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ABSTRACT. We establish a variational parabolic capacity in a context of degenerate
parabolic equations of p-Laplace type, and show that this capacity is equivalent to the
standard capacity. As an application, we compute capacities of several explicit sets.
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1. INTRODUCTION

Capacity is a central tool in the classical potential theory. It is utilized for example in
boundary regularity criterions, characterizations of polar sets and removability results. In
the stationary case, capacity has turned out to be the right gauge instead of the Lebesgue
measure for exceptional sets for Sobolev functions.

In this work, we study a capacity related to nonlinear parabolic partial differential
equations. The principal prototype we have in mind is the p-parabolic equation

dyu — div(|Vul' > Vu) = 0

with p > 2. In [13], we defined the nonlinear parabolic capacity of a set £ C Qy =
2 x (0,00) as

cap(F, Qo) = sup{pt(Qeo) 1 supppp C £,0 <y, < 1},

where p is a nonnegative Radon measure, and u, is a weak solution to the measure data
problem

dou — div(|Vul’ > Vu) = p, in Qs
u(z,t) =0, for (z,t) € 0,Q.

The capacity defined this way has many favorable features, including inner and outer
regularity, as well as subadditivity to mention a few. The main motivation to study such
a capacity is its possible applications to questions regarding boundary regularity and
removability. The above capacity is analogous to thermal capacity p = 2 related to the
heat equation, which together with its generalizations have been studied for example by
Lanconelli [20, 21|, Watson [29], Evans and Gariepy [7], as well as Gariepy and Ziemer
8, 9]. In the elliptic case, the reader can consult [12].

However, computing the capacities of explicit sets using the above definition is quite
challenging. Again, the situation can be compared to the elliptic case, where explicit
calculations are usually based on minimizing a variational p-Dirichlet energy integral over
a suitable set of test functions. This is the so-called variational capacity. Our objective
is to develop tools for estimating capacities of explicit sets in the nonlinear parabolic
context. In analogy to the elliptic situation, a central role is played by the nonlinear
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parabolic variational capacity cap,, (K, {2 ), see Definitions 4 and 5. Our main result
(Theorem 4.7) shows that

cteap,,, (K, Q) < cap(K, Qs) < ¢ capy,, (K, Qo)

for ¢ = ¢(n,p) > 1 and for a compact set K C . As an application, in Section 5, we
estimate the capacities of space-time curves (Theorem 5.1), cylinders (Theorem 5.3) and
hypergraphs (Theorem 5.4). In addition, we give a lower bound for cap,,, in terms of the
elliptic capacity in Theorem 5.2.

We first establish the main result in the special case that K is a finite union of space-
time cylinders. The simple structure of such sets helps us in deriving estimates using
mollified test functions, since we have a better control over the size of the mollified func-
tion. As an intermediate step, we prove the equivalence between the energy capacity,
defined in (4.1), and the capacity defined above. The proof is based on using the capaci-
tary potential (or balayage/réduite) as a test functions in the measure data problem, and
a straightforward estimation.

Then we go on establishing the equivalence between the variational and energy capac-
ities in two main steps: First, in Theorem 4.2, given a nonnegative supersolution u, we
construct, by using a backwards in time equation with a right hand side depending on
u, a solution v. The suitably chosen exponents in our definitions allow us to bound the
key variational quantity |[|v|],,, in terms of the energy of u, ||u||,,, by a direct estimation
utilizing the backwards-in-time equation.

Second, in Theorem 4.3, given v, we show that there exists a supersolution u such that
l|ull,, < cllvlly, in a suitable intrinsic geometry. Such u is obtained as a solution to the
obstacle problem using rescaled v as an obstacle. The above inequality is then derived
from the definition of u being a supersolution, in essence using the difference between the
rescaled u and v as the test function. This establishes the main result for finite unions of
space time cylinders in 7. To complete the proof, we approximate a compact set with
unions of cylinders and pass to the limit T — oc.

Our work owes inspiration and techniques to the work of Pierre [25] for the heat
equation, and can be seen as a nonlinear generalization of Pierre’s results. For other,
but quite different generalizations, see [6], [26] and [27]. Finally, the results in this paper
generalize to a wider class of equations of p-parabolic type even if for expository reasons
we only work with the p-parabolic equation.

en’

2. PRELIMINARIES

2.1. Parabolic spaces. We begin by describing the basic notation. In what follows,
B(zg,7) = {x € R" : |z — x| < r} stands for the usual Euclidean ball in R". If U’ is a
bounded subset of an open set U and the closure of U’ belongs to U, we write U’ € U.
We denote

Ut 1o = U X (11, 12), Qr =0 x(0,7) and Q :=Q x (0,00).
Furthermore, the parabolic boundary of a cylinder Uy, 4, := U X (t1,t5) C R™ is
aJoUtlﬂtz = (U X {tl}) U (8U X (tlatQ])-

We define the parabolic boundary of a finite union of open cylinders U’

toth
2
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Note that the parabolic boundary is by definition compact. We let a ~ b denote that
there exists a positive constant ¢ depending only on n and p such that ¢ ta < b < ca.

Next, let U be a bounded open set in R". As usual, W1?(U) denotes the space of real-
valued functions f such that f € LP(U) and the distributional first partial derivatives
df/0x;, 1 =1,2,...,n, exist in U and belong to LP(U). We use the norm || f||w1r@y =
1 fllzo@) + IV fllzo)- The Sobolev space with zero boundary values, W,*(U), is the
closure of C§°(U) with respect to the Sobolev norm. By Sobolev’s inequality, we may
endow Wy P(U) with the norm I lwae @y = IVl @)

By the parabolic Sobolev space LP(ty,ty; WHP(U)), with t; < t5, we mean the space of
measurable functions u(z,t) such that the mapping ¢ — u(z,t) belongs to WP(U) for
almost every t; < t <ty and the norm

t2 1/p
falloinssavisay = ([0 )
t1

is finite. The definition of the space LP(t;,to; W, P(U)) is similar. Analogously, by the
space C(ty,t; LY(U)), t; < to and g > 1, we mean the space of functions u(z,t), such
that the mapping ¢ — [, |u(x,?)|? dz is continuous on the time interval [ty,zo].

