Jyvaskyla Summer School 2016

Hydrodynamics in heavy-ion collisions

August 11, 2016

Hydrodynamics in heavy-ion collisions Jyvaskyla Summer School 2016



@ Introduction

e Energy-momentum tensor and conservation laws
© !deal fluid dynamics

© !deal fluids in Hi-collisions

© Some results from ideal fluid dynamics

© Dissipative fluid dynamics

@ Dissipative fluid dynamics from kinetic theory
© Reduction of the degrees of freedom

e Power counting and the reduction of dynamical variables
@ Results from Dissipative fluid dynamics

@ How to constrain 1/s(T)

@ Applicability of fluid dynamics: Knudsen numbers

Hydrodynamics in heavy-ion collisions Jyvaskyla Summer School 2016

August 11, 2016

2/173



Section 1

Introduction
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Stages of ultrarelativistic heavy-ion collisions

o Initial particle production 7 < 1 fm/c:
Two (Lorentz-contracted) nuclei go
through each other, leaving highly exited
matter between

@ Non-equilibrium evolution of the produced
matter (aka thermalization) 7 <1 fm/c

o (Fluid dynamical) evolution of the QGP
T ~5fm/c
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Stages of ultrarelativistic heavy-ion collisions

o Transition back to hadronic matter
(QCD phase transition)

@ Hadronic evolution
(interacting hadron gas)

o Transition to free particles (Freeze-out)

The macroscopic properties of QCD matter
(like Equation of State, viscosity) are a direct
input to the fluid dynamics. — Relatively
straightforward to test different assumptions.
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QGP, QCD transition region, Hadronic matter

Hydrodynamics in heavy-ion collisi Jyvaskyld Summer School 2016



Units

Natural units:
@ hh=c = kg = 1. Select GeV or fm as a unit.
@ hce =1~ 0.1973 GeV fm — Can be used to convert GeV to fm, and vice versa.

_ _ 1fm __ 1 fi _ 1
oeg t=1fm= "= grrCom = 5.07 GeV

Conversion to “non-natural” units:
ot=1fm=1fm/c = 3.33.1072 s ~ Typical time scale in Hl-collisions
c~3-109 m/s=3-1024 fm/s

1.16 - 1012 K

e T =100 MeV = 100 MeV/kg

~
kg=1.381-10—23 J/K=8.620-10"5 eV/K
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Lorentz transformations

Relativistic fluid dynamics is build out of Lorentz 4-vectors that transform according to Lorentz

transformations. Basic building blocks: scalas, vectors and tensors: A, A¥, AFY, ..
Particle (or fluid element) position given by 4-vector:

xt = (t,x,y,z).
Lorentz transformations leave the proper time d7 invariant
dr? = dt? — dx* = g dx"dx”,
where g, = diag (1, -1, —1, —1) is metric tensor. Note that

2 dx?, 5 2y 442 —2 5,2
dr° =(1— — )dt* = (1 —v9)dt" =~y °dt
dt
Proper time is a time measured in the frame moving with particle/fluid. d7 = d7’ if
XM= NF xV,

where A", satisfies
/\Ma/\ygg;w = 8ap

Boost by velocity v;:
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In general A* is a 4-vector if it transforms in Lorentz transformation as
AF = NE A

and for higher rank tensors
ARV = N N AP

From each A* it is possible to construct a vector
Ay = guA”
that transforms as

AL =NA,

@ AH* contravariant vector

@ A, covariant vector

@ Metric tensor can be used to lower and rise the indices.
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Divergence operator is a covariant vector

0 ox'" 9 var
B oxn — axm axiv M0y ©)
When x'* = A¥, x* then 9, transforms as
9, =NSoy (10)

o Note. In general curvilinear coordinates divergence of vector or higher rank tensors is not a
tensor! Replace by covariant derivative

For a four-vector A* the covariant derivative is

Al = OuAM 4 Th AP, (11)
where the Christoffel symbol is
1
s = 58" (9s80v + Oagup — Ovgas) (12)

Similarly, the covariant derivative of covariant vectors is given by
Apia = 0aAu —Th Ap (13)

For scalars the covariant derivative reduces to the ordinary divergence.
The covariant derivative of second-rank tensors is

Al = Oa A 4 TH AP LT AP (14)
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4-velocity (note dx*/dt is not 4-vector)
dt dx
ut = 7)(/'” - 5 | = 1,v 3
= (5 5)=vaw
where 7 is the time measure in coordinate system moving with the particle/fluid element.

We can write co-moving time derivative for any tensor

d
A= U DA, (15)

Check that u®9,x* = ut

For a general coordinate transformation:

Ox'H
A = 16
, =2 (16)
L, Ox¥
NS = Fom (17)

Hydrodynamics in heavy-ion collisions Jyvaskyla Summer School 2016 August 11, 2016 11 /173



Why tensors?
If two tensors are equal in one frame

Al = BH (18)

they remain equal in any other frame. Thus, if we build our theory using only tensors, the
equations are automatically frame independent.

Hydrodynamics in heavy-ion collisions Jyvaskyla Summer School 2016 August 11, 2016 12 /173



Thermodynamics

In statistical physics all thermodynamical quantities are derived from the partition function. A
convenient framework for this is the grand canonical ensemble, where the external restrictions are
given by the temperature T, volume V and chemical potential u. The grand canonical partition
function Z¢ is defined as
ZG = Z eXPIB(MN - ENr): (19)
{Nr}

where 8 = 1/T. The sum is taken over all possible microstates {Nr} of the system, where N is
the number of particles in the microstate r and Ejp, is the energy of the microstate. The partition
function gives the probability py,} of the microstate when temperature, volume and chemical
potentials are fixed,

1
PNy = Z_ P [B(uN — Ep,)] - (20)
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The grand canonical potential is defined as
Q6(T,V, 1) = —Tln Zg. (21)

All thermodynamic quantities can be calculated once Qg (T, V, u) or Z¢ is known. From the
thermodynamical identities one obtains

QG(T7 V7 I'l’) = _pV7 (22)

i.e. if the pressure of the system is known as a function of T, V and p, the complete
thermodynamics of the system is known.

Entropy density s, pressure p and particle density n; can be obtained by partial differentiation of
the partition function:

10TInZ¢
= 2L =6 23
s v oT (23)
dln Z¢
= T 24
p v (24)
o _ TomnzZe (25)
vV ou
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For a mixture of noninteracting particles the logarithm of the partition function can be written as
a sum of logarithms of the single-particle partition functions:

InZg=> InZ, (26)

where Z; is the partition function of particle type i. For noninteracting fermions and bosons the
logarithm of the single-particle partition function can be calculated from the definition (19), by

replacing the sum with an integral, >, — > J gﬂ)a This gives the well-known result

gV [ d° 1

In2; = (27)3 eB(Ei—ni) £ 1’

(27)

where g; is the degeneracy factor and p; the chemical potential of the particle. The energy of the
particle is E; = +/p? + m,.2, when the interactions between the particles can be neglected. The
plus sign is for fermions and the minus sign for bosons. From the above results we obtain:

d3p p? 1
T i i 28
p(T, {ui}) Zg (on)S 3E FE LT (28)

n(T,{ui}) = Zg:/ 27r)3e/357];‘r):|:17 (29)

E;
e(T,{ui}) = Zg: m: (30)

where the sums are over all particle species included in the EoS.
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Useful thermodynamical identities

First law of thermodynamics
dE = TdS — pdV + > p;dN;,
i

Another useful identity is
ST—etp—Y um,
i
Combining these two gives 1st law of thermodynamics in the form

de = Tds + Zy,-dn;,

i

and

dp=sdT +>  nidp;

1
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Section 2

Energy-momentum tensor and conservation laws
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Energy-momentum tensor

The basic quantity in fluid dynamics (hydrodynamics): Energy momentum tensor TH¥

o T% — energy density

o T9% = momentum density into direction i

o T'® = energy flux into direction i

o T¥ = flux of i-momentum into the direction j

For conserved charges/particle numbers, charge/particle 4-current:

o NO = particle/charge density
o N' = particle/charge flux into direction i
In hydrodynamical limit:
o the state of the matter is completely determined by T#¥ and N¥.
@ The dynamics (spacetime evolution) can be described in terms of TH#¥ and N* alone (+
properties of the matter: EoS, transport coefficients)
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Conservation laws

Let X be a 4-dimensional spacetime volume.
Net number of particles flowing through dX :

dx, NH
Net energy and momentum flowing through dX:

ds, TH

fBVA dX, (x)NH(x) = faw dX, (x)TH(x) =0

Global conservation laws.
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Gauss theorem states that surface integrals over closed surface can be converted into volume
integrals:

0= [y, dEL(INE(x) = /v d*x 9, N (x)
0= fpy, dE() T (x) = / A 8, TH (x)
\Z

These must hold for an abritrary spacetime volume Vj, — Local conservation of energy,
momentum and charge:

OuTH =0  9uN* =0 (35)J

[These are the basic equations of fluid dynamics]

@ In general TH” and N* contain 14 independent components, but the conservation laws
provide only 5 equations.
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moments of f(x, p)

and

Hydrodynamics in heavy-ion collisions

Kinetic definition of TH

Consider a system where the state of the matter is characterized by a single particle momentum
distribution function f(x, p). This distribution is a scalar function that gives a probability density
of observing particle with momentum p at position x.
The expectation or average values of the components of T#” and N* can be calculated as the

TOO

3
= / (:7:;3 pof(X’ P)

d3p
(2m)?

d®p p'
e f(x,p)

d3 i
-/ G 3P F(P)

3
= / (;r';_a, f(x, p)

35
/ (Zﬂ; p'f(x, p)

p'f(x,p)
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These definitions can be written in a tensor form:

THY — o g 42
= WP p”f(x, p) (42)
d3p
N = / @ 0P “)
&p _
flzo ) - torentz sca:ar _ TrY = Second rank tensor (44)
X, p = orentz scalar NH = 4-vect
pH = Lorentz vector veerer
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Section 3

Ideal fluid dynamics
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Local thermal equilibrium

What greatly simplifies the system is an assumption of thermal equilibrium. In this case the state
of the matter is determined by two parameters, temperature T and chemical potential u, and the
single particle distribution is given by the usual Fermi-Dirac or Bose-Einstein form:

1
ep(E—p)/T) =1
If the system is in local thermal equilibrium, the distribution is still given the form above, but T,
and p can depend on x, i.e. (T,u) — (T(x), u(x)).

Note that the distribution above is not Lorentz-invariant as such, but rather written in frame
where matter is at rest. The Lorentz invariance can be made explicitly by replacing

foq(p; T, 1) = (45)

E—>ELR:UHPu:U'P (46)

Because u - p = E in the local rest frame where u#* = (1,0,0,0), and because u - p is scalar it is
the same regardless of the frame where it is calculated. The distribution is now:

o (T00, (), 0(0) = St (47)
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Decomposition of T#” in local thermal equilibrium
p q

v_ d®p Y 1
=/ A O BV ES! (4%)

Can depend only on vector/tensor quantities ut gh?

