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Abstract. We show that a general nonlinearity a(x, u) is uniquely determined, possibly up to a gauge, in
a neighborhood of a fixed solution from boundary measurements of the corresponding semilinear equation.
The main theorems are low regularity counterparts of the results in [JNS23JNS23].

1. Introduction

This article deals with inverse boundary value problems for semilinear equations of the form

∆u(x) + a(x, u(x)) = 0 in Ω,

where Ω ⊆ Rn is a bounded open set with smooth boundary and the function a(x, t) represents the nonlin-
earity. There is a large literature on this topic. The first order linearization method introduced in [Isa93Isa93]
has been employed to show that nonlinearities a(x, t) satisfying conditions such as

a(x, 0) = 0,

∂ta(x, t) ≤ 0,

can be determined in a certain reachable set from boundary measurements. The first condition above ensures
that 0 is a solution, and the second sign condition guarantees that a maximum principle and well-posedness
hold. Various results of this type, also for somewhat more general nonlinearities, may be found in [IS94IS94;
IN95IN95; Sun10Sun10; IY13IY13]. See also the surveys [Sun05Sun05; Uhl09Uhl09]. In the results based on first order linearization,
one typically uses known results on inverse problems for the linearized equation.

On the other hand, the higher order linearization method introduced in [FO20FO20; LLLS21aLLLS21a] (following
the hyperbolic case in [KLU18KLU18]) applies to nonlinearities that do not need to satisfy any sign condition.
Moreover, this method uses the nonlinearity as a beneficial tool and yields results in certain nonlinear cases
where the corresponding results for linear equations remain unsolved [KU20KU20; LLLS21bLLLS21b; CFO23CFO23; FKO23FKO23;
ST23ST23; Nur23bNur23b]. However, the method might only allow one to determine the Taylor series of a(x, t) at
t = 0, and it does not in general determine a(x, t) for t ̸= 0. The higher order linearization method has
also been used outside of semilinear equations. For quasilinear equations one has the similar phenomenon of
determining only the Taylor series of the unknown coefficient [CFKKU21CFKKU21; KKU23KKU23]. Also inverse problems
for the minimal surface equation (which is an example of a quasilinear equation) on Riemannian manifolds
have been studied with this method. In [Nur23aNur23a; Nur24Nur24] the Taylor series of a conformal factor for metrics
in the same conformal class is recovered. In dimension two it is shown in [CLLO24CLLO24; CLLT23CLLT23; CLT24CLT24] (in
slightly different settings) that three linearizations are enough to determine the Riemannian metric up to an
isometry.

Recently in [JNS23JNS23] (see also [NS25NS25] for a similar result for a biharmonic operator with a second order
nonlinearity) we gave a result showing that from boundary measurements near the zero solution, one can
determine a general nonlinearity a(x, t) near t = 0 whenever a(x, 0) = 0. We also gave a similar result
without the assumption a(x, 0) = 0, but in that case a(x, t) can only be determined up to a natural gauge
transformation. The precise assumption for the nonlinearity was that a(x, t) should be C1,α in x and C3 in
t. In this article we improve the regularity assumptions to Lr in x and C1 in t, where r > n/2. We also
simplify the proofs in the process. The method is based on first linearization and a Runge approximation
argument.
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Let us state the main results. We will assume that Ω ⊆ Rn, n ≥ 2, is a bounded open set with smooth
boundary (though many arguments would remain valid for C1,1 boundaries). We consider nonlinearities
a ∈ Lr(Ω, C1(R)) for some r > n/2. If u ∈ L∞(Ω) with M = ∥u∥L∞(Ω), then a(x, u(x)) ∈ Lr(Ω) since∫

Ω

|a(x, u(x))|r dx ≤
∫
Ω

sup
|t|≤M

|a(x, t)|r dx ≤ ∥a∥rLr(Ω,L∞([−M,M ])).

We denote by W k,p(Ω) the standard Sobolev spaces in Ω. If u ∈W 2,r(Ω) with r > n/2, then (after choosing
a suitable representative) u ∈ Cα(Ω) for some α > 0 by Sobolev embedding, so a(x, u(x)) is well defined.

We wish to study inverse problems without any further assumptions on the nonlinearity a(x, t). In
particular we do not assume well-posedness of the Dirichlet problem, and hence the boundary measurements
will be formulated in terms of Cauchy data sets (see [FSU25FSU25]). Given a solution w ∈ W 2,r(Ω) of ∆w +
a(x,w) = 0 in Ω, and given δ > 0, we define the Cauchy data set for solutions near w as

Cw,δ
a = {(u|∂Ω, ∂νu|∂Ω) : u ∈W 2,r(Ω), ∆u+ a(x, u) = 0 in Ω, ∥u− w∥W 2,r(Ω) ≤ δ}.

If s > 1/r we denote the trace space of W s,r(Ω) by W s− 1
r ,r(∂Ω) := B

s− 1
r

rr (∂Ω), see [Tri83Tri83]. Then Cw,δ
a is a

subset of W 2− 1
r ,r(∂Ω)×W 1− 1

r ,r(∂Ω). If the semilinear equation happens to be well-posed for Dirichlet data
close to w|∂Ω, then the set Cw,δ

a contains the graph of the corresponding nonlinear Dirichlet-to-Neumann
map for Dirichlet data close to w|∂Ω and vice versa. For further discussion on the set Cw,δ

a and its relation
to Dirichlet-to-Neumann maps, we refer the reader to [JNS23JNS23].

Our first result shows that if two nonlinearities a1 and a2 admit a common solution w and have the same
Cauchy data for solutions near w, then a1(x, t) = a2(x, t) for t near w(x).

Theorem 1.1. Let a1, a2 ∈ Lr(Ω, C1(R)) where r > n/2 and r ≥ 2. Suppose that w ∈ W 2,r(Ω) solves
∆w + aj(x,w) = 0 in Ω for j = 1, 2. If for some δ, C > 0 one has

Cw,δ
a1

⊆ C0,C
a2

,

then there is ε > 0 such that

a1(x,w(x) + λ) = a2(x,w(x) + λ) for a.e. x ∈ Ω and for all λ ∈ (−ε, ε).

In particular, if aj(x, 0) = 0, we may take w ≡ 0 as the common solution and the conclusion is that
a1(x, λ) = a2(x, λ) for small λ. The additional assumption r ≥ 2 is only needed in dimensions n ∈ {2, 3},
since for n ≥ 4 it follows from the condition r > n/2.

The second result concerns two general nonlinearities aj(x, t) that may not have a common solution. In
this case one can only determine the nonlinearity up to gauge (this was observed in [Sun10Sun10]). The gauge is
given by

(Tφa)(x, t) = ∆φ(x) + a(x, t+ φ(x))

where φ ∈W 2,r(Ω) satisfies φ|∂Ω = ∂νφ|∂Ω = 0.

Theorem 1.2. Let a1, a2 ∈ Lr(Ω, C1(R)) where r > n/2 and r ≥ 2. Suppose that w1 ∈ W 2,r(Ω) solves
∆w1 + a1(x,w1) = 0 in Ω. If for some δ, C > 0 one has

Cw1,δ
a1

⊆ C0,C
a2

,

then there exist φ ∈W 2,r(Ω) with φ|∂Ω = ∂νφ|∂Ω = 0 and ε > 0 such that

a1(x,w1(x) + λ) = (Tφa2)(x,w1(x) + λ) for a.e. x ∈ Ω and for all λ ∈ (−ε, ε).