2.2. Nonlinear parabolic problems. We can now introduce the notion of weak solu-
tion to

dyu — div(|Vul’~* Vu) = 0. (2.1)

Definition 1. A function u € LP _(0,T;W.-P(Q)) is a weak supersolution to the p-
parabolic equation in Qp, if

// (IVuP™> V- Vo — udre) dudt >0
Qp

for every ¢ € C§°(Qr), ¢ > 0. It is a weak subsolution, if the integral above is instead
nonpositive. A function u is a weak solution in Qr if it is both a super- and subsolution
in Qp, ie.,

// (IVul" > Vu V¢ —udp) dvdt =0
Qrp
for every ¢ € C5°(Qr).

In this work we consider weak solutions with zero boundary data, that is, zero boundary
values on the lateral boundary 0€2 x (0,7") and zero initial values on Q2 x {t = 0}. By
this we mean that u € L?(0, T, W, (Q))

and
lim — / /]u| dz = 0.
h—)O

Similarly, for nonzero boundary data g € LP(0;T;W'?(Q)), having an L? Lebesgue
instant at zero, we require

li —g|"dz=0 d
lim - / / lu —g|*’dz =0 an (2.2)
u(-,t) — g(-,t) € LP(0, T; W, *(Q), for almost every t € (0,T).

In what follows, we often choose a supersolution with zero boundary data and above 1
on a compact set K € {27. In this case, we can always choose our function so that for
small enough €, u = 0 in Q x (0,¢), and thus takes zero initial values in any reasonable

sense.
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Closely related to weak supersolutions, is the more general class of p-superparabolic
functions in © C R™*!, see [11].
Definition 2. A function u : © — (—o0, 00| is p-superparabolic if

(1) w is lower semicontinuous;
(ii) w is finite in a dense subset of ©;
(ili) w satisfies the following comparison principle on each space-time box Qy, ;, € ©: If
h is p-parabolic in )4, s, and continuous on @t17t27 and if h < uw on 9,Q, +,, then
h < w in the whole @y, ¢,.

We recall the following theorem from [19].

Theorem 2.1. Let u be a weak supersolution in Qp. Then the lower semicontinuous
reqularization 4 is a weak supersolution and u = U almost everywhere in .

Vice versa we also have the following theorem of [17].

Theorem 2.2. Let u be a p-superparabolic and locally bounded, then u is a weak super-
solution.

Let u be a supersolution. Then by the Riesz representation theorem, there exists a
Radon measure i, such that u solves the measure data problem

//QT (|Vu|p*2 Vu-Vé —udp) dodt = //QTqbd,uu (2.3)

for every ¢ € C5°(Qr). Conversely, for every finite positive Radon measure, there is a
superparabolic function, see for example [4, 15] and [16].

Next we introduce the parabolic obstacle problem, see [2], [18], [23], and also [5]. The
following definition for the obstacle problem for ¢» € C(Q7) is taken from [23]. In potential
theory, the function in the definition below is often called the balayage. We denote the
lower semicontinuous regularization of u by

G(z,t) = liminf u = lim inf u.
(y,8)—=(x,t) =0 By (x) X (t—rP t+rP)

Definition 3. Let 1) € C(Qr), and consider the class
Sy = {u : u is essliminf-regularized weak supersolution,u > 1 in Qr}.
Define the function
w(z,t) = ir&fu(%t),
where the infimum is taken over the whole class Sy;,. We say that its regularization
u(z,t) == w(x,t)
is the solution to the obstacle problem.

The solution to the obstacle problem has the following basic properties, see again [18]
and [23]:

(1) u < C(QT),

(ii) u is a weak solution in the set {(x,t) € Qr : u(x,t) > ¥(z,t)}, and
(iii) w is the smallest weak supersolution above 1 | i.e. if v is a weak supersolution in

Qr and v > 1, then v > w.
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Continuity of the obstacle can be dropped in the definition of the obstacle problem
without losing (iii). Indeed, a special case we are often going to utilize is the characteristic
functions of a compact set K € (1

Y= Xk

We denote the solution to this obstacle problem by Ry This function is sometimes called
a balayage/réduite, and it can also be seen as a capacitary potential for the following

reason: Ry is a supersolution by Theorem 2.2, and thus there is a Radon measure pg
related to this solution through (2.3). Moreover, supp ux C K and it is shown in [13,
Theorem 5.7] that

cap(K, Qo) = pug(K). (2.4)

2.3. Parabolic capacities. Next define the functional spaces

V(Qr) = LP(0,T; WyP(Q),  V'(Qr) = (LP(0, T; Wy P ()

/Q vgbdasdt‘ ,

with norms

1/p
”UHV(QT) = (/ |V'U|p dﬂ: dt) s ”UHV/(QT) — Sup
Qr

lollv ) <1,0€C5° (Qr)

and also define
W(QT) = {U € V(QT) . 8,5’& € V/(QT)}

equipped with the natural norm ||u||y + ||Oyul|y», which can be equivalently written as

/ w0 dx dt‘ )
Qp

A first observation, when generalizing the approach in [25] to the nonlinear setting,
is that one of the fundamental structures of the p-parabolic equation (2.1) is invariance
w.r.t. intrinsic rescaling. Let u be a p-superparabolic function in €2, then we can define
its energy as follows

1 T
lallongr = sup » / () d + / / TP e dt.
0<t<T2 QO 0 Q

If we instead consider v(z,t) = Atu(z, \27Pt), then v is still p-superparabolic in 2., and
its energy has changed as follows

ullver) + 10ullvior = [[ullvar) + sup
oy ) <1,0€C5° (Qr)

[telen,0
H’U”en,Qoo - %.