TH = Alutu” + B g (49)
AMY = gV — yty¥ (50)
TR = Autu¥ 4+ BAWY (51)
= uuu, THY (52)

1
= _gAuV T (53)
(54)
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Decomposition of T in local thermal equilibrium

” d’p
upuy T Z/W(UMP“)Zfeq(P) =€ (55)
1 1 d%p y
—gAWTW = g/m ((upP™)* — guwP"P") foa(p) (56)
1 d’p
= 3 / WPQ’%Q(P) = Po (57)

ep energy density in LRF, pp = kinetic pressure

THY = equtu” — ppAHY (58)J

5 independent variables (e, po, u*), but in equilibrium pressure given by the equation of state
(EoS): po = po(eo, o)
— 4 independent variables (ep, u*) — The conservation laws 9, T*” = 0 and 9, N* = 0 can

be solved!
This is the ideal/perfect hydrodynamics. Follows from the strong assumption of Local thermal

equilibrium!
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Equations of motion

OuN* =0 & N* = nout (59)
OuN* = 9 (nou?) = u* 8 ng + nody u” (60)
I A=A duut =9 (61)
rig + ng =0 (62)
OuTH =0 & TH =eutu” — ppAH” (63)
O, TH = Ou(egutu” — ppAHY) (64)
= (€0 + po) u” + (eo + po) Ou” + (&0 + po) & — 0Vpo = 0 (65)
Contractions
uy O, THY = (€0 + Po) + (e0 + po) 6 + (e0 + po) up it — up, 8 po =0 (66)
—0 —5o
—> g = —(eo + po)0 (67)
AYO, TH = (eg + po) AS LY — AT py =0 (68)
—— N——
ue =V%p
— (eo + po) ™ = Vpg (69)
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What is § = 0, ut?
Start from the particle number conservation:

N
Op (nou?) =0= 9, (Vu“) =0 (70)
N N N
O (Vu”) =utd, (V) v uut (71)

Define volume element so that N =const. within the volume V = particle density changes due
to the volume changes —

N N
utdy, (V) + Vauu“ = 0 (72)
uh9 1 +l8 b =0 (73)
Y VA
v
v . .
== Ouut =0 = volume expansion rate in LRF (74)
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How about energy density:

de

& = e = —(eo + po)0 = de = —60@—P0 odr (75)
_av _av
vV v

= d(Vey) = —podV (77)

= d(E) = —podV (78)

The pof term represents the work done by the pressure as the system expands.

(3
The final equation i* = % gives the accelaration of the fluid element due to the pressure

gradient.
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The final equations of motion now read:

fo = —nof (79)

€ = —(eo+po)d (80)

o= VP (81)
€ + Po

Contain 6 unknowns and 5 equations. Equation of state in the form pg = po(ep, ng) sufficient to
close the system!

Ideal fluid dynamics

For given initial conditions ng(to, x), eo(to, X), u*(to, x), the equations of motion can be solved
—> space-time evolution of ng, ey, u*.
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Some results for ideal fluids: entropy conservation

In ideal fluids the entropy is conserved. This can be shown as:

0,8y = 0, (sout) = 5 + 500 (82)
Laws of thermodynamics say that
s0 = w, (83)
T
w _ [ € + po— pno .
== 0uS) = — 0+ S (84)

Furthermore thermodynamics relates change of entropy to change in energy and number density,
i.e.

Tdsy = dey — pdng (85)
It then follows that 1 1
5 = — (& — pho) = —— (eo + po — pno) 6 (86)
T T
The last step follows from the conservation laws é& = —(ep + pp)0 and ng = —ngf. It then
follows that 1
+ po — un,
3u56‘=(W)9*7(eo+p07un0)9:0 (87)
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Some further results for ideal fluids: speed of sound

Consider small perturbations around hydrostatic equilibrium state with constant ep, ng at rest
u* =(1,0,0,0):

n=ny+én e = e+ de ut = uff +6u* =~(1,6v,0,0) (88)

Substitute these into eom’s, and neglect powers O(32) and higher.

fi=rig+8n=—(ng +n)duut = —ngdydut — Endudut = —ngdxdvx (89)
é=é +de=—(e + e+ po+ Ip)duu” = — (e + po) Axdvx (90)
(o +de+po+op)i” = —dxp(e,n) (91)
(e0+ po)dvx = —0xp(eo + e, no + 8n) (92)
(e0+ po)dvx = —0xp(eo + e, no + 8n) (93)
0, 0,
p(eo + de, ng + 6n) = po(en, no) + p(e, n) de + p(e, n) dn (94)
Oe on
(0 + po)ove = 2P 5 50y PP 5 (95)
Oe on
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Equations of motion for small perturbations:

5n = —ngOxSvx (96)
§-e = - (eo + PO) OxOvx (97)

. 0 19
(& + po)ovse = Op(e;n) 5 504 OP(eN) 5 s (98)

Oe on

—> de = — (eg + po) Bxdvi (99)
s fe = OPe ) s OP(e) s (100)

Oe on

Thermodynamics:
Tds = de— udn sy _ 1, etpdn

cip — Tottan }—>Td(n)—nde P (101)

But in ideal fluid both N and S conserved — d (%) =0

— de= P an (102)
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fe—=_ 9p(e, n) 825 op(e, n) 825
Oe on
and using
de = ¢ * P dn
n
S = Bp(e n) 826 n_ 9p(e, n) 8§6e
Ode e+p On

But this is just wave equation:

with wave propagation speed cs:

Hydrodynamics in heavy-ion collisions

2 dp(e, n) n

= de = —c20%5e

dp(e,n)
e+p On

° Oe
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Section 4

Ideal fluids in Hl-collisions
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Kinematics:

particle 4-momentum:
pH = (E7 P) = (Ea Px; p,V7 Pz)

E=+p2+m?

rapidity:

1 E+p,
y=—=In{ —
2 E— Pz
Show that

pN = (mT cosh Y,PT, mT SInhy) ’

where pr = (px, py) and my = \/m? 4 p%

Pseudo-rapidity 7,
1 (p + p- )
Mp=gIn{——
2 p— Pz

)

where p = |p|
Show that

(108)

(109)

(110)

(111)

(112)

where @ is the scattering angle of the particle, measured w.r.t positive direction of the beam axis.

6 =090°=r,=0
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Bjorken estimate for the initial energy density in HI collisions

14 t . T T
o Particles produced at z=t =0
o Free streaming particles: v =const.
e — particle at (t,z) has v, = z/t
—— = const.
dns
z Spacetime rapidity cannot be measured, but

rapidity y can.
Spacetime rapidity:

1 (t+z\ 1 [1+4z/t y = 1ln(Eerz):EIn(M)
ns=5|n(t_z):§|n(1_z/t) 2"\ E-p) 2" \T-pJE
= 1|n(7l+vz)
Longitudinal proper time 2 1—v,
=12 —22=1/1—(2/t)? £:dE:const.
dy dns

T is the time in the frame that moves with a

velocity v, = % w.r.t. to the LAB frame.
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Bjorken estimate for the initial energy density in HI collisions

Aty ~0
dEr dE dE

dy dy  dns
If we have a measured dET/dy we can estimate the energy density at 79
Volume at 79 (assume homogeneous matter in (x, y)-direction.

AV = AAz = mR3mAns

Energy density:
AE 1 AE 1  dEt

AV ~ 7R An, | wR2r dy

e(r=m)=
Note that in this case (Free streaming particles)

e(r) = e(m)

o SPS: LT ~ 400GeV —> e (7o = 1 fm) ~ 3 GeV/fm®

o RHIC: ©T ~ 620GeV — e(r9 =1 fm) ~ 5 GeV//fm?
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Bjorken fluid dynamics
Dense systems! Neglecting interactions might not be a good idea. ..
Scaling flow/Bjorken (0+1)-D fluid dynamics, assume
o fluid velocity v, = %
0 vy = vy = 0

@ Transversaly homogeneous matter

@ initial conditions: ey(70,x,y,ns) = eo(7) and n(7o, x, y,ns) = no(7) (independent of 7s:

invariant under longitudinal boosts)
In this case

o=",
;

and the equations of motion take a simple form: Charge conservation:

dn  n
dr T
Energy conservation:
de  e+p
dr T
Momentum conservation
op
ons

guarantees that if the initial conditions are boost invariant, so are the solutions.
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Bjorken fluid dynamics

If we assume a simple EoS: p = c2e the solutions are

n=no (T—O) (121)

T

1+c?
) i (122)

e=¢g (—
p
Remember: In the free streaming case e = eg (79/7). Interacting system does work during the

expansion, and e drops faster.
dET /dns is not conserved!

Ex: Assume that the system behaves as free streming particles after 7 = 10 fm, and before that
according to fluid dynamics. Recalculate the estimates for ey(70 = 1 fm) for SPS and RHIC.
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So where does the energy go (it is conserved after all). Energy density profile at fixed t not 7.

10°

e(t,z) = e(t = V2 — z2)

10

€o
Ty =1.0 fm — 2o
7=1.2 fm

-15

-1.0 -0.5 0.5 1.0 15

z ff:n]

(123)

Energy pushed into the longitudinal direction — transverse energy decreases during the

evolution.
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Equation of state: simple model

Hadron gas: 3 massless pions
- + .0
PuG :gHG%T , 8HG 23(71' , T ) (124)

Quark-Gluon plasma: massless gluons and quarks

2
s
PQGP = gQGPf T4 — B (125)
90
21
gqap = 16 + ?Nf =37 (126)

Gibbs phase coexistence condition (at a given temperature a phase with larger pressure is the
stable phase)

puc(Tc) = pacr(Tc) (127)
2 2
gna oo T = gqer % T:-B (128)
w2 _,
B = (gqcr — guc) 0 T (129)

Bag constant required to have HG as stable phase at low temperatures.
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First order phase transition: latent heat & discontinuity in Op/0T

2VO :‘ rT ‘ T ‘ T ‘ T ‘ T ‘ rT ‘: 10 7\ T T T T T T \7
a3 Z 8 = .
Lo - E 5 .
o5 | 3 @ ]
A r ] w4 -
0.0 F . [ ]
C 7 R -
-05 [ 3 of 3
E ] 0 r 7
710 T ‘ L ‘ L ‘ L ‘ L ‘ L L1 ‘ L1 ‘ L1 ‘ L1 ‘ L1 ‘ Ll
.0 1 .2 .3 4 5 .6
0 1 2 T‘LEB 4 5 6 T4/B
In mixed phase T = T. and p constant. Energy density changes by changing volume fraction of
QGP, XQGp
e = xqareqar(Tc) + (1 — xqar) enc(Tc) (130)

Figs: Pasi Huovinen
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Equation of State

|. Hadron phase: approximate as non-interacting gas of hadrons & hadron resonance states: 7, K,

n, p, p, w, ...Hadron resonance gas (HRG)

d3p p? 1
P(T,p) = Z:g"/(zﬂp 3E eE—m)/T 11

&i T2 22 :Fl)"Jrl P;TI K> (nﬂ)

272 T
Il. QGP
o Massless gas of quarks and gluons:
2
pqcp = gQGP% T'-B

Connect with the HRG using Maxwell construction as we did with pion gas.

— Still 1st order transition.

o Connect HRG to the high-temperature lattice QCD results
— "smooth cross-over”

Hydrodynamics in heavy-ion collisions Jyvaskyla Summer School 2016 August 11, 2016

(131)

44 /173



Hadron gas: relative abundance of hadron species
1.0 . ‘ |
T n.N ———
. N
~N K e
08 | = h A
S “.
I -
m 06 f . A
2 o
B -
£ 04y ]
<
c
02t A
00 beemrm
50 100 150
T [MeV]

@ Pions most abundant, but significant contribution from other hadrons.
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Hadron gas: hadron density vs entropy density

10
NS, --------
Mot/Stot ———
0 nn/stot
107 £ ny/sygp ————- 3
S
[}
o
=2
K
< — T e
w02y 7
108 i ‘ ‘
50 100 150 200 250
T [MeV]

@ In boost-invariant ideal fluid: dS/ns = constant
@ In hadron gas nyor ~ Cs

o — dN/ns determined by the initial entropy dS/ns
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Comparison of different EoS models
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Figs: Pasi Huovinen
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More realistic fluid-dynamical model: transverse expansion

o (0 + 1)D Bjorken model great for a simple estimates of the density evolution, but neglects
completely the transverse flow!
°

The most interesting and visible consequences of fluid-dynamical behaviour seen in effects of
transverse flow on the pr-spectra.

o Let's still assume boost invariance, i.e. v; = z/t and fluid dynamical variables independent
of 7s.

