussa,
katso Lause [T0.12

Propositio 7.27. Olkoon (vy, ..., v,) vektoriavaruuden V kanta, olkoon A = (aj

1) reaalinen

n x n-matriisi ja olkoot w; = 37_; alv;, kaikilla 1 <i <n. Olkoon w € A™(R™). Tallsin
w(wy, ..., w,) =det Aw(vy,...,v,).

Proof. Kuvaus n: (R")" — R,
n(uy, ..., u,) = w(Zu{vj, . .,Zufﬁg) .
j=1 j=1

on alternoiva n-tensori. Seurauksen [8.26| nojalla n = ¢ det jollain ¢ € R. Vakio ¢ voidaan
madarittad laskemalla muodon w arvo sopivasti valituilla vektoreilla. Huomaamme, etta

w(v,...,v,) =n(e,...,e,) =cdet(er,...,e,) =c, (7.2)
.,al) jokaisella 1 < i < n. Yhtélon (8.2)) nojalla

viite seuraa valitsemalla u; = (a}

R

n n
w(wy, ..., wy) = w(Za{vj,...,Za{ij) =n(a,...,a,)
j=1 j=1
=cdet A =w(vy,...,v,)det A. O
Emme tarvitse seuraavaa tulosta talla kurssilla.

Lause 7.28. Jos V on n-ulotteinen vektoriavaruus, niin dim S*(V') = ("Jr];_l).

Proof. Todistuksessa tarvittavat kombinatoriset ainekset esitetaédn esimerkiksi lahteessa
[?7, luku 1.2]. O

Esimerkki 7.29. Proposition [8.4] Seurauksen ja Lauseen nojalla

dim 73 (E?) = 3% = 27 > 21 = Sym®(E®) 4 dim Alt*(E®).
Siis on kovariantteja 3-tensoreita, jotka eivit ole symmetristen ja alternoivien tensorien
summia. Harjoitustehtivissi [8.9] osoitetaan, ettd e! ® e? ® € € T(®3(IE3) on esimerkki

tallaisesta tensorista.
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7.6 Grassmannin algebra A(V)

Seuraus 7.30. Olkoon V n-ulotteinen vektoriavaruus. Jos k > n, niin A*(V) = {0}. O

Asrellisulotteisen vektoriavaruuden V ulkoinen algebra eli Grassmannin algebra on
dim V'

A(V) = A(V7) = k@? ANV,

jossa kertolasku on ulkoinen tulo A.
Jos a € Ak(V) C A(V), niin muodon a aste on k.

Vektoriavaruuksien suora summa @j_, A*(V) on vektoriavaruus A°(V) x - - - x A™(V).
Merkintéda kédytetaédn, koska algebran A(V') alkiot on tapana kirjoittaa summana muodoista,
joiden asteet eivit vélttdméattd ole samoja, esimerkiksi e; + e; A e3 € A(R?).

Seuraus 7.31. Olkoon V  ja olkoon (w',...,w") duaaliavaruuden V* kanta. Tdlloin
k-kovektorien joukko U}_, <% muodostaa avaruuden A(V') kannan. O

Seuraus 7.32. (1) Ulkoinen tulo on Grassmannin algebran assosiatiivinen laskutoimitus,
joka on distributiivinen yhteenlaskun suhteen.

(2) AK(V) N AUV C ARV, missd ARH(V) = {0} C A(V), jos k+ ¢ > dim V []
Proof. Seuraa Propositioista ja[8.20] ]
Lemma 7.33. Jos dimV = n, niin dim A(V) = 2".

Proof. Seurauksen [8.25] ja tunnetun binomikertoimien yhteenlaskutuloksen nojalla

dim A(V) = 3 dim AH(V) = 3 (Z) —on, O

k=0 k=0

Harjoitustehtavia

7.1. Todista Lemma B2
7.2. Esitd Esimerkin [8.1)(3) evaluaatiotensori £ € TMD(R™),

E(w,v) =wv,

vektoreiden ja lineaaristen 1-muotojen tensoritulon avulla.
7.3. Osoita, ettd 7 (V) on vektoriavaruus.

7.4. Osoita, ettd tensorit £ ® &7, 1 <4, < 3 virittavit avaruuden T (R?). Kay lipi
Proposition [8.4] laskut yksityiskohtaisesti.

7.5. Todista Lemma 8.6

5Algebra A(V) on astealgebra, englanniksi graded algebra.
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7.6. Olkoon A € TOR (V). Osoita, etti
(1) A on symmetrinen, jos ja vain jos 7 - A = A jokaiselle vaihdolle 7 € S}, ja

(2) A on alternoiva, jos ja vain jos 7 - A = —A jokaiselle vaihdolle 7 € Sy.
7.7. Todista Proposition kohdat (1), (3) ja (4).
7.8. Todista Seuraus [8.15

7.9. Osoita, ettéd tensori e! ® €2 ® e® € T3 (E?) ei ole symmetrisen ja antisymmetrisen
tensorin summa.

7.10. Anna esimerkki 2-kovektorista w € A(R?), jolle w A w # 0.

7.11. Todista Seuraus B.21]

7.12. Todista Seuraus 822

7.13. Osoita, ettd Esimerkissa mééiritelty determinantti det on alternoiva (0, k)-

tensori. Osoita, etté

det(vi,va, ..., v5) = > sign(o)vfMog® ..yt
oc€Sn
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Chapter 8

Tensorikimput ja tensorikentat

Tassa luvussa tarkastelemme tensorikenttia, jotka yleistavit vektorikentén ja 1-muodon
kasitteet silean moniston M tangenttiavaruuksien 7,M, p € M, multilineaarikuvauksien
tilanteeseen. Osoitamme myos, ettéd tensorikenttien avaruus samastuu luonnollisella tavalla
vektorikenttien §(M )-modulin X(M) tensorien §F(M )-modulin kanssa.

8.1 Tensorikimput ja tensorikentat

Seuraava maaritelma yleistad tangentti- ja kotangenttikimpun maéaaritelmaét.

Olkoon M siled monisto. Moniston M (r, s)-tensorikimppu on’

TCIM = || T"(T,M)

peEM

varustettuna silein moniston rakenteella, joka maaritellidn kuten tangentti- ja
kotangenttikimpuille kayttdmalla jokaisessa moniston M siledssd kartassa (U, @)
Proposition antamaa avaruuden 7" (T,M) kantaa, kun E; = % p ja e = da
jokaiselle p € U.

Tensorikimpun T M (kantapiste)projektio on kuvaus m = mpr: TCIM — M, w(A),) =
p kaikille A, € T"*)(T,M).

“Lee [?] kiyttid tensorikimpulle merkintéa 7>*) (T'M) ja erilaisia merkint6jé ko- ja kontravarianttien
tensorien kimpuille.

Propositio 8.1. Siledn moniston tensorikimput ovat sileitd monistoja. Kantapisteprojektiot
ovat sileitd kuvauksia.

Proof. Todistetaan kuten Propositio ?77. O]
Esimerkki 8.2. TWOM =TM ja TOVM = T*M.
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Olkoon M siled monisto. Kuvaus A: M — T™9) M, jolle mo A = id,y, on tensorikenttd tai
tensorikimpun T M (globaali) leikkaus.

Olkoon
F(Tms) M) ={A: M = T")M : Aon siled} .

Kaytamme merkintaa

Olkoon M siled monisto. Tensorikenttien A, B € F(T () Mf ) summaon A+ B € T M,

jolle
(A+B),=A,+B,.

Jos f € F(M), niin fA € F(T(T’S)M) on tensori
(fA)p = [(p)Ay-

Tensorikenttien A € F(T(’"’S)M) ja B e F(T““UV[) tensoritulo on A ® B € Tr+tstw L,
jolle
(A® B), = A, ® By

Proposition nojalla jokainen tensorikenttd A € T'(T® M) voidaan kirjoittaa
lokaaleissa koordinaateissa muodossa

A= > ARTE0) 55 @ ®a| ® Aol @ - @ dats . (8.1)
J1sees Jrs
l1,..ey ls=1

Propositio 8.3. Olkoon M siled monisto ja olkoon (U,) siled kartta monistolla M.
Olkoon A: M — TUSM kuvaus, jolle m o w = idy. Tdlloin A on siled tensorikenttd
joukossa U, jos ja vain jos sen kerroinfunktiot esityksessd (9.1) ovat sileitd.

Proof. Todistetaan kuten Propositio ??. m

Olkoon M siled monisto ja olkoon p € M. Olkoot (U,z) ja (V,y) sileitd karttoja
pisteessd p. Luvuissa ja osoitimme, ettd kartan (U, z) koordinaattivektorit ja
-muodot saadaan kartan (V,y) koordinaattivektoreista ja -muodoista lausekkeilla

0 " oyl
B oy 8.2
ort ; ot ayj ( )
ja
di? En: Gy 53
=1 @yz
Jos
A —_= zn: A]l 77777 ]'r(p) a ..® a ®d$€1®"-®d$£5
' s b b M0 G |, 99 |, »
L1y ls=1
= A-71 ..... ]r(p) - R — ®dy£1®"'®dyés’
KJI%]T fl ..... zs 8y.71 P 8y‘7 » D D
Lyeeny 5=
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niin kayttadmalla yhtaloita (9.2) ja (9.3) ja tensoritulon multilineaarisuutta saadaan
Oy Oy 0z Oz’
""" b Qxi Qwir Qybr Oybs

(8.4)

Klassisessa differentiaaligeometriassa ja Riemannin geometriassa (7, s)-tensori on
jokaiseen lokaaliin koordinaattiin liittyvd n™* silein funktion indeksoitu kokoelma, joka
muuntuu kartanvaihdossa yhtalon (9.4) mukaisesti.

