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ABSTRACT

Simulations are often needed when the performance of new
methodsis evaluated. If the method is designed to be blind
or robust, simulation studies must cover the whole range of
potential randominput. It followsthat thereisaneed for ad-
vanced tools of data generation. The purpose of this paper
is to introduce a technique for the generation of correlated
multivariate random data with non-Gaussian marginal dis-
tributions. The output random variables are obtained as lin-
ear combinations of independent components. The covari-
ance matrix and the first four moments of the output vari-
ables may be freely chosen. Moreover, the output variables
may be filtered in order to add autocorrelation. Extended
Generalized Lambda Distribution (EGLD) is proposed as
a distribution for the independent components. Examples
demonstrate the diversity of data structuresthat can be gen-
erated.

1. INTRODUCTION

The assumption on the Gaussianity of the observed datais
needed for several fundamental theoretical resultsin various
fields of science. For instance, in signal processing, Wiener
and Kalman filters are optimal for Gaussian noise. In com-
munications, the channel capacities are derived for channels
with additive white Gaussian noise (AWGN). In statistics,
all traditional methods, such as regression analysis, analy-
sis of variance and factor analysis, are based on the Gaus-
sianity assumption. The central limit theorem provides the
theoretical foundation for the use of Gaussian distribution.
Another explanation for the dominance of the Gaussianity
isthat closed form solutions are often available only for the
Gaussian case.

In practice, non-Gaussian data is encountered in numer-
ous applications. The beginning of the list could be, for
instance, speech signals, urban channel noise, fading chan-
nels, biomedical signals, image data, etc. The existence of
independent component analysis (ICA) as a research topic
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is aso an evidence of the importance of non-Gaussianity.
ICA, as well many other methods in modern statistics and
neural computation, combines non-Gaussianity and numer-
ical optimization. This means often that it is impossible to
derive analytical results. Consequently, the performance of
the methods must be evaluated in simulations.

Itisusually difficult to exhaustively eval uate the perfor-
mance of a new method in simulations. Good results from
asingle test do not guarantee good performance in general.
A large variety of tests is especially important if the tested
method is claimed to be blind or robust. If artificial datais
used, the statistical properties of the datamust be controlled
and alternated. This leads us to the problem addressed in
this paper. In the non-Gaussian case, it is nontrivial task to
explicitly define amultivariate distribution with an arbitrary
dependence structure. The purpose of this paper isto intro-
duce a technique for the generation of correlated multivari-
ate random data with non-Gaussian marginal distributions.
The marginal distributions are characterized by first four
moments and the dependence is characterized by a covari-
ance matrix. Both the covariance matrix and the first four
moments of the marginal distributions may be freely cho-
sen. The ICA model is employed in a straightforward man-
ner in the generation. The output random variables are ob-
tained as linear combinations of independent components.
Moreover, the output variables may be filtered in order to
add autocorrel ation.

In Section 2 the mixing matrix and the moments of the
independent sources are derived from the given correlation
matrix and output moments. In Section 3 the EGLD is pro-
posed for the generation of the independent sources. Ex-
amples are provided in Section 4. Finally, the benefits and
aternatives of the proposed technique are discussed in Sec-
tion 5



2. MODEL FOR DATA GENERATION

The basic model used in data generation is the ICA model
with instantaneous mixing

x = As, N

where the observations x = [z, 72,...,7,]|T are gen-
erated from the mutualy independent sources s
[51,82, ..., 8m] . Matrix A, iscaled as amixing ma-
trix.

The problem of the data generation may be defined as
follows: Given X, the covariance matrix of x and the
first four central moments pu(x;), o (x;), pws(x;), pa(z;) for
each component of x, find such mixing matrix A and such
distributions for the components of s that the model (1)
holds.

First we concentrate on finding the mixing matrix A and
assume that we can generate independent univariate random
variables with the given first four moments as their theoret-
ical moments. A solution for the actual generation of such
variablesis presented in Section 3.