In this case more convenient to write the conservation laws directly in terms of THY

1
OrT™T = =0(wT™7) = 0y(vy T7T) — - (T77 + p) — Ox (vxp) — By (vyp),
1
Or T = =0(WwT™) = 8y(vy T™*) = =T — Oxp,
; (132)
OrT™Y = =0x(vxT™) =0y (vy TTY) = —=T™Y — 9y p,
T

1
-NT = —3,(veNT) — 3, (vyNT) — =N.
T

Initial conditions: eg(70, X, ¥), no(70,x,Yy), vr(70,x,y)
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Example: spacetime evolution of temperature and velocity

20
/

RHIC sy, = 200 GeV
/ / y

/

120 MeV |

150 MeV
10F |
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Connecting fluid dynamics to the obervable hadron spectra

“Cooper-Frye decoupling procedure”?!

Fluid dynamics:(u*, e, p) — not directly observable.
Fluid dynamical evolution ends at some point and the particles fly to the detector. Condition:
e.g. when temperature drops below some Ty

@ Find a decoupling surface o from the spacetime evolution
— surface normal vector do,

o Number of particles traveling through this surface

N= / N¥do,, (133)
o
o Kinetic theory:
wo_ 4°p iz
N = [ R p(x, p) (134)
p
=
d®p
W= [ 2 r(xp)dos (135)
o P

IF. Cooper and G. Frye, Phys.Rev. D10, 186 (1974)

Hydrodynamics in heavy-ion collisions Jyvaskyla Summer School 2016 August 11, 2016 50 / 173


http://dx.doi.org/10.1103/PhysRevD.10.186

Cooper-Frye integral

N
g N :/p”f(x,p)da“ (136)
d*p  Jo

Needs to be calculated for all the particles included into HRG Equation of State.

@ Most hadrons unstable and decay before they can be detected: also decays need to be
calculated.

Calculates the net-flux of particles through the surface (not emission from the surface)

At some points of the surface with some values of p the net-flux can be inside the surface:
negative contributions.
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Cooper-Frye: Boost invariant flow

The freeze out hypersurface can be parametrized as T = 7(x, y), so that surface is given by

o" = (7(x,y),x,y,0). Because the system is boost-invariant the surface is the same in any
boosted frame, i.e. it is independent of . However, we want the whole surface in the LAB frame.
Therefore, we need to boost the surface vector at non-zero 7 to LAB frame, and this results in

ot = (0%,0%,0”,0%) = (7(x,y) coshn, x, y, 7(x, y) sinh n) (137)
The surface element of the freeze out hypersurface can be generally given as:

Ao do™ BoP

do, = —— —— ——dudvdw , 138
Tn 6’W)")Bu 8v8wuvw (138)
where €,,,5, is the antisymmetric fourth rank tensor i.e. permutation tensor, such that
€123 = —1, for and even permutation of the indices, and (u, v, w) = (1, x, y), thus
17} 0
do, = —[£](coshn, ——T, ——T, —sinhn)Tdndxdy , (139)
ox’ Oy

where [£] = Sign(0T /J7) guarantees that the surface normal points outside of the surface (with
dxdydn positive), i.e. towards smaller temperature.
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Cooper-Frye: Boost invariant flow
The Cooper-Frye formula for ideal fluid is:

dN
ESe = [ doulphaten) (140)

where the distribution function is usually approximated by an equilibrium distribution,

1 1
(2m)3 exp (W) +1

F(x,p) = (141)

This can be simplified noting that the distribution function can be expanded (like 1/(1 % x)),

— oo
= — e X 1 ng—nx _ 1 n—1 —nx 142
e T[e_x Z(jF HZ::I(HF )" te (142)
p* = (mt coshy,pr, my sinhy) = (m7 cosh y, px, py, m7 sinh y), (143)
ut = (u*, u*, v, u*) = y7(coshns,vr,sinhns) (144)
=
P*uy = 7 [mr cosh(y — ns) — prvr] (145)
and
L OT or
ptdoy, = —[£] | mrt cosh(y —ns) — p* ol py6 Tdnsdxdy . (146)
y
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Cooper-Frye: Boost invariant flow

Using the above results we get,

g 4N ! f:( 1)"—1/d i e ("“_”p“”“) (147)
— = o xp | ———— | .
Fp T e LT
Thus,
av = Z(:Fl yn—t /[:I:]dedy e/ T exp [ M] (148)
d3p (27r)3 T
i m 1o} 1o}
X / dns exp [—nu cosh(y — 775)] [mr cosh(y —ns) — p* xIT pyi}
oo T ox Jdy

The 75 integral can be done analytically:

aN -1 & ne1 )T pPT VT
EdTp = @ Z F1) /S[:I:]dedye exp [n #] (149)

n=1

[mTK1 (nvr:r) B (px% +py%) Ko (nvr:r)} .

X
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Cooper-Frye: Boost invariant flow

o on PT -VT
= - 1 n— 1/ L1 dxd nu/T PT VT 150
d3p dyd2p7— 27r)3 Z(:F s[ |7dxdy e exp [n - ] (150)
X / dns exP T T cosh(y — 775)] [mr cosh(y —ns) — p % _ py%;}

Some consequences of the boost invariance:
@ 7s and y dependence only through y — ns
@ Spectrum is independent of y, i.e. dN/dy=const. (make a change of variable n’ =y — 7s)

o We can change y <+ ns —
dN  dN

dns B dy

(151)

@ spectra at rapidity y is dominated by contribution from ns ~ y (other regions suppressed by
exp [—nILET cosh(y — ns)]
— spectra at y ~ 0O really probes the ns ~ 0 (or z ~ 0) region.
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Effect of radial flow and temperature
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o high-p7 behaviour: e~ P/T = e=(Ev=vrp7)/T __y o=PT/Tett
o Tur =T/ 1T
@ Increasing temperature and increasing flow velocity have similar effects on the pr-spectra.
o Fluid dynamics gives a connection between v, and T
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Constraints for shear viscosity from (elliptic) flow

@ in non-central collisions pressure gradients
asymmetric in transverse plane

@ More particles flow into direction of larger
gradient

— azimuthally asymmetric particle spectra

dN/d¢

v

Quantify by Fourier coefficients (vy)

1dN _ 1+ 2vicos(¢p — V1) + 2vacos(2(¢p — W2)) + 2vzcos(3(p — W3)) + - - -

N dé

o vy = elliptic flow (W5 is its direction)
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The v, coefficients can depend on rapidity and transverse momentum.

dN dN

s = a1 2P Cos0 20y pr)cos(20) ] (152)

The rapidity and transverse momentum dependent Fourier coefficients are given by

-1
dN
n ) = BT d 153
v pr) (dydp%> | doeostnn) g s (153)
Similarly, the pr-integrated coefficients v, are given by
—1
valy) = (%) | docostna) dej;) (154)

In the boost-invariant approximation the coefficients v, are rapidity independent.
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Optical Glauber model and initial conditions

The optical Glauber model for nucleus-nucleus collisions is based on the assumption that each
nucleon travels along straight-line trajectories and it is also assumed that the cross section for
each nucleon-nucleon collision remains unchanged, even if the nucleons have already collided. In
the Glauber model, the total cross section for an A 4 B collisions is given by

- /dzb <1 _ (1 _ UNN;/;B('))) ) /dz e*C"NNTAB(b)) , (155)

where oy is the cross section for inelastic nucleon-nucleon collisions, b is the impact parameter
and Tpp is the standard nuclear overlap function, defined as

Tag(b) = /dzr Ta(r+b/2)Tg(r — b/2), (156)

with Ta(r) denoting the nuclear thickness function, which is an integral over the longitudinal
coordinate z of the nuclear density function,

Ta(r) = /dz palr 2). (157)
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The nuclear density can be parametrized with the Woods-Saxon profile

0
palrz) = — 20 (158)
exp (TA) +1
In the Glauber model the transverse density of binary nucleon-nucleon collisions is given by
ngc(r,b) = onn Ta(r +b/2)Tg(r — b/2). (159)

The number density of the nucleons participating in the nuclear collision, the wounded nucleon
transverse density, is given by

B
nwn(r,b) = Ta(r+b/2) [1 - (1 - UNNM) }

A (160)
+ Te(r—b/2) [1 (1 —UNNM) } .

A

The integrals of nyy(r,b) and ngc(r,b) over the transverse plane, fdzr, give the number of
participants Npart(b) = Nyn(b) and the number of binary collisions Ngc(b), respectively.
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Glauber model can be used in several ways to initialize the fluid dynamical evolution.
e e x npc (eBC)
@ e x nwn (eWN)
e s x ngc (sBC)
o s x nwn (eWN)

Each of these initializations give a slightly different initial energy density profile.
One way to characterize the shape of the initial profile is to calculate eccentricity

(y> =x%) _ [dxdye(x,y, 7)(y* = x%)
(y2+x2)  [dxdye(x,y,7)(y?+x2)’

(161)

Ex

@ Non-zero initial eccentricity is converted by the fluid dynamical evolution to non-zero v»
(elliptic flow)
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Initial energy density and eccentricity from different Glauber initializations

P. Kolb et al., Nucl.Phys. A696, 197-215 (2001)
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centrality dependence of multiplicity and elliptic flow from different Glauber
initializations

P. Kolb et al., Nucl.Phys. A696, 197-215 (2001)
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Section 5

Some results from ideal fluid dynamics
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Results from ideal fluid dynamics

H. Niemi et al., Phys.Rev. C79, 024903 (2009)
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H. Niemi et al., Phys.Rev. C79, 024903 (2009)
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H. Niemi et al., Phys.Rev. C79, 024903 (2009)

0.12 RHIC eBC
RHIC eWN ——
PHOBOS hit —8—
0.10 + PHOBOS track —=— |
LHC eBC ——
LHC eWN
0.08 ¢ 1
< 0.06 | 1
0.04 ¢ 1
0.02 J
charged hadrons
OOO 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350
Npan

Hydrodynamics in heavy-ion collisions Jyvaskyla Summer School 2016 August 11, 2016 67 / 173


http://dx.doi.org/10.1103/PhysRevC.79.024903

H. Niemi et al., Phys.Rev.

C79, 024903 (2009)
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Pasi Huovinen: Effect of EoS lattice vs 1st order transition
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Section 6

Dissipative fluid dynamics
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Dissipative fluid dynamics: general structure of T#” and N*

In ideal fluid:
T = eputu” — poA*Y N§ = nout (162)

This required that the system is in local thermal equilibrium, or (in kinetic theory) f(x, p) is
locally isotropic equilibrium distribution function. In this case, full T#¥ and N* could be
described by 5 independent variables (eg, ng, u*). However, in general T#¥ contains 10
independent, and N* 4 independent components.

General case: decomposition of TH” and N* w.r.t. ut:

At this stage u* is an arbitrary, normalized (u*u, = 1), 4-vector. Later it will take the meaning of
fluid velocity, but as we will see later, in dissipative fluid dynamics it is not uniquely determined.
Charge/particle 4-current N can be written as

NH = nu* + V¥ = (ng + én)ut + V¥, (163)

where n = u, N*, and V# = AL NY. Note that V*# is orthogonal to the fluid velocity:
u, V# = 0. It can also be further divided into equilibrium and off-equilibrium parts.
= Two ways of transporting charge: by fluid flow (convection) nu' or by diffusion V#.
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THY can be divided in a similar fashion into equilibrium and off-equilibrium parts:
TH = T + 6TH = equtu” — ppAHY +5THY. (164)
The off-equilibrium part can be further decomposed into scalar, vector, and tensor parts:
STHY = Seuru” — SpAFY 4+ 2W I y ) 4 gV (165)
where
e+ de = uyu, THY po+§p:—%AWT’“’
WH = AETYu, (166)

1 1
T = {5 (atay+azal) - gA“”Aag} T8

Fisald
These have properties: u, WH = u,mh¥ = u, " =1l =
o WH = energy diffusion current (Energy flux orthogonal to the fluid velocity)
e mHY = Symmetric, traceless part of TH¥ that is orthogonal to the fluid velocity. =
shear-stress tensor “Momentum diffusion currents”
@ Je and ép are the off-equilibrium contributions to the energy density and isotropic pressure.
(6p is the trace we substracted in the definition of w#")
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Dissipative fluid dynamics: Landau matching conditions

NH = (ng + én)ut + VH
THY = (eg + de)utu” — (po + 5p)AHY + 2WH u ) 4 i (167)
These contain

o 6 scalars (eg,de, ng, dn, po,p) (6 components)

@ 3 vectors (ut, V¥, WH) (9 components)

@ 1 2-rank tensor 7" (5 components)
These are 20 components in total, but N* and THY together have only 14 independent
components?

o For a general (off-equilibrium) state, the corresponding equilibrium state (eg, no, po(eo, no)) is

an arbitrary choice.