We would like cap,,, to reflect this, and therefore define the anisotropic quantity in W
as
lvlwer) = vIlqpny + 19w,

where 1/p+1/p’ = 1. The above quantity now scales as A\* w.r.t. intrinsic rescaling, but
in order to encode the geometry within the definition, we set

Definition 4. For any compact set K & (r, we define
capPyar (K, Q7) = inf{\* : A* = ||v|wa veCF(QUxR), v>xk}
If T'= oo, we instead set

capy,, (K, Qo) = inf{||v|wia.) 1 v € Cy°(2 X R), v > xk}.
5
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A couple of remarks are in order. First, note that we have defined it for compact sets.
Second, although being intrinsic in nature via the anisotropic nature of || - ||y (q,), the
capacity cap,,, (K, Q) only minimizes w.r.t. a quasinorm without any intrinsic condi-
tions. Third, note that for an arbitrary v € W we can always find a solution A > 0 to
the equation

)\2 = H’UHW(Q)\prT)'

In fact, since A\ is strictly increasing and for a given v, [[v]|w,,_,,) is nonincreasing we
see that for each smooth v there exists a unique solution A to the above equation. We
define the variational capacity for more general sets in a usual way:

Definition 5. Let U C )y be an open set, then we define the intrinsic variational
capacity as the limit of exhaustions of compact sets, i.e.

cap,,, (U, Qr) = sup{cap,,, (K, Qr) : K is compact, and K C U}.
For Borel sets B we define it as follows,
capy,, (B, Qr) = inf{cap,,, (U, Qr) : U is open, and B C U}.
In lack of a better name, we have taken liberty to call the above quantity the variational
capacity, due to its connections to the capacity as well as due to the elliptic analogy.
3. PROPERTIES OF THE VARIATIONAL CAPACITY

We start by listing some very basic properties of the variational capacity. For this,
let  Cc Qand 0 < T} < T < T, < +oo. Let K, Ky, and Ky be compact sets of
O = Q' x (0,T) such that K; C K,. Then the following properties hold:

cap,, (K, Qr) < +00

Capvar<K17 QT) < Capvar(K2’ QT) (31)
capy,, (K, Qr) < capy,, (K, Q) (3.2)
Capvar(K> QT1) < Capvar(K> QTQ)' (33)

The next lemma turns out the be crucial in what follows. It allows us to reduce the
analysis to finite collections of space-time cylinders instead of general compact sets.

Lemma 3.1. Let K;, i = 1,2,... be compact sets in Qr such that K1 D Ko D ..., then
lim capy,, (K;, Qr) = capy,, (N Ky, Q7).
1— 00

Proof. Let K := N;K;. It holds by (3.1) that
Capvar(K7 QT) < Capvar<Ki7 QT)

and by passing to a limit i — oo (cap,,, (K, Q7) is decreasing), we get that cap,,, (K, Qr) <
lim; ., cap,,, (K;, Qr).

To prove the reverse inequality, the idea is to choose v > yg which can be used to
approximate cap,,, (K, Qr) closely. Then multiplying v by constant slightly larger than
1, we get an admissible test function for the capacity of K; for ¢ large enough. Yet, as
the constant is close to one, we only make a small error.

To work out the details, set A = cap,,, (K, Qr). For e > 0, there exists v € C*(QxR),
v > X such that A2 = lvlwe,,-,,) and

/\12) < Capvar(Ka QT) + 5/2
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Next, note that since v is smooth we know that for any v > 0 there exists ig := ig(7)
such that

vy = (1—=79) 70 > g,
for i > ig. Hence for \, satisfying \> = ||U7||W(Q>\2_pT) we have
Y

)\,2Y Z Capvar(Ki7 QT)
Furthermore, by scaling properties
2
1oyl o) = (1 =7)7PA

It also holds that

A2 <A< (1—7)PAL
Indeed, the first inequality holds by definition of v, and the second from this and the
previous estimate. We now see that

Capvar(Ka QT) < Capvar(Ki7 QT) < )‘3/ < (1 - ,7)—p/\12) < (1 - 7)_p<capvar(K7 QT) + 8)
for any i > ig(7y). Letting first ¢ — oo and then v — 0, we see that
Ca‘pvar(K7 QT) < hm Capvar(Ki’ QT) < Capvar(K7 QT) +e€
1—r 00

Since € > 0 was arbitrary, we conclude the proof. O

Lemma 3.2. Let K be a compact set in Q. Then
lim cap,,, (K, Qr) = cap,,, (K, Q) -
T—o0

Proof. First, notice that by we have that T" — cap,,, (K, €r) is an increasing function
by (3.3). Set A% = cap,,, (K, Qr) and since the sequence (Ar)r is increasing, the limit
below exists and we have

22— :,lim )\% = jlim capvar(K, QT) < Capvar(K, Qoo) < 00.
—00 —00

From the above we can find large enough T, such that by setting 7/2 := A\>7PT,. we have
K C Q.. Furthermore for any 7' > T, we can find a v € C§°(Q2 x R) such that v > xx
and

/\2 Z /\12) = HU”W(ng_PT) Z /\2T — E&.

Let 6 € C§°(—00,27) be such that # = 1in (0,7),0 <0 <1 and |#'| < 2/7. We have

2T
‘@t (v0), D)y ‘ = / /vQ@tqﬁdx dt‘
'U@t (0¢) dx dt—/ /v¢¢9’ dxdt‘
<HU||V/ 20 19l via.) + —||U¢HL1(QQT)

C
< (ol + =0l 0 ) 6 lvicnn

C
< (Il + lellra ) 16 lvas
< ([[vllvr@sny + e 0] lvi0an) 10]v(sn
Therefore

1/ (p— P
100l o) < N0, + (I0lvi@en + eV u]lva,,))
7



< (1= 8) " [[vllw@sn + (@ p)T V0l g,
<(1=0)PN 4 c(6,p)T7? /(p_l)”UH@(QOO)

for all 6 € (0,1). But now, by the very definition, fv is an admissible test function to
test variational capacity over the whole €2, and we have that

Capvar(K7 QOO) < ||U9||W(Qoo)
(1= 8)7 lim cap,ay(K,20) + (6.0 0 Vol

which holds for all 7 sufficiently large. Letting thus 7 — oo and then § — 0 finishes the
proof. O

4. EQUIVALENCES OF DIFFERENT CAPACITIES

In this section, we first prove the main theorem, the equivalence between the capacity
and the variational capacity, in the special case that K is a finite union of space-time
cylinders. The structure of such a set is much simpler, and this helps us in deriving
estimates using mollified test functions, since we can control the change in the mollifica-
tion, cf. (4.2). We first prove the equivalence between the energy capacity, defined below,
and the capacity. Then we go on establishing the equivalence between the energy and
variational capacities.

Later, in Theorem 4.6, we extend the result for any compact set by approximating K
by a finite unions of cylinders. Finally, we pass to a limit T" — oo.

