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ABsTrRACT. We show that a general nonlinearity a(z, ) is uniquely determined, possibly up to a gauge, in
a neighborhood of a fixed solution from boundary measurements of the corresponding semilinear equation.
The main theorems are low regularity counterparts of the results in | |

1. INTRODUCTION

This article deals with inverse boundary value problems for semilinear equations of the form
Au(z) + a(z,u(x)) = 0 in £,

where 2 C R™ is a bounded open set with smooth boundary and the function a(z,t) represents the nonlin-
earity. There is a large literature on this topic. The first order linearization method introduced in | |
has been employed to show that nonlinearities a(z,t) satisfying conditions such as

a(z,0) =0,
8ta(xvt) S 07

can be determined in a certain reachable set from boundary measurements. The first condition above ensures
that 0 is a solution, and the second sign condition guarantees that a maximum principle and well-posedness
hold. Various results of this type, also for somewhat more general nonlinearities, may be found in | ;

; ; ]. See also the surveys | ; |. In the results based on first order linearization,
one typically uses known results on inverse problems for the linearized equation.

On the other hand, the higher order linearization method introduced in | ; | (following
the hyperbolic case in | ]) applies to nonlinearities that do not need to satisfy any sign condition.
Moreover, this method uses the nonlinearity as a beneficial tool and yields results in certain nonlinear cases
where the corresponding results for linear equations remain unsolved | ; ; ; ;

; |. However, the method might only allow one to determine the Taylor series of a(x,t) at
t = 0, and it does not in general determine a(x,t) for ¢ # 0. The higher order linearization method has
also been used outside of semilinear equations. For quasilinear equations one has the similar phenomenon of
determining only the Taylor series of the unknown coefficient | ; |]. Also inverse problems
for the minimal surface equation (which is an example of a quasilinear equation) on Riemannian manifolds
have been studied with this method. In | ; | the Taylor series of a conformal factor for metrics
in the same conformal class is recovered. In dimension two it is shown in [ ; ; ] (in
slightly different settings) that three linearizations are enough to determine the Riemannian metric up to an
isometry.

Recently in | | (see also | | for a similar result for a biharmonic operator with a second order
nonlinearity) we gave a result showing that from boundary measurements near the zero solution, one can
determine a general nonlinearity a(x,t) near ¢t = 0 whenever a(z,0) = 0. We also gave a similar result
without the assumption a(z,0) = 0, but in that case a(z,t) can only be determined up to a natural gauge
transformation. The precise assumption for the nonlinearity was that a(z,t) should be C*® in 2 and C® in
t. In this article we improve the regularity assumptions to L" in o and C! in ¢, where r > n/2. We also
simplify the proofs in the process. The method is based on first linearization and a Runge approximation
argument.



Let us state the main results. We will assume that 2 C R™, n > 2, is a bounded open set with smooth
boundary (though many arguments would remain valid for C*! boundaries). We consider nonlinearities
a € L"(Q, C*(R)) for some 7 > n/2. If u € L*>(Q) with M = |Ju| (), then a(z,u(x)) € L"() since

/Qla(x,U(x))lewé/Q sup |a(z,t)[" dr < |al

lt|<M

2"‘(SZ,L°°([—M,M]))’

We denote by W¥*P?(Q) the standard Sobolev spaces in Q. If u € W27 (Q) with r > n/2, then (after choosing
a suitable representative) u € C*(£) for some a > 0 by Sobolev embedding, so a(z,u(z)) is well defined.

We wish to study inverse problems without any further assumptions on the nonlinearity a(z,t). In
particular we do not assume well-posedness of the Dirichlet problem, and hence the boundary measurements
will be formulated in terms of Cauchy data sets (see | ]). Given a solution w € W27(Q) of Aw +
a(z,w) =0in Q, and given § > 0, we define the Cauchy data set for solutions near w as

C2% = {(uloa, Dyulon) + u € W2T(Q), Au+a(z,u)=0in Q, |u—w|war o) <6}
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If s > 1/r we denote the trace space of W*7(Q) by W5~ +7(dQ) := By, " (99), see | ]. Then C* is a
subset of W27 (8Q) x W=+ (9Q). If the semilinear equation happens to be well-posed for Dirichlet data
close to w|sn, then the set C*9 contains the graph of the corresponding nonlinear Dirichlet-to-Neumann
map for Dirichlet data close to w|sq and vice versa. For further discussion on the set C*»% and its relation
to Dirichlet-to-Neumann maps, we refer the reader to | ]

Our first result shows that if two nonlinearities a; and as admit a common solution w and have the same
Cauchy data for solutions near w, then a;(x,t) = as(z,t) for ¢t near w(x).

Theorem 1.1. Let aj,ay € L™(2,CY(R)) where r > n/2 and r > 2. Suppose that w € W7 (Q) solves
Aw+aj(z,w) =0 in Q for j =1,2. If for some §,C > 0 one has

C«;UI,S C OO’C

az 7
then there is € > 0 such that
ar(z,w(x) + ) = az(z, w(x) + A) for a.e. x € Q and for all X € (—¢,¢).

In particular, if a;(x,0) = 0, we may take w = 0 as the common solution and the conclusion is that
ay(z,\) = as(x, \) for small A\. The additional assumption r > 2 is only needed in dimensions n € {2, 3},
since for n > 4 it follows from the condition r > n /2.

The second result concerns two general nonlinearities a;(z,t) that may not have a common solution. In
this case one can only determine the nonlinearity up to gauge (this was observed in | ). The gauge is
given by

(Tpa)(z,t) = Ap(x) + alz,t + ¢(z))
where € W27 (Q) satisfies p|aq = d,p|sa = 0.

Theorem 1.2. Let aj,as € L"(Q,CY(R)) where r > n/2 and r > 2. Suppose that wy € W?7(Q) solves
Awy + a1 (z,wy) =0 in Q. If for some §,C > 0 one has

C;ull,é g CO’C

as
then there exist ¢ € W27 (Q) with ¢laq = dy¢loa = 0 and € > 0 such that
ar(z, w1 (x) + A) = (Tpaz)(z, w1 (z) + A) for a.e. x € Q and for all X € (—¢,¢).