@ Without loss of generality we can choose the equilibrium state such that its energy and
number density are the same as those of the actual state itself (Landau matching conditions)

e=¢e =uuu, T ie de=0
n=ng=u,N", iie. 6n=0

(168)
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o Landau matching conditions — p = p(ep, ng) = p(e, n). Note that EoS gives a relation
between equilibrium quantities.

It also follows that

T = T(eo, o)

n = p(eo, no)

o Landau matching gives definitions of temperature and chemical potential for an arbitray
off-equilibrium state!

(169)

@ Once we have defined pg as pg = po(e, n), p can be identified as bulk viscous pressure
dp = N = bulk viscous pressure (170)

@ [1 = off-equilibrium correction to the isotropic pressure

We still have 3 scalars, 3 vectors and 1 tensor = 17 components:

NH (n)ut + V#H
THY = eutu” — (po(e, n) + M)A 4 2WH y¥) 4 giv

(171)
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Dissipative fluid dynamics: Choise of fluid velocity

@ Remember: so far u* was an arbitrary 4-vector

@ To give u* a physical meaning as a fluid velocity, we must tie it to some physical current in
the system.

@ 2 common choises are Eckart and Landau definitions:
@ Eckart definition: u* defined such that it follows the particle/charge current

N~
Ug = —F/— (172)

NO G

> In this case the particle/charge diffusion current vanishes: V#* =0

@ Landau definition: u* defined as the velocity of energy current

T,
u]}i‘ = UL b
vJup o TOB T,B'yuz

> In this case the energy diffusion current vanishes: W* =0

or equivalently T*"uy,, = eul’ (173)

@ u* can be chosen to replace the particle diffusion current V¥, or the energy diffusion current
WH as an independent variable.
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o If no conserved charges: Only Landau choise is possible

o If more than one conserved charges: Only one of the diffusion currents V,.“ can be made to
vanish (or any linear combination of them)

In Landau frame:

NH = nut + VH :

Thv eubu” — (po(e, n) + MARY 4+ v } 14 variables (174)
O NH 0 .
85 THY  — } 5 equations (175)

@ 9 more constraints needed in order to close the system of equations <— These constraints
define the dissipative fluid dynamics

@ Similarly to the ideal case eom’s can also be written as:

Dn = —nf—0,V*
De = —(e+po+Mo—n*0,u,
(e4+P4+MDu* = VH(po+N)— AH9ym)
where
D = u*9,, and VH = AFYH,.
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Covariant thermodynamics

In general dissipative fluids deviate from the local thermal equilibrium

— Entropy is no longer conserved, but should increase during the evolution.

Thermodynamical relations:

e+p=Ts+ pun

ds = Bde — adn

dp = sdT + ndp
where 8 =1/T and aa = p/T.

Let's write these in more suitable form for us (use S* = But):

SSL = pB* + 7:9‘“//31/ - OZN(';L
ds(‘)t = ﬂud—l—éJ - Oszg
d(pB) = NEda — TEVdB,

Contracting these with u, gives back the usual relations.

(176)

(177)

Note: Here Téw and Né‘ are the equilibrium parts of the energy-momentum tensor and particle

4-current.
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Now we can write for the equilibrium entropy current 56‘
0,5 = Bu0,TYY — ad, Ny

For ideal fluids
BT =0 9N =0

and one gets the usual result 9, 5§ = 0.
However in dissipative fluids:

O TYY =8, [NAHY — Y] #£0
ANy = -8, VH #£0
Now
0,5y = B [0y (NAHY — i) — @), VI
= Ou(aVH) — VFO, o — BOAFY O, uy + BTHY Oy uy

Define S¥ = SSL — aV# as the non-equilibrium entropy.

OuS* = —VHo,a — BNAMY O uy + BrH O uy
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The derivative of the four-velocity can be generally decomposed as
1
Ouuy = uuDuy + oy + 5A,“,e — Ww, (183)

where the shear tensor 0., and the vorticity tensor wy,, are defined as

1 1
our = Veuys = > (Vpu, +Vyou,) — gA’“JG (184)
1
Wy = EAZ‘A{? (Bﬂua — Baug)

where oF"u, = Uﬂ =0 and w*’u, = w“u = 0. The entropy production can be written as
OuS* = —VHo,a — BNAFY O uy + BrH Opuy (185)

—
0uSH = —VF,a — BNAM6 + B o = Q (186)

Q is the entropy production rate.
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Entropy production rate must be positive
Q = —VHa — BNAFYO + Bt oy > 0 (187)
In general this can be satisfied only if
VH = kVFa
n=-¢o (188)
Y = 2noHY
where k, ¢ and 7 are positive.

Kk = particle diffusion or heat conductivity
¢ = bulk viscosity (189)
n = shear viscosity

These are properties of the matter similarly to the Equation of state, and in general depend on T
and u, or e and n
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Relativistic Navier-Stokes equations

The set of equations
OuN* =0
O THY =0
VH = kVHFa (190)
Mn=-¢6
Y = 2notv
with pg = po(e, n), K = k(e, n), ¢ = ((e, n), n =n(e, n) form a closed set of equations.
Physical interpretation of different terms:
o kVHa: drives the diffusion current
@ -(6: resistance to the volume changes of the fluid element
@ 2noM¥: resistace to the deformations of the fluid element
This theory has, however, some problems.

o The equations of motion are parabolic: support infinite signal propagation speed (fluid
velocity is still bounded |v| < 1)

@ As a consequence: Even hydrostatic equilibrium state is unstable (small perturbations grow
exponentially).

This theory is not good for relativistic fluids!
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Second-order fluid dynamics

In order to cure the problems with relativistic Navier-Stokes, need to go step further in
approximations.
Add terms second order in dissipative currents to the entropy current

w gt 5 N ut agVHN oV, mvH

5H=s”+f—f( M2 — BV, VY + Bama V)—f
0 T h Bo BiVy BaTxw oT T T

Essentially the same steps as below (requiring positive definite entropy production) lead to the
equations of motion for the dissipative quantities that are of the form

1
DI = —— (M4 (Vput) + - (191)
n
1 M
T RV T w(E
DV - [v KV (T)] + (192)
1
Dnhv — _ = (W;w _ 277V<”u”>) 4. (193)
Tr

o Israel-Stewart equations for dissipative quantities.
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@ The Israel-Stewart equations describe exponential decay of dissipative quantities into
NS-values. e.g. 7#¥ — 2noh¥ within timescale 7

Note that in the absence of spatial gradients, the dissipative currents vanish exponentially
DM +MN=0=MN=TMge"t/™ (194)

o [1=VH = gHY =0 <= equilibrium

@ — 7; are thermalization time scales, i.e. timescales of the microscopic processes that
thermalize the system.

@ In IS theory signal propagation speeds are finite and theory is stable and causal.

Hydrodynamics in heavy-ion collisions Jyvaskyla Summer School 2016 August 11, 2016 83 /173



Second-order fluid dynamics

1 1
pn = ——(I'I+§Vuu“)—7r|(Vﬂu“—i—Dln@) (195)
m 2 T
aQ 36
+—0uq" — —=q"Duy,,
Bo " Bo .
1 T2n o
b= =gk w(EN| Z ykq, Du” 1
Dq ™ {q +nqe+pv (T)] u*q, Du (196)
1

—=q" (V v+ Dln ’Bl) —whgy — 22vHn
2 B
+ 2 @am M+ ur N Oyu) + 2Dyt — LDy
B1 B1 B1
D’ — _r (ﬂ,ul’ _ 277V<”u”>) — (@M u¥ 4+ 7 uH)Duy, (197)
Tr

/
,177#“ (qu +Dln &) _ 271-)\(”‘0”))\ _ ﬂv(qu + ﬂq(uDuW ,
2 B2 B2

e+p
n

gt = W — vH (198)
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Section 7

Dissipative fluid dynamics from kinetic theory
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Boltzmann equation

Kt f = C[f], (199)

Evolution equation for single particle distribution function fi = f(x, k) Collision integral for elastic
two-to-two collisions with incoming momenta k, k’, and outgoing momenta p, p’,

1 -~ .
Clf] = - / dK’ dPAP’ Wiges s ppr X (fpfp/fkfk/ — ik fpfp/) , (200)
v
The Lorentz-invariant phase volume:
gd3k
dK = =—— 201
e (201)

with g the number of internal degrees of freedom, e.g. spin degeneracy.
The Lorentz-invariant transition rate Wi, pps is symmetric with respect to the exchange of the
outgoing momentum, as well as for time-reversed processes,

Wkk/—}ppl = Wkkl—)p/p = prl—)kkl- (202)

Here we also take into account quantum statistics and introduced the notation fo=1-af,
where a =1 (a = —1) for fermions (bosons) and a = 0 in the limiting case of classical
Boltzmann-Gibbs statistics.
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Conservation laws

The particle four-flow and the energy-momentum tensor are defined as the first and second
moments of the single-particle distribution function,

NE = (kM (203)
THY = (KMKY), (204)

where we adopted the following notation for the averages
(...)= /dK (..) * (205)
If the microscopic scatterings conserve energy and momentum it follows that the particle

four-flow and the energy-momentum tensor satisfy the conservation equations for any solution of
the Boltzmann equation,

By (kM) /ch [f] =0, (206)

B (kM KY)

/ dKK” C[f] = 0. (207)
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Macroscopic variables (moments)

As before N# and TH¥ can be decomposed w.r.t. u* as before

N = nout 4+ V¥ (208)
THY = equtu” — (pg + MAHFY L 2WH y¥) 4 grv
where the coefficients of the decomposition can be expressed in terms of single particle
distribution function
1
o = (B, e =(E), po+N=—2(A"kik),
VZC - <k(u)> L WH = <Ekk<“>> , T = <k(u k”>> . (209)
Here Ei = uukt, k') = AUKY, and k' k") = ALY ko kB
Note that k* = Eut + k(¥
We can further define infinitely many macroscopic moments of f:
(kM1 ... ke (210)
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Equilibrium state

The local equilibrium distribution is
fo(x*, k) = [exp (BoEx — o0) + a] L. (211)

For foi the collision integral vanishes C [fo] = 0, and it is a solution of the Boltzmann equation if
all the gradients vanish (but only then).
We can introduce the average with respect to the local equilibrium distribution function as

(o= / dK (...) fox, (212)
Note that in kinetic theory the equation of state is not a choise, but for example
1 v LRF 1 2
po(ao, 60) = =3 A (KK Yo =57 2 (7)o (213)

In equilibrium all the dissipative quantities vanish:

KN = (kMY = (kg =0 (214)
(07) = {8k = (ke
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Expansion around equilibrium (method of moments)

Since we are interested in near-equilibrium solutions of the Boltzmann equation, we start by
expanding fi around a local equilibrium distribution function fy:

i = fo+ 0k = for (1+ Fouhe ) » (215)
where ¢y represents a general non-equilibrium correction.