A solution for the mixing matrix A isobtained using the
covariancematrix 3. Themixing matrix A isobtained e.g.
asthereal part square root of 3 or via Cholesky factoriza-
tion. This correspondsto the standard whitening in ICA but
because we are dealing with the theoretical covariance ma-
trix all results are exact. Since correlation is unaffected in
arotation, the mixing matrix A can be multiplied by an ar-
bitrary orthogonal matrix U. It turns out that the matrix U
is a parameter that has an effect on the fifth and higher or-
der moments of output distributions. This is demonstrated
in Section 4.

The rotation (together with the source distributions) de-
fines the higher order dependence structure. It is possible to
fix therotation e.g. choosing the desired fourth-order cross-
cumulants and then finding a fourth-order factorization sim-
ilar to the eigenvalue decomposition of the covariance ma-
trix [3, 4, 2]. However, this approach is not suggested be-
cause the interpretation of the fourth-order cross-cumulant
matrices is not as intuitive as the interpretation of the co-
variance matrix.

After the mixing matrix is fixed, it is possible to calcu-
late the moments of the sources from the desired moments
of the outputs. Using the properties of the momentsin the
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case of independent random variables we obtain

() = i aijils;) @
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where A = [éij}. If we define A, = [a?,] and py(x) =
[11g (1), g (2), - - ., ptg(am)]T We can write the solution

for the moments of the sources as follows

p(s) = A7 p(x) (6)
pa(s) = AE " (x) @
pa(s) = Azt ps(x) )
pa(s) = Ayt (pa(x) = 3p3(x)) +3u5(s). (9

Obvioudly, some combinationsof the correlation and the
moments are theoretically impossible. The covariance ma-
trix must be positive definite. According aresult from statis-
tics [5] anecessary condition for the central momentsis
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for al integers & > 1. The validity of the moments and
the covariance matrix of x may be checked calculating first
the moments of s from (6) and then applying the condition
(10) separately for the moments of each component of s.
Because we are dealing only with first four moments, only
cases k = 1 and k = 2 need to be checked. If the condition
(10) does naot hold for the moments of some component s ;,
it isnot possible to generate observationsx with the desired
moments from the independent componentswith the chosen
rotation matrix U.

The generating model (1) may be generalized in order
to alow autocorrelated output. A temporal structure may
be added defining

v = bi(z)xi,

where b;(z) = by + bzt + ... + byz~! is the transfer
function of a finite impulse response (FIR) filter and z; is
a linear mixture of independent sources defined in (1). The
model (11) can be seen as a FIR-MIMO (multiple input -
multiple output) model where the structure of the transfer

(11)



functionsis restricted. The model is convolutive but the de-
layed cross-correlations are complete defined by the instan-
taneous covariance matrix and the component-wise transfer
functions. The system combining instantaneous mixing (1)
and FIR-filtering (11) isillustrated in Figure 1.

S X \%
instantaneous
X .. X X X
mixing
Sm Xm b Vm
g > m(z)

Fig. 1. A system with instantaneous mixing and FIR-filters
bi,ba, ..., by. Output variables vy, vs, ..., v, with user-
defined statistical properties are generated from indepen-
dent sources sy, s2, - - -

» Sm

Autocorrelated random variables v = [v1,va, . . ., U]
with given covariance matrix X, given first four moments
and given transfer functions b4, b, ..., b,,, are generated
from independent sourcess = [s1, s2, ..., sm|’. The pro-
cedure of generating x from the sources s is presented
above. The covariance matrix and moments of x can be
solved from the covariance matrix and moments of v asfol-
lows

() = Z’f(_—l 1)
pa(s) = Z‘% (13
o) = Z’“‘l_% (14)
pala) = —“4(%;35@1” + 33 (19

2= | fhatenate)| = [%] .
(16)

3. EXTENDED GENERALIZED LAMBDA
DISTRIBUTION (EGLD) ASA DISTRIBUTION OF
THE SOURCES

In the previous section the relation between the moments of
the output and the moments of the sources was established.
What remains to be solved is the generation of univariate
random variables with the given moments. We propose the
EGLD to be used as the distribution of the sources. In the
EGLD family there exist a distribution for every set of first
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four moments that is theoretically possible. The EGLD is
a combination of Generalized Lambda Distribution (GLD)
and Generalized Beta Distribution (GBD). The distribution
was presented in [15], generalized in [13, 12] and extended
in [8]. InICA, the EGLD has been applied as a model of
the output distributions [6, 9].