In Theorem 1.2, ¢ = wy — wy where ws is the unique solution of Awsy + az(x,w2) = 0 in Q that has the
same Cauchy data as w; (see Lemma 4.4). If wy = wq, we obtain Theorem 1.1 as a special case.

We note that our results cover the linear case a(z,u) = ¢(x)u, and hence include the recovery of an L" ()
potential where r > n/2 and r > 2. This misses the endpoint result r = n/2 for n > 3, see | ; ;
], and also the result for L*/3+¢ potentials for n = 2 | |. Another low regularity result for
n = 2, under a condition on d;a(z,t) that ensures well-posedness, is given in | |
2



We also remark that it is not in general possible to determine a(z,t) in Q x R, see | ; |. In
general one could expect to determine a(x,t) in the reachable set {(z,u(x)) : € Q, Au+a(z,u) =0 in Q}.
Our methods imply that the reachable set is always an open set. Conditions for existence of solutions u may
be found in | , Section 14.1 and Exercise §].

Methods. The main results are low regularity versions of the corresponding results in | ], and we will
prove them by a method based on first linearization. The linearization of the equation at a solution w is
Av+qv=0in Q

where ¢(z) = Oya(z,w(x)). Since we do not assume well-posedness, there may be a finite dimensional

obstruction for solving the Dirichlet problem for this equation. In [ ] we employed a solvability result
where the Dirichlet data was modified by a function in 9, N, where N, is the eigenspace corresponding to
zero eigenvalue. The reason for requiring that a(z,t) is C® in z in | | was that 0, Ny is not in the

natural trace space of solutions if a has low regularity. In this article we replace the space 9, N, with another
space D, of the same dimension. This makes it possible to work with nonlinearities a(z,t) that have only
L™ regularity in x.

After establishing solvability for the linearized equation, the next step is to construct a C' map that maps
a small solution v of the linearized equation Av + gv = 0 to a solution v = S(v) = S, (v) of the nonlinear
equation Au + a(x,u) = 0, so that

u=w+v+o(|])

where w is a fixed solution of Aw + a(z,w) = 0. In | | the existence of S was shown via a Banach
fixed point argument, and the fact that S is C' was proved by using the implicit function theorem. In this
work we establish both the existence and smoothness of S by a single application of the implicit function
theorem, which leads to a much shorter argument.

Next we consider the setting of Theorem 1.1 and employ the Cauchy data set inclusion C;”;‘S C Cg;c to
define a map T, ., which takes a solution v of the linearized equation Av + dya(x, w(z))v = 0 to a solution
u of Au + ag(z,u) = 0 that has the same Cauchy data as Sy, w(v). Since Ty, ., is defined via the Cauchy
data inclusion, we do not know if it is C'. However, by another argument based on the implicit function
theorem we prove that T, ,, is indeed C 1. The argument involves a Carleman estimate in Lemma 4.4 and a
certain projection operator defined in Lemma 4.5 via a fourth order equation. These are the only places in
this article where we need the additional condition r > 2 for n € {2, 3}.

After having proved that both maps Sy, , and T, ., are C!, the argument for recovering the nonlinearity

proceeds as in | |. We first derive an integral identity involving the difference of potentials in the lin-
earized equations. Then we invoke the completeness of products of solutions to linear Schrédinger equations
[ ; ; ; | and a unique continuation argument to show that

8ua1 (-'177 Sal,w (U)> = aua2 (.’L‘, Salﬂl/' (’U))

for small solutions v of the linearized equation for a;. It remains to show that there is £ such that for
any xo € Q and any A € (—¢,¢), one can find v such that S, ,(v)(2¢) = A. This follows from a Runge
approximation argument for the linearized equation with L" potentials.

This article is structured as follows. Section 1 is the introduction, Section 2 studies solvability and
regularity for the linearized equation, and Section 3 presents the solution map S, . The second solution
map Ty, 4 is studied in Section 4. Finally, the main theorems are proved in Section 5 and the required Runge
approximation result in Section 6.
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Excellence in Inverse Modelling and Imaging and FAME Flagship, grants 353091 and 359208). J.N. is also
supported by the Research Council of Finland (Flagship of Advanced Mathematics for Sensing Imaging and
Modelling grant 359183) and by the Emil Aaltonen Foundation.
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2. SOLVABILITY FOR LINEAR EQUATIONS

Throughout this article we assume that €2 is a bounded connected open subset of R™, n > 2, with smooth
boundary. Let ¢ € L™(Q) where r > n/2, and define

N, = (i € HY(Q): (A+ q)w = 0.

Proposition 2.1. Let q € L"(Q) wherer > n/2. There is a subspace Dy = span{hi, ..., hy} of W2~/ (99Q)
with dim(D,) = dim(N,) < oo such that for any F € L"(Q) and f € W2~1/"7(0Q), there is a unique function
® = O(F, f) € D, such that the problem

(2.1) {Au+qu:F n Q,

u=f+o on 0f,
admits a solution uw € W™ (Q). If {t1,...,¢m} is a suitable basis of Ny, the function ® is given by

m

(2.2) B(F, f) = ; ( /Q Fip; da + /6 Jous dS) hy.

Moreover, there is unique solution up s = Gq(F, f) such that upy L Ny where L means L*-orthogonal.
The solution up,; depends linearly on F' and f and satisfies

(2.3) lupfllwer@) < CUIF L) + I fllwz-1/rra0)),
where C' is independent of F' and f.