As before the equilibrium state (g, 8o) is not unique, but needs to be determined through the
matching conditions.

e =eo(a0,B0)  n=no(co,Bo) (216)
Israel and Stewart: expansion of ¢y in basis:
1, kM kP KY KRRV KN (217)
Truncated expansion:
ok =€+ etk + et kuky (218)

The coefficients €, e#, e#” can be determined by matching to N# and THY
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Dissipative fluid dynamics: 14-moment approximation

Shear-stress tensor wH" as an example:

T = T<“”>:/de<“k”>fo(T,u) 1+ €+ eak® + cagh®k?]

/de<#k”>fo(T,p)eaﬂkakﬁ

= eaﬁAgg/deWk“kak%(T,u)

—j76aB
17998 = Joou" u® u®u® + 6443 uO w8 A*P) 4 34 A0 AP (219)
D5 Dol = 3Up A5 A G AP AYP) = 15y, (220)

— Jp = 1—15A,Y5Aa5l”5""3 - 1—15 /dK (Aaﬁko‘k5>2 (T, 1) (221)
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T = eagAf;g/de'Vk‘sk"‘kﬁﬁ)(T,p)
= caplly3Unp A0 AR

= 2Jpe,p AP

— 2_]426(/“')

1
F= 6T+ = (T (14 5 pup ) (222)
42
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expansion: orthogonal basis

More convenient to use irreducible tensors:
1, k) pb e gl g A (223)
These irreducible tensors are defined by using the symmetrized traceless projections as
KU L fsm) = AR R g (224)

Tensors k(K1 ... kHm) satisfy the orthogonality condition:

/dKFkk<“1 ek Rm) L gevn)

_ m!Smn B BmyLe Vm aB "
= Gmoi® / dKFy (A kakﬁ) . (225)
Here myn=0,1,2,---, Fy is an arbitrary scalar function of Ey
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Using these tensors as the basis of the expansion, the non-equilibrium correction can be written as,
oo

D= DN iy kg (226)
£=0

£ is the rank of the tensor )\ﬁ“l'"”‘) (¢ = 0 is scalar \). The coefficients )\f(’”'"”’f> may still be
arbitrary functions of Ey, and can be further expanded with another orthogonal basis of functions

4
Pl

Ne
)\l((#l“'#z) _ Z C[(]#l“‘w)PISﬁ), (227)
n=0

where cn<”1'”’”> are as of yet undetermined coefficients. The polynomial P&ﬁ) is a linear

(€)

combination of powers of Ey, while Ny is the number of functions Pki
£-th rank tensor )\éul"'”w.

considered to describe the
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The functions P'Ef,) are chosen to be polynomials of order n in energy,
£ . 4
PO =5 a0E, (228)
r=0

and are constructed using the following orthonormality condition,

/ dK w® pPOPY — 5., (220)
where the weight w8 is defined as
N(©) 2.
= (2¢+1)n (Aaﬁkak‘*) fow o - (230)

The coefficients a%) and the normalization constants A'(8) can be found via Gram-Schmidt

orthogonalization using the orthonormality condition (229).
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Finally, the single-particle distribution can be expressed including all moments of the
non-equilibrium corrections,

oo Np
fio= o | 14 Fo 2 D M b kg Ky | (231)
£=0 n=0

where we introduced the following energy-dependent coefficients,

Aoy Ne
HY = > aplh. (232)

The generalized irreducible moment of Jf is defined as

P <Ekr K ”'kw>>5’ (233)

where

(s = [ AR () ok (234)

Using this notation, the expansion coefficients in Eq. (227) can be immediately determined using
Egs. (225) and (229). For n < N, they are given by

(0
cfmme) = '/\;! Plii) k(1 _,.kw>>6

NGO
N S v ) (235)

r=0

Hydrodynamics in heavy-ion collisions Jyvaskyla Summer School 2016 August 11, 2016 96 / 173



So far we have written the single particle distribution function in terms of macroscopic moments

PR <Ekr A ”.kw>>5’ (236)

Some of these moments can be immediately recognized as dissipative quantities

po = —30/m? (237)
o = VE (238)
o= W (239)
b = T (240)

Furthermore, the Landau matching conditions e = ey and n = ng imply
p1=p2 =0. (241)

Note that, by definition 1 = —% (m2p0 — pz), therefore to match pp to 1 we made use of the
above fitting conditions. The definition of the fluid velocity u* via Landau’s choice (W# = 0)
implies

Pl =0, (242)

while Eckart’s definition (V# = 0) leads to

P =o0. (243)
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Equations of motion

So far, the single-particle distribution function was expressed in terms of the irreducible tensors

P M The time-evolution equations for these tensors can be obtained directly from the

Boltzmann equation by applying the comoving derivative to Eq. (236), together with the
symmetrized traceless projection as,

vy d
,i)ﬁ“l Be) _ AﬁllA.A,%;/dKE(k@l kv S
Boltzmann equation k#9,fix = C[f] can be written in the form
6fc = —fox — Eg ko VY fo — E 1k VY S + ECTCF).

using fic = fox + 8fic, k= Eut + k), and 9, = ut L + V-,

Substituting into Eq. (244), we obtain the exact equations for pﬁ“l‘““”.
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Equations of motion: second rank tensors

d
i) — Al /dKEk’k<"‘ kP 5f,.

(uv) _ d
Pr = AZE;

d .
— AMV = (o g B) nv (o g B)
_Aaﬁ/deT (Ek’kak )Jﬂ(-&-Aaﬁ/dKEk’kak Oty

/dKE,(kmkﬁ)éfk

Substitute Boltzmann equation
d
_ AMV el rp(a g B)
_Aaﬁ/deT (Bekt k™) st
+ A / dKEL k'@ kB (JOk — BTNV Mo — BN VS + BN C [f])

First term

AZZ/dKEk’k(O‘ kD =0
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Second term
Agg/dKEk’kW kP E ko VA ok
=AZEV)‘/dKEk”1k"‘kﬂk/\fOk —(r— I)AZEV)‘UP/dKEl:*2kak»3kpk>\fbk
Decompose the moments of equilibrium distribution

/dKEk”lk“kﬁk)‘fOk = lyoou®uP u™ — 3401 0@ APN

/dKEk'_2kakﬂkAk”f0k = 2, 0u® uP UM — 61,5210 P APY) 4 31,40 , A AN
Only the last terms (with /121 and /.15 2) survive the projection operator AZ;

A (flr+2,1u(°‘A*B)‘)) = 20,121 A" Vs (UQAB)‘)

= 2021 ALEVO U = =215 101"
(r = DAV aup (1122820 A)) = 21y 45(r = 1)o™

— ALY / dKELK S kP ET kg VM o = =2 [lg2,1 + (r — 1)lr42,0] 0
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Collision integral

i = Agg/dKEk’kW kA (Ek—qu]) (259)
The first step is to linearize the collision operator,
1 / / i s
Clf]= - dK'"dPdP’ Wik/—pp: (fpfp/ i — fifier fpfp/) , (260)
in the deviations from the equilibrium. Keeping only terms of first order in ¢:
Pl = foofopr (14 Fopr by + Topip) + 0 (¢7). (261)
fofy = fophop (1 — afop by — afopdp) + O (6°) . (262)
Substituting Eqgs. (261) and (262) into Eq. (260), we obtain,

1 o
C [f] = ; / dK'dPdP’ Wkk/%pp/fbkfok’ fbpfbp/ (¢p + ¢p/ — ¢k — ¢k’) +0 (¢2) s (263)

where following equalities were used:

fop exp (ﬁo Ep — ao) s (264)
fok fow Top Topr - (265)

fop

fop fop’ ok Fok/

Hydrodynamics in heavy-ion collisions Jyvaskyla Summer School 2016 August 11, 2016 101 / 173



Irreducible collision term can be written as

1 . .
clrme) - / dKdK' dPAP" Wik pp fok e Top Top

XE[ T kB (f 4+ Gy — i — ) + O (67)

Ny
Cﬂmm _ _ZA%) 11
n=0

The coefficients A%) can be written as

A = 7(% - / AKAK' APAP’ Wger s s fok Forc Fop ot B~ T H1 - ke 142)
® © ® ©
X (Hkn Ky = kpgy + My ké "ku@ = Mpn Pluy * Prgy = Hpin Pl

()

All the information about the microscopic scattering are in the coefficients A;,’.

(266)

(267)

(268)

"plw>)
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The equation of motion for the second rank tensor

) = AZE/dK% (Eckt= k) o6 (269)
ol [ REKE k) (<o BV M- B0V E7CH) (270)
can be written as
p) = 2[lrg21 + (r = Dlpy22] 0 — ZA ok
A”E/deiT (Bekt k™)) sh - aky / dKE[ k'@ kB) EZ i VA5 (271)

The rest of the integrals can be written similarly in terms of moment ph' "#¢, and lead to
non-linear terms, e.g. ph" 6, etc.
This already resembles the equation of motion for shear stress tensor

Tri{) 4 Y = 2not’ 4 (higher order terms), (272)

but is still an infinite set of coupled equations for the moments.
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In their full glory the equations of motion take the form: The equation for an arbitrary scalar

moment is

G G
pr==Co1+ 0150)9 + ok, ) iy = Vupy + - 8u v 2 OuWH
D20 D20

1 G G
L . Lt Tl LR [N = PP
Similarly, the time-evolution equation for the vector moment is
1
p'ﬁw = C,(fi + aEl)V“ao ) hywr 4 rp, lL'lV + 3 [rmZp,,l —(r+3)pre1 — 3af|'l] ut

1
— ZVH (mPpr1 = pri1) + f VAT — AL (pr'fi‘l + afaxﬂ'“)

3
1
3 [(r —-1) m2,of72 —(r+3)pt —4al W“] 0
1
+5 [@r—2)mol, — 2r+3)pf —salW] ol
+ (o + W) Wty + (r = 1) g S0, (274)
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The equation for pf'” is

4 v v 2 v
p'ﬁ“ )= Cff1> + 20452)0“ + . [(r—1) mtor_o —(2r +3)m?p, + (r + 4)pry2) ot

2 . 2. 2
5 [rmelty = (e 8) ol | ) oY = SV (M — o)

1 v 2 v
+3 [(r —1) M2, — (r+4) p/,W] o+ [(2r —2)m?pME — (2r + 5)p,*<“] o)

A

+ 200 W) — AMET L pOPN 4 (r = 1)p ) oy, (275)

B

All derivatives of ag and 3y that appear in the above equations were replaced using the following
equations, obtained from the conservation laws,

1
o = = [=Js0 (00 + 0, V") + Jao (0 + Po + 1) € +J20 (9, W — WHit, — 7o),
20
(276)

i 1 ) .
Bo = D720 [—J20 (nof + 0, V#) + Jio (0 + Po + M) 0 +J1o (O WH — WHi, — 7t 0,,)],

(277)
h=1
R
0
h=l T4 .
_ o [gwug + W, (0 — wh?) + WH + A"ja)\ﬂ'l’)\ 7 (278)
no

ho = (€0 + Po)/no
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The coefficients a, are functions of thermodynamic variables,

n,

2 = (1 - I’) Ifl - IVO - Dio (hOGQr - G3r)7 (279)

20
aﬁl) = Jr+1,1 — ho_lJr+2,1, (280)
o = hia1 4+ (r=1) b2, (281)

h Bo

=——/ 282
(o o+ Po r+2,1, ( )

where we used the notation

_ (=1)¢ n—2q (A of K
h = Gt / dKE; 2 (AP kaks ) fo, (283)
_ ( 1 n—2q af
Jng = a1 D /dKE (A ka kﬁ) fokFok (284)
Gom = Jnodmo — Jn—l,OJ"H'laO? (285)
Dng = Jnt1,gdn—1,9 — (—/nq)2 . (286)

Thus, we obtained an infinite set of coupled equations containing all moments of the distribution
function, but the derivation of these equations is independent of the form of the expansion we
introduced in the previous subsection.
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Section 8

Reduction of the degrees of freedom
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So far we have just written Boltzmann equation in terms of the moments of the distribution
function. In order to obtain fluid dynamical equations of motion, we must somehow reduce the
infinite (momentum-space) degrees of freedom into the fluid dynamical ones, i.e. ng, ey, u*, I,
VHE, WH, and 7HY.