Tensorikentélla A € F(T(’“’S)M ) on r kontravarianttia ja s kovarianttia muuttujaa.
Jos A on (0, s)-tensorikentté, niin A on kovariantti s-tensorikentta.
Jos A on (r,0)-tensorikentté, niin A on kontravariantti r-tensorikentté.

Jos A on (r, s)-tensorikentté ja r # 0 # s, niin A on sekatensorikenttd.

Esimerkki 8.4. (1) Siledt vektorikentét ovat kontravariantteja 1-tensorikenttia ja siledt
1-muodot ovat kovariantteja 1-tensorikenttia:

X(M)=T(T"OM) ja X°(M)=T(T"YM) .

(2) Lauseke 3°7_, do* @ da* on kovariantti 2-tensori silealli monistolla E".

8.2 Kovariantin tensorikentan alkukuva

Olkoot M, ja M, sileitd monistoja ja olkoon A € F(T(O’m)(Mg)). Olkoon F': My — M,

siled kuvaus. Kovariantin tensorikentin A € alkukuvcﬂ on kuvaus F*A: M, — T©k (M),
jolle patee
(F*A)p(vy, ... ,v,) = A(dF,vy, ..., dF,uy)

kaikille vy, ..., v, € T,M; kaikille p € M;.

“Englanniksi pullback.

Kovariantin tensorin alkukuvan perusominaisuudet todistetaan samaan tapaan kuin
1-muotojen alkukuvalle tehtiin luvussa [7.5]

Propositio 8.5. Olkoot M ja N sileita monistoja ja olkoon F: M — N siled kuvaus.
Tdlloin
(1) F*(A+ B) = F*(A) + F*(B) kaikilla A, B € T(TR(N)).
(2) F*(A® B) = F*(A) ® F*(B) kaikilla A € T(T®*)(N)) ja B € T(T®™(N)).
(3) F*(f A) = (f o F) F*(A) kaikilla A € T(T®*(N)) ja f € F(N).
Proof. Kohdat (1) ja (2) todistetaan Harjoitustehtévissé [9.1]
(3) Olkoon p € M ja olkoot vy, ...,v; € T,M. Alkukuvan madritelman nojalla ja koska
devl, . ,deUk S TF(p)N,

(F*(fB))p(vy, ... ,vk) (fB)pp)(dFyvs, ..., dF,uy)

f(F(p)) Bry)(dF, vl,...,devk)
( F)(p) F*B(vy, ..., vk).- O
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Propositio 8.6. Olkoon M siled monisto.

(1) Jos A€ T(T"IM) ja B € T(T@IM), niin A@ B € T+t ).

(2) Olkoon F: M — N siled kuvaus ja olkoon A € F(T(O’S)(N)). Tdlloin F*A €
(T (M))

Proof. (1) Harjoitustehtévé [9.2]

(2) Olkoon (U, ¢) siled kartta monistolla M ja olkoon (V1)) siled kartta monistolla N
siten, ettd F(U) C V. Olkoot (z',...,2™) ja (y',...,y") kuvausten ¢ ja 1) komponentit.

.....

A= Y Ay o dyt @ - @dy".

77777

0q,...0s=1
= Y Ay s oFdytoF)®---®dy~oF). (8.5)
l1,....0s=1

Funktiot A,
nojalla. :

Yhtélossa (9.5)) esiintyvit differentiaalit voi tarvittaessa vield avata Lemman
avulla kuten 1-muodoille tehtiin yhtélossa (7.9)).

Propositio 8.7. Olkoot Fy: My — My ja Fy: My — Ms; sileitd kuvauksia ja olkoon
B siled kovariantti tensorikenttd monistolla Ms. Tdlloin

Proof. Harjoitustehtéva [9.13 [
Olkoon S C M silein moniston M upotettu alimonisto ja olkoon ¢: S —
M inkluusiokuvaus. Kovariantin tensorin A € T'(T®F)(M)) rajoittuma alimonistolle S
on i*A,

(1" A)p(v1, ... v) = Ap(di(ve), ..., di(vg)) = Ap(vr, ..., vk)
kaikille vy, ..., v, € T),S kaikilla p € S.

8.3 Riemannin metriikka
Olkoon M siled monisto. Symmetrinen kovariantti 2-tensorikenttd g € T'(T(*? M) on
positiividefiniitti, jos g, on positiividefiniitti jokaisella p € M.

Symmetrinen positiividefiniitti kovariantti 2-tensorikentta g monistolla M on Riemannin
metriikka eli metrinen tensori. Pari (M, g) on Riemannin monisto.
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Riemannin metriikka kirjoitetaan lokaaleissa koordinaateissa usein ilman tensoritulon
merkkia
g = Zgz’j dz' @ do? = Zgij drida’ .
i,j 0]
Muodollisesti

dz'dr’ = Sym(ds' ® da’) = ~(dr' @ da? + da’ @ dx')

1
2
on (0,1)-tensorikenttien da’ ja da? symmetrinen tulo[l]

Esimerkki 8.8. FEuklidisen avaruuden E™ luonnollinen Riemannin metriikka on kanonisissa

koordinaateissa
n

gr =Y di' @da’ = (da')?.
=1 =1
Naissé koordinaateissa g;;(p) = d;;.
(2) Riemannin metriikka,

1 & 2\2
gu = ()2 ;(dx )

ylemmdssd puoliavaruudessa {x € R™ : ™ > 0} méarda hyperbolisen avaruuden
H' = ({z € R" : 2" > 0}, gu),

tai tarkemmin hyperbolisen avaruuden puoliavaruusmallin.

(3) Olkoon (M, g) Riemannin monisto ja olkoon f € F(M), f > 0. Talléin (M, fg) on
Riemannin monisto, joka on saatu Riemannin monistosta (M, g) metriikan konformisella
muunnoksella. Kohdan (2) hyperbolinen metriikka saadaan kertomalla euklidinen Riemannin

metriikka funktiolla f € S({x eR™: 2™ > O}), f(x) = (x™)~2

Propositio 8.9. Olkoon S siled monisto ja olkoon (M, g) Riemannin monisto. Olkoon
F: S — M immersio. Talloin F*g on Riemannin metriikka.

Proof. Harjoitustehtava [9.3] m

Esimerkki 8.10. Propositiossal6.9)osoitimme, ettd upotetun alimoniston inkluusiokuvaus
on upotus, erityisesti siis se on immersio. Esimerkiksi Euklidisen avaruuden E"*! Riemannin
metriikan rajoittuma monistolle S méarda Riemannin metriikan siledlld monistolla S™.
Tama on pallonpinnan S™ tavallinen Riemannin metriikka tai pydred Riemannin metriikka.

Lause 8.11. Jokaisella siledlla monistolla on Riemannin metritkka.

Proof. Whitneyn upotuslauseenf| nojalla jokainen siled monisto voidaan upottaa sileiksi
alimonistoksi euklidiseen avaruuteen. Viite seuraa Whitneyn upotuslauseesta ja Propositiosta
9.9 m

'Symmetrinen tulo on luvussa médritellyn ulkoisen tulon vastine symmetristen tensorien ja
tensorikenttien tilanteessa.

2Lause
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Esimerkki 8.12. FEuklidisen tason Riemannin metriikan lauseke napakoordinaateissa
saadaan Esimerkin [3.11] yhtdlon (9.5]) ja Lemman avulla

g =dz' ®dz' + dv® @ da* = d(r cos ) ® d(r cos0) + d(rsin §) @ d(rsin 0)
= (cos@dr — rsin 0df) & (cos fdr — rsin 0df) + (sin fdr + r sin df) & (sin Odr + r sin 6dH)
=dr @ dr+r*df ©® df = dr* + r*d6* .

8.4 Modulin X(M) tensorit

Tensorit voidaan méaaritelld myos §(M )-modulille X (M) laajentamalla maaritelmé rengaskertoimisten

modulien lineaarialgebran kasitteillda samaan tapaan kuin vektorikentille tehtiin Luvussa
79

Propositio 8.13. Jos M on siled monisto, niin X*(M) on reaalinen vektoriavaruus ja
§(M)-moduli.

Proof. Harjoitustehtéava 9.7 O

Olkoon K kommutativinen rentas ja olkoot M; ja My K-moduleja. Kuvaus L: M; — M,
on K-lineaarikuvaus, jos
L(am + bn)aL(m) + bL(n)

kaikille a,b € K ja kaikille m,n € M;.