In Theorem 1.21.2, φ = w1 − w2 where w2 is the unique solution of ∆w2 + a2(x,w2) = 0 in Ω that has the
same Cauchy data as w1 (see Lemma 4.44.4). If w2 = w1, we obtain Theorem 1.11.1 as a special case.

We note that our results cover the linear case a(x, u) = q(x)u, and hence include the recovery of an Lr(Ω)
potential where r > n/2 and r ≥ 2. This misses the endpoint result r = n/2 for n ≥ 3, see [Cha90Cha90; Nac92Nac92;
DKS13DKS13], and also the result for L4/3+ε potentials for n = 2 [BTW20BTW20]. Another low regularity result for
n = 2, under a condition on ∂ta(x, t) that ensures well-posedness, is given in [IN95IN95].
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We also remark that it is not in general possible to determine a(x, t) in Ω × R, see [IS94IS94; FKO23FKO23]. In
general one could expect to determine a(x, t) in the reachable set {(x, u(x)) : x ∈ Ω, ∆u+a(x, u) = 0 in Ω}.
Our methods imply that the reachable set is always an open set. Conditions for existence of solutions u may
be found in [Tay23Tay23, Section 14.1 and Exercise 8].

Methods. The main results are low regularity versions of the corresponding results in [JNS23JNS23], and we will
prove them by a method based on first linearization. The linearization of the equation at a solution w is

∆v + qv = 0 in Ω

where q(x) = ∂ua(x,w(x)). Since we do not assume well-posedness, there may be a finite dimensional
obstruction for solving the Dirichlet problem for this equation. In [JNS23JNS23] we employed a solvability result
where the Dirichlet data was modified by a function in ∂νNq where Nq is the eigenspace corresponding to
zero eigenvalue. The reason for requiring that a(x, t) is C1,α in x in [JNS23JNS23] was that ∂νNq is not in the
natural trace space of solutions if a has low regularity. In this article we replace the space ∂νNq with another
space Dq of the same dimension. This makes it possible to work with nonlinearities a(x, t) that have only
Lr regularity in x.

After establishing solvability for the linearized equation, the next step is to construct a C1 map that maps
a small solution v of the linearized equation ∆v + qv = 0 to a solution u = S(v) = Sa,w(v) of the nonlinear
equation ∆u+ a(x, u) = 0, so that

u = w + v + o(∥v∥)

where w is a fixed solution of ∆w + a(x,w) = 0. In [JNS23JNS23] the existence of S was shown via a Banach
fixed point argument, and the fact that S is C1 was proved by using the implicit function theorem. In this
work we establish both the existence and smoothness of S by a single application of the implicit function
theorem, which leads to a much shorter argument.

Next we consider the setting of Theorem 1.11.1 and employ the Cauchy data set inclusion Cw,δ
a1

⊆ C0,C
a2

to
define a map Ta2,w, which takes a solution v of the linearized equation ∆v+ ∂ua(x,w(x))v = 0 to a solution
u of ∆u + a2(x, u) = 0 that has the same Cauchy data as Sa1,w(v). Since Ta2,w is defined via the Cauchy
data inclusion, we do not know if it is C1. However, by another argument based on the implicit function
theorem we prove that Ta2,w is indeed C1. The argument involves a Carleman estimate in Lemma 4.44.4 and a
certain projection operator defined in Lemma 4.54.5 via a fourth order equation. These are the only places in
this article where we need the additional condition r ≥ 2 for n ∈ {2, 3}.

After having proved that both maps Sa1,w and Ta2,w are C1, the argument for recovering the nonlinearity
proceeds as in [JNS23JNS23]. We first derive an integral identity involving the difference of potentials in the lin-
earized equations. Then we invoke the completeness of products of solutions to linear Schrödinger equations
[Cha90Cha90; Nac92Nac92; DKS13DKS13; BTW20BTW20] and a unique continuation argument to show that

∂ua1(x, Sa1,w(v)) = ∂ua2(x, Sa1,w(v))

for small solutions v of the linearized equation for a1. It remains to show that there is ε such that for
any x0 ∈ Ω and any λ ∈ (−ε, ε), one can find v such that Sa1,w(v)(x0) = λ. This follows from a Runge
approximation argument for the linearized equation with Lr potentials.

This article is structured as follows. Section 11 is the introduction, Section 22 studies solvability and
regularity for the linearized equation, and Section 33 presents the solution map Sa,w. The second solution
map Ta2,w is studied in Section 44. Finally, the main theorems are proved in Section 55 and the required Runge
approximation result in Section 66.
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supported by the Research Council of Finland (Flagship of Advanced Mathematics for Sensing Imaging and
Modelling grant 359183) and by the Emil Aaltonen Foundation.
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2. Solvability for linear equations

Throughout this article we assume that Ω is a bounded connected open subset of Rn, n ≥ 2, with smooth
boundary. Let q ∈ Lr(Ω) where r > n/2, and define

Nq := {ψ ∈ H1
0 (Ω) : (∆ + q)ψ = 0}.

Proposition 2.1. Let q ∈ Lr(Ω) where r > n/2. There is a subspace Dq = span{h1, . . . , hm} of W 2−1/r,r(∂Ω)

with dim(Dq) = dim(Nq) <∞ such that for any F ∈ Lr(Ω) and f ∈W 2−1/r,r(∂Ω), there is a unique function
Φ = Φ(F, f) ∈ Dq such that the problem

(2.1)

{
∆u+ qu = F in Ω,

u = f +Φ on ∂Ω,

admits a solution u ∈W 2,r(Ω). If {ψ1, . . . , ψm} is a suitable basis of Nq, the function Φ is given by

(2.2) Φ(F, f) =

m∑
j=1

(∫
Ω

Fψj dx+

∫
∂Ω

f∂νψj dS

)
hj .

Moreover, there is unique solution uF,f = Gq(F, f) such that uF,f ⊥ Nq where ⊥ means L2-orthogonal.
The solution uF,f depends linearly on F and f and satisfies

(2.3) ∥uF,f∥W 2,r(Ω) ≤ C(∥F∥Lr(Ω) + ∥f∥W 2−1/r,r(∂Ω)),

where C is independent of F and f .

We begin with a standard regularity result. We will write Lp+ :=
⋃

t>p L
t. In this article we will frequently

use the Sobolev embedding

W s,p(Ω) ⊆


L

np
n−sp (Ω), s < n/p,⋂

t<∞ Lt(Ω), s = n/p,

C1−n/p(Ω), s > n/p,

as well as the generalized Hölder inequality∫
uvw dx ≤ ∥u∥Lp1 ∥v∥Lp2 ∥w∥Lp3 ,

1

p1
+

1

p2
+

1

p3
= 1.

Lemma 2.2. Let q ∈ Lr(Ω) where r > n/2. Then any u ∈ H1(Ω) solving{
∆u+ qu = F in Ω,

u = f on ∂Ω,

where F ∈ Lr(Ω) and f ∈ W 2−1/r,r(∂Ω), must satisfy u ∈ W 2,r(Ω). Moreover, Nq ⊆ W 2,r(Ω) is finite
dimensional.

Proof. By using the right inverse of the trace, this reduces to showing that any w ∈ H1
0 (Ω) solving{

∆w + qw = G in Ω,

w = 0 on ∂Ω,

where G ∈ Lr(Ω), must satisfy w ∈W 2,r(Ω). Rewrite the equation as

∆w = G− qw.