4.1. Energy capacity versus capacity. To prove Theorem 4.5 let us first introduce
an intermediate notion of capacity defined in terms of the energy

1 T
lullongy = sup / (1) di + / / VP da dt.
0<15<T2 QO 0 Q

The energy capacity is defined as

cape, (K, Qr) = inf{||u||len,0p : v € V(Qr), u is p-superparabolic in Qp,u > xx}. (4.1)

Theorem 4.1. Let K C Qp be a finite family of compact space-time cylinders. Then

Capen(Ka QT) ~ Ca‘p(K7 Qoo)
Proof. First, we give a rough description of the steps of the proof. Let

U = EK

be the capacitary potential of K, and p be the corresponding Radon measure in (2.3).
By using (2.4) that is cap(K, Qo) = px (1), and estimating the right hand side from
below utilizing (2.3) formally with the test function ¢ = ug, we are going to establish
cap,, (K, Qr) < 2cap(K, Qr). The reverse inequality follows in a straightforward manner
by testing (2.3) with a supersolution u for which u =1 on K.

To work out the details, let x,; € C5°(0,7") be a cutoff function in time approximating
X(0,)- To be more precise, xp; increases pointwise to x( s as h — 0 and x5, = 1 on
Xnt = 1 on [h,t —h]. Fix h. After a standard density argument, ((ug)cXn:t)e is an
admissible test function in (2.3) for small enough €. Recall that (-). is the standard

mollification only over the time variable.
By Fubini’s theorem, we obtain

@) > [ [ (o
8



t t
= _/ /(UK)sat(uK)sXh,t diﬁdS—/ /(uK)zx’hﬂf dxds
0 Ja 0 Ja

t
+/ /|VuK|p_2VuK-V((uK)EXM)admds.
0 Jo

Now
t t 1
—/ /(uK)aﬁt(uK)€Xh7tdxds—/ /(uK)gxlhtdmds% —/u%(w,t) dx
0 Jo 0 Jo ’ 2 Jq

and

t t
/ /(quK|p_2VuK)5 - V(ug)eXnt drds — / / |Vug|P deds
0 JQ 0 JQ

for almost every t € (0,7") as first ¢ — 0 and then h — 0. Hence

1 t
px (Qr) > i/u%(x,t) dx—l—/ /\VuK]p dx ds
0 Jo

Q
follows for almost every ¢ € (0,7"). Taking essential supremum over ¢ leads to

1 T
2uk (Qr) > sup —/u%(x,t)d:c—l—/ /|VuK\p drdt.
Q 0o Ja

0<t<T

On the other hand, since K is a finite union of space-time cylinders, we know that for
g, h > 0 small enough,

47k < ((ug)exnr)e < 1. (4.2)
Because of (4.2) and passing to the limit as above we can estimate

1 T
47 g (Qr) < §/u§{(x,T) da:—l—/ /|VuK|p dxdt
Q o Jo

1 T
Ssup—/u%(x,t)da:—l—/ /|VuK|p dx dt.
t 2Ja o Jo

Therefore, since cap(K, Q) = pr (1), we obtain
27 lukllengr < cap(K, Qoo) < 4f|ts flenor, (4.3)
and in fact we have proven
capy, (K, Qr) < 2cap(K, Qr).

To prove the other direction, for a supersolution u such that v =1 on K, u(z,0) =0,
we obtain by the definition of the capacity and (2.3) for ugx that

47 cap(K, Q) < / (usthn). dpix

T T
== / /(uK)EatusXh,T dxdt — / /(UK)EUEXZ,T dx dt
0 Q 0 Q

T
—i—/ /(|VUK‘p2VUK)€ - Vuexnr dx dt.
o Ja

Furthermore, first using integration by parts, and then a test function ((ux):xnr)e to-
gether with the fact that u is a weak supersolution, we get

T T
—/ /(uK)aﬁtusxh,Tda:dt:/ /u@t((uK)gxhj)sdxdt
0o Jao 0 9&2



T
< / / (VulP2Vu - V((ug)exnr)e dz dt.
0o Jo

Using the above two displays, first taking the limit ¢ — 0 and then h — 0, gives us with
the aid of Young’s inequality that

1 cap(K, Q) < /
Q

T
+/ / \Vug|P*Vug - Vudr dt
0o Jo

<Oljusclen.r + ¢(0)[ullen, 0z -

T
uk (@, T)u(z,T) dv + / / IVulP~2Vu - Vug dz dt
o Ja

Recalling (4.3) and choosing small enough &, we may absorb the first term on the right
hand side into the left. Further, recalling the definition of cap,,, we get

Cap(Ka Qoo) < Ccapen(Kv QT) 0

4.2. Comparing variational and energy capacity. In Theorem 4.2, given a nonneg-
ative supersolution u € V(Qr) = LP(0,T; W, *(£2)), we construct, by using a backwards
in time equation with a right hand side depending on u, a solution v € W(Qr) = {v €
V(Qr) @ dw € V'(Qr)} such that by the comparison principle v > u. The suitably chosen
exponents in the definition of || - ||y, allow us to obtain [[v|[w@q,) < c/|tullenor by a
direct estimation starting from the backwards-in-time equation.

On the other hand, in Theorem 4.3, given a smooth nonnegative v with zero boundary
values, we show that there exists a supersolution u such that u > v a.e. and [|ul|,, <
cllv||,y in a suitable intrinsic geometry. In the proof, we construct u as a solution to the
obstacle problem using rescaled v as an obstacle, and then derive the above inequality by
a using a suitable test function in the weak equation for wu.

Finally, combining these results in Theorem 4.4 we end up with

Capvar(K7 QT) ~ Capen(K7 Q)\Q—PT)'

As we already know by Theorem 4.1 that cap,,, (K, Qr) = cap(K, Qs ), we obtain the
main result

capy,, (K, Q) = cap(K, Qy),

by passing to the limit 7" — oo.
The proof of the next theorem follows the ideas in [25]. Indeed, the use of a backward-
in-time equation is taken from there.

Theorem 4.2. For each nonnegative supersolution u € V(Qr), there exists v € W(Qr)
such that v > u and
HUHW(QT) < cllullen0r
with ¢ = ¢(p).
Proof. Let 7 € (0,T) be such that u(-,t) takes continuously values u(-,7) in L? as t — 7.