Lemman mukaan jokainen siled l-muoto w € X*(M) maardd §(M)-lineaarisen
kuvauksen X — wX modulilta X(M) renkaaseen §(M).

Olkoot V' ja W R-moduleja. Kuvaus L: V — W on R-lineaarikuvaus, jos
L(ru+ sv) =rL(u) + sL(v)

kaikille r;s € R ja u,v € V.

Olkoot Vi,...,V, ja W R-moduleja. Kuvaus A: [[V; — W on R-multilineaarinen, jos
kuvaus
v A(V1, U9, 0 Vs 1, Uy Usiy - - vy Up)

on lineaarinen kaikille 1 < s < n ja kaikille v; € V;, i # s.
R-modulin V' duaali V* on R-lineaarikuvausten L: V — R R-moduli.

Jos A: (V*)" x V¥ — R on R-multilineaarikuvaus, niin se on (r, s)-tensori modulilla V.

Proposition ?? nojalla X(M) on §(M)-moduli.

Propositio 8.14. Olkoon M silei monisto. Vektorikenttien modulin X(M) (r, s)-tensorit
muodostavat F(M )-modulin T (M).

Proof. Harjoitustehtéava O
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Kun osoitetaan kuvaus A: (X*(M))" xX(M)* — F(M) modulin X(M) tensoriksi, tulee
nayttad, ettd A on F(M)-lineaarinen jokaisessa muuttujassaan. Yleensd kayttaytyminen
yhteenlaskun suhteen on selvéa, joten tarkastettavaksi jaa vain voidaanko funktiot siirtdd
oletetusta tensorista ulos eli pateeké esimerkiksi kuvaukselle B: X(M) x X(M) — F(M)

B(fi X1, 2 X2) = f12B(X1, X)
kaikille fi, f» € §(M) ja kaikille X, X5 € X(M).
Esimerkki 8.15. (1) Lemman nojalla siledt 1-muodot ovat modulin X(M ) kovariantteja

1-tensoreita. Duaalisuudesta seuraa, etta siled vektorikenttd méarad kontravariantin 1-
tensorin.

(2) Evaluaatiokuvaus E: X*(M) x X(M) — §(M), joka mééaritelldéin asettamalla
E(w, X) = w(X)

on vektorikenttien modulin (1, 1)-tensori, silld kaikille w € X*(M), X € X(M) ja f,g €
§(M) pitee Lemman nojalla

E(fw,9X) = fw(gX) = fgwX

(3) Olkoon w € X*(M). Kuvaus B: X(M)* — F(M), joka maédritelliin asettamalla
B(V,W) = Vw(W) ei ole modulin X(M) tensori. Tarkastellaan jélkimméistd muuttujaa.
Olkoon f € §(M). Tall6in muodon w §(M)-lineaarisuuden ja Leibnitzin sddnnén nojalla

Xw(fY)=X(fuY)=(XflwY + fXwY .

Funktio (X f)wY ei kuitenkaan yleensé ole nollafunktio, joten B ei ole tensori.

8.5 Modulin X(M) tensorin arvo pisteessia

Téassa luvussa osoitamme, ettd modulin X(M) tensorit vastaavat luonnollisella tavalla
moniston M tensorikenttia.

Lemma 8.16. Olkoon A € T)(M). Jos p on l-muodon 6" tai vektorikentin X;
nollakohta jollain 1 <i <7 tai 1 < j <s, niin A(0*,60%,...0", X1, X5, ..., X,)(p) = 0.

Proof. Tarkastellaan tilannetta, jossa A on (1,1)-tensori, yleisessa tapauksessa ei ole
mitdin oleellisesti erilaista ]

Olkoon 6 € X*(M) ja olkoon X € X(M). Olkoon p € M ja olkoon (U,x) > p
lokaali koordinaatti. Yhtalon (??) nojalla on funktiot X; € F(U), joille X = ¥ | X* 821.
ymparistossa U. Olkoon f € F(M) siled toyssyfunktio pisteessd p. Télloin saadaan
luonnollisella tavalla méériteltyd fX* € F(M) ja fo2r € X(M ) Kayttamalld tensorin A

§(M)-lineaarisuutta muuttujan X suhteen saadaan

F2A(0,X) = A6, f2X) = A(@, Z inf(;z_l> - Z FXiA (9, fail) .

Jos X(p) = 0 kaikilla 7, niin yhtdlossé oikealla oleva summa on 0, joten A(6, X)(p) = 0.
Tapaus, jossa p on 1-muodon nollakohta kasitelldan samaan tapaan. O

3Katso yleisen tapauksen todistus esimerkiksi lihteestd [?, Lemma 12.24].
4Toyssyfunktio f otetaan tissikin kiyttoon, jotta koordinaattien avulla saatu vektorikentin lauseke
laajenee koko monistolle.
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Propositio 8.17. Olkoon M silei monisto ja olkoon p € M. Olkoon A € T=)(M).
Olkoot 6°,w', 1 < i < r, 1-muotoja ja olkoot X;,Y;, 1 < j < s, vektorikenttii siten, ettd
', = w'l, ja X;l, = Yjlp kaikilla 1 <i <r jal<j<s. Tilloin

AN 07,07, X1, Xo, .o, X)) = Alwh,w?) W X Xy, X))
Proof. Kun A on (1, 1)-tensori, saadaan multilineaarisuuden ja Lemman nojalla
A6, X)(p) — Alw,Y)(p) = A8 —w, X)(p) + Aw, X = Y)(p) = 0+0=0.
Yleinen tapaus todistetaan samaan tapaan. O

Propositionnojalla jokainen modulin X(M) tensori A € T (M) miirad kuvauksen
Ay (T,M)" x (TyM)® — R ascttamalla jokaiselle X, ..., X, € T,M ja w,,... w5 €
"M

Ay(Xip, o Xy, wh wi) = A(X1, ..., X, Wt wf),

y LArpyHpy sy Wp

missi Xy, € X(M) jaw’ € X*(M) siten, ettd Xp(p) = Xy, jaw’(p) = w) kaikillal < k <r
ja 1< j < s. On helppo tarkastaa, ettd A, € T"*)(T,M). Tensori A, € T"(T,M) on
tensorin A € ) (M) arvo pisteessd p.

Kuvaus p — A, maarda tensorikentan. Tamén havainnon avulla saadaan tulos,
joka osoittaa, ettd modulien avulla méaritelty tensorien késite on todellakin sama kuin
tensorikimpun leikkausten avulla annettu méaritelmaé.

Seuraus 8.18. Jokainen tensori A € T (M) mddrid kanonisesti yksikdsitteisen siledn
tensorikentin A € T(T™M). Jokainen silei tensorikenttdi A € T(T"*)M) mddrdd
kanonisesti yksikdsitteisen tensorin A € TN

Proof. Harjoitustehtéva [9.12] O

Seurauksen nojalla silein moniston tensorikentét ja §(M)-modulin X(M) tensorit
samastetaan jatkossa ja merkinnalla T (M) voidaan viitata kumpaan tahansa.

Propositio 8.19. (1) X*(M) = TOY(M) = X(M)*.
(2) X(M) = THO(M). O

8.6 Yleistetyt tensorit

Jos A: X(M)* — X(M) on §(M)-multilineaarikuvaus, niin sen avulla muodostettu kuvaus
A: X5(M) x X(M)* — F(M),

A0, X1, Xa, ..., Xs) = 0A(Xq, Xo, ..., Xy)

on (1, s)-tensorikentta. Tamén yhteyden perusteella kuvausta A voidaan kutsua yleistetyksi
tensorikentdksi.
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Esimerkki 8.20. Kaikki talla kurssilla tarkasteltavat vektorikenttien keskeiset operaatiot
eivat maaraa tensorikenttia edes tassa yleistetyssa mielessda. Tangenttivektoreiden X, Y, €
T,M Lien tulo maaritellaan asettamalla

(X, Vylh = X, Y,h = Y, X,

kaikille h € F(M). Se maarda kuvauksen [-,-]: X(M) x X(M) — X(M), joka ei ole
tensorikentté yleistetyssa mielessé: Jos X,Y € X(M) ja g € F(M), niin
(X, gY] = g[X, Y]+ (Xg)Y,

joten kuvaus ei ole §(M)-bilineaarinen. [

Harjoitustehtavia

8.1. Todista Proposition 9.5 kohdat (1) ja (2).
8.2. Todista Proposition [9.6| kohta (1).
8.3. Todista Propositio [9.9]

8.4. Olkoon g silein moniston S? tavallinen Riemannin metriikka, jonka euklidisen

avaruuden Riemannin metriikka mééaraa alimonistolle S C E3. Maarita (. ~1)*g.

8.5. Madrita Riemannin moniston S? tavallisen Riemannin metriikan lauseke pallokoordinaateissaﬁ

8.6. Kuvaus F': B"(0,1) — H"[]

on diffeomorﬁsmiﬁ Maarita F*gy. Halutessasi voit rajoittua tapaukseen n = 2.
8.7. Todista Propositio [9.13]
8.8. Todista Propositio [9.14]
8.9. Todista Proposition véite (1, 2)-tensoreille.
8.10. 1-muodon § € X*(M) ulkoinen derivaatta df méiritelldén asettamalla
do(X,Y) =X0Y —YO0X —0[X,Y]
kaikille X, Y € X(M). Osoita, ettd df on kovariantti 2-tensorikentta.
8.11. Maarité tensorikentédn E: X*(M) x X(M) — §(M),
E(w,X) =w(X)

esitys lokaaleissa koordinaateissa.