We begin with a standard regularity result. We will write LPT := Ut>p L?. In this article we will frequently
use the Sobolev embedding

L= Q), s<n/p,
WHP(Q) € ¢ Mieoo L), s=mn/p,

ctr/P(Q),  s>n/p,
as well as the generalized Holder inequality
1 1 1
—+—+—=1
b1 P2 D3
Lemma 2.2. Let g € L"(Q) where v > n/2. Then any u € H*(Q) solving

{Au +qu=F n Q,

/uvwdaj < Nluall o [0l e 0] os

u=f on 0f,
where F € L(Q) and f € W2=V/"7(0Q), must satisfy u € WT(Q). Moreover, N, C W27 (Q) is finite
dimensional.
Proof. By using the right inverse of the trace, this reduces to showing that any w € H{ () solving

Aw+quw =G in Q,
w=0 on 0f),

where G € L"(Q2), must satisfy w € W27 (Q). Rewrite the equation as

Aw =G — quw.
If n = 2, then by Sobolev embedding w € W2 C Lt for any t < oo and therefore qw € L™/?t. Thus
G —quw € L"?*, so w € W»™/?+ by | , Theorem 0.3]. By Sobolev embedding again w € L, so
G —qw € L" and thus w € W27 by | , Theorem 0.3]. The proof for n > 3 is similar, but the initial

Sobolev embedding W12 C L2 only gives w € WH219 for some 6 > 0. However, bootstrapping this
regularity argument finitely many times yields w € W for some ¢ > n, and then the argument above gives
w € W27, We omit the details.
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The finite dimensionality of N, is standard when ¢ € L*. Under the current assumption g € L", if
1 € Ny, then the weak formulation of the equation implies

/Q Vol de = /Q q0? dz < [lgllo- |0l13

where 1/r+1/t+1/t =1,ie.t = 2r' < 22 If we equip N, with the L*(2) norm, then any bounded sequence
in N, is also bounded in the H' norm and by compact Sobolev embedding has a convergent subsequence in
the L! norm since t < % Thus the identity map on N, is compact, which implies that N, must be finite
dimensional. ]

Proof of Proposition 2.1. Let {11, ...,%n} be an orthonormal basis of N, with respect to the inner product
in L2(Q). Given F € L"(Q2) and f € W2~1/"7(99), we first solve

{Av—kquF—Zamﬁk in Q,

(24) v=f on 0},

for suitable a; € R. The compatibility conditions are obtained by integrating the equation against v, i.e.
aj:aj(F,f):/F¢jdx+/ f@,,wde
Q o0

With this choice of aj, we first find a weak solution v € H'(Q) of (2.4) (note that f € W2~1/"7(9Q) C
H'?(99) by Sobolev embedding). If ¢ € L°°(Q) this is standard and follows from | , Theorem 8.6]. If
g € L"(Q) one first reduces the problem to the case f = 0 by using a right inverse of the trace. If A > 0 is
sufficiently large, the operator T : H}(Q) — H~1(Q),Tv = (A +¢— A\)v is an isomorphism (see e.g. | ,
Appendix A]), and the problem becomes equivalent with

v+ M) = TN E = aty)

where j : H} () — H~1(Q) is the natural inclusion. Since j is compact, the Fredholm alternative holds for
the above equation, and there is a solution v if and only if T=1(F — 3 axty) is orthogonal to the kernel of
(Id+AT~1j)*. But this is equivalent with F'—>" ayt;, being L?-orthogonal to N,, which yields the existence
of a weak solution v € H!(Q). Lemma 2.2 then shows that v € W27 (Q).

We have now proved that with the given choice of a;, (2.4) has a solution v € W?7(£2). We next choose
u; € W2T(Q) solving (A + q)u; = ¢, 1 < j < m, and set D, = span{u1|pq, ..., uUn|sa}. To see that such
u; exist, it is enough to choose B, to be a large ball with Q C B, such that 0 is not a Dirichlet eigenvalue
of A+ ¢ in B,, and to solve

Al +Gii; =;  in B,
u; =0 on 0B,

where ¢ and 1&;‘ are the extensions of ¢ and v; by zero to B,. The fact that one can arrange 0 not to be a
Dirichlet eigenvalue follows from strict monotonicity of Dirichlet eigenvalues with respect to increasing the
domain, see the argument in | ]. The solutions @; are in W27 (B,) by Lemma 2.2, and we can take
U; = ﬂjlgz.

We also show that dim(Dg) = m: if ) cjujlao = 0, then u = )" cju; satisfies (A + ¢)u = @ with
ulgn = 0 where ¢ = > c¢;1;. Integrating the equation against 1 gives wa dx = 0, so ¢» = 0 and hence
€1 =...= ¢y, = 0 since 9, are linearly independent. Thus dim(D,) = m.

Now that we have obtained the functions u;, we obtain a solution v to (2.1) via

Uu=7v-+ E a;u;j.

Moreover, any solution to (2.1) is of the form w + ¢ for some ¢ € N,.
5



Next we show that the function ® is unique. Assume we have two solutions w1, us to (2.1) with the same
data F, f but with &1, ®5 respectively. Then u = u; — uy solves

Au+qu=0 in Q,
u=>o1 — Oy =) cjujlan on 0f),

for some c¢;. Writing v = u — Y cju;, we see that v € W27(£2) solves (A + q)v = ¢ and v|go = 0 where
Y =—> ¢;9; € Ny Integrating this equation against 1 yields wa dx =0, so ¢; = 0 for all j and therefore
by = &s.

Using the uniqueness of ® we can show that the Ny-orthogonal solution to (2.1) obtained above is unique.
Assume that we have two solutions ui,us with the same data F, f and with u; L N,. Then u; —us € N,
and u; — uo L Ny, which implies u; = up. Finally, let

X={ueW?(Q):ul N}, Y={feW>VrmHQ): fLD,}
and consider the map
T:X =L (Q)xY, Tu=(Au+qu,(Id - Pp,)(ulsn))

where Pp, the L?(99)-orthonormal projection to Dy. By what we have proved above, T' is a bounded linear
bijective operator. The open mapping theorem ensures that 7' has a bounded inverse. This implies that up ¢
depends continuously on F' and f. O

3. SOLUTION MAP FOR NONLINEAR EQUATION

The following result shows the existence of a map v +— S(v) that parametrizes solutions u of the semilinear
equation Au+a(x,u) = 0in €, when u is close to a fixed solution w, in terms of solutions of the corresponding
linearized equation.

Proposition 3.1. Let a € L"(Q, C}(R)) where r > n/2, and suppose that w € W7 (Q) is a solution of
Aw + a(z,w) =0 in Q.