Israel and Stewart: 14-moment approximation

This was already introduced before, but now in irreducible basis. The degrees of freedom can be
reduced into the 14 fluid dynamical ones by directly truncating the expansion of the distribution
function.

o Z)\ﬁﬂl"'ﬂw k(m . kw% )\élﬂ"'ﬂé) _ Z C’SMI"‘MUPIE?’ (287)
£=0 n=0
No
M= Py = P +aPy + ePg), (288)
n=0
Ny
1 1 1
A= 3L Y+ ) o)
n=0
Np
N =D R R, (290)
n=0
where the tensors c,sm'““‘f) are given by Eq. (235), while those which do not appear in the above

equations are set to zero.
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According to Eq. (235) the scalars ¢p, c1, and ¢, are proportional to the bulk viscous pressure,

3N

o = _73(()%) N, (291)
3r|

a= AONO), (292)
3n

o= AN, (293)

The vectors cém and c1<“>

diffusion currents,

are given by a linear combination of particle and energy-momentum

Céu) _ V“aé%))/\/(l), (294)
c1<“> = V“a%)./\/(l) + W“agll)./\/'(l), (295)
while cé””> is proportional to the shear-stress tensor,

(pv) _ W“Ua(%) /\/(2)
2

B0

(296)
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orthogonal polynomials
For any £ > 0 we set
£)

() — (0 _
Pko =3y, =1,

while
0 0 0
'DIEI) = agl)E + 350)7
P — D, 4 o)
I£2) agz) E:+ agl) B+ 3(0)
The orthonormality condition (229) gives

NO = (Jp) 7",

ﬂ ) (3(0))2_ S
a9 T e’ N T Dy’

aé‘? _ Gn a§%) Dy

&0 o

%
(a(o))2 _ Joo D10
2 D20 + J30Grz + JaoD1o’
1
a0 _ Jdm oy S
- "\ ) T
351) I D31

August 11, 2016
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(302)

(303)

(304)

(305)
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Using the orthogonality relation (225) together with Eqgs. (226-228)

e —e'zzc A Jrimiaee (306)

n=0 m=0

Applying the truncation scheme we obtain that all scalar moments, p,, become proportional to
the bulk viscous pressure I1,

No n

pr= Z Z c,,as,?,), Jrimo =~ (307)

n=0 m=0
Similarly, all vector moments, p}', are proportional to a linear combination of V# and W,
b= Z Z Mol Jrimina =AY VE AV W, (308)
n=0 m=0

and, finally, p” is proportional to TH¥,

=305 o Srimsas = 2. (309)

n=0 m=0
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The proportionality coefficients are

A = Ando + Bndeti,0 + Cndrizg, (310)
v = Avdrai+ By, (311)
YW= Awdran+ Bwdraa, (312)
Y= 2AxJiian. (313)
where
Ap = — > , 314
: m? JxD2o + J30Gr2 + JaoDio (314)
3 Go3
B — > , 315
: m? JooDao + J30Giz + Jao Do (315)
D
o= 20 7 (316)
m?2 JooDao + J30Gr2 + Jag Dio
Ja1 J31
Ay = —, Ay = ——, 317
v D3 D3 (317)
Ja1 Jo1
By =-2L B =2 318
v Dy’ BW = b, (318)
1
Ar = —. 319
Y (319)

The matching conditions p; = p>» = 0 require that 'yln = 7'2_' =0.
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Now we are ready to write down the fluid dynamical e.o.m. Recall
p) =) 2aPor + % [(r— 1) m*pr—2 — (2 +3) mp, + (r + 4)py12) o™
+ g [fmzpﬁh —(r+5) P§i1] a4 rpt i — ng (”72/):21 - Pry+>1)
3 =m0+ 2 [er-2)mol — 50 ] o
+200 WY = APEY PPN 4 (r = 1)y o

and plug in the 14-moment approximation

No n
0
Pr = Z Z Cnal(m)v Jr+m,0 = 'er-lrL
n=0 m=0

Ny n
1
oy = Z Z i aln) Jrymian =4 VE 4 WE,

n=0 m=0
ZN2 Z" () (2)
— Nz 2
pl;“j = Cn anm Jr+m+4,2 = ’YZrﬂ'HV'
n=0 m=0

Cl) =t
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Fluid dynamical equations of motion

d

prm ('y,”7r<“”>> = 77':171"“/ + 20452)0*“’ + non-linear terms (325)
-
x d (uv) pv (2) v ;

7 T,E <7r ) + 7 = 27,0, 0" + non-linear terms (326)

These are the equations of motion for shear-stress tensor in 14-moment approximation, with
relaxation time 7 = 47 7, and shear viscosity n = r,aﬁz)

Now the problem is that we can actually choose any value of r to derive the equations, and all of
them give different transport coefficients!

For example Israel and Stewart choose second moment of the Boltzmann equation to close the
system (corresponds r = 2), and in DKR the choise corresponds r = 1.

Obviously something is still missing from the derivation, i.e. when reducing the degrees of
freedom it is not sufficient to simply truncate the moment expansion.

Solution: resum all the moments (or the relevant ones)
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Section 9

Power counting and the reduction of dynamical variables
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So far, we have derived a general expansion of the distribution function in terms of the irreducible
moments of df, as well as exact equations of motion for these moments.
Fluid dynamical limit:

@ Evolution described by the conserved currents N¥ and TH¥ alone.

@ Separation of microscopic and macroscopic scales, quantify by Knudsen numbers

Kn = fmier (327)

macr
@ System close to local thermal equilibrium, quantify by inverse Reynolds numbers

1 M|

- n*| I
1,R15|— 1, Ryl=1—
0<< " no < " Po

Ry <1 (328)
o In transient fluid dynamics these are two independent quantities
@ 14-moment approximation is not truncation in either of these

Microscopic scales: T, Tn, Tn

Macroscopic scales: 8, V*ag, V*ep, ...

Hydrodynamics in heavy-ion collisions
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A general structure of the equations of motion is (for second rank tensors)

pr=0Cr1+ a£0)9 + higher-order terms

pﬁ#) = Cff; + agl)V”ao + higher-order terms (329)
pﬁ”m = Cr(f? + 2a£2)cr‘“’ + higher-order terms

Where the linearized collision terms C< The

C<M1 He) Z‘A"’ ok (330)

The coefficient A is the (rn) element of an (Ny + 1) x (Np 4 1) matrix .A(®) and contains all
the information of the underlying microscopic theory.
These are not relaxation equations for p}'*""#¢ because the collision term couples all the different

r.
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Fluid dynamics is expected to emerge when the microscopic degrees of freedom are integrated
out, and the system can be described solely by the conserved currents. The exact equations of
motion contain infinitely many degrees of freedom, and also infinitely many microscopic time

scales, related to the coefficients A%).
The slowest microscopic time scale should dominate the dynamics at long times.
For this purpose, we shall introduce the matrix Q) which diagonalizes A,
@) 40O = diag (ng), a0 ) , (331)

where XJ('[) are the eigenvalues of A(®). Above, (Qfl)(é) is defined as the matrix inverse of Q(4).

We further define the tensors Xiur"ue as

Ne
X_Ml"'/‘“l = Z (Q_l)(z) pl'il-»-ug. (332)

These are eigenmodes of the linearized Boltzmann equation.
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Multiplying Eq. (330) with (Q*I)([) from the left and using Eqgs. (331) and (332) we obtain
Z (Q l)u J_ THe) = XEZ)X'.‘”'“M + (terms nonlinear in §f) . (333)

where we do not sum over the index i on the right-hand side of the equation. Then we multiply
Egs. (329) with (Q_l),(.f) and sum over r. Using Eq. (333), we obtain the equations of motion
for the variables X/

Xi + X(o) ﬂ@)@ + (higher-order terms),

< ) + X( )x B(l 1" + (higher-order terms),
X,.(‘“/) + X§2)X,-‘w = BIQ o*¥ + (higher-order terms), (334)
where the coefficients are
No Ny Ny
A= 3 @hPal o= 5 @ Pl s =23 @ P
j=0,#1,2 =0,# Jj=0

The equations of motion for the tensors Xi’”"'w decouple in the linear regime. We can order the

P according to increasing xg), e.g., in such a way that ng) < X£?1v VL.

tensors X1
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By diagonalizing Eqs. (329)) we were able to identify the microscopic time scales of the

©

Boltzmann equation given by the inverse of the coefficients x;
If the nonlinear terms in Eqs. (334) are small enough, each tensor X!*"'#* relaxes independently
to its respective asymptotic value, given by the first term on the right-hand sides of Eqgs. (334)
(divided by the corresponding XV)), on a time scale ~ l/xsé).

The asymptotic solutions ( “Navier-Stokes values”): Neglecting all the relaxation timescales, i.e.,
taking the limit Xﬁe) — oo with BEZ)/XSZ) fixed, all irreducible moments p{'*" "¢ become
proportional to gradients of ap, [p, and u*.
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Assuming that only the slowest modes with rank 2 and smaller, Xo, X}, and X}, remain in the
transient regime and satisfy the partial differential equations (334),

Xo + XéO)XO = ((,0)0 + (higher-order terms) ,
X()(M +x51)X§ = él)l“ + (higher-order terms) ,
Xowl/) + X(()2)X5w = ,6’(()2)0”" + (higher-order terms) , (336)

The modes described by faster relaxation scales, i.e., X, X/, and X!”, for any r larger than 0,
will be approximated by their asymptotic solution,

(0)

Xr ~ ﬁ@ + (higher-order terms),
r
(1)

X~ 21) I* + (higher-order terms),
X

r
(2

XM o~ 22) o"¥ + (higher-order terms), (337)
r

This is the reduction of the degrees of freedom, but still need to express everything in terms of
fluid dynamical variables, I, V#, 7#v
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First invert Eq. (332),

N,
pl{tr“ue _ Ze:QE,_l)XJHl-“M ,
=0
then, using Eqgs. (337), we obtain
No IB(O)
pi = QX0+ Y Q) < 0 = 2l X0 + O(Kn)
Jj=3 XJ
Ny 5(1) )
ol = Q)X+ 3ol I = )Xt + oK)
j=2 Xj
2 @8 @
NQ( )XMU+ZQ XJ ) /,LV:QiO Xé_u/_’_o(Kn)
Jj=1 j

The contribution from the modes X;, X}',and X}'” for r > 1 is of order O(Kn).
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Taking i = 0, setting Qég) =1, and remembering that pg = f% M, ph=n+, ph"=gmv
we obtain the relations
5("
Xo r| Z o0
13(1)
-3
J
Ny (2) ﬁ(2)
|22 v __ v
X§" =t ZQ O] ot . (340)
Jj=1 XJ
Substituting Egs. (340) into Egs. (339),
2
% pi~—0n (g, ol%¢ ) 0 = —-0n + O(Kn),
plt~ Pk ( - Pk, 0) QP n# + O(Kn) ,
~ Q(z)rr‘“’ +2 (n — Q(O r)o) 2)71"“’ + O(Kn) , (341)
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The coefficients are defined as

Z ‘r a, , Kn Z Tl)agl, Z‘r a, , (342)

r=0,#1,2 r=0,#1

where 7(8) = (.A_l)(g) and used the relation,
Ny

=>af) (e) @

m=0

We can identify the coefficients {p, xno, and 7o as the bulk-viscosity, particle-diffusion, and
shear-viscosity coefficients, respectively.
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The relations (341) are only valid for the moments pfwkm with positive r, but in the full
equations of motion also moments with r < 0 also appear.