5Katso Harjoitustehtévit ??-272.

6Katso Harjoitustehtévi Nyt r = 1.

"Katso médritelméat Esimerkisté,

8Kuvaus F' saadaan rajoittamalla yksikkopalloon inversio pallonpinnassa, jonka keskipiste on —e,, ja
side on v/2.
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8.12. Todista Seuraus [9.18]
8.13. Todista Propositio 9.7

9Katso Propositio
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Chapter 9

Sileat differentiaalimuodot

Tassa luvussa siirrymme tarkastelemaan sileita tensorikenttié, joiden arvot ovat alternoivia
(0, k)-tensoreita. Méarittelemme differentiaalimuotojen ulkoisen derivaatan ja osoitamme,
etta jokaisella siledlld monistolla on yksikasitteinen ulkoinen derivaatta. Luvun lopuksi
tarkastelemme lyhyesti suljettuja ja eksakteja muotoja.

9.1 Sileat k-muodot

Olkoon M siled n-monisto ja olkoon k& > 0. Siled tensorikenttd w € ['(TOMM) =
TOR (M) on siled k-muoto, jos w, € AF(T,M) jokaisella p € M. Tallgin luku k on k-
muodon w aste. Kaikki k-muodot ovat differentiaalimuotoja. Siledn moniston M sileiden

k-muotojen avaruus on QF(M) C T(TOR M) = TOR (M), kun k > 1 ja Q°(M) = F(M).
Kaikkien sileiden differentiaalimuotojen avaruus on’|

QM) =P (M).
k=0
Differentiaalimuotojen o, w € Q(M) ulkoinen tuld| a A w méadritellddn pisteittiin

(e Aw), =0, Aw,.

“Lee [?, Ch. 14] kédyttdd télle avaruudelle merkintdda Q*(M).

bKatso luku

Funktion f € F(M) = QM) ja k-muodon w € QF(M) ulkoinen tulo on luvun

maéaaritelmien mukaisesti sama kuin muodon kertominen funktiolla

fAw=wAf=fw.

Lemma 9.1. Olkoon M silei monisto. Télloin Q*(M) = {0} kaikille k > dim M.
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Proof. Viite seuraa méaaritelméasta ja Seurauksesta [8.30| nojalla. O

Sileiden differentiaalimuotojen avaruus (M) on vektoriavaruus ja astealgebra, jonka
kertolasku on sileiden muotojen vikétulo A samoilla sopimuksilla kuin Grassmannin algebroissa
A(T,M),pe M.

Sileiden differentiaalimuotojen perusominaisuudet seuraavat suoraviivaisesti yhtaélta
alternoivien muotojen ja toisaalta sileiden tensorikenttien perusominaisuuksista.

Propositio 9.2. Olkoon M siled monisto ja olkoot k,{ € N.
(1) Olkoot w € QF(M), a, B € QY(M) ja olkoot a,b € R. Téllsin

wA (aax+bp) =aw ANa+bw A
ja
(acd+bB) ANw=aaANw+bfAw.
(2) aAB= (DB A« kaikille « € QF(M) ja 3 € QY(M).
Proof. Seuraa Propositiosta [8.17] n

Olkoon (U, x) siled kartta siledllid monistolla M ja olkoon A: M — TR AL kuvaus
jolle A, € A*(T,,M) jokaisella p € M ja mow = idy. Proposition nojalla on funktiot
Ai1i2~~-ik U — R, JOllle

17 <ig<-<ig

Propositio 9.3. Olkoon M siled monisto ja olkoon (U,) siled kartta monistolla M.
Olkoon A: M — TOR M kuvaus, jolle A, € A¥(T,M ) jokaisella p € M ja mow = idy,.
Tdlloin A on siled k-muoto joukossa U, jos ja vain jos sen kerroinfunktiot esityksessd
(10.1) ovat sileita.

Proof. Seuraa Propositiosta [9.3] ]

Propositio 9.4. Olkoon F': M — N siled kuvaus.
(1) Jos a € Q¥(N), niin F*a € QF(M).
(2) Jos lisiksi w € QYN), niin F*(a Aw) = F*a A F*w.

Proof. Harjoitustehtavé [10.1] O

Differentiaalimuotojen esittdmisessa on joskus kateva kayttaa multi-indeksimerkintdad: Jos
I = (i1, 19, .. .,1}), niin sovimme, etti do! = drz® A --- A do'. Tilléin, jos w on k-muoto,
tulkitsemme
w = Zwl dr’ = Z Wiy ig--vip, Az A - Adzte
T

11 <t <--<ip

I Tsssé emme oleta, ettd A on siled.
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9.2 Ulkoinen derivaatta

Lineaarikuvausten perhe d: QF(M) — Q¥ (M), k € N, on ulkoinen derivaattaf]jos
(1) Kaikille w € QF(M) ja 7 € QY(M) pétee

dwAT)=do AT+ (=1)fwAdr,

(2) dod=0ja
(3) df € QY(M) = X*(M) on funktion f differentiaali kaikille f € Q°(M) = F(M).

*Englanniksi exterior derivative tai exterior differentiation.

Sen osoittaminen, ettéd jokaisella siledllda monistolla on ulkoinen derivaatta, on hieman
tyolasta. Aloitamme tarkastelemalla tilannetta koordinaattiympéristossa.

Propositio 9.5. Olkoon (U, ¢) siled kartta n-ulotteisella siledlla monistolla M. Lauseke

d(ZdexJ> Zde/\dx —Zz%dm A dx’ (9.2)

J =1
maddrittelee ulkoisen derivaatan avoimessa joukossa U.

Proof. Kuvauksen d lineaarisuus seuraa Propositioista ja ja maaritelmén kohta
(3) on suoraan mééritelméa funktioiden tapauksessa.

(1) Lineaarisuuden nojalla riittdd todistaa viite muodoille w = fda! ja 7 = gda’.

Lausekkeen ([10.2)), Proposition [7.12{2), jilleen lausekkeen ([10.2) ja Proposition [10.2)(2)

nojalla
dwAT)=d(fgdx’ Ndx?) = d(fg)dx’ Adx’
= gdf Ndx" Adx? + fdg A dx! A da?
=dw AT+ (—1)*w Adg A dx’
=do AT+ (=1)wAdr.

(2) Lineaarisuuden nojalla riittid osoittaa viite differentiaalimuodoille w = fdz!. Lausekkeen

(10.2) ja Lemman nojalla

d(dw) = d(df A dz") = d(z 5 fI da’ A da”)

—(Enj ot da’ A da') A da'!
= ijzl(%ﬂ'@mi T x T .

Ulkoisen tulon antisymmetrisyydenﬂ nojalla saadaan

n a2f )
———dx? Ndz' =
”ZI DIz M
n 82]0 ] a2f 82f
—dx' Adz' + da A dx’ + da? Ndz' =0,
zzzl (0x")? 1<§<n Ox7 0z’ 1<J§<n O’ Oz
joten d(dw) = 0 A dx' = 0. O

2Propositio 2).
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Propositio 9.6. Olkoon (U, ¢) siled kartta siledlld monistolla M. Jos D on ulkoinen
derivaatta joukossa U, niin

D(ijda:‘]) = Zduu/\dxj
J

Proof. Olkoon w = ¥, wrdz!. Ulkoisen derivaatan lineaarisuuden ja ominaisuuden (1)
nojalla

Dw = DZwIde = ZD(w]de) = ZDW} Adxt + ZwIDde .
i i i i
Ominaisuuden (3) nojalla dz! = Dz!, joten

Dw = Z de A dIEI + ZO)[DdI‘I .
1 I

Viitteen todistamiseksi riittii siis osoittaa, ettd D(Da!) = 0. Osoitetaan timé induktiolla
asteen suhteen. Oletuksen (2) nojalla DDz? = 0 kaikilla 1 < j < n. Oletetaan, etté viite
pétee (k—1)-muodoille. T&ll6in ulkoisen derivaatan ominaisuuksien (3) ja (2) ja induktio-
oletuksen nojalla

DDz ADz"™ A -+ - A D)
=D(Dz") A (D2 A--- ADz"*) — Dz AD(Dx A --- A Da'*)
=0ADz? A--- ADa* — Dz A0 =0. O

Lause 9.7. Siledlld monistolla M on yksikdsitteinen ulkoinen derivaatta.