Let q(z) = dya(x, w(x)). There is a C* map S = S, : V — W27(Q), where V is a neighborhood of 0 in
W27r(8), such that u = S(v) solves

Au+ a(z,u) = Av + qu.
One has S(0) = w, (DS)o =1d, S(v) —w —v L N, and S(v) —w — v|pq € D,.

Conversely, any solution of Au + a(x,u) = 0 with ||u — w||w2rq) small enough must be of the form
u = S(v) for some v € W27 (Q) solving Av + qu = 0. The function v is given by

v= Py, (u—w)+7
where Py, is the L*()-orthogonal projection to Ny, and © = G4(0, (u — w)|aq) is the unique solution given
by Proposition 2.1.
Note that the result gives the Taylor expansion
S(v) =w+ v+ R(v)
where ||[R(v)||w2r@) = o(|[vllw2r(q) as [[v]|wzr@) = 0 and R(v) € N, R(v)|oq € Dy.

Proof. Let Dy be as in Proposition 2.1, and define the map
F: W2 (Q) x W27(Q) — L™(Q) x (W2~/""(0Q) N D) x N,
by

F(u,v) = (Au+ a(z,u) — Av — qv,PDql((u —w —v)|aa), PN, (u —w —v)).
6



Since a € L"(2,C*(R)) where r > n/2, the map F is C' and satisfies F(w,0) = (0,0,0). Its Fréchet
derivative with respect to u satisfies

(3.1) (DuF)(w,0)(h) = (Ah + gh, Pps (hloq), Pn,h).

Then (DyF)(u,0) is a bounded linear operator W27 (€2) — L" () x (W2=1/"(9Q)N D) x Ny. It is bijective
by Proposition 2.1, so the open mapping theorem ensures that it is an isomorphism. Now the implicit
function theorem in Banach spaces implies the existence of a C* map S : V — U, where U and V are open
sets in W27 (Q) with 0 € V and w € U, such that F(S(v),v) = 0 for v € V and the solution S(v) is unique
in the sense that
F(u,v) =0 for (u,v) eUxV = u=S5().
One has S(0) = w, and differentiating F'(S(v),v) = 0 with respect to v gives
(DuF) (w,0)(DS)o(D) — (AT + ¢b, Pp1 (9]o), Py, (7)) = 0.

From (3.1) we obtain

e

(DuF) (,0)(DS)o(0) = 0) =
The fact that (DyF')(y,0) is an isomorphism gives that (DS)o(?) = 0. The identity F'(S(v),v) = 0 yields
S(w) —w—v L Ny and S(v) —w —v|sq € D,.

Conversely, let u € W27(Q) solve Au + a(z,u) = 0. Apply Proposition 2.1 to find the unique function
v € W27(Q) such that

Av+qu =0, v|oa € (u—w)|aa + Dy, Py,v = Py, (u—w).
Then v = Py, (u—w) + G4(0,u —wlsn) and F(u,v) = 0. If ||u —wl|y2. is sufficiently small, the uniqueness
notion above implies that u = S(v). ]
For the next result, we define ¢ = dya(x, w), ¢y = Oya(x, Sq(v)) and
Vi = {h € W"(Q) : Ah+ Gh = 0}.

Lemma 3.2. In the setting of Proposition 3.1 let v € V, be small. Then DSq.(v): Vg — V, is an
isomorphism.

Proof. The proof is the same as in [ , Lemma 2.5], by noting that R(v) after Proposition 3.1 is C*
since Sy (v) is C! and that DR(0) = 0. O

4. SECOND SOLUTION MAP

We now assume that aq,az € L"(Q, C1(R)) for some r > n/2 are two nonlinearities, wy € W27 (Q) solves
Aw; + a1 (z,w1) =0 in Q, and that one has the local Cauchy data set inclusion

é C
Cut C e
In particular, this implies that there is wy € W27 () solving Awsy + az(z,wz) = 0 and having the same
Cauchy data as w; on 9.

Let Sa, ., be the C! solution map for the nonlinearity a; given in Proposition 3.1. If we write ¢; =
Oyar(x,wy(z)) and
V(]1751 = {U € WQ’T(Q) D Av+qu =0, ||UHW2”" < 51}7
then for v € V,, 5, with 61 > 0 small enough, u = S,, ., (v) solves Au + a(x,u) = 0 with expansion
u=wy + v+ o||v||wzr)
as v — 0. From the inclusion C}ff’g - C’g;c we obtain another map
Ta27w1 : ‘/;11,51 - W27T(Q)7 V= Uz,

where up € W27 () is a solution of Aug + az(z,uz) = 0 obtained from the inclusion C*% C C%¢ and
having the same Cauchy data as u; = Sq; w, (v) on 0.
7



The solution map T, ., above produces solutions of Au + az(z,u) = 0 parametrized by solutions v of
Av + qiv = 0, but we do not know yet if this map is C! with respect to v. We will prove this next.

Proposition 4.1. Let ¢ € L"(Q) where r > n/2 and v > 2. The map Ty, ., above is a C* map Vg, 5, —
W2T(Q) when &1 > 0 is small enough. Each u = Ty, ., (v) solves Au + as(z,u) = 0 and has the same
Cauchy data on O as Sqy w, (V).

For the proof, we need a few lemmas that are low regularity counterparts of corresponding results in
[ , Section 3]. The first two lemmas give estimates for ||ul[y2.-(q) in terms of [|(A + q)ul[ (o) and the
Cauchy data of u.

Lemma 4.2. Let Q@ C R" be a bounded open set with C* boundary, r > n/2. Let ¢ € L"(Q). There is
C > 0 such that for any u € W2 (Q) we have

[ullw=r @) < Cllulsallwa-1/mra0) + (A + @)ullLr@) + lull g (@)-

Proof. We look at the Banach space X = W?2~1/"7(9Q) x L"(Q) x H'(Q), with norm
1(fs Fyo)llx = [fllwe-1/mr@0) + 1FllLr@) + 10l 5 )
and the bounded, linear, injective map
T: W2 (Q) = X, T(u) = (uloe, (A + q)u, j(u)),

where j : W27(Q) — H'(€) is the natural inclusion (here we use Sobolev embedding). Then T has closed
range. To see this, suppose that u; € W27 () and T(u;) — (f,F,v) in X. Then u; — v in H*(Q),
ujlog — f in W2V/77(Q) and (A + q)u; — F in L7(Q). On the other hand (A + ¢)u; — (A + g)v in
H=Y(Q) and uj|pn — v|aq in H/?(9Q), and by uniqueness of limits one has (A + ¢)v = F and v|gq = f.
By Lemma 2.2 the weak solution v satisfies v € W27 (Q). Thus (f, F,v) = T(v) and Ran(T) is closed.