The GLD is defined by the inverse distribution function

Az _ )\
F*(p):mp—(j? DT )

where0 < p < 1and A\, X2, A3 and \4 are the parameters
of the distribution. Observations are easily generated from
the GLD employing the inverse distribution function. If p
has Uniform(0,1) distribution then the random variabley =
F~1(p) has adistribution with the cumulative distribution
function F. In the case of the GLD, theinverse distribution
function is available in the closed form, which is not true
with most of standard distributions. This makes the GLD
especialy useful in the random variable generation.

Next, we need amapping from the momentsto the GLD
parameters. The relationship between parameters A1, Ao,
Az and Ay and moments i, e, 3 and py is established by
four non-linear equationsthat can be solved numerically [8].
However, due to the intricacy of the computational process,
the parameters A1, A2, A3 and A\, are tabulated in [7] as
functionsof 113 and p4 for thecasewherep = 0 and o = 1.

Itisshown[8] that (17) isavalid distribution if and only
if

Ao

Asprs—1 4+ Ay (1 — p)ra—t 2 0.
If A3 > 0and Ay > 0, it follows from (17) that the distri-
bution is defined in the finite interval [A\1 — 5=, Ay + -].
In many cases, these distributions may successfully approx-
imate also distributions defined in infinite domain. For in-
stance, the distribution function with the parameter values
A1 = 0, Ao = 0.1975, A3 = A4 = 0.1349 differs from
N(0,1) distribution function by at most 0.002 [5]. If A5 < 0
and A4 < 0the GLD hasinfinite domain (—oo, co). For the
tabulated parameter valuesit holds A3 A4 > 0. The coverage
of the GLD in (13, p4)-space (with u = 0 and 2 = 1) is
illustrated in Figure 2.

For the moment values not covered by the GLD, the
GBD extension is used. The GBD is characterized by the
density function

fla) = Cpy PPt 0  3)05(8) 4 8, — ) (19)

ontheinterval [31, 31 + (B2] and zero elsewhere. The 31 52
(s and (3, are the parameters of the distribution and C' isa
constant. The areathat the GBD coversis given in terms of
moments

(18)

1+ p3 < pg < 34242 (20)

The coverage of the GBD in (13, u4)-space (with 1 = 0
and o = 1) isillustrated in Figure 3.



Not tabulated

GLD not
defined

Impossible for all distributions

15 2 4525 3

M3

35 4 4.5

Fig. 2. lllustration of the GLD in (112, 114)-space (with p =
0 and po = 1). The GLD tables [7] give a solution for the
points marked by dots. For other suitable (113, p4) values,
the lambda parameters may be interpolated. The tables are
not available for very high values of the kurtosis even if the
GLD family covers aso such values. The GBD extension
is needed for the low-kurtosis region where the GLD is not
defined.

Tables are also provided [7] for the GBD parameters 53
and 34 asfunctionsof the central moments 3 and 4. How-
ever, the parameters can be obtained directly by solving the
moment equations

2(8s — B3)V/Cs
Ci/ (B3 +1)(Ba + 1)
iy = 303(ﬂ3ﬂ402 + 3ﬂ§ + 503 + 3ﬁ2 + 5064 + 4)

CyC5(B3 +1)(Bs + 1) ,
(22)

H3 = (21)

whereCy, = B3+ B4+ kfork =1,...,5. Thenthe param-
eters 31 and 3, are given by

_ (B3 + 1+ 3z

ﬁz_(63+ﬂ4+2)\/(ﬂ3+1)(ﬂ4+1) (23)
BB+

e N (24)

A beta distributed random variable can be generated from
two Gamma distributed variables. The method is described
in [5] and implemented e.g. in Matlab.