If n = 2, then by Sobolev embedding w ∈ W 1,2 ⊆ Lt for any t < ∞ and therefore qw ∈ Ln/2+. Thus
G − qw ∈ Ln/2+, so w ∈ W 2,n/2+ by [JK95JK95, Theorem 0.3]. By Sobolev embedding again w ∈ L∞, so
G − qw ∈ Lr and thus w ∈ W 2,r by [JK95JK95, Theorem 0.3]. The proof for n ≥ 3 is similar, but the initial
Sobolev embedding W 1,2 ⊆ L

2n
n−2 only gives w ∈ W 1,2+δ for some δ > 0. However, bootstrapping this

regularity argument finitely many times yields w ∈W 1,t for some t > n, and then the argument above gives
w ∈W 2,r. We omit the details.
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The finite dimensionality of Nq is standard when q ∈ L∞. Under the current assumption q ∈ Lr, if
ψ ∈ Nq, then the weak formulation of the equation implies∫

Ω

|∇ψ|2 dx =

∫
Ω

qψ2 dx ≤ ∥q∥Lr∥ψ∥2Lt

where 1/r+1/t+1/t = 1, i.e. t = 2r′ < 2n
n−2 . If we equip Nq with the Lt(Ω) norm, then any bounded sequence

in Nq is also bounded in the H1 norm and by compact Sobolev embedding has a convergent subsequence in
the Lt norm since t < 2n

n−2 . Thus the identity map on Nq is compact, which implies that Nq must be finite
dimensional. □

Proof of Proposition 2.12.1. Let {ψ1, . . . , ψm} be an orthonormal basis of Nq with respect to the inner product
in L2(Ω). Given F ∈ Lr(Ω) and f ∈W 2−1/r,r(∂Ω), we first solve

(2.4)

{
∆v + qv = F −

∑
akψk in Ω,

v = f on ∂Ω,

for suitable aj ∈ R. The compatibility conditions are obtained by integrating the equation against ψj , i.e.

aj = aj(F, f) =

∫
Ω

Fψj dx+

∫
∂Ω

f∂νψj dS.

With this choice of aj , we first find a weak solution v ∈ H1(Ω) of (2.42.4) (note that f ∈ W 2−1/r,r(∂Ω) ⊆
H1/2(∂Ω) by Sobolev embedding). If q ∈ L∞(Ω) this is standard and follows from [GT01GT01, Theorem 8.6]. If
q ∈ Lr(Ω) one first reduces the problem to the case f = 0 by using a right inverse of the trace. If λ > 0 is
sufficiently large, the operator T : H1

0 (Ω) → H−1(Ω), T v = (∆+ q−λ)v is an isomorphism (see e.g. [DKS13DKS13,
Appendix A]), and the problem becomes equivalent with

v + λT−1j(v) = T−1(F −
∑

akψk)

where j : H1
0 (Ω) → H−1(Ω) is the natural inclusion. Since j is compact, the Fredholm alternative holds for

the above equation, and there is a solution v if and only if T−1(F −
∑
akψk) is orthogonal to the kernel of

(Id+λT−1j)∗. But this is equivalent with F −
∑
akψk being L2-orthogonal to Nq, which yields the existence

of a weak solution v ∈ H1(Ω). Lemma 2.22.2 then shows that v ∈W 2,r(Ω).

We have now proved that with the given choice of aj , (2.42.4) has a solution v ∈ W 2,r(Ω). We next choose
uj ∈ W 2,r(Ω) solving (∆ + q)uj = ψj , 1 ≤ j ≤ m, and set Dq = span{u1|∂Ω, . . . , um|∂Ω}. To see that such
uj exist, it is enough to choose Br to be a large ball with Ω ⊆ Br such that 0 is not a Dirichlet eigenvalue
of ∆+ q in Br, and to solve {

∆ũj + q̃ũj = ψ̃j in Br,

ũj = 0 on ∂Br,

where q̃ and ψ̃j are the extensions of q and ψj by zero to Br. The fact that one can arrange 0 not to be a
Dirichlet eigenvalue follows from strict monotonicity of Dirichlet eigenvalues with respect to increasing the
domain, see the argument in [Lei67Lei67]. The solutions ũj are in W 2,r(Br) by Lemma 2.22.2, and we can take
uj = ũj |Ω.

We also show that dim(Dq) = m: if
∑
cjuj |∂Ω = 0, then u =

∑
cjuj satisfies (∆ + q)u = ψ with

u|∂Ω = 0 where ψ =
∑
cjψj . Integrating the equation against ψ gives

∫
ψ2 dx = 0, so ψ = 0 and hence

c1 = . . . = cm = 0 since ψj are linearly independent. Thus dim(Dq) = m.

Now that we have obtained the functions uj , we obtain a solution u to (2.12.1) via

u = v +
∑

ajuj .

Moreover, any solution to (2.12.1) is of the form u+ ψ for some ψ ∈ Nq.
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Next we show that the function Φ is unique. Assume we have two solutions u1, u2 to (2.12.1) with the same
data F, f but with Φ1,Φ2 respectively. Then u = u1 − u2 solves{

∆u+ qu = 0 in Ω,

u = Φ1 − Φ2 =
∑
cjuj |∂Ω on ∂Ω,

for some cj . Writing v = u −
∑
cjuj , we see that v ∈ W 2,r(Ω) solves (∆ + q)v = ψ and v|∂Ω = 0 where

ψ = −
∑
cjψj ∈ Nq. Integrating this equation against ψ yields

∫
ψ2 dx = 0, so cj = 0 for all j and therefore

Φ1 = Φ2.

Using the uniqueness of Φ we can show that the Nq-orthogonal solution to (2.12.1) obtained above is unique.
Assume that we have two solutions u1, u2 with the same data F, f and with uj ⊥ Nq. Then u1 − u2 ∈ Nq

and u1 − u2 ⊥ Nq, which implies u1 = u2. Finally, let

X = {u ∈W 2,r(Ω) : u ⊥ Nq}, Y = {f ∈W 2−1/r,r(∂Ω) : f ⊥ Dq}

and consider the map

T : X → Lr(Ω)× Y, Tu = (∆u+ qu, (Id− PDq
)(u|∂Ω))

where PDq the L2(∂Ω)-orthonormal projection to Dq. By what we have proved above, T is a bounded linear
bijective operator. The open mapping theorem ensures that T has a bounded inverse. This implies that uF,f

depends continuously on F and f . □

3. Solution map for nonlinear equation

The following result shows the existence of a map v 7→ S(v) that parametrizes solutions u of the semilinear
equation ∆u+a(x, u) = 0 in Ω, when u is close to a fixed solution w, in terms of solutions of the corresponding
linearized equation.

Proposition 3.1. Let a ∈ Lr(Ω, C1(R)) where r > n/2, and suppose that w ∈W 2,r(Ω) is a solution of

∆w + a(x,w) = 0 in Ω.

Let q(x) = ∂ua(x,w(x)). There is a C1 map S = Sa,w : V → W 2,r(Ω), where V is a neighborhood of 0 in
W 2,r(Ω), such that u = S(v) solves

∆u+ a(x, u) = ∆v + qv.

One has S(0) = w, (DS)0 = Id, S(v)− w − v ⊥ Nq and S(v)− w − v|∂Ω ∈ Dq.

Conversely, any solution of ∆u + a(x, u) = 0 with ∥u − w∥W 2,r(Ω) small enough must be of the form
u = S(v) for some v ∈W 2,r(Ω) solving ∆v + qv = 0. The function v is given by

v = PNq (u− w) + ṽ

where PNq
is the L2(Ω)-orthogonal projection to Nq, and ṽ = Gq(0, (u− w)|∂Ω) is the unique solution given

by Proposition 2.12.1.