We have proved that T : W27 (Q) — Ran(T) is a bounded linear bijection between Banach spaces. By
the open mapping theorem it has a bounded inverse S : Ran(T') — W27 (Q), and thus for any u € W27 (Q)
one has

lullwzr@) = 15T ullwzr @) < ClTulx.
This proves the claim. ]
Lemma 4.3. Let ¢ € L"(Q) where r > n/2. There is C > 0 such that
lullwzr@) < CUI(A + qullLr@) + [ulollwz-1/rr00) + Ovulsallwi-1/rroa))
for any u € W27 (Q).

Proof. We argue by contradiction and assume that for any m there is u,, such that
(4.1) [tmllw2r@) > m(I[(A + QumllLr@) + [umllwa-17mr@0) + 100 tmllwr-1rmr00))-
On the other hand, Lemma 4.2 implies that

umllwzr@) < Clllumllw2-1/mr@a) + (A + QumllLr@) + lumll 21(@))-

Normalize uy,, so that ||um,||g1(q) = 1. Then using (4.1) yields

1
lumllwzr @) < O lumllwzr@) +1)-

Then [|up||w2r@) < C uniformly when m is sufficiently large. Using that W*7(Q) is a reflexive Sobolev
space, and by using compact Sobolev embedding, for any € > 0 there is a subsequence, still denoted by (u,,),
such that

Uy, — u weakly in W27(9),
Upy — u in W27 (Q).

8



On the other hand, from (4.1) and the bound ||uy,||w2rq) < C we see that
Um|(’)Q — 0, ayum|ag — 0, (A+ q)um —0

in the respective spaces. Now uniqueness of limits implies that u|gq = 0, d,ulaq = 0, and (A + ¢)u = 0.
Here we chose € > 0 so that 2 —e¢ > 1 —1/r, which ensures that d,u|sq is well defined by the trace theorem.
We extend u and ¢ by zero to R™ to obtain a compactly supported solution u € W27 (R") to (A + q)u = 0.
Consequently, v = 0 by unique continuation (see | , Theorem 6.3 and Remark 6.7]), which contradicts
the fact that H’U,HHl(Q) = hm||um||H1(Q) =1. ([l

The following lemma gives a uniqueness result and estimate for solutions of the semilinear equation,
assuming an a priori bound for the W2" norm. For n € {2,3} we include the additional assumption 7 > 2,
which will also appear in Lemma 4.5.

Lemma 4.4. Leta € L™ (2, C*(R)) where r > n/2 and r > 2, and let ug € W27 (2) solve Aug+a(z,up) =0
in Q. If u e W(Q) is any other solution of Au+a(z,u) =0 in Q and ||ullwzrq), ||uollwzr) < M, then

(4.2) lu = wollw2.r (@) < C(M; a)(flu = uollwz-1/rra0) + 100w = o) l[wr-1/0r(a0))-

Proof. Let v =u — up. Then from Lemma 4.2 we have
(4.3) [vllwzr@) < C[vllwe-1/mr00) + 1AV Lr @) + V][ H1(0)
and thus we need to estimate ||Av||zr ) and |[v]| g1 (o).
Note that under our assumptions v € H?(€2). To bound [|[v| g1 (o) we use a Carleman estimate (see e.g.

[ ]): there are C, 79 > 0 and ¢ € C*°(Q) such that when 7 > 79, one has

le™ v L2 o) + ;||6 V[ r2() < ﬁ\\e PAv| 20y + Clle™ | L2 (a0) + ?H@ Vol L2(00)-

(Without the boundary terms such an estimate holds when v € H' and Av € L2, see | , Lemma B.16],
but the additional assumption r > 2 ensures that the boundary terms make sense also when n is small.) We
apply this with v and use the fact that

1
(4.4) —Av = a(x,u) — a(x,ug) = [/ Oua(z, (1 —t)ug + tu) dt | v.
0

Since |ul, |ug] < CM by Sobolev embedding, we get that
(4.5) |Av(z)| < C(M, a)lv(z)|.
Thus, choosing 7 = 7(M, a) large but fixed, we get

1 1

sle™vlirz@) + —lle™Vollrz @) < Cllle™ vl z200) + €7 VollL200))-
Since ¢(M,a) < e < C(M,a) and r > n/2, r > 2, Sobolev embedding on the boundary yields
(4.6) vl @) < C(M, a)([[vllara0) + 100l 22(00)) < Cl[vllwa-1/rr00) + [1000]wi-1/rr00))-

We still need to estimate ||Av|[zr(q). Firstly using (4.4) implies

[[Av]

1
Lr(Q) = H/o Aual(z, (1 — t)ug + tu) dt

vl Lo @) < Cllvllwsoro(a)
(@)

for some sufficiently small # > 0 by Sobolev embedding, where
1 1 1
=(1-6)-2+0-1 —=(1-60)-+6-.
0= (1=0)240-1, = (1-0)7+05
Now using interpolation we get
[vllweo-ro () < ||’UH?/VL2(Q)HU”{I/];ZO,T(Q)'
9



Then using Young’s inequality with e gives, since r > 2,
[Av|| L) < ellvllwzr @) + Cellvflmr(q)-
Combining the above estimate with (4.6), we obtain from (4.3) that
[vllwzr @) < Cellvl|wer@) + Ce(llvllwe-1/rr a0y + 10u0llwi-1/rr00))-

Choosing € > 0 small enough we can absorb Ce||v[|yy2.~ () to the left hand side of (4.3) and we are done. [

The next technical lemma, which establishes the existence of a bounded projection operator, will be
needed for applying the implicit function theorem when proving that T, ., is C'. This is another place
where we need the additional assumption r > 2 for n € {2,3}.