Such instants are of full measure in (0,7") by Lebesgue’s differentiation. Solve then the
weak solution to the backwards equation

-0 — Apv = =2Au
(@, 7) = ul(z,7)
10
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in Qr with zero lateral boundary values, see (2.2). The right hand side is naturally
interpreted as [ 2|Vu[’"> Vu - V¢ dz. The equation has the unique solution v € W(Q,),
because we know that v € V({07) and hence Ayu € V'(2,).

Now choose the mollified test function ¢ = (vexpr):, where again x,,, = 1 in [h, 7 — h]
and xp,r € C3°(0,T). Testing then the weak formulation of the backwards equation and
passing to a limit € — 0 similarly as in Theorem 4.1, we get

1
5 / VX, dv dt + \VolPxprdzdt =2 | |VulP">Vu - Vo, dz dt.
T Qr Qr
Passing to the limit as A — 0 we obtain by Young’s inequality that
1 1
—5/1)2(1’,7) dx+§/v2(x,0) de+c | |[VolPdedt <c [ [|Vuldzdt,
Q

Q Q. Q.
which gives together with the terminal data of v that

1
/ |Vv|pdxdt§c(§/u2(x,7') dx+/ |vu|dedt) <cluflmn,.  (45)
Q Q Q.

Let us now consider the dual norm. We have by (4.4) and Holder’s inequality that

/ vOp dx dt’
QT

/|Vv|p_2Vv-ngd:pdt‘+2‘/ |Vu|p_2Vu-ngdxdtH
Qr Qr

|0y, = sup
I8llv(a,H)<1

< sup {

B Illv(a,H)<1
1/p
< e (Il + Iullpar) ™
where ¢ € C3°(Q2,) and 1/p+ 1/p’ =1 so that 1/p' = (p—1)/p . Since

[0lap) + 10,y < clltllenor

holds by (4.5) and definition of ||ut||en,0,, We also get

10005y < ellullenor-
Hence we conclude that
[ollwer) < cllullenor-
To check that v > u, we do the following formal computation
—0w — Apv = =2A,u > —0u — Apu,

based on (4.4) and the definition of a supersolution for u. Now we can use the compar-
ison principle for backwards equations to conclude the inequality in €2,. The rigorous
treatment goes via weak formulation and standard mollification argument. Indeed, sub-
tracting the backwards equations in the weak form, passing to limits, and using the initial
condition, we get for a.e. s € (0, 7) that

/Q(u — )2 (z,s)dz — 0

< - / (|VulP=>Vu — |[VoP2Vv) - V(u — v) 4 dzdt

<0.

This implies that u < v a.e. in §2,. Finally, as this reasoning holds for almost every

7 € (0,7), we obtain the statement. O
11



The proof of Theorem 4.3 utilizes the following rescaling lemma.
Lemma 4.1. Let v € W(Qy,), and suppose that A > 0 is the intrinsic parameter satisfying

2 _
A= lollwg, s pp)-
Further, let
o(x,7) = A o(z, A27PT).
Then /

Proof. By the definition of the norm || - ||y @
variables t = \>7P7 that

A2—PT 1/p
[v][vie,epp) = (/0 /Q|Vv(x,t)]p dx dt)

T 1/p
0o Ja

_ To find out the scaling of the norm of the time derivative in the dual space we denote
é(x,7) = ¢(x, \>7P1) and observe by a similar calculation as above

[éllv@,epp) = AP 6llvien).

y and || - [[y(e,) we have by changing the

\2—-pT

Now

[0wllvi@,s ) = sup (0w, )]

||¢HV(Q)\2_pT)§1

\2=PT
= sup / / vOy¢ dx dt
13llv e 0 Q

xe—pp) St

AZ=PT
= sup / / NO(z, NPT2)NP20, (2, NP~2t) dr dt
0 Q

||¢HV(Q)\2_pT)§1

T
/ / NO(x, T)NP 20, ¢(x, 7) dzA* P dr
0o Jo

= sup
[AE=P)/PG|l (<1

= sup
[AE=P)/PG|| () <1

T
>\1+(p—2)/p/ / (z, T))\(Q—p)/paTQ;(w’ 7)dx dr
0o Ja

/
= A7 qup
lollvom<t

T
/ / o(z, 7)0-¢(x, 7) dz dr
0 Q

= X700 v,

because 1+ (p — 2)/p = 2/p'. Here we have also denoted ¢ = A@P/Pg. Therefore
A= HUHW(QAQ_,;T)
Nl + 190
= N80, + A 10
= N[[olwen

holds, which is exactly (4.6) since A > 0. O
12



Theorem 4.3. Let v € C§(Q2 x R) be nonnegative. Let \ be the nonnegative number
such that
2
A = [vllwi@,epp)-
Then there exists a continuous nonnegative supersolution u in Qy2—pp such that u > v
and
[ulleng,ompy < Cllvllwi@,omyy)

for a constant ¢ = ¢(n, p).

Proof. Assume, without loss of generality, that A > 0. Indeed, otherwise v is identically
zero and we may simply take u = 0.

Let © be defined as in Lemma 4.1, then consider the obstacle problem with ¢ as the
obstacle in 2. Let u be the continuous solution to this problem. It holds that u is a
supersolution and

U Z v 1n QT-
Moreover, since 0f2 is regular and o is continuous up to the parabolic boundary, @ is
continuous up to the parabolic boundary as well and @ = v on 9,{)r. Thus, for each
0 > 0 we find € > 0 such that

V= (((t =0 =0))+Xnr)e
vanishes on the parabolic boundary. Here x; . is again a smooth approximation of a
characteristic functions x (o) where 7 € (0,7"), and the subscript ¢ refers to the standard
time mollification. We may use 1 as a nonnegative smooth test function in the weak
formulation for 4. Then using integration by parts, we obtain

//6ug 0 —0)e) s Xnr drdt wn

/ / \VaP2Va). - V(@ — 9 — 6)) 4 Xnr do dt = /OT/Qzﬁdua.