We expect the expansion (??) to be complete and, therefore, any moment that does not appear
in this expansion must be linearly related to those that do appear. This means that, using the
moment expansion, Eq. (??), it is possible to express the moments with negative r in terms of the

ones with positive r. Substituting Eq. (??) into Eq. (236) and using Eq. (225), we obtain

Z ]_-(E) vy

where we defined the following thermodynamic integral

Zl r «
FO - W/dK forFox E " HL) (A B kak )

Therefore, Egs. (341) lead to

3
por=——3 701 + O(Kn) ,

o, =4+ O(Kn)
P =P 4 O(Kn)

where we introduced the coefficients

Ny Ny
E: (0)y (1) 2 : (1) (1) 2 : 2) (2
Frn ,70 y Y= Fra Q,,o 3 Q .
n=0,#1,2 n=0,#1 n=0
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The resulting equations of motion take the form
mN4+N=-C0+T+K+R,
o) b = o TR CH - RP ,
T SV) ok — 2not? + JHY + KHY 4+ RHY .

(347)

The tensors J, J*, and JH¥ contain all terms of first order in Knudsen and inverse Reynolds

numbers,

J = 4,V -n—1apn-F —6nnMNé — Ap,n- 1 + )\nﬂ-Tl'HVO'W, N
T = —nyw”™ — 8pnn*0 — Ly VAT + Lon APV a7 + TP — etV F,
— Xopnnpo™? + Apn U — Xpeh¥ 1,
T = 27r§”w">>‘ — P’ O — Tmr7r>‘<“ 0’;\/> + AenMNot? — Tﬁnn“‘ Fv)

+ Lan Vi nY) 4 ApantH v

where F# = V#pg and I* = Vg
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The tensors I, KH, and KHY contain all terms of second order in Knudsen number,
K =G wmwwh” + oot + 0% +Cal - I+ G F-F4+Cl - F+GV-1+¢V-F,
KF = k10", + koY Fy + k3l?0 + kg F*0 + k5w 1, + nsAﬁaya)‘” + k7 VH0,
CHY — nlw;l—bwu))\ + 7729(7"“’ + n30,>\<u 0.;\’) +7]4U/<\ku>>\
+ sl ) e EY) o1 FY) g v 4 g F YD (349)
The tensors R, R*, and R*Y contain all terms of second order in inverse Reynolds number,
R= o1+ @on- n+ p3mu,m,
RH = pan, ™ + @5k,
R¥ = pgNh” + @it 7rA”> + @gnitn¥?). (350)

These equations contain all the contributions up to order O(Kn2), O(RITIRII), and O(KnRTI).
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Section 10

Results from Dissipative fluid dynamics
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Shear viscosity over entropy density ratio is small

P. Romatschke and U. Romatschke, Phys.Rev.Lett. 99, 172301 (2007)

Glauber

T B T T T T T

= PHOBOS |

0.08I

0.06

v'\
=
=
P
1
3

0.041

0.02

. I . I . 1 A )
0 100 200 300 400
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..., but the extracted value depends on the initial conditions

P. Romatschke and U. Romatschke, Phys.Rev.Lett. 99, 172301 (2007)

0.12

CGC

1/s=10

[/s=0.08,, £

= PHOBOS| |
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Extracting 71/s from experimental data: Initial conditions

C. Shen, S. A. Bass, T. Hirano, P. Huovinen, Z. Qiu, H. Song and U. Heinz, J. Phys. G 38, 124045 (2011) [arXiv:1106.6350
[nucl-th]]

MC-KLN _ hydro(m/s)+ UrQMD _ n/s | MC-Glauber  hydro (n/s)+UrQMlaa (%5
| (b) - 08
"( 0.16
g bt
-
V
-

12 ‘ﬁ, /V

0.05 - o2} /<Epzan>KLN o » 0v,{2) /<g:u">glz
O v/ (Epm)KLN 4 0 (v, /<Span>GI
0 L 1 | ) ‘ ‘
0 10 20 5 30 0 10 20 5 30 40
(1/8) dN_/dy (fm”) (1/5) dN_/dy ()

o 1/s ~0.08 —0.24

o Large uncertainty from the initial conditions (MC-Glauber vs. MC-KLN)
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Extracting 1/s from experimental data: RHIC vs LHC

C. Shen, S. A. Bass, T. Hirano, P. Huovinen, Z. Qiu, H. Song and U. Heinz, J. Phys. G 38, 124045 (2011) [arXiv:1106.6350
[nucl-th]]

0.1 " T " e T, "
= STAR o N
v{4b T e N ]
* ALICE PR PO
0.081- T R N @ b
L IS APt TR i
Y2
,
0.06 . B
o
o L i
0.04 - B

=—= RHIC: 1/s=0.16
7 o--0 LHC: /s=0.16

0.02 ¢/ MC-KLN -+ LHC: 1/5=0.20

Reaction Plane  ,_ _ 1 Hc: n/s=0.24 i

0 . | . | . | .
0 20 40 60 80

centrality

e 1/s ~ 0.16 (RHIC) # /s ~ 0.20 (LHC)?

@ Temperature dependent 7/s ?
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Extracting /s from experimental data: identified hadrons

H. Song, S. Bass and U. W. Heinz, Phys. Rev. C 89, 034919 (2014) [arXiv:1311.0157 [nucl-th]]

T T T T T T T
Pb+Pb 2.76 A TeV
LHC

Pr(GeV)

o UrQMD + (2+41)-D viscous hydro (hybrid)

@ Mass ordering of elliptic flow (definite prediction of hydrodynamics)

@ Details of hadronic evolution matter
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Extracting 7/s from experimental data: higher harmonics

C. Gale, S. Jeon, B. Schenke, P. Tribedy and R. Venugopalan, Phys. Rev. Lett. 110, 012302 (2013) [arXiv:1209.6330 [nucl-th]]

0.14 z ‘ ‘ :

Vo — | ALICE data v,{2}, pr>0.2 GeV |
V3 -= | n/s=0.2

0.12 +
0.1
0.08
0.06 -
0.04 -
0.02 ¢

0 ‘ ‘ ‘ ‘

2\1/2
vy

centrality percentile

o Higher harmonics (v,'s)
o Initial density fluctuations make all the difference

o IP-Glasma + viscous hydrodynamics — v,'s well described with n/s = 0.20
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Section 11

How to constrain 7/s(T)
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Search for QCD matter properties

t=10.80 fri

Relativistic heavy ion collisions: Need a complete model:
o Create small droplet of QCD fluid o Initial particle production
o Extract limits for /s, ¢/s, ... from o Fluid dynamical evolution
experimental data e Convert fluid to particle spectra
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How to proceed:

o Take your favorite initial condition model/parametrizations, and EoS

@ Tune your initial state to reproduce the multiplicities (also centrality dependence)

Tune your chemical/kinetic freeze-out parameters to reproduce the pr spectra of hadrons.
Tune your n/s(T) parametrization to reproduce the v, data.

Check against vs3, va, correlations, fluctuations etc.

If the parameter tuning done for the LHC, retune the model for RHIC (but keeping the
properties of the matter unchanged, i.e. EoS and 1/s(T))

@ Check the consistency with the RHIC data.

o If unable to get all the data simultaneously, make a new 7/s(T) parametrization, and
repeat. ..
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Collisions come with all centralities

Classify events according to the number of produced particles (multiplicity): 0-5 % centrality
class contains 5 % of events with largest multiplicity,
5-10 % centrality class the next 5 %, and so on
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Initial states come in all shapes

y
y [fm

(I  [fu

y [fm)

v ]

 [f  [ful

Average over all events
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Characterizing initial conditions

6nein¢°,, — {rneinqb}

()= /dxdy e(x,y,m0)(---)

@ &p eccentricity

y [fm)]

o &, “participant plane” angle
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Fluid dynamical evolution
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65

60
3 55 i
Eso o Example: azimuthal spectrum
= .

of charged hadrons dN/d¢ in
45 one collision
40 i
B e o Black: full result
¢ @ Red: Fourier decomposition
@ Typically vo dominant
n=1...2 n=1 4 yP y V2
@ Because initial state fluctuates

65 . (esp. its eccentricities), also vp

60 60 coefficients fluctuate.
<55 2 55 o — Even for a fixed centrality
2o 2 class: distribution of vy, P(vn).

45 45,

40 40)

o 1 2 3 4 5 6 0 1 2 3 4 5 6
[ @
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Flow coefficients as correlators

In a single event define: ) )
vn(pr,y)e™nPTY) = () 4,

where the angular brackets (- - - )4 denote the average

do = (dydp> J 4 i )

Similarly, the pr-integrated flow coefficients are defined as

vn(y)e™nt) = ()4 o,

where the average is defined as

_ (dN\T! , dN
("'>¢,p7*(dfy) /d¢dprm(”')~
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n-particle cumulants

Two-particle cumulant is defined as the correlation

Va{2)2 = (ei(91-92)) — /d¢1d¢2 o d¢2 einlé1=d2) (355)

where dN>/dp1d¢ps is the two-particle spectrum (suppressing the possible rapidity and p1
dependence), which can in general be decomposed as a sum of a product of single-particle
spectra and a “direct” two-particle correlation 62(1, ¢2).

dNy dN dN
= ———— +62(¢1, $2). (356)
dprdgy  dér dn
The direct correlations can result e.g. from a p-meson decaying into two pions, and these
correlations are usually referred to as non-flow contributions. The event-averaged two-particle
cumulant can be written as

{2} = (V2 + 608> " (22, (357)

where the last equality follows in the absence of the non-flow contributions, i.e. assuming that all
the azimuthal correlations are due to the collective flow only.
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Similarly, the event-averaged pr-integrated 4-particle cumulant flow coefficients are defined as

1/4
w4} = 20202 - (vie) " (358)
In addition to the v,{2} and v,{4}, we can also define a three-particle cumulant v4{3}

(V3va cos(4 [Wa — W4]))ey

<V22>ev

Originally, the higher-order cumulants were introduced to suppress the non-flow correlations, but
after the full realization of the importance of the event-by-event fluctuations it has become clear
that different cumulants do not only have different sensitivity to non-flow correlations, but also
measure different moments of the underlying probability distributions of the flow coefficients.

vn have not only distributions, but they can also have correlations

V4{3} =

(359)

(vl‘k1| - lk”‘ cos(kiW1 + -+ + nkaWp))ev

(COS(kl\Ul R nk,,\ll,,))sp = (360)

bl
2|k 2|k,
\/<V1| 1\>ev,,,<vn| s

where the kj's are integers with the property >~ nk, = 0.
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Equation of State

s95p-vl | — 03
$95p-PCE150-v1 ——
. 7Bag Model - ] 025
4 0.2
o i
. -
S o1lf i E %
z -t & o015
S5 -
o
0.1
0.01 | E
0.05
0001 L L L 0 L L L
0.01 0.1 1 10 0.01 0.1 1 10
e [GeV/im®] e [GeV/im®]

Lattice parametrization by Petreczky/Huovinen:
Nucl. Phys. A837, 26-53 (2010), [arXiv:0912.2541 [hep-ph]].

Chemical equilibrium (s95p-v1)
(partial) chemical freeze-out at T je;,, = 175 MeV (s95p-PCE175-v1)

o for comparison bag-model EoS

@ Hadron Resonance Gas (HRG) includes all hadronic states up to m ~ 2 GeV
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Freeze-out

Converting fluid to particles
e, ut, T —» EjT’\")

o Standard Cooper-Frye freeze-out for particle i

dN
EE (271')3 /da Pufi(p: ),
where "
™ pupy
fi(p,x) = f; dut, ToA{ui}) 1+ ———
(P10 = fralpo s, T ) |1+ 3P

o Integral over constant temperature hypersurface
@ 2- and 3-body decays of unstable hadrons included
o Here Tge. = 100 MeV
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Initial conditions and centrality selection

Example: H. Niemi, K. J. Eskola and R. Paatelainen, Phys. Rev. C 93, no. 2, 024907 (2016) [arXiv:1505.02677 [hep-ph]].