Proof. Proposition nojalla moniston M jokaisessa kartassa voidaan maaritelld ulkoinen
derivaatta. Olkoot (U, x) ja (V,y) karttoja pisteessid p € M. Olkoon w € Q*(M). Télloin
on sileit funktiot w¥ ja w, joille

w=>Y wlde' => wdx’
I I

pisteen p avoimessa karttaymparistossa U N V. Olkoon D ulkoinen derivaatta joukossa
U NV. Propositioiden ja nojalla

Y dwida’ = Dw =" dwdz” .
T T

Yksikésitteisyys todistetaan kuten Propositiossa [10.6| [

Esimerkki 9.8. Propositioiden ja nojalla monistolla E3 on yksikésitteinen
ulkoinen derivaatta. Differentiaalimuodon w € QF(E3) ulkoinen derivaatta dw voi olla
nollasta poikkeava, kun k € {0,1,2}.

(1) Olkoon f € Q°(E?) = F(E*). Lemmassa niimme, etti

_of 4 Of 5 Of
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(2) Olkoon w € QYE?). Talloin w = wydz! + wedz? + wydz?, joten

3 3.3 Owy .
dw = Zdwk/\dxk = ZZ—,dx]/\dxk
Pt iz j=1 07
- gw;d:c?Adxl + gw;d:vg/\dxl + gwfdml /\dw2+gw§dx3/\dm2
x x x x
Ows . g, Ows , o 3
3w2 8601 1 9 &ug &ug 9 3 &,ul aCU3 3 1
(3) Olkoon w € Q*(E?). Talldin w = wzdr!' A da? + widx?® A dx® + wadx® A dzt, joten
dw = %dﬁ A dxt A dx® + %dxl A dz* A dx® + %dxz A dz® A dat
ox3 Ox! Ox?

(?wl 8w2 &ug 1 2 3
(811 + 92 + ax3>d$ Adz® N dx” .

Kohdan (1) perusteella funktion f € §(E?) ulkoinen derivaatta vastaa funktion gradienttia
Vf. Kohtien (2) ja (3) laskujen perusteella 2-muodon w € Q*(E3] ulkoinen derivaatta
vastaa vektorifunktion w = (wy, wa,ws): E3 — E? roottorid’|
8&)2 _ &ul 8&)3 _ awg &,ul _ (9w3>
oxt 022’ 0x2 Oz’ Ox3  Ox!
ja 3-muodon w ulkoinen derivaatta vastaa vektoriarvoisen kuvauksen w divergenssid
(%11 8w2 8&)3
ox! * Ox? * Ox3

Tamé yhteys toimii motivaationa ulkoisen derivaatan maéritelmalle.

wa:<

divw =V . -w=

Seuraus 9.9. F': M — N silei kuvaus. Olkoon w € QF(N). Téllsin
F*(dw) = d(F*w).

Proof. Funktioille véite on Propositio (3) Olkoon k > 1 ja olkoon w € QF(N).
Tarkastellaan yleistd tapausta lokaaleissa koordinaateissa. Olkoon (U, ¢) siled kartta
monistolla M ja olkoon (V1)) siled kartta monistolla N siten, ettd F(U) C V. Olkoot
(', ...,2™) ja (y',...,y") kuvausten ¢ ja 1 komponentit. Télloin on sileit funktiot
wr € F(V), joille
w = Z wrdy’ .
T

Proposition M(Z) nojalla F*w = °; F*w; F*dy’, joten ulkoisen derivaatan lausekkeen
(10.2)) nojalla
dF*w = ZdF*wI A Frdy" .
I

Toisaalta ulkoisen derivaatan lausekkeen ([10.2)), Proposition[10.4{2) ja Proposition [7.18]3)

nojalla

Frdw = F*(Y dwr Ady') =" Frdwr A Frdy' =Y dF*wr A Frdy',
i I I

joten vaite on todistettu. O

3Englanniksi curl.
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Seuraus 9.10. Olkoon M siled monisto ja olkoon U C M avoin. Olkoon w € QF(M).
Talloin d(w|y) = (dw)|u.

Proof. Olkoon i: U — M inkluusio. Seurauksen nojalla
dwly) = d(i*w) = i*dw = (dw)|y - O

Esimerkki 9.11. (1) Seurauksen ja Proposition nojalla siledn 2-muodon w =
dz' A dz? € Q?(E?) lauseke napakoordinaateissa on

w=d(rcosf) ANd(rsind) = (cos@dr — rsin 0df) A (sin 0dd + r cos 6df)
= rcos? Odr A df — rsin®0dO A dr = rdr A d6 .

(2) Olkoon w € QYE?), w = z'dr? — x?dz'. Esimerkin laskut osoittavat, etta
napakoordinaateissa w = r2df. Ulkoiset derivaatat ovat
dw = dx' A\ d2® — da* A da' = 2dx' A da?
= (cos @dr — rsin6df) A (sin @dr + r cos 0df) = 2rdr A df

kuten pitadkin.

Lause 9.12. Olkoot M ja N sileitd n-monistoja ja olkoon F: M — N siled. Olkoon
(U,z) siled kartta pisteessa p € M ja olkoon (V,y) siled kartta pisteessi F(p) € N.
Olkoon g € F(V). Tdllsin

OF"
oxd

F*(gdyl/\---/\dy”):goFdet< ) det Ao Nda™.

Proof. Proposition alkukuvan maaritelméan, yhtélon (3.2) ja Proposition nojalla

* n 0 0
F*(gdy' A+ Ady )(P)(axl . )
p p
1 n 0 0
=goF(p)dy N--- Ndy \F(p)<deal edFya )
p
" F o n HFI P
=goF LA A dy” ( o’ 9 )
goF(p)dy' A--- Ny, Za ) 55" ’;axn(p) o
OF? "
=gokF det( )
go F(p) o ®)
OF? P

=go F(p) det(

n 9
1 .« .. n —
,(p))m_1 Aot A ndan| (2

oxJ

)

Koska A"(T,M) on 1l-ulotteinen, tésta seuraa véite pisteessd p. ]

7--.771
P Ox

Seuraus 9.13. Olkoon M siled n-monisto. Olkoot (U, x) ja (V,y) sileiti karttoja pisteessd
pe M. Talloin

8y"> dz'' A ANda"™ . [
0xI /i j=1

dyl/\~~-/\dy":det<

October 3, 2025



9.3. Suljetut ja eksaktit muodot 103

9.3 Suljetut ja eksaktit muodot

Téssa luvussa tutustume lyhyesti de Rhamin kohomologiaryhmaén, joka on algebrallisen
topologian tarkea kasite.

Olkoon M siled monisto. Muoto w € QF(M) on suljettu muoto, jos dw = 0 ja eksakti
muoto, jos w = dn jollain n € Q"1 (M).

Olkoot Z*¥(M) suljettujen k-muotojen avaruus ja B¥(M) eksaktien k-muotojen avaruus.
Lemma 9.14. Kaikki n-ulotteisen silean moniston M siledt n-muodot ovat suljettuja.
Proof. Jos w € Q*(M), niin dw € Q"™ (M) = {0}. O

Lemma 9.15. Olkoon M sileiq monisto.
(1) Eksaktit muodot ovat suljettuja.
(2) Z*(M) ja B¥(M) ovat vektoriavaruuden QF(M) aliavaruuksia.

Proof. (1) Olkoon w € QF(M) eksakti. Talloin w = dn jollain n € Q"1(M). Ulkoisen
derivaatan maaritelmén nojalla dw = ddn = 0, joten w on suljettu.

(2) Seuraa siité, ettd d on lineaarikuvaus ja Z%(M) = ker (d: QF (M) — QkH(M)) ja
BR(M) = d(Q"1(M)). O

Seuraus 9.16. Olkoon F': M — N siled kuvaus. Tdlloin
(1) Jos w € Z*(N), niin F*w € Z¥(M).
(2) Jos w € BX(N), niin F*w € B¥(M).

Proof. Seuraa Propositiosta [10.9] m

Vektoriavaruus V' on méaritelménsa nojalla additiivinen ryhma, jonka laskutoimitus
on vektorien yhteenlasku. Jokainen vektorialiavaruus H C V' on ryhmén (V, +) aliryhma
ja koska vektorien yhteenlasku on kommutatiivinen, H on normaali aliryhmé ja voidaan
muodostaa tekijaryhmé V/H. Itse asiassa ryhmélla V// H on my6s reaalisen vektoriavaruuden
rakenne.

Silean moniston M k:s de Rhamin kohomologiaryhmd on

Hin(M) = Z"(M)/B*(M).

Seuraus 9.17. Jos F on diffeomorfismi, niin kohomologiaryhmdit HY,(M) ja H%,(N)
ovat isomorfisia.

Proof. Harjoitustehtava [10.6] O
Lause 9.18. H,(E") = {0} kaikille n,p € N, p > 1.
Proof. Katso [?, Cor. 17.16]. O

Lemma 9.19. Olkoon M kompakti monisto. Olkoon w € QY (M) 1-muoto, jolla ei ole
nollakohtia. Tdalloin w ei ole eksakti muoto.
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Proof. Harjoitustehtava [10.7] O
Esimerkki 9.20. Esimerkissa [7.22] tarkastellun 1-muodon

rldz? — x?da? .
do = e € X*(E* — {0}) = Q'(E* — {0})

rajoittuma ympyréalle S! on suljettu Lemman [10.14| nojalla. Lemman [10.19| nojalla se ei
ole eksakti. Siis H}g(S') # {0}. Itse asiassa esimerkiksi kirjan [?] luvussa 17 osoitetaan,
ettd Hlz(S') = R.