From this we obtain

/ / O (= 5 — 8)2) s X
:%/ / (a-0—0)e)} s da dt (4.8)

+/ /8“5((a—@—5)8)+Xh,dedt.
0 Jo Ot

Now for the first term on the right hand side, by the definition of W-space and the
properties of standard mollifiers, we obtain that

ov B 5 . -
/ / (55— 8).) s xne dedt > — | lwiam i — 3y > —Ild — Fllve

Here we also used Lemma 4.1. For the second term on the right hand side of (4.8),
integration by parts, on the other hand, gives

%/07/98((&_2;5)) i dar dt = ——// (8~ — 8))2 X (1) d dt

Combining the previous two displays in (4.8), passing to a limit first in ¢ and then in J,
and using Lemma 4.1, we get

limsup/ /8u5 0 —0)c)4Xnrdrdt

,e—0

13



_ L[ r._
> lilvay ~1=5 [ [ (=0 ) dedr
0

Next, by Young’s inequality and Lemma 4.1, we get
g / /(‘Vﬁ‘pQVﬁ)s V(@ =0 —=6)e) 4 xn,r drdt
Q

d,e—0 0
= [ [vapevi)- 9@ - o). de i
0 Q

> / / Vil xns da dt — / / IV Vil de dt
o Ja 0o Ja
1 /[ _ 1 (7 3

2> _/ /’VU’th,Tde’dt——/ /\Vv]pxh,rdzdt
PJo Ja PJo Ja
1 /7 ~ 1

> —/ / \ValPxp , dedt — —.
PJo Ja p

Finally, recall that since the obstacle v is continuous, the solution « is continuous and
hence 5. — 0 on {u = ¥} uniformly as §,e — 0. In addition, by the properties of the
obstacle problem supp p1z C {& = 0}. Thus combining the previous estimates with (4.7),
we conclude that

1
//|VU|thrdIdt——/ /u—v th t) dx dt < ||uve, +]%

Passing to a limit A — 0, using the initial condition, and choosing 7 to be a Lebesgue
instant such that [, @*(z,7)dz > 5 supyor [, @* dz, we end up with

T
/ |Va|P dx dt + sup /ffdxgc.
0 0

0<t<T

To get rid of the term [, 0 dm|0 on the left hand side, we used the fact that C'(0,T; L*(Q)) <
W(Qr), together with Lemma 4.1. Now by changing variables u(z,t) = \a(x, \P~2t) we
obtain the estimate

“u”en,Q)\%pT < eX? = C||/U||W(Q)\2—pT)’
where u is a supersolution satisfying u > v. This finishes the proof. U

Next we combine the previous two theorems to obtain cap,,, (K,Qr) =
cape, (K, Qz2-p7). When combining the previous results, we would like to take v to be
smooth. The following lemma gives us the appropriate mollification. By following the
proof of [6, Appendix A], together with the fact, that on a finite union of space-time
cylinders, we can control the space-time mollification, cf. (4.2). In addition, close to the
lateral boundary of 27, the mollification can be done by using the partition of unity, as
usual. The details are left for the reader.

Lemma 4.2. Let K be a compact set consisting of a finite union of space-time cylinders.
Let v € W(Qr) be such that v > xi for a compact set K € Qp. Then there is w €
C(Q x R) such that w > xx and
[wllwier) < cllvlwen-
Theorem 4.4. Let K be a compact set consisting of a finite union of compact space-time
cylinders, set \* = cap,,, (K, Qr), and suppose that K € Qy2-pp. Then
capy,, (K, Qr) & capy, (K, Qx2-»7),
where Qy2—pp is interpreted as Qs if A = 0.
14



Proof. Suppose first that cap,,, (K,Q7) > 0. To compare the variational and energy
capacities, we first define

A2 = capy,, (K, Q7).

Given § > 0, choose a superparabolic function u € V(2y2-»7) such that u > yx and

HUHBH,Q)\Q—pT < Capen<Ka Q)\Q—PT) + 0.

Using Theorem 4.2 we find a function v € W(Qy2-»7) such that v > u > yx and
[vlw@,spp) < clltllens,s,, -

By Lemma 4.2, we may take v to be smooth. Furthermore, associated to v there is A\, > A
such that A2 = [Jv||w ) and

QA%*PT
capy, (K, Qr) < A2 = ||v||W(QA%_pT) < cfluflene,ny, < c(Cape, (K, Qya-rr) +9).

This gives

Capy (K, Q7) < ¢ cape, (K, Qa-sr).

Conversely, for small enough § > 0 let us now consider v € C§°(2 x R) N W(Qy2-»7)
such that v > yg and

N < ||U||W(QA12)_,,T) =X\ < (146))\%,

which we find by the definition of cap,,,. Theorem 4.3 yields a superparabolic function
u € V(,2-»p) such that u > v and

HUHemQ)\%pr < CHU”W(Q)\Q—pT) < c(capvar<K7 QT) + 5)

Since K is compact and belongs to 2)2-»r, we find small enough ¢ so that K € §22-»,
as well. Extending u to the entire cylinder €2, as a solution with initial values at the
time ty = A27PT equal to u, we see that

||u”en’Q/\2*PT < “uHen’Qoo < 2”“”61179/\%pr < C<Capvar(K7 QT) + 5/\2)7 (49)

where the second inequality is due to an energy inequality

/ / |Vul? dxdt+sup/ u?(z,t) de < c/ u?(z,ty) do
to Jo to<t JQ Q
for a solution.

The estimate (4.9) immediately gives that
Capen<K7 QAQ*pT) <c Capvar(Kv QT)7

concluding the proof when A > 0.
To finish the proof, we consider the case cap,,, (K, Q) = 0. For any § > 0 there exists

v e CFxR)NW(Qy), v > Xk, such that
0 > A2 = [lvllw

Q\2-pp)

For this given v, we may argue as in the first step using Theorem 4.3. Indeed, we find u
such that u > v > yx and

ullenoe < ellvllwia, sy, < 0
v

Therefore cap,, (K, Q) = 0 and the proof is finished in all cases. U
15



4.3. Comparing the capacity and the variational capacity.

Theorem 4.5. Let K C Qp be a compact set consisting of a finite union of compact
space-time cylinders K = |, @zﬁé, and let \*> = cap,,, (K, Qr). If K @ Qy2-»r, then

ap oy (K, ) % cap(K, Ouc),

where Qy2-pr is interpreted as Qs if A = 0.