Note that the result gives the Taylor expansion

S(v) = w + v +R(v)

where ∥R(v)∥W 2,r(Ω) = o(∥v∥W 2,r(Ω)) as ∥v∥W 2,r(Ω) → 0 and R(v) ∈ N⊥
q , R(v)|∂Ω ∈ Dq.

Proof. Let Dq be as in Proposition 2.12.1, and define the map

F : W 2,r(Ω)×W 2,r(Ω) → Lr(Ω)× (W 2−1/r,r(∂Ω) ∩D⊥
q )×Nq

by
F (u, v) := (∆u+ a(x, u)−∆v − qv, PD⊥

q
((u− w − v)|∂Ω), PNq

(u− w − v)).
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Since a ∈ Lr(Ω, C1(R)) where r > n/2, the map F is C1 and satisfies F (w, 0) = (0, 0, 0). Its Fréchet
derivative with respect to u satisfies

(3.1) (DuF )(w,0)(h) = (∆h+ qh, PD⊥
q
(h|∂Ω), PNq

h).

Then (DuF )(w,0) is a bounded linear operator W 2,r(Ω) → Lr(Ω)× (W 2−1/r,r(∂Ω)∩D⊥
q )×Nq. It is bijective

by Proposition 2.12.1, so the open mapping theorem ensures that it is an isomorphism. Now the implicit
function theorem in Banach spaces implies the existence of a C1 map S : V → U , where U and V are open
sets in W 2,r(Ω) with 0 ∈ V and w ∈ U , such that F (S(v), v) = 0 for v ∈ V and the solution S(v) is unique
in the sense that

F (u, v) = 0 for (u, v) ∈ U × V =⇒ u = S(v).

One has S(0) = w, and differentiating F (S(v), v) = 0 with respect to v gives

(DuF )(w,0)(DS)0(ṽ)− (∆ṽ + qṽ, PD⊥
q
(ṽ|∂Ω), PNq

(ṽ)) = 0.

From (3.13.1) we obtain
(DuF )(w,0)((DS)0(ṽ)− ṽ) = 0.

The fact that (DuF )(w,0) is an isomorphism gives that (DS)0(ṽ) = ṽ. The identity F (S(v), v) = 0 yields
S(v)− w − v ⊥ Nq and S(v)− w − v|∂Ω ∈ Dq.

Conversely, let u ∈ W 2,r(Ω) solve ∆u + a(x, u) = 0. Apply Proposition 2.12.1 to find the unique function
v ∈W 2,r(Ω) such that

∆v + qv = 0, v|∂Ω ∈ (u− w)|∂Ω +Dq, PNq
v = PNq

(u− w).

Then v = PNq (u−w)+Gq(0, u−w|∂Ω) and F (u, v) = 0. If ∥u−w∥W 2,r is sufficiently small, the uniqueness
notion above implies that u = S(v). □

For the next result, we define q = ∂ua(x,w), qv = ∂ua(x, Sa,w(v)) and

Vq̃ = {h ∈W 2,r(Ω) : ∆h+ q̃h = 0}.

Lemma 3.2. In the setting of Proposition 3.13.1 let v ∈ Vq be small. Then DSa,w(v) : Vq → Vqv is an
isomorphism.

Proof. The proof is the same as in [JNS23JNS23, Lemma 2.5], by noting that R(v) after Proposition 3.13.1 is C1

since Sa,w(v) is C1 and that DR(0) = 0. □

4. Second solution map

We now assume that a1, a2 ∈ Lr(Ω, C1(R)) for some r > n/2 are two nonlinearities, w1 ∈W 2,r(Ω) solves
∆w1 + a1(x,w1) = 0 in Ω, and that one has the local Cauchy data set inclusion

Cw1,δ
a1

⊆ C0,C
a2

.

In particular, this implies that there is w2 ∈ W 2,r(Ω) solving ∆w2 + a2(x,w2) = 0 and having the same
Cauchy data as w1 on ∂Ω.

Let Sa1,w1 be the C1 solution map for the nonlinearity a1 given in Proposition 3.13.1. If we write q1 =
∂ua1(x,w1(x)) and

Vq1,δ1 = {v ∈W 2,r(Ω) : ∆v + q1v = 0, ∥v∥W 2,r < δ1},
then for v ∈ Vq1,δ1 with δ1 > 0 small enough, u = Sa1,w1

(v) solves ∆u+ a(x, u) = 0 with expansion

u = w1 + v + o(∥v∥W 2,r )

as v → 0. From the inclusion Cw1,δ
a1

⊆ C0,C
a2

we obtain another map

Ta2,w1
: Vq1,δ1 →W 2,r(Ω), v 7→ u2,

where u2 ∈ W 2,r(Ω) is a solution of ∆u2 + a2(x, u2) = 0 obtained from the inclusion Cw1,δ
a1

⊆ C0,C
a2

and
having the same Cauchy data as u1 = Sa1,w1(v) on ∂Ω.
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The solution map Ta2,w1
above produces solutions of ∆u + a2(x, u) = 0 parametrized by solutions v of

∆v + q1v = 0, but we do not know yet if this map is C1 with respect to v. We will prove this next.

Proposition 4.1. Let q ∈ Lr(Ω) where r > n/2 and r ≥ 2. The map Ta2,w1
above is a C1 map Vq1,δ1 →

W 2,r(Ω) when δ1 > 0 is small enough. Each u = Ta2,w1
(v) solves ∆u + a2(x, u) = 0 and has the same

Cauchy data on ∂Ω as Sa1,w1
(v).

For the proof, we need a few lemmas that are low regularity counterparts of corresponding results in
[JNS23JNS23, Section 3]. The first two lemmas give estimates for ∥u∥W 2,r(Ω) in terms of ∥(∆+ q)u∥Lr(Ω) and the
Cauchy data of u.

Lemma 4.2. Let Ω ⊆ Rn be a bounded open set with C∞ boundary, r > n/2. Let q ∈ Lr(Ω). There is
C > 0 such that for any u ∈W 2,r(Ω) we have

∥u∥W 2,r(Ω) ≤ C(∥u|∂Ω∥W 2−1/r,r(∂Ω) + ∥(∆ + q)u∥Lr(Ω) + ∥u∥H1(Ω)).

Proof. We look at the Banach space X =W 2−1/r,r(∂Ω)× Lr(Ω)×H1(Ω), with norm

∥(f, F, v)∥X = ∥f∥W 2−1/r,r(∂Ω) + ∥F∥Lr(Ω) + ∥v∥H1(Ω),

and the bounded, linear, injective map

T : W 2,r(Ω) → X, T (u) = (u|∂Ω, (∆ + q)u, j(u)),

where j : W 2,r(Ω) → H1(Ω) is the natural inclusion (here we use Sobolev embedding). Then T has closed
range. To see this, suppose that uj ∈ W 2,r(Ω) and T (uj) → (f, F, v) in X. Then uj → v in H1(Ω),
uj |∂Ω → f in W 2−1/r,r(Ω) and (∆ + q)uj → F in Lr(Ω). On the other hand (∆ + q)uj → (∆ + q)v in
H−1(Ω) and uj |∂Ω → v|∂Ω in H1/2(∂Ω), and by uniqueness of limits one has (∆ + q)v = F and v|∂Ω = f .
By Lemma 2.22.2 the weak solution v satisfies v ∈W 2,r(Ω). Thus (f, F, v) = T (v) and Ran(T ) is closed.