Harjoitustehtavia

9.1. Todista Propositio [10.4]
9.2. Madritd muodon da' A do? A dz® lauseke pallokoordinaateissa/f]

9.3. Olkoon E3xE! 4-ulotteinen avarusaika, jossa vektorin (z,t) ensimméinen 3-ulotteinen
komponentti z kuvaa paikkaa ja neljis komponentti ¢ aikaa. Olkoon E: E? x E! — E3
sihkokentti ja olkoon B: E3 x E!' — E3 magneettikentti. Maxwellin yhtdilot tyhjiossi,
jossa ei ole varauksia eika virtaa, ovat

B E
vxE--B  v«B-®  v.E—0, v.B-0. (9.3)
ot ot

Naissa yhtaloissa roottori ja divergenssi muodostetaan tavanomaiseen tapaan osittaisderivaatoista
paikkakoordinaattien suhteen. Maxwellin yhtalot voidaan muotoilla ulkoisen derivaatan
avulla, kun maaritelldan sahkokentian komponenttien avulla 1-muoto

E = Eydx' + Eyda?® + Esds®
ja magneettikentan komponenttien avulla 2-muoto
B = Bydx?* A da® + Bsda® A dxt + Bsdx' A da?

ja madaritelladn 2-muoto
F=FENdt+B.
Yhtélo dF' = 0 vastaa kahta Maxwellin yhtaloista . Mitkéd namé yhtélot ovat?
9.4. Osoita, etta siled 2-muoto
rlda? A da® + 22dad A dot + 23dat A da?
((1;1)2 + (22)2 + (m3)2)3/2

W= c Q*(E® - {0}).
on suljettu.

9.5. Olkoon M siled monisto. Olkoon w € QF(M) eksakti muoto ja olkoon 7 € QY(M)
suljettu muoto. Osoita, ettd w A 7 on eksakti muoto.

4Katso Harjoitustehtéavé,
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9.6. Todista Seuraus [I0.17
9.7. Todista Lemma [I0.10

9.8. (1) Osoita, ettd moniston E* koordinaattimuotojen rajoittumat alimonistolle S

toteuttavat yhtilon z'da! + x2da? + 23da® = 0[]
(2) Olkoon w = x'dz? A dz® + 22dx® A dx' + 23da! A dx? € Q*(S?). Osoita, etté

dz? A dx?
X

dz?® A dxt
T

dz' A dx?

9”739”’ kun 23 # 0
X

5Harjoitustehtéivisti voi olla hy6tyi.
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Chapter 10

Suunnistus ja integrointi monistoilla

Kurssin viimeisesséa luvussa tarkastelemme sileiden 1-muotojen integraaleja polkujen yli
ja sileiden n-muotojen integrointia n-ulotteisella silealla monistolla. Késittelemme myos
lyhyesti moniston suunnistusta ja ykkosen ositusta, joita tarvitaan korkeimman asteen
sileiden muotojen integraalin méarittelyssa.

10.1 Polkuintegraalit silealla monistolla

Tassa luvussa osoitamme, ettd silein 1-muodon integraali polun yli voidaan maaritell&
luonnollisella tavalla niin, ettéd se ei riipu koordinaattien valinnasta. Integraali voitaisiin
maaritella huomattavasti vihemmén saannollisillekin 1-muodoille mutta yksinkertaisuuden
vuoksi pitdydymme edelleen sileisiin muotoihin.

Siledn 1-muodon w = fdt € X*(E') = QY(E!) integraali vilin ab, a < b, yli on

/abw:/abf(t)dt.

Propositio 10.1. Olkoonw = f dt € X*(E') ja olkoon h: cd — ab kasvava diffeomorfismi.

Talloin
/ h*w:/ w.
cd ab

Proof. Olkoon s kanoninen koordinaatti valilla cd. Yhtalon (7.9)) nojalla

(). = (f o W)(s)dh(s) = ( 0 h)(s) - (s)ds

joten véite seuraa yhden muuttujan analyysin muuttujanvaihtolauseesta:

/th*WZ/cd(th)(s)ﬁ(s)ds:/hh(b)f(t)dt:/ww, O

(a)
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Alkukuvan mééritelman nojalla monistolla M maééritellyn 1-muodon integraali siledn
polun yli voidaan palauttaa reaalilukuvélilla méaaritellyn muodon integrointiin. Nain
saatava integraali ei riipu polun parametrisoinnista.

Olkoon 7: ab — M siled polkuja olkoon w € X*(M). Siledn 1-muodon w integraali polun

v yli on
/w:/ Yw.
o7 ab

%y on jollain valin ab siséltavilla avoimella valilla mééritellyn siledn polun rajoittuma vélille ab.

Propositio 10.2. Olkoon ~v: ab — M siled polku ja olkoon w € X*(M). Olkoon h: c¢d —
ab kasvava diffeomorfismi. Tdalloin

[ o=

yoh vy

Proof. Maaritelméan ja Propositioiden ja nojalla

h=1(b) h~1(b) b
/ w:/ (WOh)*w:/ h*v*w:/v*w. O]
~oh h=1(a) h=(a) a
Propositio 10.3. Olkoon ~v: ab — M siled polku ja olkoon w € X*(M). lelé'i?ﬂ
b
[w= [ wawyiwar.
0% a

Proof. Olkoon ty € R. Télloin

iy 4 d . , d
(v W)toa o = w’Y(tO)<d’y)t0£ o = Wy (to)¥(to) = WW(tO)"Y(to)dttoa .
joten véite seuraa, koska %‘t virittda tangenttiavaruuden Ty E!. n
0

Esimerkki 10.4. Olkoon w = Zdr—2idel _ jp ¢ x* (E2 — {O}) Esimerkeissa |7.22] ja

[EIIS
10.20] tarkasteltu siled 1-muoto. Olkoon 7: 027 — E?, v(6) = (cos 6, sin6). Peittamalla

monisto E? — {0} kahdella napakoordinaatilla saadaan

21
/w: df = 27 .
¥ 0

Kanonisissa koordinaateissa polkuintegraalin maaritelmén nojalla lasku on hieman pidempi
mutta lopulta aivan sama:

27 27
/w = / (costd(sint) — sintd(cost))dt = dt =27
o 0 0

Propositio 10.5. Jos v: ab — M siled polku ja olkoon f € §(M), niin

A#zfﬁ@b—ﬂ%@%

'Muista, ettd 4(t) on polun v nopeusvektori hetkelli ¢, katso luku
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Proof. Proposition|11.3] differentiaalin maaritelmén, nopeusvektorin maaritelman ja jalleen
differentiaalin mééaritelméan nojalla saamme

b ‘ b b d b d
[dr= [ arewyd= [sfa= [Ty grd= [ Loy,
josta vaite seuraa analyysin peruslauseen nojalla. O]

Propositio 10.6. Olkoon M silei monisto. Jos 1-muoto w € QY(M) on eksakti, niin
J,w =0 kaikille suljetuille sileille poluille ~v: I — M.

Proof. Olkooin f € F(M) ja olkoon ~: 01 — M suljettu polku. Proposition nojalla
[ df = 16:(1) = £(2() = 0. a
.

Esimerkki 10.7. Esimerkeissé ja [10.20] tarkasteltu muoto df € Q'(E? — {0} on
suljettu, silla

d(xlde - xQdml) _ (%) — (z")?)dx! AN da? + ((22)? — (21)?)dx® A dax?

]2 ]

Olkoon ~y: 027 — S' C E? — {0} siled suljettu polku 7(t) = (cost,sint). Esimerkissi[11.4]
laskimme integraalin [, df = 27 # 0. Proposition nojalla muodot df € Q'(E? — {0})
ja df € Q'(S!) eiviit ole eksakteja. Siis monistojen EZ—{0} ja S! ensimmaiinen de Rhamin
kohomologiaryhm#P| ei ole triviaali.

=0.

10.2 Korkeimman asteen muotojen integrointi
euklidisessa avaruudessa

Olkoon U C E". Olkoon w = fdx' A--- Adz™ € Q"(U). Muodon w integraali kompaktin
joukon B C U yli on
/ w:/ fdxt---da™.
B B

Propositio 10.8. Olkoot U,V C E™ avoimia joukkoja ja olkoon F: U — V diffeomorfismi
siten, ettd kuvauksen F Jacobin determinantin merkki ¢ € {£1} on wvakio. Talloin
jokaiselle kompaktille joukolle K C 'V ja jokaiselle w € Q"(U) pditee

/ F*w:&t/ w.
F-1(K) K

Proof. Olkoonw = fdx'A---Adx™. Seurauksen|10.13|ja Lebesguen integraalin muuttujanvaihtokaavan
nojalla

/ F*(fdxl/\---/\dx”):/
F-Y(K)

f o Fdet <8Fi)jj:1 det A - Adx"

F-1(K) Ox

- aFi\" 1. 7.n

= 5/FI(K)fOF det (Bxf)i,j:1 dx dx

:5/ fdx1~~da:”:/fda:l/\--~/\d:c". m
K K

2Katso luku m
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110 Suunnistus ja integrointi monistoilla

Olkoot U,V C E™ avoimia joukkoja ja olkoon F': U — V diffeomorfismi. Kuvaus
F sailyttaa suunnistuksen, jos sen Jacobin determinantti on positiivinen.