Proof. The proof immediately follows from Theorem 4.1 and Theorem 4.4. U
Now we ready to prove the main result. We start with a local version.

Theorem 4.6. Let K €@ Qr be a compact set and assume that for \* = cap,,, (K, Qr)
we have K € Qy2—pp. Then

capy,, (K, Qr) = cap(K, Qu),
where Qy2-pr 15 interpreted as Qs if X = 0.

Proof. Let {K;}32, be a nested sequence of compact sets, each a finite union of space-time
cylinders, such that

ﬂm:K
i=1
Then from Lemma 3.1 we see that
lim cap,,, (K;, Qr) = cap,,, (K, Qr) = A% (4.10)
71— 00

First there exists an iy such that if ¢ > i1, K; € Qp. Second since ); is a decreasing
sequence, we get that there is an i, such that K; € Qy2-pp C 2,25, holds for all i > 5.

Now, for i > max{iy, iy}, Theorem 4.5 gives
capy,, (Ki, Qr) ~ cap(K;, Q).

Employing the outer regularity of cap(-, ) (see [13, Lemma 5.8]) together with (4.10)
completes the proof. O

Our main theorem now immediately follows.
Theorem 4.7. Let K be a compact set of Q. Then
capy,, (K, Q) ~ cap(K, Q).
Proof. Combine Theorem 4.6 with Lemma 3.2. O

5. ESTIMATES OF CAPACITIES FOR EXPLICIT SETS

In this section we prove specific estimates for capacity. First let us define standard
elliptic capacity for a compact set as

cap, (K, 2) = inf {/ |\VulPdz : u> xk, u € C'SO(Q)} :
Q

Theorem 5.1. Let K C € be a compact set such that cap,(K,Q) = 0. Let ¢ : [t1,ts] — Q,
0 <ty <ty <T, be a Lipschitz continuous function and let the set K4 be defined as
K¢ = {(l’ + ¢(t)7t) SRS Kvt S [tlatQ]}'
Then
Capvar(K¢7 QT) =0.
16



Proof. Let also K. = {z : d(z,K) < €} for ¢ > 0. Then also the closure of U :=
{(z+ 6(t),t) : x € K., t € [t1,12]} belongs to Q x R and it covers K if ¢ > 0 is small
enough. By the assumptions we find a smooth function u € C§°(K.) such that

(/ |Vul? dx) o <&’ (5.1)

€

Let us now consider the function

o(a, 1) = u(6(t) + )6(0),
where 0 € C§°(—¢/2+t1,ta+¢/2), 0 = 1 on [t,ts] as well as |§'| < 2/e, and we also define
B(t) == ¢(t1) when t < t; as well as ¢(t) := ¢(t;) when t > t,. Then v € W, ™(Q x R)
and v > xf,. Strictly speaking this is not an admissible smooth test function since ¢ is

only Lipschitz, but this point could easily be overcome by an approximation argument.
From (5.1) we get that

||U||§)}(Qoo) S C(tg — tl —+ €>€2p.
We also see that
dw(x,t) = 0pp - Vul(o(t) + x)0(t) + u(e(t) + x)0'(t),
and consequently
0c0(, )] < 10:8]|0[Vuld(t) + )| + 16"(1)] [u(e(t) + )]
Thus we get
||atv||Lp’(Qx(—s/2+t1,s/2+t2)) <ty =t + g)l/p/||at¢”00||vu||LP'(K5) + Cé_l”“”m’(z{g)
< ety =ty + )V 0y0| o€ + ce

where we also utilized Sobolev’s inequality [[Vull k) < c||Vullrx,) < ce® and

[ull o 5.y < e Vullo(x.) < cg®. Thus, for suitably small & > 0, we obtain
9l < ae.

for a constant ¢; = ¢ (ty — t1, ||01d] 0, ||, n,p) > 1. Letting € to zero finishes the
proof. O

A point has a zero elliptic p-capacity if and only if p < n, see for example Section 2.11
[10]. From this and the previous lemma we have the following corollary.

Corollary 5.1. Let ¢ : [t1,t2] — Q be a Lipschitz continuous function with 0 < t; < ty <
T and define ® = {(¢(t),t) : t € [t1,t2]}. Then

capy, (P, Qr) =0
if and only if 2 < p < n.

Next, we will derive a lower bound for the variational capacity in terms of the elliptic
capacity. Since we are going to consider time slices, we need the following convenient
notational tool, the t-slice of £ C R"*! is defined as follows

m(E) ={z: (z,t) € E} CR".
Theorem 5.2. Let K € Qr be a compact set and let \*> = cap,,(K,Qr). Then

A\Z=PT
/ cap,(m(K), Q) dt < cap,,, (K, Q7).
0

17



Proof. Let v € Cg°(Q x R) be such that \? = HU||W(QA27PT) < A +4¢. Then

cap,(m (1), Q) < / V(e P d,

and hence

AoTPT AJPT
/ cap,(m(K), Q) dt < / / |Vo(z,t)]P dedt < ||/U||W(Q>\2_pT) <X +te
0 0 Q v
follows. Letting € to zero then finishes the proof. U

Lemma 5.1. Let 1 < p < n and Q, = B(0,r) X (tyg — 7,t9) such that Q, € Qr. Let
A\ = cap,,. (Q,, Q7). If Q. C Qy2-pp, then

capyar (@, ) > ¢ e P
with ¢ = ¢(n, p).
Proof. We know that
cap,(B(0,1), Q) > cap(B(0,r),R") > "7,
see for example [1, 10, 24]. Using Theorem 5.2 we conclude that
Capvar(@m Qr) > ¢ LrpnP, 0
The converse holds as well.