Lemma 4.5. Let ¢ € L™(Q) where r > n/2 and r > 2. Define the spaces
Y =WoT(Q),  Z=(A+a)Y),

where Z is equipped with the L™(Q2) topology. Then'Y and Z are Banach spaces and A+ q :Y — Z is an
isomorphism. Moreover, there is a bounded linear operator

PL'(Q) = Z
such that P(z) = z for all z € Z. It is given by P(u) = (A+q)y where y € W () is the unique solution of

(A+q)*y = (A+q)u in Q,
yloo = Ovyloa =0.

Proof. Note that Y is a closed subspace of W27 () and Z is a closed subspace of L"(f2) by Lemma 4.3, so
both spaces are Banach spaces. Lemma 4.3 also implies that A 4+ ¢ : Y — Z is injective, and by definition
it is surjective. The open mapping theorem ensures that this map is an isomorphism.

We now assume that n > 4 and r > n/2 (the case n € {2,3} and r > 2 follows by straightforward
modifications). We first consider the solvability of the fourth order equation in HZ(2). Note that the
bilinear form

B(y,w) = (A+ @y, (A + Qu)r20),  y.w e HF(Q),

is well defined when ¢ € L"(Q) since L"H? C L3+L#% C L%F using the assumption that n > 4, with a
small modification if n = 4. It satisfies

By, ) 2 1Ayl z2 = llallz-lyl, 2

r—2

The interpolation inequality Hy||L% < yll%:llyl' 5. < Cllyll%:]lyll}:" for some 6 € (0,1), with a small

I n—4

modification if n = 4, and Young’s inequality imply that for any € > 0 there is C. > 0 with
B(y,9)"? > 1Ayl 2 — ellyll = — Cellyllza-

Now ||Ay|lzz > c|ly| g2 for some ¢ > 0 since y € HZ, so by choosing & small enough we obtain

B(y,y) > clyllz> — Clyliz--

Thus the bilinear form B(y, w)+C (y, w) 2(q) is positive definite on Hg(€2). The Riesz representation theorem
implies unique solvability of the problem

(A+¢q)?y+Cy=FinQ, yGHg(Q),

for any F' € H=2(2). The spectral theorem applied to the solution operator shows that there is a countable
sequence of eigenvalues. Now any y € HZ(Q) with B(y,y) = 0 satisfies (A + ¢q)y = 0, so y = 0 by unique
continuation. This implies that 0 is not an eigenvalue of the equation

(A+¢Py=FinQ,  yeH;Q).

Therefore this equation has a unique solution y € HZ(Q) for any F € H=2(Q).
10



Next suppose that F' € W~27(Q) where r > 2. Then the solution y € H2({2) satisfies
(4.7) A’y =F —qAy — Agy) — ¢’y

with zero Cauchy data. Here F € L"(Q) C L?(Q), which belongs to W~22+%(Q) for some § > 0 by

Sobolev embedding. Similarly, since ¢ € L” for r > n/2 and y € H?, the expression q(Ay) is in L? where

p= T2+T2 > n2—+"4. Thus ¢(Ay) can be integrated against functions in W02’27E C L7"17¢ for some €,€>0, s0

q(Ay) is in W22+ for some § > 0. By similar arguments we see that the right hand side of (4.7) is in
W=2:2+9(Q) for suitable § > 0 depending on n. Since the equation has smooth coefficients, the solution must
be in W22+9(Q), see | , Theorem 2.22] or | ]. Bootstrapping this regularity argument finitely
many times shows that y € W27 (Q). We omit the details. O

We can now begin the
Proof of Proposition 4.1. Let w1, = S,y (V), 2,0 = Ty w, (v) and 7, = w1, — U2, where v € Vg, 5,. Here
U1,y 18 C" with respect to v, and we wish to show that 7, is also C! in v. Note that r, solves
(A +q2)ry = qary + az(x,ur 0 — 7)) — a1 (2, u1p).

Since r, € WOQ’T(Q), denoting by P the projection operator and Z the space in Lemma 4.5 for ¢ = ¢2, we
also have

(4.8) (A 4 g2)ry = P(gory + a2(x,u1,5 — 1) — a1(z, U1 0))-
To show C! dependence in v, we define the map
F: WOQT(Q) X Vg6, = Z, F(r,v)=(A+q)r — P(gar + az(z,u1,0 — 1) — a1(x,u10)).

The projection operator P ensures that F indeed maps into Z. The map F is C' by the assumptions on a;
and u, ., one has F(rg,0) = 0 by (4.8), and

(DTF)(’I'O,O),F = (A -+ QQ)f — P(QQf — 8ua2((17, ’U.)Q)?Z) = (A + QQ)F
By Lemma 4.5 the map (D, F) .0y = A + g2 is an isomorphism WOQ’T(Q) — Z.

The implicit function theorem ensures that there is a C* map R : Vs — Woz’r(Q) for some 0; > 0 such
that F(R(v),v) = 0 for v near 0 and

F(r,v) =0 for (r,v) near (r9,0) <= r = R(v).

We also have F'(r,,v) =0 for v € V, 5, by (4.8), and we would like to show that 7, is close to ro = w1 —ws.
This would yield 7, = R(v) by the uniqueness statement above. Now the properties of S, ., imply

10 = willwar < 2[|vllwa.r

for v small enough. For us , we use Lemma 4.4 with u = ug,,, which satisfies ||ug || pe < Cllugy||lwer < C
by the assumption C'(;”ll"; - C’g;c, and ug = wy to obtain

[uz,0 — wallwer < C([lur,e —willw2-1/nr@0) + 100 (U1, — w1)lwi-1/rra0)) < Cllut,e — willwezr
< Cllvflwer.

Here we used that us, and ws have the same Cauchy data as u;, and wi, respectively. Combining these
two estimates gives

7o = rollwar < flurw — willwar + [lugw — wallwzr < Clloflwar.