We have proved that T : W 2,r(Ω) → Ran(T ) is a bounded linear bijection between Banach spaces. By
the open mapping theorem it has a bounded inverse S : Ran(T ) → W 2,r(Ω), and thus for any u ∈ W 2,r(Ω)
one has

∥u∥W 2,r(Ω) = ∥STu∥W 2,r(Ω) ≤ C∥Tu∥X .
This proves the claim. □

Lemma 4.3. Let q ∈ Lr(Ω) where r > n/2. There is C > 0 such that

∥u∥W 2,r(Ω) ≤ C(∥(∆ + q)u∥Lr(Ω) + ∥u|∂Ω∥W 2−1/r,r(∂Ω) + ∥∂νu|∂Ω∥W 1−1/r,r(∂Ω))

for any u ∈W 2,r(Ω).

Proof. We argue by contradiction and assume that for any m there is um such that

(4.1) ∥um∥W 2,r(Ω) > m(∥(∆ + q)um∥Lr(Ω) + ∥um∥W 2−1/r,r(∂Ω) + ∥∂νum∥W 1−1/r,r(∂Ω)).

On the other hand, Lemma 4.24.2 implies that

∥um∥W 2,r(Ω) ≤ C(∥um∥W 2−1/r,r(∂Ω) + ∥(∆ + q)um∥Lr(Ω) + ∥um∥H1(Ω)).

Normalize um so that ∥um∥H1(Ω) = 1. Then using (4.14.1) yields

∥um∥W 2,r(Ω) ≤ C(
1

m
∥um∥W 2,r(Ω) + 1).

Then ∥um∥W 2,r(Ω) ≤ C uniformly when m is sufficiently large. Using that W 2,r(Ω) is a reflexive Sobolev
space, and by using compact Sobolev embedding, for any ε > 0 there is a subsequence, still denoted by (um),
such that

um ⇀ u weakly in W 2,r(Ω),

um → u in W 2−ε,r(Ω).
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On the other hand, from (4.14.1) and the bound ∥um∥W 2,r(Ω) ≤ C we see that

um|∂Ω → 0, ∂νum|∂Ω → 0, (∆ + q)um → 0

in the respective spaces. Now uniqueness of limits implies that u|∂Ω = 0, ∂νu|∂Ω = 0, and (∆ + q)u = 0.
Here we chose ε > 0 so that 2− ε > 1− 1/r, which ensures that ∂νu|∂Ω is well defined by the trace theorem.
We extend u and q by zero to Rn to obtain a compactly supported solution u ∈W 2,r(Rn) to (∆ + q)u = 0.
Consequently, u ≡ 0 by unique continuation (see [JK85JK85, Theorem 6.3 and Remark 6.7]), which contradicts
the fact that ∥u∥H1(Ω) = lim∥um∥H1(Ω) = 1. □

The following lemma gives a uniqueness result and estimate for solutions of the semilinear equation,
assuming an a priori bound for the W 2,r norm. For n ∈ {2, 3} we include the additional assumption r ≥ 2,
which will also appear in Lemma 4.54.5.

Lemma 4.4. Let a ∈ Lr(Ω, C1(R)) where r > n/2 and r ≥ 2, and let u0 ∈W 2,r(Ω) solve ∆u0+a(x, u0) = 0
in Ω. If u ∈W 2,r(Ω) is any other solution of ∆u+ a(x, u) = 0 in Ω and ∥u∥W 2,r(Ω), ∥u0∥W 2,r(Ω) ≤M , then

(4.2) ∥u− u0∥W 2,r(Ω) ≤ C(M,a)(∥u− u0∥W 2−1/r,r(∂Ω) + ∥∂ν(u− u0)∥W 1−1/r,r(∂Ω)).

Proof. Let v = u− u0. Then from Lemma 4.24.2 we have

(4.3) ∥v∥W 2,r(Ω) ≤ C(∥v∥W 2−1/r,r(∂Ω) + ∥∆v∥Lr(Ω) + ∥v∥H1(Ω))

and thus we need to estimate ∥∆v∥Lr(Ω) and ∥v∥H1(Ω).

Note that under our assumptions v ∈ H2(Ω). To bound ∥v∥H1(Ω) we use a Carleman estimate (see e.g.
[Cho21Cho21]): there are C, τ0 > 0 and φ ∈ C∞(Ω) such that when τ ≥ τ0, one has

∥eτφv∥L2(Ω) +
1

τ
∥eτφ∇v∥L2(Ω) ≤

C

τ3/2
∥eτφ∆v∥L2(Ω) + C∥eτφv∥L2(∂Ω) +

C

τ
∥eτφ∇v∥L2(∂Ω).

(Without the boundary terms such an estimate holds when v ∈ H1 and ∆v ∈ L2, see [Ler19Ler19, Lemma B.16],
but the additional assumption r ≥ 2 ensures that the boundary terms make sense also when n is small.) We
apply this with v and use the fact that

(4.4) −∆v = a(x, u)− a(x, u0) =

[∫ 1

0

∂ua(x, (1− t)u0 + tu) dt

]
v.

Since |u|, |u0| ≤ CM by Sobolev embedding, we get that

(4.5) |∆v(x)| ≤ C(M,a)|v(x)|.

Thus, choosing τ = τ(M,a) large but fixed, we get
1

2
∥eτφv∥L2(Ω) +

1

τ
∥eτφ∇v∥L2(Ω) ≤ C(∥eτφv∥L2(∂Ω) + ∥eτφ∇v∥L2(∂Ω)).

Since c(M,a) ≤ eτφ ≤ C(M,a) and r > n/2, r ≥ 2, Sobolev embedding on the boundary yields

(4.6) ∥v∥H1(Ω) ≤ C(M,a)(∥v∥H1(∂Ω) + ∥∂νv∥L2(∂Ω)) ≤ C(∥v∥W 2−1/r,r(∂Ω) + ∥∂νv∥W 1−1/r,r(∂Ω)).

We still need to estimate ∥∆v∥Lr(Ω). Firstly using (4.44.4) implies

∥∆v∥Lr(Ω) =

∥∥∥∥∫ 1

0

∂ua(x, (1− t)u0 + tu) dt

∥∥∥∥
Lr(Ω)

∥v∥L∞(Ω) ≤ C∥v∥W sθ,pθ (Ω)

for some sufficiently small θ > 0 by Sobolev embedding, where

sθ = (1− θ) · 2 + θ · 1, 1

pθ
= (1− θ)

1

r
+ θ

1

2
.

Now using interpolation we get

∥v∥W sθ,pθ (Ω) ≤ ∥v∥θW 1,2(Ω)∥v∥
1−θ
W 2,r(Ω).
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Then using Young’s inequality with ε gives, since r ≥ 2,

∥∆v∥Lr(Ω) ≤ ε∥v∥W 2,r(Ω) + Cε∥v∥H1(Ω).

Combining the above estimate with (4.64.6), we obtain from (4.34.3) that

∥v∥W 2,r(Ω) ≤ Cε∥v∥W 2,r(Ω) + Cε(∥v∥W 2−1/r,r(∂Ω) + ∥∂νv∥W 1−1/r,r(∂Ω)).

Choosing ε > 0 small enough we can absorb Cε∥v∥W 2,r(Ω) to the left hand side of (4.34.3) and we are done. □

The next technical lemma, which establishes the existence of a bounded projection operator, will be
needed for applying the implicit function theorem when proving that Ta2,w1

is C1. This is another place
where we need the additional assumption r ≥ 2 for n ∈ {2, 3}.