Lemma 5.2. Let 1 <p <n, Q. = B(0,r) X (to — 7,t9), 2 = B(0,2r) and assume that
Q. € Q. Then there exists a constant ¢ = ¢(n,p) such that

cap(Qr, Vo) < c(r™ + 71" 7P),
Proof. Let u solve

—A,u=0, inQ\ B(0,r)

u=1, on B(0,7)
u =0, on 0f).
Then
/ \Vul? doe =~ r"7P. (5.2)
)

Furthermore, 0 < u < 1 and w is a supersolution to the p-Laplace equation in 2. Next,
define the function

0, if (x,t) € Q x (—o0,tg —7)
v(x,t) == < u(x), if (z,t) € Q x [ty — T, to)
h(z,t), if (z,t) € Q X [ty, +00),
where h(z,t) is the solution to the Dirichlet problem
he — Aph =0, in Q X (tg,0)
h(-,t) =0, on 0§ X [tg, 00)
h(-,t) =wu(-), inQx {t}.
Then v(x,t) is a supersolution in ()., satisfying v > xg-. To see this, it suffices, since v

is bounded, to observe that v satisfies a comparison principle, cf. for example Lemma 2.9
18



in [3], Theorem 2.2 or Theorem 1.1 in [14]. Moreover, since h is a solution in § x (tg, 00),
we have the usual energy estimate

1 o 1 1
Sup—/ h*(x,t) dm+/ / |Vh|P dzdt < —/uQ(x,to) dx < —/ ldx <er™.
t>to 2 Q to (9] 2 Q 2 Q

Combining this together with (5.2), and using Theorem 4.1 we see that
cap(Q,, Vo) < c|[V|lenn < c(r™ + 71" 7P). O
Theorem 5.3. Let Q. = B(0,7) x (tg — rP, o), and assume that Qs C Qr. Then
cap(Qy, Qo) ~ 1.
Proof. Follows from (3.2), Lemma 5.2, Lemma 5.1 and Theorem 4.7. O

Let us now state a useful comparison lemma. Observe that earlier, we only worked the
equivalence between the capacity and the energy capacity for a finite union of cylinders
whereas the lemma below is for any compact set.

Lemma 5.3. Let K C Q be a compact set. Then there exists a constant ¢ = ¢(n,p) > 1
such that

capy, (K, Q) < ¢ cap(K, Q).

Proof. There is a shrinking sequence of compact sets K; C {2, ¢ = 1,2,..., consisting
of finite unions of space time cylinders such that M;K; = K. Since cap,,(+, ) is an
increasing set function, the conclusion of the lemma follows easily from [13, Lemma
5.8]. O

Our next theorem is in some sense a parabolic counterpart to the fact that the elliptic
capacity only “sees” the external boundary, i.e.

cap,(K,R") = cap, (0. K,R"),

where 0. K is the external boundary, that is, the boundary of the unbounded component
of the complement of K. See for example [22] or [28].

Theorem 5.4. Let QF = B(xo,r) X (to,to + 7) be such that Qs C Qo and let
H = {(z,h(x)) : x € B(zo,7)}
where h € C(R™) satisfies h(x) = to on 0B(xg,1) and H C Q. Then

o1 </ cap,(m(H), ) dt +7~n> < cap(H, Qoo) < c(r™ + 77™7P)
0

with ¢ = ¢(n, p).

Proof. The bound from above follows immediately from Lemma 5.2. Let us consider the
lower bound. To this end, for any € > 0 we find v such that ||v||en0.. < cape,(H, Qo) +e.
Since v is p-superparabolic and v > 3, we have by the lower semicontinuity that 1 <
v(z) <liminf, ,, v(y) whenever z € H. Define then

H = {(x,t) : © € Blwo,7),t € (to, h(x))},

i.e., the set of all the space-time points lying between the graphs (z,ty) and (z, h(x)).
Set now

1, if (x,t) € H.
19
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Note that ¢ is lower semicontinuous in €2 X (tg,00) and hence it is p-superparabolic in
Q X (to,00) by the pasting lemma in [3].

Let us now consider two cases,

(A) [m, (H)] = 1/2|B (0,7,
(B) Alternative (A) does not hold.

In alternative (A), we know that v > 1 on HN B(z,7) X {to} and we have a bound for
the measure of this set. Next, since v is a bounded p-superparabolic function in ., it
is also a supersolution by [17, Theorem 5.8]. As such we can see that by testing formally
with VX {>t0}

SB[

2z, o) di < 2/ Vol dedt < 2ofeo.,  (5.3)
Q

Qx (t,00)
where rigorous treatment goes via mollifications.

In the case of alternative (B), we know by the continuity of i that there exists ¢ > 0
such that |m, 4o (H)| > Y|B(zo, 7)|, moreover we know that & > 1 on Tioro(H). Again
since ¥ is a bounded p-superparabolic function, we can as in (5.3), test formally with
UX {t>tg+o} (t), and get

1
L Bzo, )| g/@?(x,t0+a) iz < 2/ VP da dt
4 Q QX (to+o0,00)
_ 2/ Vol de dt < 2|0 ]enc.
Qx (to+0,00)\'H

Thus we obtain that in both alternatives (A) and (B) we have |B(zo,7)|/4 < ||V||en,0. <
ccap(H, ), where in the last inequality we have used Lemma 5.3. Together with
Theorem 5.2 we get the desired lower bound by summing up. U

From the above Theorem we can obtain a symmetric upper and lower bound on the
capacity of a cylinder, which tells us that the parabolic capacity of a cylinder is essentially
the sum of the elliptic capacity of the lateral part integrated and the parabolic capacity
of the bottom disc.

Corollary 5.2. Let Q, = B(0,7) X (to — T, to), such that Qs C Q. Then
cap . (Q,, Vo) = ™ + 71" 7P,
Proof. From Lemma 5.1, and Lemma 5.2 we get that

TP

S Capvar(@r, QT) S C(Tn + TT’nip)_

To improve the lower bound, note that B(0,7) x {to} C @, hence Theorem 5.4, and
Theorem 4.6 gives

_ rn
Capvar(Qr’QT) > ?

g

Knowing that the hypergraph bends up a bit allows us to get a symmetric upper and
lower bound even in this case.

Corollary 5.3. Let Q) (1) = B(0,7) x (to,to + 7) be such that Q3,(7) C Quo and let H
be as above. Suppose furthermore that H C (zo,to) + (Q. (7) \@;M(T/M)) for some
M > 1. Then
(" 1" P) < cap(H,Qp) < e (" + 7" P)
20



for ¢ =c(n,p, M).

Proof. The upper bound follows from Lemma 5.2. The lower bound, on the other hand,
is a consequence of the fact that

cape(m(H), ) = r"/c,

and thus Theorem 5.4 yields the result. U
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