Seuraus 10.9. Olkoon M silei monisto. Olkoot (U, ) ja (V1) karttoja, joille pob™" on
suunnistuksen sdilyttava, ja olkoon w € Q™(M) siten, ettd suppw C U NV. Talloin

o Hw :/ v w.
/45(U)( ) ¢(V)( )
Proof. Propositioiden ja nojalla

—1\* o o —1\x* —1\* — —1\*
/¢>(U>(¢ )w_/(¢0¢-1)0¢<v)(¢ LRI /W)(@D f. -

10.3 Suunnistus

Seuraus antaa vihjeen siita, miten korkeimman asteen muotojen integrointi sileall&
monistolla saadaan maériteltyd karttojen valinnasta riippumattomalla tavalla.

Siledn moniston M siled kartasto % on suunnistettu kartasto, jos sen kaikki
kartanvaihtokuvaukset ovat suunnistuksen sailyttavia. Jos monistolla M on suunnistettu
kartasto, niin M on suunnistuva monisto.

Silean moniston M maksimaalinen suunnistettu kartasto on suunnistus. Jos % on
moniston M suunnistus, niin pari (M, %) on suunnistettu monisto.

Jos %/ on moniston M suunnistus ja (U,¢) € %, niin (U,¢) € % on positiivisesti
suunnistettu kartta.

Propositio 10.10. Jokainen suunnistettu kartasto sisaltyy yksikasitteiseen suunnistukseen.

Proof. Todistetaan kuten Propositio Harjoitustehtéva [11.3] O

Olkoon M suunnistettu monisto. Olkoon w € Q"(M) siten, ettd on positiivisesti
suunnistettu kartta (U, ¢), jolle suppw C U. Muodon w integraali on

/Mw = /(b(U)((;S_l)*w.

Jos korkeimman asteen silein muodon kantaja siséltyy yhteen koordinaattiympéaristoon,
niin sen integraalin méaaritelméa on riippumaton positiivisesti suunnistetun kartan valinnasta

Seurauksen nojalla.
Monet talla kurssilla ja johdatuskurssilla késitellyt sileat monistot ovat suunnistuvia.

Esimerkki 10.11. (1) Euklidisen avaruuden yhdesté kartasta koostuva kanoninen kartasto
{(E",id)} on suunnistettu kartasto, joten E™ on suunnistuva monisto.

(2) Harjoitustehtavassa osoitetaan, ettd S™ on suunnistuva monisto.

(3) Sdannéllinen tasa-arvohyperpintaf| on suunnistuva, katso [?, Prop. 15.21].

(4) Harjoitustehtévissé osoitetaan, etta n-torus T" on suunnistuva.

(5) Projektiivinen avaruus P" on suunnistuva, jos ja vain jos n on pariton. Katso

Propositio [11.23]
3Katso luku
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Propositio 10.12. Olkoon M siled monisto. Tdlloin monistot T'M ja T™ M ovat suunnistuvia.

Proof. Olkoot (U, ¢) ja (V,1) sileitd karttoja monistolla M ja olkoot ® ja ¥ luvussa ??
maaritellyt kartat tangenttikimpulla TM. Yhtélon (??) nojalla kartanvaihdon W o =1
Jacobin determinantti toteuttaa

B B Do ¢ ') (y) *
det D(W 0 ®71)(y, w) = det ( 0 Do qﬁ‘l)(y))
= (det D(ho ¢~ ")())* >0,

koska derivaattamatriisi on lohkokolmiomatriisi ja kartanvaihto 1o =" on siled diffeomorfismi.

Kotangenttikimpun tapaus késitellian samaan tapaan, Harjoitustehtava [11.8 O]

10.4 Ykkosen ositus

Laajennamme integraalin maaritelmén sellaisillekin korkeimman asteen muodoille, joiden
kantajat eivat valttamatta sisally suunnistetun moniston yhteen koordinaattiymparistoon.
Tassa luvussa todistettava Lause [L1.15] on oleellinen apuvéline n-muotojen integraalin
maarittelyssa.

Olkoon (U,)aca silein moniston M lokaalisti dérellinen avoin peiteE] Olkoon p, €
S(M) siten, ettd p, > 0, supp po, C U, kaikilla o € A ja

Zpazl.

acA

Talloin (pa)aca on peitteen (Uy)aca kanssa yhteensopiva siled ykkosen ositus.

“Maéaritelmé on luvussa

Ykkosen osituksen maédritelméssé oleva summa > ,c4 po(p) on aérellinen jokaisella
p € M, koska peite (Uy)aca on lokaalisti darellinen.

Esimerkki 10.13. Olkoon h,;, € F(E') yhtdlossa (?7) maaritelty siled positiivinen
funktio, jolle pétee hgpliopenteft]—oca = 0 ja Naplopenrightipoc = 1. Jos a < b < ¢ < d, niin
funktio fa,b,c,d € S(El),

Pabedt) = hap(t) + hg_c(—1),

on toyssyfunktio, jonka kantaja sisiltyy véliin [open|ad. Kuvassa [11.13] esitetdén kolmen
toyssyfunktion avulla tehty ykkosen ositus valilla [open]—22.
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1 2

1 2
1

1 2

Figure 10.1 — Ylimmalla rivilld vasemmalla toyssyfunktio p_; _ 11 ja oikealla kolme

toyssyfunktiota, joiden kantajat peittdvat avoimen vélin [open]—22. Toisella rivilla
vasemmalla kolmen toyssyfunktion summa ja sen jialkeen summafunktiolla skaalattujen
toyssyfunktioiden kuvaajat.

Néimme luvussa[2.5|esimerkkejé sileisté positiivisista toyssyfunktioista, joiden kantajat
sisaltyvét tarkasteltaviin koordinaattiymparistoihin.

Olkoon M siled monisto. Koordinaattipallo B C M sdanndllinen koordinaattipallo, jos
on moniston M siled kartta (U, @), jossa B = ¢~1(B(0,r)) jollain r > 0 ja on 1’ > r siten,
etta B(0,7") C ¢(U).

Lemma 10.14. Sddnndélliset koordinaattipallot muodostavat silein moniston topologian
kannan.

Proof. Harjoitustehtava [I1.7] O

Lause 10.15. Olkoon (Uy,)aca siledn moniston M peite koordinaattiympdristoilla. Talloin
on peitteen (Uy)aca kanssa yhteensopiva ykkosen ositus.

October 3, 2025



10.5. Korkeimman asteen silein muodon integraali 113

Proof. Lauseen ja Lemman nojalla on peitteen (U,)aca lokaalisti dérellinen
hienonnus (B;);c; siten, ettd joukot B; ovat sddnnollisid koordinaattipalloja. Téalloin
jokaisella B; C U, on suurempi koordinaattipallo B, C U, siten, etté palloilla B; ja
B! on sama keskipiste joukon U, koordinaateissa. Olkoon p? silei téyssyfunktiof] jolle
suppp? = B;. Sulkeumien kokoelma (B;);c; on lokaalisti éiérellinen joten funktio
p = Yicrp) on siled. Liséksi p(p) > 0 jokaisella p € M, koska joukot B; muodostavat

peitteen. Olkoot p; = £ kaikilla i € I. Talloin e, p = 1. 0

10.5 Korkeimman asteen silein muodon integraali

Jos (pa)aca on ykkosen ositus silealla n-ulotteisella monistolla M ja w € Q™(M), niin

w:Zpaw.

acA
Maarittelemme muodon w integraalin tdmén yhtélon ohjaamana:
Olkoon M suunnistettu n-monisto ja olkoon w € Q"(M) kompaktikantajainen siled n-
muoto. Olkoon ((Ua, (ba)) 4 aarellinen kokoelma positiivisesti suunnistettuja karttoja
(63

siten, ettd suppw C Ugea Ua. Olkoon (pa)aca peitteen (U, )aca kanssa yhteensopiva siled
ykkosen ositus. Muodon w integraali on

/Mw =Y /M Pal . (10.1)

acA

Lause 10.16. Olkoon M suunnistettu n-monisto ja olkoon w € Q™(M) kompaktikantajainen
muoto. Muodon w integraali on riippumaton positiivisesti suunnistettujen karttojen ja
nitden kanssa yhteensopivan ykkosen osituksen valinnasta.