Lemma 4.5. Let q ∈ Lr(Ω) where r > n/2 and r ≥ 2. Define the spaces

Y =W 2,r
0 (Ω), Z = (∆+ q)(Y ),

where Z is equipped with the Lr(Ω) topology. Then Y and Z are Banach spaces and ∆ + q : Y → Z is an
isomorphism. Moreover, there is a bounded linear operator

P : Lr(Ω) → Z

such that P (z) = z for all z ∈ Z. It is given by P (u) = (∆+ q)y where y ∈W 2,r
0 (Ω) is the unique solution of{

(∆ + q)2y = (∆+ q)u in Ω,

y|∂Ω = ∂νy|∂Ω = 0.

Proof. Note that Y is a closed subspace of W 2,r(Ω) and Z is a closed subspace of Lr(Ω) by Lemma 4.34.3, so
both spaces are Banach spaces. Lemma 4.34.3 also implies that ∆+ q : Y → Z is injective, and by definition
it is surjective. The open mapping theorem ensures that this map is an isomorphism.

We now assume that n ≥ 4 and r > n/2 (the case n ∈ {2, 3} and r ≥ 2 follows by straightforward
modifications). We first consider the solvability of the fourth order equation in H2

0 (Ω). Note that the
bilinear form

B(y, w) = ((∆ + q)y, (∆ + q)w)L2(Ω), y, w ∈ H2
0 (Ω),

is well defined when q ∈ Lr(Ω) since LrH2 ⊆ L
n
2 +L

2n
n−4 ⊆ L2+ using the assumption that n ≥ 4, with a

small modification if n = 4. It satisfies

B(y, y)1/2 ≥ ∥∆y∥L2 − ∥q∥Lr∥y∥
L

2r
r−2

.

The interpolation inequality ∥y∥
L

2r
r−2

≤ ∥y∥θL2∥y∥1−θ

L
2n

n−4
≤ C∥y∥θL2∥y∥1−θ

H2 for some θ ∈ (0, 1), with a small
modification if n = 4, and Young’s inequality imply that for any ε > 0 there is Cε > 0 with

B(y, y)1/2 ≥ ∥∆y∥L2 − ε∥y∥H2 − Cε∥y∥L2 .

Now ∥∆y∥L2 ≥ c∥y∥H2 for some c > 0 since y ∈ H2
0 , so by choosing ε small enough we obtain

B(y, y) ≥ c∥y∥2H2 − C∥y∥2L2 .

Thus the bilinear form B(y, w)+C(y, w)L2(Ω) is positive definite onH2
0 (Ω). The Riesz representation theorem

implies unique solvability of the problem

(∆ + q)2y + Cy = F in Ω, y ∈ H2
0 (Ω),

for any F ∈ H−2(Ω). The spectral theorem applied to the solution operator shows that there is a countable
sequence of eigenvalues. Now any y ∈ H2

0 (Ω) with B(y, y) = 0 satisfies (∆ + q)y = 0, so y = 0 by unique
continuation. This implies that 0 is not an eigenvalue of the equation

(∆ + q)2y = F in Ω, y ∈ H2
0 (Ω).

Therefore this equation has a unique solution y ∈ H2
0 (Ω) for any F ∈ H−2(Ω).
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Next suppose that F ∈W−2,r(Ω) where r ≥ 2. Then the solution y ∈ H2
0 (Ω) satisfies

(4.7) ∆2y = F − q∆y −∆(qy)− q2y

with zero Cauchy data. Here F ∈ Lr(Ω) ⊆ L2(Ω), which belongs to W−2,2+δ(Ω) for some δ > 0 by
Sobolev embedding. Similarly, since q ∈ Lr for r > n/2 and y ∈ H2, the expression q(∆y) is in Lp where
p = 2r

r+2 >
2n
n+4 . Thus q(∆y) can be integrated against functions in W 2,2−ε

0 ⊂ L
2n

n−4−ε̃ for some ε, ε̃ > 0, so
q(∆y) is in W−2,2+δ for some δ > 0. By similar arguments we see that the right hand side of (4.74.7) is in
W−2,2+δ(Ω) for suitable δ > 0 depending on n. Since the equation has smooth coefficients, the solution must
be in W 2,2+δ(Ω), see [GGS10GGS10, Theorem 2.22] or [Bro62Bro62]. Bootstrapping this regularity argument finitely
many times shows that y ∈W 2,r(Ω). We omit the details. □

We can now begin the

Proof of Proposition 4.14.1. Let u1,v = Sa1,w1
(v), u2,v = Ta2,w1

(v) and rv = u1,v − u2,v where v ∈ Vq1,δ1 . Here
u1,v is C1 with respect to v, and we wish to show that rv is also C1 in v. Note that rv solves

(∆ + q2)rv = q2rv + a2(x, u1,v − rv)− a1(x, u1,v).

Since rv ∈ W 2,r
0 (Ω), denoting by P the projection operator and Z the space in Lemma 4.54.5 for q = q2, we

also have

(4.8) (∆ + q2)rv = P (q2rv + a2(x, u1,v − rv)− a1(x, u1,v)).

To show C1 dependence in v, we define the map

F :W 2,r
0 (Ω)× Vq1,δ1 → Z, F (r, v) = (∆ + q2)r − P (q2r + a2(x, u1,v − r)− a1(x, u1,v)).

The projection operator P ensures that F indeed maps into Z. The map F is C1 by the assumptions on aj
and u1,v, one has F (r0, 0) = 0 by (4.84.8), and

(DrF )(r0,0)r̃ = (∆+ q2)r̃ − P (q2r̃ − ∂ua2(x,w2)r̃) = (∆ + q2)r̃.

By Lemma 4.54.5 the map (DrF )(r0,0) = ∆+ q2 is an isomorphism W 2,r
0 (Ω) → Z.

The implicit function theorem ensures that there is a C1 map R : Vq1,δ̃1 →W 2,r
0 (Ω) for some δ̃1 > 0 such

that F (R(v), v) = 0 for v near 0 and

F (r, v) = 0 for (r, v) near (r0, 0) ⇐⇒ r = R(v).

We also have F (rv, v) = 0 for v ∈ Vq1,δ1 by (4.84.8), and we would like to show that rv is close to r0 = w1−w2.
This would yield rv = R(v) by the uniqueness statement above. Now the properties of Sa1,w1

imply

∥u1,v − w1∥W 2,r ≤ 2∥v∥W 2,r

for v small enough. For u2,v we use Lemma 4.44.4 with u = u2,v, which satisfies ∥u2,v∥L∞ ≤ C∥u2,v∥W 2,r ≤ C
by the assumption Cw1,δ

a1
⊆ C0,C

a2
, and u0 = w2 to obtain

∥u2,v − w2∥W 2,r ≤ C(∥u1,v − w1∥W 2−1/r,r(∂Ω) + ∥∂ν(u1,v − w1)∥W 1−1/r,r(∂Ω)) ≤ C∥u1,v − w1∥W 2,r

≤ C∥v∥W 2,r .

Here we used that u2,v and w2 have the same Cauchy data as u1,v and w1, respectively. Combining these
two estimates gives

∥rv − r0∥W 2,r ≤ ∥u1,v − w1∥W 2,r + ∥u2,v − w2∥W 2,r ≤ C∥v∥W 2,r .

Thus rv is close to r0 when v is small as required, so rv = R(v) depends in a C1 way on v. □
11



5. Inverse problem

In this section we prove Theorems 1.11.1 and 1.21.2. The proof is almost the same as the proofs of the main
results in [JNS23JNS23] and thus we do not give the full details here.