Thus 7, is close to 7o when v is small as required, so 7, = R(v) depends in a C! way on v. O
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5. INVERSE PROBLEM
In this section we prove Theorems 1.1 and 1.2. The proof is almost the same as the proofs of the main
results in | | and thus we do not give the full details here.

Recall that we have ay,as € L™ (2, C*(R)), r > n/2 and r > 2, and wy € W27 (Q) solves Aw; +aq(z,w;) =
0 in Q. We further assume that for some §, C' > 0 we have C}l"l"s C Cg;c and define

Vy={veW?»"(Q): Av+qv=0in Q}
Vs ={v eV vllwar@ <d},

where ¢ = 0ya1(x,w1). Now for any v € V, 5, 6 small, Propositions 3.1 and 4.1 give the solutions u; , =
Sayw, (V) and ug » = Ty, 4, (v) solving Au;, +a;(z,u;,) = 0in Q. We can then prove the following lemmas
(corresponding to | , Lemma 5.1 and Lemma 5.2]):

Lemma 5.1. Assume C° C C2C. Then there is §; > 0 such that for any v € Vg5, one has
Ou1 (z, u1 () = Oyaa(z, ug v (), forxz e Q.
Proof. The proof is based on the fact that the solution operators are C! and that the derivative DS(v) is

an isomorphism (see Lemma 3.2). As in | , Lemma 5.1], using these and the assumption C»° C C2:.¢
we get an integral identity

/Q (aual(a:,ul’v(ac)) — 8ua2(x,u2,v(x)))vlv2 dx =0

for any solutions v; of (A + dya;(x,u;.))v; = 0. Using the density of products for such solutions (|
; ] when n > 3, and | | for n = 2) gives the result. O

Lemma 5.2. In the setting of Lemma 5.1 the function ¢, = us, — u1, does not depend on v € V5, .

Proof. The function ¢; = ¢y, is C! in t, has zero Cauchy data and z; = 9y1); satisfies (using Lemma 5.1)
Az + Oya(x, ur )2 = 0.

Furthermore z; has zero Cauchy data, and hence by unique continuation (or by Lemma 4.3) z; = 0. Thus
1 does not depend on ¢, and ¢, = @g. O

The proof of our main result goes in the same way as in | , Section 5].

Proof of Theorem 1.2. Using Lemma 5.2 we have
Ap = A(ugy —U1w) = a1(x,u1,) — a2(z,u1,0 + ©)

which implies a;(z,u1,,(x)) = (T,a2)(z,u1,»(x)). It remains to show that there is € > 0 such that for any
7 € Q and any A € (—¢,¢) there is a small solution v with u; ,(Z) = w(Z) + A.

Recall from Proposition 3.1 that there is a function §(¢) with §(¢) — 0 as ¢ — 0 such that
Uy =wy +v+ R,

where || R, ||w2.r < ||[v]|lw2r6(|[v|lw2r) for v small. If g € Q, we use Runge approximation (Proposition 6.1)
to find a solution v = v, with v(xg) = 4. By continuity, v > 2 in U,, N2 for some neighborhood U, of xy.
Now for z € U,, N ) and ¢t small, we have

|u,t0(2) = wi(2)| = [to(2)] = |Reo(2)] > 2/t] = Cl| Revlwr = 2Jt] = Clltv]lwzrd([[tv]lw.r)-
Thus there is e,, such that for |¢t| < e,,, one has

[ut o (z) —wr(x)] > |t x €Uy NQ.
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Next we use compactness of  to find points z1,...,2x € Q such that Q C U,, U...UU,,. Choose
€ =min{ey,,...,&xy}. Given T € €, let j be such that € U,, and define

n(t) = w1, () — wi ().
Then n(e) > € and n(—¢) < —e. By continuity, for any A € (—¢,¢) there is ¢ with n(t) = A. This ends the
proof. <

Theorem 1.1 is a direct consequence of Theorem 1.2.

6. RUNGE APPROXIMATION

The following result was needed in the proofs of the main theorems.

Proposition 6.1. Let Q@ C R™ be an open set, and let ¢ € L"(Q2) where r > n/2. Given any xzo € ), there
exists u € W27 (Q) solving (A + q)u =0 in Q such that u(xg) # 0.

We begin by constructing a solution that is positive in a small ball.

Lemma 6.2. Let g € L"(By), 7 > n/2. There is 9 > 0 such that for 0 < e < gy there is a unique solution
u € W2"(B.) of

(6.1) {(A+q)u:0 in B,

u=g? on 0B,

such that u is positive in B..

Proof. A function u satisfies (6.1) if and only if u.(z) = e~2u(ex) satisfies, for € By,
Aue(z) = e Alu(ex)] = [Au(y)]ly=er = —g-(2)u(er) = —£¢e(x)u- (),
where q.(z) = q(ex) € L"(By). So u. should satisfy the equation
{(A +¢e2g.)ue =0 in By,
ue =1 on 0B;.
Taking u.(x) = 1 + r-(z), we see that r. should satisfy the Poisson equation

{(A +¢e2q.)r. = —€2q. in By,

(6.2)
re=0 on 0B;.

Next we show that (6.2) has a unique solution, i.e. N.2,. = {0} in the notation of Section 2. Note that

2—71/7'Hq| 2—n/r

||€2q5| L™ (By) =€ llql
Since r > n/2, we have 2 —n/r > 0. Now if ¢ € N2,_, i.e. ¢y € W27 (By) satisfies

Aw = _€QQE/(/) in Bl7
’(/) =0 on 831,

Lr(B.) S € L7 (By)-

then by Proposition 2.1 (since Ny = {0}) we have

”w”Wz»"(Bl) < Cn,r||€2q6d}| L™ (B1) < Cn,r,q52_n/r||w”L°°(Bl) < Cn,r,q€2_n/T||z/}HW2”'(Bl)'

In the last step we used Sobolev embedding. By choosing ¢ < g9 = £¢(n, 7, ¢), we may absorb the right hand
side to the left. It follows that N.», = {0} for e < €.