10
800
700
2 2 600
as/dn; 500
© F— n/s=020
—— n/s=paraml 0 400
6 [ — n/s=param2
—— n/s=param3 300
n/s=param4 B
L — ALICE 5 200
1 1 1 1 -
0 5000 10000 15000 20000 .+ 100
dS/dn [normalized] 5
~050 -5 0 5 10

z [fm]

[
o
b

=
(=
S

0
|

y [fm]

[
(=
&
T

probability density
i
1S5
T

<

.
(=

o Calculate ensemble of random initial conditions: random impact parameter, random
positions of nucleons inside the nuclei.

@ Calculate hydrodynamical evolution and spectra for each initial conditions

o Divide events into centrality classes according to hadron multiplicity.
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Temperature dependent 7/s

08— T 11
—1)/5=0.20
0.7/ — 7n/s =paraml —
m—— 7)/s =param2
0.6 = 7)/s =param3
0.5 n/s =paramd 4
2 0.4 _
=
0.3 -
0.2\ ~<
0.1;\)\/ -
| | | |

| | |
0'](.)00 150 200 250 300 350 400 450 500
T [MeV]

@ Test different temperature dependencies.
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multiplicity

F T T T T T T T & 103 [ T T T T T 1]

LHC 2.76 TeV Pb+Pb E RHIC 200 GeV Au-+Au 3

3| i E ]

A (a) 1 . | (®) :
=} - B (=]

v [ ] v F 7
= r b =

£ | §  ALICE ] S0tk ?

3 | — n/s=0.20 E g — 1/s=0.20 ]

= —— 1/s=paraml Gl [ — n/s=paraml ]

% 102 L —— n/s=param2 - % | —— n/s=param2 i

F —— n/s=param3 ] | n/s =param3 ¢ STAR

N n/s =param4 ] 10 E n/s =param4 * PHENIX J

| | | | | | | | C | | | | | | | N

0O 10 20 30 40 50 60 70 80 0O 10 20 30 40 50 60 70 80

centrality [%)] centrality [%]

o Fix the parameters of the initial conditions to reproduce the centrality dependence of the
hadron multiplicity.
o Entropy production depends on the viscosity.

o If the particle number conservation is not solved explicitly: entropy production = particle
production.
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Transverse momentum spectra

T T T T T T T
n/s=0.20 3 102 — 1/s=0.20

—— n/s=param3 1 —— n/s=param3

@ (b)

— 10
)
= 10
o
v
=
=
=
3
=
=

1
7

. ¢ PHENIX
107 F § sTAR

vudbl 3 vvdl cod Bvvd Md olfd o dhd wvdid coned sd oad 3l

107 1 ALICE
E -8
s [ LHC Pb+Pb 2.76 ATeV 107 £ RHIC Au+Au 200 AGeV
10 E 1 1 1 1 1 4 1 1 1
00 05 10 15 20 25 30 35 00 05 1.0 15 20 25

pr [GeV] pr [GeV]

o kinetic (Tqec) and chemical (Tehem) decoupling temperatures are the most important
parameters that determine the shape of pr-spectra.

o Tgec = 100 MeV

o Tepom = 175 MeV
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n/s(T) from v, data

0.16F T T T T T T T T
—_— 1/5=0.20 § ALICEv, {2}
0.14f-—— n/s=paraml pr=[0.2...5.0] GeV | 0.8—— T
= 1)/s=param?2 —_
0.12 _ LHC 2.76 TeV Pb+Pb _| o7l —
. —— 1/s =param3 /. 2
—— /s =param:
0.10- 1/s =param4 B 06\ /s =param3
,_c,; . 0.5 /s =paramd |
—— L | @
a: 0.08] =04 |
0.06- 3 7
0.2
0.04- T 01 i
002—/ \\, 7 9950 1%0 260 sto 360 3%0 460 4J50 500
- — T [MeV]
0.00 I | | | | | | |
0 10 20 30 40 50 60 70 80

centrality [%]

e 1n/s(T) parametrizations tuned to reproduce the v, data at the LHC.
@ No strong constraints to the temperature dependence (all give equally good agreement)

@ Deviations mainly in peripheral collisions, where the applicability of hydro most uncertain.
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Flow fluctuations

— pQCD dv, —— pQCD dv,
(a‘) —— Glauber év, (b) —— Glauber dv,
"o 100k PACD e, | T 100L eeeddEy T pQCD e,
) Glauber 0¢, S N e Wb Glauber de,
~ arias 1 X ATLAS
S0t 1 2107 1
S 5-10 % < 35—40 %
A g
-2 -2 B
10%F LHC 2.76 TeV Pb+Pb i 10°F LHC 2.76 TeV Pb+Pb 3
-1.0 -0.5 0.0 0.5 1.0 1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
0€y, dUy 0y, dUy
vn — (v,
6‘/" — n < n>ev
(Vn>ev

@ Even in one centrality class ¢, fluctuates from event to event — v, fluctuates.

@ Event-by-event models should also reproduce the v, fluctuation spectra.

@ Turns out, if the average v, is scaled out, that v, fluctuations mainly sensitive to initial
conditions.
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Sensitivity of P(dv2) to viscosity

T T T T
— 1/s=0.20 1
—— n/s=paramd |
—~ _ % — 7/s=0.0
§10 * I ATLAS
=
S'10ME 3
= i ]
N 35—40 %
[T
107 ¢
1 1 1
-1.0 -0.5 0.0 0.5 1.0

d€y, OUy

@ Scaled fluctuations show no sensitivity to 7/s.
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(non)linear-response?
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(non)linear-response?

[ ATLAS — bv,

3540 % Em,ne™Vmn = *{rmeind)}/{’m}:
€2 =€22 VS €12

Full azimuthal structure: m=20,..., 00
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(non)linear-response?

55-60 %
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Flow fluctuations from v,{2} and v,{4}

vn{2} and v,{4} measure different
moments of the v,—fluctuation spectrum:

vaf2} 12 (1)1

vof4} "2 (2022, — (vhe)

o If v, fluctuation spectra and average
vn{2} are reproduced — also v,{4}
should come out right (It is just a
different moment of the full
distribution)

@ non-flow effects?

@ v, w.r.t. reaction plane ~ v {4}
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Constraints for /s(T) from RHIC v, data
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@ At RHIC different sensitivity to n/s(T): parametrizations that fit nicely LHC v,'s start to
deviate from each other at RHIC.
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0.14

< o.10
—~

Flow fluctuations

= 1/5=0.20
—f= /s =paraml
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| | | |

RHIC 200 GeV Au+Au
pr=[0.15...2.0] GeV

|

10

20 30 40 50
centrality[%)]
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o No direct measurements of the v, fluctuation spectra, but different cumulants.

e Simultaneous fit of v»{2} and v»{4} minimal condition to describe the full spectra.
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Event-plane correlations
Luzum & Ollitrault: one should calculate:

<V1|k1| L Vr‘lknl COS(kl\Ul + -+ nk,,\Un)>ev
\/<V12|k1|>ev"'<V3|kn|>ev 5

(cos(ky Wy + -+ + nk,V,))sp =

Hydrodynamics in heavy-ion collisions Jyvaskyla Summer School 2016 August 11, 2016 161 / 173



Event-plane correlations: 2 angles
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o Already from the LHC data more constraints to n/s(T).
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Event-plane correlations: 3 angles
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e Equally well described by the same parametrizations that describe 2-angle correlations.
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o Relative magnitude of 6f depends on the /s parametrization

@ Jf also larger at lower energy collisions.
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Of in event-plane correlations
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o In (W3, Wy)-correlators, in central to mid-peripheral collisions: §f corrections small.

@ but note the correlatos involving We: §f can destroy the correlation completely.
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Bulk viscosity

0.12

@ Bulk viscosity can be large near the QCD

transition

@ Large bulk viscosity affects the
determination of 7/s

@ Helps to reduce average pt (important

especially at LHC energies)

Ryu, Paquet, Shen, Denicol, Schenke,
Jeon, Gale, arXiv:1502.01675 [nucl-th]

Solid line: Shear+bulk, n/s=0.095
Dashed line: Shear only, n/s=0.16
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Beam Energy scan

@ More constraints to the hadronic properties of the matter
o Important background in determining the QGP properties
@ Here constant n/s fitted separately for each /s

Evidence for temperature and/or net-baryon density dependence of 7/s?

lu.A. Karpenko, P. Huovinen, H. Petersen, M. Bleicher, Phys.Rev. C91 (2015) 6, 064901
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P. Bozek, W. Broniowski and G. Torrieri,
Phys. Rev. Lett. 111, 172303 (2013)

p+Pb collisions 02

p-Pb é.OZTeV C;\AS Data 0-2‘%
o Can be described by using hydrodynamics
e Typically /s small O(0.08)

@ Inconsistency with AA results with
saturation based initial conditions

L LA B o e o o

n/s ~ 0.20
L [
Is hydrodynamics valid?
Romatschke, Eur.Phys.J. C75 (2015) no.7, 305 3 4
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Section 12

Applicability of fluid dynamics: Knudsen numbers
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Knudsen numbers: applicability of fluid dynamics

H. Niemi and G. S. Denicol, arXiv:1404.7327

—— . —
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Knudsen numbers: applicability of fluid dynamics in pA

H. Niemi and G. S. Denicol, arXiv:1404.7327 [nucl-th]
/s =HH-HQ
@ AA collisions —» pA collisions

@ Kn > 0.5 almost everywhere

- 02} -

@ even with small QGP n/s = 0.08 |
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Summary

QCD properties near thermal equlibrium (EoS, transport coefficients) direct input to fluid
dynamics — Fluid dynamics convenient tool in extracting the properties from the data.

o Ideal fluid dynamics: assume local thermal equilibrium (LTE)
o Relativistic Navier-Stokes: deviations from LTE (unstable, acausal) — viscosity

o Israel-Stewart or transient fluid dynamics: include effects of non-zero
relaxation/thermalization time.

@ In Hl-collisions: in addition model initial sate and freeze-out
@ QGP shear viscosity (1/s) small (at least near the QCD phase transition)
o Applicability of fluid dynamics in small systems? (especially pA and peripheral AA collisions)
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Some further references

@ Good introduction to relativistic fluid dynamics:
D. H. Rischke, Lect. Notes Phys. 516, 21 (1999) [nucl-th/9809044].

@ The Bible of Relativistic fluid dynamics:
Relativistic Kinetic Theory. Principles and Applications - De Groot, S.R. et al.

@ The Israel-Stewart paper:
W. Israel and J. M. Stewart, Annals Phys. 118, 341 (1979).

o Resummed transient fluid dynamics:
G. S. Denicol, H. Niemi, E. Molnar and D. H. Rischke, Phys. Rev. D 85, 114047 (2012)
[arXiv:1202.4551 [nucl-th]].
G. S. Denicol, H. Niemi, |. Bouras, E. Molnar, Z. Xu, D. H. Rischke and C. Greiner, Phys.
Rev. D 89, no. 7, 074005 (2014) [arXiv:1207.6811 [nucl-th]].

@ Reviews of hydrodynamics and flow in heavy-ion collisions:
U. Heinz and R. Snellings, Ann. Rev. Nucl. Part. Sci. 63, 123 (2013) [arXiv:1301.2826
[nucl-th]].
M. Luzum and H. Petersen, J. Phys. G 41, 063102 (2014) [arXiv:1312.5503 [nucl-th]].
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