Recall that we have a1, a2 ∈ Lr(Ω, C1(R)), r > n/2 and r ≥ 2, and w1 ∈W 2,r(Ω) solves ∆w1+a1(x,w1) =
0 in Ω. We further assume that for some δ, C > 0 we have Cw,δ

a1
⊆ C0,C

a2
and define

Vq = {v ∈W 2,r(Ω) : ∆v + qv = 0 in Ω}
Vq,δ = {v ∈ Vq : ∥v∥W 2,r(Ω) < δ},

where q = ∂ua1(x,w1). Now for any v ∈ Vq,δ, δ small, Propositions 3.13.1 and 4.14.1 give the solutions u1,v =
Sa1,w1(v) and u2,v = Ta2,w1(v) solving ∆uj,v +aj(x, uj,v) = 0 in Ω. We can then prove the following lemmas
(corresponding to [JNS23JNS23, Lemma 5.1 and Lemma 5.2]):

Lemma 5.1. Assume Cw,δ
a1

⊆ C0,C
a2

. Then there is δ1 > 0 such that for any v ∈ Vq,δ1 one has

∂ua1(x, u1,v(x)) = ∂ua2(x, u2,v(x)), for x ∈ Ω.

Proof. The proof is based on the fact that the solution operators are C1 and that the derivative DS(v) is
an isomorphism (see Lemma 3.23.2). As in [JNS23JNS23, Lemma 5.1], using these and the assumption Cw,δ

a1
⊆ C0,C

a2

we get an integral identity ∫
Ω

(
∂ua1(x, u1,v(x))− ∂ua2(x, u2,v(x))

)
v1v2 dx = 0

for any solutions vj of (∆ + ∂uaj(x, uj,v))vj = 0. Using the density of products for such solutions ([Cha90Cha90;
Nac92Nac92; DKS13DKS13] when n ≥ 3, and [BTW20BTW20] for n = 2) gives the result. □

Lemma 5.2. In the setting of Lemma 5.15.1 the function φv = u2,v − u1,v does not depend on v ∈ Vq,δ1 .

Proof. The function ψt = φtv is C1 in t, has zero Cauchy data and zt = ∂tψt satisfies (using Lemma 5.15.1)

∆zt + ∂ua(x, u1,tv)zt = 0.

Furthermore zt has zero Cauchy data, and hence by unique continuation (or by Lemma 4.34.3) zt = 0. Thus
ψt does not depend on t, and φv = φ0. □

The proof of our main result goes in the same way as in [JNS23JNS23, Section 5].

Proof of Theorem 1.21.2. Using Lemma 5.25.2 we have

∆φ = ∆(u2,v − u1,v) = a1(x, u1,v)− a2(x, u1,v + φ)

which implies a1(x, u1,v(x)) = (Tφa2)(x, u1,v(x)). It remains to show that there is ε > 0 such that for any
x̄ ∈ Ω and any λ ∈ (−ε, ε) there is a small solution v with u1,v(x̄) = w(x̄) + λ.

Recall from Proposition 3.13.1 that there is a function δ(t) with δ(t) → 0 as t→ 0 such that

u1,v = w1 + v +Rv

where ∥Rv∥W 2,r ≤ ∥v∥W 2,rδ(∥v∥W 2,r ) for v small. If x0 ∈ Ω, we use Runge approximation (Proposition 6.16.1)
to find a solution v = vx0

with v(x0) = 4. By continuity, v ≥ 2 in Ux0
∩Ω for some neighborhood Ux0

of x0.
Now for x ∈ Ux0

∩ Ω and t small, we have

|u1,tv(x)− w1(x)| ≥ |tv(x)| − |Rtv(x)| ≥ 2|t| − C∥Rtv∥W 2,r ≥ 2|t| − C∥tv∥W 2,rδ(∥tv∥W 2,r ).

Thus there is εx0 such that for |t| ≤ εx0 , one has

|u1,tv(x)− w1(x)| ≥ |t|, x ∈ Ux0 ∩ Ω.
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Next we use compactness of Ω to find points x1, . . . , xN ∈ Ω such that Ω ⊆ Ux1
∪ . . . ∪ UxN

. Choose
ε = min{εx1

, . . . , εxN
}. Given x̄ ∈ Ω, let j be such that x̄ ∈ Uxj

and define

η(t) = u1,tvxj
(x̄)− w1(x̄).

Then η(ε) ≥ ε and η(−ε) ≤ −ε. By continuity, for any λ ∈ (−ε, ε) there is t with η(t) = λ. This ends the
proof. □

Theorem 1.11.1 is a direct consequence of Theorem 1.21.2.

6. Runge approximation

The following result was needed in the proofs of the main theorems.

Proposition 6.1. Let Ω ⊆ Rn be an open set, and let q ∈ Lr(Ω) where r > n/2. Given any x0 ∈ Ω, there
exists u ∈W 2,r(Ω) solving (∆ + q)u = 0 in Ω such that u(x0) ̸= 0.

We begin by constructing a solution that is positive in a small ball.

Lemma 6.2. Let q ∈ Lr(B1), r > n/2. There is ε0 > 0 such that for 0 < ε ≤ ε0 there is a unique solution
u ∈W 2,r(Bε) of

(6.1)

{
(∆ + q)u = 0 in Bε,

u = ε2 on ∂Bε,

such that u is positive in Bε.

Proof. A function u satisfies (6.16.1) if and only if uε(x) = ε−2u(εx) satisfies, for x ∈ B1,

∆uε(x) = ε−2∆[u(εx)] = [∆u(y)]|y=εx = −qε(x)u(εx) = −ε2qε(x)uε(x),
where qε(x) = q(εx) ∈ Lr(B1). So uε should satisfy the equation{

(∆ + ε2qε)uε = 0 in B1,

uε = 1 on ∂B1.

Taking uε(x) = 1 + rε(x), we see that rε should satisfy the Poisson equation

(6.2)

{
(∆ + ε2qε)rε = −ε2qε in B1,

rε = 0 on ∂B1.

Next we show that (6.26.2) has a unique solution, i.e. Nε2qε = {0} in the notation of Section 22. Note that

∥ε2qε∥Lr(B1) = ε2−n/r∥q∥Lr(Bε) ≤ ε2−n/r∥q∥Lr(B1).

Since r > n/2, we have 2− n/r > 0. Now if ψ ∈ Nε2qε , i.e. ψ ∈W 2,r(B1) satisfies{
∆ψ = −ε2qεψ in B1,

ψ = 0 on ∂B1,

then by Proposition 2.12.1 (since N0 = {0}) we have

∥ψ∥W 2,r(B1) ≤ Cn,r∥ε2qεψ∥Lr(B1) ≤ Cn,r,qε
2−n/r∥ψ∥L∞(B1) ≤ Cn,r,qε

2−n/r∥ψ∥W 2,r(B1).

In the last step we used Sobolev embedding. By choosing ε ≤ ε0 = ε0(n, r, q), we may absorb the right hand
side to the left. It follows that Nε2qε = {0} for ε ≤ ε0.