Proposition 2.1 now ensures that (6.2) has a unique solution 7. € W27 (B;). Writing the equation as
Ar, = —e2q.r. — €2, and using the norm estimate in Proposition 2.1 yields

H7“e||w2v7‘(31) < Cn,r||€2%||LT(Bl)(H7”a||L°°(Bl) +1).
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2—n/r

We may use the estimate |e?¢.||1r(p,) < € llg|lL~(B,) above and Sobolev embedding to conclude that

Irellw2r(gy) < Crrge® ™"

for e sufficiently small. By Sobolev embedding again, we obtain [|rc||z~p,) < 1/2 for ¢ small, so u. =
1+7r. >1/2in By for € small. It follows that u(y) = eu.(y/e) > €%/2 for y € B.. O

The following result proves Runge approximation in our setting. The argument in | | proves that
Dirichlet eigenvalues are strictly decreasing with respect to increasing the domain also under our assumptions.
Combining this with Proposition 2.1 shows that a ball B as in the statement below can always be found.

Lemma 6.3 (Runge approximation). Let U C R" be an open set with smooth boundary such that R™ \U is
connected. Let g € L"(U), r > n/2, and extend q by zero into an open ball B C R™ containing U such that
the equation

{(A+q)u =0 inB,

u=f on 0B,

is well-posed in W27 (B) for f € W?~Y/""(OB). Define the spaces
Vg = {u e W*"(B): (A+ q)u=0 in B}
Vo ={ue W (U): (A+qu=0inU}
Ry ={uly: u e Vg}.

Then Ry is dense in Vi with respect to the W27 (U)-norm.

The proof is based on the Hahn-Banach theorem, unique continuation, and a duality argument involving
very weak solutions. Let ¢ € L"(Q2), r > n/2 and assume that 0 is not a Dirichlet eigenvalue of A + ¢ in
Q. If p is a bounded linear functional on W2"(Q) and L + L =1, we say that u € L7 () is a very weak
solution of

(A+qu=pinQ, ulpg =0,
if
/QU(A +q)edr = p(p)
for any o € W27 (Q) N W,"" (). The next result will be used in the proof of Lemma 6.3.

Lemma 6.4. Let r > n/2 and Q@ C R™ be an open set with smooth boundary. Let g € L"(Q) and suppose
that the equation

(A+qu=F 1inQ,
u=0 on 082,

is well-posed in W27 (Q) for F € L"(Q)). Then there exists for every functional u € W27 (Q)* a very weak
solution v € L" () of

(A+qu=p inQ,
v=20 on 0N).
Proof. By the well-posedness P = A + ¢ maps W27 (Q) N Wol’T(Q) surjectively onto L™(2) and its inverse
P~!is bounded. Define for p € L"(Q) the functional Ly = (p, P~1¢). Then L is bounded,
Lol = (1, P71o)| < CIP ollwznay < Cllgl

and hence L belongs to L"(Q2)*. By Riesz representation theorem, we get v € Lrl(Q) such that

Lr(Q)

/Qw =Lo=(p, P ly).
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Using the well-posedness we may write any ¢ as ¢ = P for ¢p € W27(Q) N Wol’r(Q) and hence

[oPo={uw) Yo ews (@) nwir@. O
Q

Proof of Lemma 6.3. We equip Vi with the W27 (U) norm, so Vys is a closed subspace of W27 (U) and Ry is
a linear subspace. By the Hahn-Banach theorem, Ry will be dense in Vi if every bounded linear functional
on W27 (U) that vanishes on Ry must also vanish on V7. Let h € W27 (U)* such that

(6.3) (h,v) =0 Yv € Ry.
We wish to show that (A, v) = 0 for all v € V.
Let h € W27 (B)* be the extension of & defined by (h, @) == (h, |v), for ¢ € W27 (B). Then supp(h) C

U. We use Lemma 6.4 and let w € L" (B) be a very weak solution of the adjoint problem

(A+q@w=h in B,
w=20 on 0B.

In other words, w satisfies
(6.4) / w[A + glodz = (h, p) Yo e W (B)NW,"(B).
B

There is a bounded extension operator W27 (U) — Wy (B). We may therefore extend any solution v € Vi
to a function & € W3 (B). Taking ¢ = ¥ in (6.4), we have

(6.5) / w[A + ¢lodx = (h, D).
B\U
The main step is to show that w = 0 in B\ U. This will be accomplished by unique continuation from an
open set.
Let @ C R™ be a bounded open set containing B and define u € LT'(Q) by

u(z) = {w(m) itz € B,

0 otherwise.

We show that u is a distributional solution of Au =0 in @ \ U in the sense that
/ uApdr =0 Yo CX(Q\U).
Q

For such ¢, extend it by zero into U, so that ¢ € C°(Q) with supp(p) NU = 0. Let ¢ € W27 (B) satisfy

(A+ ¢ =0 in B,
= on 0B.

Then © = ¢|g — 1 € W>"(B) N W, (B). From this and ulg\s =0, ¢|p\v =0, and ¢|y = 0 we have

/uA(pdx:/wAgodxz/w(A+q)<pdx=/w(A+q)7rdx
Q B B B

= <h? 7T> = <h? QD‘B> _<h’ ¢>

Now 1 € Vg so we have (h, ¥) = 0 by (6.3). And (h, ¢|g) = 0 follows from supp(h) Nsupp(¢|s) = @. This
shows that u is a distributional solution of Au = 0 in Q@ \ U. Since u = 0 in @ \ B, unique continuation
(see | , Theorem 6.3 and Remark 6.7]) shows that w = u = 0 in B\ U. Here we used that R \ U is
connected. Now (6.5) reduces to
(h,v)=0 YveWy
which completes the proof. O
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Proof of Proposition 6.1. We begin by using Lemma 6.2 to find a positive function ug € W?"(B(zo,¢))
solving (A + q)ug = 0 in B(zg, ), where ¢ > 0 is sufficiently small. Then Lemma 6.3, with U = B(zg,¢) and
B a suitable large ball containing (2, ensures that there are u; € W27 (B) solving (A + ¢)u; = 0 in B such
that ;| p(sy.e) — o in W (B(x,)) and thus also in L>(B(zo,)) by Sobolev embedding. By choosing j

large enough we see that u;|p(y,,c) is positive, which proves the result. O
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