Proof. Olkoot ((Ua,qba)) oA ja ((Vg,wﬁ))ﬁeB muodon w kantajan peittavia aarellisia

kokoelmia positiivisesti suunnistettuja karttoja ja olkoot (pa)aca ja (Xg)sep naiden peitteiden
kanssa kanssa yhteensopivia ykkosen osituksia Talloin

= [ L (S

acA peB

= Z o= [ (S = 2 [

acA, BeEB BeB a€cA BeB

Laskun keskimmaisen summan muodon xgp.w kantaja sisaltyy koordinaattiympéristoon
U,NVp jokaisella v € Aja 8 € B. Siis integraali [, xgpow on riippumaton karttakuvauksen
valinnasta. [

Integraalin késite voidaan laajentaa myos muodoille, joiden kantaja on rajoittamaton
tai jotka ovat vihemmaén saannoéllisid kuin avaruuden Q" (M) muodot. Integraalin laskeminen
niin, ettd integraali jaetaan osiin ykkosen osituksen avulla ei ole kaytannollistéd, koska

4Katso Lemma ?7.
5Jos avoin joukko leikkaa toisen joukon sulkeumaa, se leikkaa myds itse joukkoa.
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integroitavat lausekkeet ovat niin hankalia toyssyfunktioilla kertomisen vuoksi. Kaytannosséa
laskut tehdaén jakamalla monisto sopiviin erillisiin paloihin, joissa lasku tehddan ilman
ykkosen ositusta. Se, ettd nain voi tehdé, perustellaan esimerkiksi Leen kirjassa, katso
[?, Proposition 16.8].

Esimerkki 10.17. Olkoon]
w = x'da? A da® + 22da? A dat + 2idat A da? € QF(EP) .
Pallokoordinaateissal
ztde?® A dx? + 22ded A det + 23dat A dx? = — sin 0y df; A db,

kun —m < 6; < 7 ja 0 < 6y < 7. Napakoordinaattikuvauksen Jacobin determinantti on
—sinfy < 0, joten jattadmaélla huomioimatta pallon pinnan nollamittainen joukko, jossa
napakoordinaatteja ei ole maéritelty, saamme

/ w:27r/7rsin02d92:47r.
S2 0

Helppo lasku osoittaa, etta
dw = 3dz' A dz? A da?
joten

dw = 3vol(B(0,1)) = 4 :/ . 10.2
Jq = 3v0UBO. 1) =47 = [ w (102)

Yhtélo (11.2)) on erikoistapaus Stokesin lauseesta, katso [?, Theorem 16.11].
10.6 Suunnistusmuoto

Olkoon M siled monisto. Jos w € Q"(M) on siled n-muoto, jolla ei ole nollakohtia, niin
se on siledn moniston M suunnistusmuotold

¢Joskus suunnistusmuotoa kutsutaan tilavuusmuodoksi.

Esimerkki 10.18. (1) dz' A --- A dz™ on siledn moniston E™ suunnistusmuoto.

(2) Olkoon N = Y3t} a*>2 € X(E™) ja olkoon w € Q"(E"™!) kuten kohdassa (1).
Asetetaan kaikille vy, vs, ..., v, € T,(M) = p* kaikilla p € S"

0p(V1, V2, ..., V) = Wyp(Np, V1,02, ..., Uy).
Talloin o € Q"(S™) ja Proposition nojalla
op(V1, V2, ..., V) = det(N,, v1,0g,...,0,) # 0,

kun tangenttivektorit vy, vs, ..., v, muodostavat avaruuden 7,(S™) kannan. Siis ¢ on
suunnistusmuoto.

6Ttse asiassa w on pallon pinnan S? pyoreds Riemannin metriikkaa vastaava pinta-alamuoto, katso
[?, sivu 388-].
"Katso Harjoitustehtéva
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Lause 10.19. Siled monisto M on suunnistuva, jos ja vain jos silld on suunnistusmuoto.

Proof. Olkoon M suunnistettu monisto. Olkoon (p,)aca ykkosen ositus, jonka kantajat
siséltyvat moniston M positiivisesti suunnistettuihin sileisiin karttoihin (Uy, x,), Supp pa €
U,. Muoto
w= > padry A+ Adal
a€A

on hyvin maéritelty, koska ykkosen ositus on lokaalisti darellinen. Se on siled, koska se on
sileiden muotojen darellinen summa. Oletuksen nojalla kaikkien kartanvaihtojen Jacobin
determinantit ovat positiivisia, joten Seurauksen nojalla jokaisessa kartassa (Uy, z4)
pitee w = fdzl A -+ Adz? positiivisella f € F(U,).

Oletetaan, ettd monistolla M on suunnistusmuoto. Harjoitustehtavassa[11.11)osoitetaan,
etta

% = {(U,¢) kartta, jossa w = fdz' A--- Adz" jollain f > 0} .

on suunnistus. O

Ykkosen osituksen avulla voidaan myo6s todistaa etta jokaisella siledlla monistolla on
Riemannin metriikka kéyttaméatta Whitneyn upotuslausetta.

Lauseen [9.11] toinen todistus. Kaytetaan Lauseen[11.19 ykkosen ositusta. Olkoon gg euklidinen
Riemannin metriikka. On helppo tarkastaa, etté

9= palz;")ge

acA

on Riemannin metriikka. O
Lause 10.20. Yhtendiselld siledlld monistolla on 0 tai 2 suunnistusta.

Proof. Olkoon M yhtenéinen siled n-monisto. Olkoon f € F(M), f > 0 ja olkoon w
muoto, jolla ei ole nollakohtia. Lauseen todistuksessa nahdéaan, ettd muodot w ja
fw méardavat saman suunnistuksen. Jos taas f < 0, niin muodot w ja fw madraavit eri
suunnistukset. Muita suunnistuksia ei ole, koska dim A"(7,(M)) = 1 kaikillap € M. O

Propositio 10.21. Olkoon F': M — N siled lokaali diffeomorfismi. Olkoon w suunnistusmuoto
monistolla N. Tdlloin F*w on suunnistusmuoto.

Proof. Harjoitustehtava [11.12] O

Jos M ja N ovat suunnistettuja monistoja ja F': M — N on siled lokaali diffeomorfismi,
niin £ on suunnistuksen sdilyttavda, jos sen Jacobin determinantti on positiivinen
positiivisissa kartoissa.

Propositio 10.22. Olkoon wy; suunnistusmuoto monistolla M ja olkoon wy suunnistusmuoto
monistolla N . Lokaali diffeomorfismi F': M — N on suunnistuksen sdilyttivd, jos F*wy =
fwar jollain positiivisella funktiolla f € F(M).

Proof. Viite seuraa Lauseesta [10.12] [

Propositio 10.23. Projektiivinen avaruus P™ on suunnistuva, jos ja vain jos n on pariton.
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Proof. Olkoon n parillinen. Oletetaan, ettd P on suunnistuva. Olkoon w € Q" (P™) suunnistusmuoto.
Olkoon 7: S™ — P" peitekuvaus kuten Esimerkissé [1.23] Proposition nojalla 7*w on
suunnistusmuoto monistolla S". Kuitenkin 7o (—id) = 7, joten (—id)*7*w = 7*w. Taméi
on mahdotonta, koska Harjoitustehtavin nojalla —id: S™ — S ei ole suunnistuksen
sdilyttéava, kun n on parillinen.

Parittomat ulottuvuuden késitelldén Leen kirjan [?] esimerkissd 15.37. ]

Harjoitustehtavia
10.1. (1) Olkoot

w=dr* € Q'($?),
n = 2’2 da’ + z'2da® + 2'2?da® € Q1 (S?)

ja olkoon 7: —11 — S2,

() = (VI = cos(t), V1 —sin(t), ).

Méarita [ w ja [, 7.
10.2. Olkoon V € F(E?),

ja olkoon v: 021 — E2,
v(t) = (cos(t), sin(t) cos(t)) .

(1) Osoita, ettd V(v(t)) = 0 kaikilla t € 027.
(2) Médrita [, dV f]
(3) Olkoon

w = —22%dz" + (4(z")? — 22")dx* € QY (E?).
Laske [, w.
10.3. Todista Propositio [I1.10}

10.4. Anna esimerkki pallon pinnan S” suunnistetusta kartastostaﬂ

10.5. (1) Osoita, ettd kuvaus —id: E® — E™ on suunnistuksen siilyttavi, jos ja vain
jos m on parillinen.

(2) Osoita, ettd kuvaus —id: S* — S™ on suunnistuksen sailyttiva, jos ja vain jos n on
pariton

10.6. Osoita, ettd n-torus T" on suunnistuva ||

8Harjoitustehtavista [7.12] voi olla apua, mutta yksi kohta vaatii huolellisuutta.

9Esimerkissi m (3) tarkastellut stereograafiset projektiot pohjois- ja eteldnavalta muodostavat
kahdesta kartasta koostuvan siledn kartaston.

K&yt tehtivin suunnistettua kartastoa.

HKatso Esimerkki .
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10.7. Todista Lemma [11.14]
10.8. Olkoon M siled monisto. Osoita, etté siled monisto 7% M on suunnistuva.

10.9. Olkoon G: T? — E? Esimerkissi m(l) tarkasteltu 2-toruksen upotus avaruuteen
E3. Laske
/2 G*(x3dz' A dz?).
T

10.10. Maéritd Esimerkin [11.18{(2) muodon o lauseke 2-muotojen dx® A dz? avulla, kun
n =

10.11. Osoita, ettd Lauseen [L1.19| todistuksessa maéritelty kokoelma %/ on suunnistus.
10.12. Todista Propositio [11.21]
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