Proposition 2.12.1 now ensures that (6.26.2) has a unique solution rε ∈ W 2,r(B1). Writing the equation as
∆rε = −ε2qεrε − ε2qε and using the norm estimate in Proposition 2.12.1 yields

∥rε∥W 2,r(B1) ≤ Cn,r∥ε2qε∥Lr(B1)(∥rε∥L∞(B1) + 1).
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We may use the estimate ∥ε2qε∥Lr(B1) ≤ ε2−n/r∥q∥Lr(B1) above and Sobolev embedding to conclude that

∥rε∥W 2,r(B1) ≤ Cn,r,qε
2−n/r

for ε sufficiently small. By Sobolev embedding again, we obtain ∥rε∥L∞(B1) ≤ 1/2 for ε small, so uε =

1 + rε ≥ 1/2 in B1 for ε small. It follows that u(y) = ε2uε(y/ε) ≥ ε2/2 for y ∈ Bε. □

The following result proves Runge approximation in our setting. The argument in [Lei67Lei67] proves that
Dirichlet eigenvalues are strictly decreasing with respect to increasing the domain also under our assumptions.
Combining this with Proposition 2.12.1 shows that a ball B as in the statement below can always be found.

Lemma 6.3 (Runge approximation). Let U ⊂ Rn be an open set with smooth boundary such that Rn \U is
connected. Let q ∈ Lr(U), r > n/2, and extend q by zero into an open ball B ⊂ Rn containing U such that
the equation {

(∆ + q)u = 0 in B,

u = f on ∂B,

is well-posed in W 2,r(B) for f ∈W 2−1/r,r(∂B). Define the spaces

VB = {u ∈W 2,r(B) : (∆ + q)u = 0 in B}
VU = {u ∈W 2,r(U) : (∆ + q)u = 0 in U}
RU = {u|U : u ∈ VB}.

Then RU is dense in VU with respect to the W 2,r(U)-norm.

The proof is based on the Hahn-Banach theorem, unique continuation, and a duality argument involving
very weak solutions. Let q ∈ Lr(Ω), r > n/2 and assume that 0 is not a Dirichlet eigenvalue of ∆ + q in
Ω. If µ is a bounded linear functional on W 2,r(Ω) and 1

r + 1
r′ = 1, we say that u ∈ Lr′(Ω) is a very weak

solution of
(∆ + q)u = µ in Ω, u|∂Ω = 0,

if ∫
Ω

u(∆ + q)φdx = µ(φ)

for any φ ∈W 2,r(Ω) ∩W 1,r
0 (Ω). The next result will be used in the proof of Lemma 6.36.3.

Lemma 6.4. Let r > n/2 and Ω ⊂ Rn be an open set with smooth boundary. Let q ∈ Lr(Ω) and suppose
that the equation {

(∆ + q)u = F in Ω,

u = 0 on ∂Ω,

is well-posed in W 2,r(Ω) for F ∈ Lr(Ω). Then there exists for every functional µ ∈ W 2,r(Ω)∗ a very weak
solution v ∈ Lr′(Ω) of {

(∆ + q)v = µ in Ω,

v = 0 on ∂Ω.

Proof. By the well-posedness P = ∆ + q maps W 2,r(Ω) ∩W 1,r
0 (Ω) surjectively onto Lr(Ω) and its inverse

P−1 is bounded. Define for φ ∈ Lr(Ω) the functional Lφ = ⟨µ, P−1φ⟩. Then L is bounded,

|Lφ| = |⟨µ, P−1φ⟩| ≤ C∥P−1φ∥W 2,r(Ω) ≤ C̃∥φ∥Lr(Ω)

and hence L belongs to Lr(Ω)∗. By Riesz representation theorem, we get v ∈ Lr′(Ω) such that∫
Ω

vφ = Lφ = ⟨µ, P−1φ⟩.

14



Using the well-posedness we may write any φ as φ = Pψ for ψ ∈W 2,r(Ω) ∩W 1,r
0 (Ω) and hence∫

Ω

vPψ = ⟨µ, ψ⟩ ∀ψ ∈W 2,r(Ω) ∩W 1,r
0 (Ω). □

Proof of Lemma 6.36.3. We equip VU with the W 2,r(U) norm, so VU is a closed subspace of W 2,r(U) and RU is
a linear subspace. By the Hahn-Banach theorem, RU will be dense in VU if every bounded linear functional
on W 2,r(U) that vanishes on RU must also vanish on VU . Let h̃ ∈W 2,r(U)∗ such that

(6.3) ⟨ h̃, v⟩ = 0 ∀v ∈ RU .

We wish to show that ⟨ h̃, v⟩ = 0 for all v ∈ VU .

Let h ∈W 2,r(B)∗ be the extension of h̃ defined by ⟨h, φ⟩ := ⟨ h̃, φ|U ⟩, for φ ∈W 2,r(B). Then supp(h) ⊆
U . We use Lemma 6.46.4 and let w ∈ Lr′(B) be a very weak solution of the adjoint problem{

(∆ + q)w = h in B,
w = 0 on ∂B.

In other words, w satisfies

(6.4)
∫
B

w[∆ + q]φdx = ⟨h, φ⟩ ∀φ ∈W 2,r(B) ∩W 1,r
0 (B).

There is a bounded extension operator W 2,r(U) →W 2,r
0 (B). We may therefore extend any solution v ∈ VU

to a function ṽ ∈W 2,r
0 (B). Taking φ = ṽ in (6.46.4), we have

(6.5)
∫
B\U

w[∆ + q]ṽ dx = ⟨h, ṽ⟩.

The main step is to show that w = 0 in B \ U . This will be accomplished by unique continuation from an
open set.

Let Q ⊂ Rn be a bounded open set containing B and define u ∈ Lr′(Q) by

u(x) =

{
w(x) if x ∈ B,

0 otherwise.

We show that u is a distributional solution of ∆u = 0 in Q \ U in the sense that∫
Q

u∆φdx = 0 ∀φ ∈ C∞
c (Q \ U).

For such φ, extend it by zero into U , so that φ ∈ C∞
c (Q) with supp(φ) ∩ U = ∅. Let ψ ∈W 2,r(B) satisfy{

(∆ + q)ψ = 0 in B,
ψ = φ on ∂B.

Then π = φ|B − ψ ∈W 2,r(B) ∩W 1,r
0 (B). From this and u|Q\B = 0, q|B\U = 0, and φ|U = 0 we have∫

Q

u∆φdx =

∫
B

w∆φdx =

∫
B

w(∆ + q)φdx =

∫
B

w(∆ + q)π dx

= ⟨h, π⟩ = ⟨h, φ|B⟩ − ⟨h, ψ⟩.

Now ψ ∈ VB so we have ⟨h, ψ⟩ = 0 by (6.36.3). And ⟨h, φ|B⟩ = 0 follows from supp(h)∩ supp(φ|B) = ∅. This
shows that u is a distributional solution of ∆u = 0 in Q \ U . Since u = 0 in Q \ B, unique continuation
(see [JK85JK85, Theorem 6.3 and Remark 6.7]) shows that w = u = 0 in B \ U . Here we used that Rn \ U is
connected. Now (6.56.5) reduces to

⟨h, v⟩ = 0 ∀v ∈ VU

which completes the proof. □
15



Proof of Proposition 6.16.1. We begin by using Lemma 6.26.2 to find a positive function u0 ∈ W 2,r(B(x0, ε))
solving (∆+ q)u0 = 0 in B(x0, ε), where ε > 0 is sufficiently small. Then Lemma 6.36.3, with U = B(x0, ε) and
B a suitable large ball containing Ω, ensures that there are uj ∈ W 2,r(B) solving (∆ + q)uj = 0 in B such
that uj |B(x0,ε) → u0 in W 2,r(B(x0, ε)) and thus also in L∞(B(x0, ε)) by Sobolev embedding. By choosing j
large enough we see that uj |B(x0,ε) is positive, which proves the result. □
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