4. EXAMPLES

The first example illustrates the diversity of correlation
structures and marginal distributions that can be generated
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Fig. 3. lllustration of the GBD in (112, 114)-space (with p =
0 and ue = 1). The GBD extension is needed for the low-
kurtosis region where the GLD is not defined.

using the proposed procedure. The pairwise scatter plots of
five random variables are presented in Figure 4. 200 ob-
servations are generated from the multivariate distribution
with the following user defined properties: The matrix of
the correlation coefficientsis

1 0.7 03 -02 -0.2
0.7 1 02 —-02 -0.2
0.3 0.2 1 —-0.3 -0.2
-02 -0.2 -03 1 0.4
-02 -02 -02 04 1

All marginal distributions have zero mean and unit variance.
The theoretical values for the third moment are 0.6, -0.4, 0,
0.4, 0.2 and for the fourth moment 5, 4, 3, 2, 1.5.

The effect of rotation is studied in the second example.
In the bivariate case, an orthogonal matrix is characterized
by arotation angle 6. In the example the covariance matrix
and the first four moments are kept constant while the rota-
tion is changed. The resulting scatter plots are presented in
Figure 5. Information on the theoretical moments is given
in Table 1. It can be seen that the effect of the rotation re-
markable even if correlation and the first four moments are
same in every subfigure. The source distributions change
when rotation is changed. This has an effect on the fifth and
higher order moments of the output.

5. CONCLUSION

In this paper a technique for multivariate data generation is
introduced. The benefits of the proposed technique are



Fig. 4. A scatter plot matrix of 200 observations generated from a five-variate distribution with predefined first four moments
and covariance matrix. The least-square regression lines are shown in every subplot. The marginal distributions include
symmetric (x3), skewed (1, 2 and x4) and bimodal (x5) distributions.

The random variable generation can be implemented
combining existing building blocks.

The dependence structure and marginal distributions
are defined in terms of covariance matrix and mo-
ments which are easy to interpret.

The generated random variables may be autocorre-
lated.

The covariance matrix and thefirst four moments may
be flexibly chosen resulting a large variety of multi-
variate structures.

Many multivariate distributions proposed in literature do
not share these properties. For example, the Dirichlet
distribution and the bivariate Pearson system have rather
restricted dependence structure and marginal distributions
[14]. Koehler-Symanowski distribution family [10] is an
example of multivariate distribution with flexible marginals
but it does not provide any direct way to generate observa-
tions or control the correlation structure [1]. Mixtures of
densities (Note that this is the original use of word 'mix-
ture’ even if in ICA, the observed linear combinations are
often also called as mixtures.) allow great flexibility for the
margina distributions but defining the multivariate depen-
dence may be problematic. A general framework for multi-
variate density mixturesis providedin [11].

Instead of the EGLD family, other families of distribu-
tions may be utilized as the source generating distribution.
There are two requirements for the family of distributions.
First, the distribution family must be parameterized such a
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way that every set of the first four moments can be explic-
itly mapped to some parameter values. Second, it must be
possible to generate observations from the distribution. In
the case of the EGLD, tables are provided to map the mo-
ments to the parameters. It is particularly easy to generate
observations from the GLD. Generating observations from
the GBD is not as straightforward but still possible. Other
potential choices for the source generating distribution are,
for instance, the Pearson system, the Johnson systems and
the Burr system [14, 5].

Using only four momentsto characterize the output dis-
tributions may be considered as a drawback. On the other
hand, the completely defined marginal distributions restrict
the possible dependence structures. In some cases it might
also be useful to have several distributions that have the
same moments up to order four. These can be easily gener-
ated changing the rotation matrix.

Besides introducing a tool for the data generation, this
paper demonstrates that even the simplest linear ICA model
alows versatile data structures. This supports the use of
ICA invarious applications.
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Fig. 5. Anillustration of the effect of rotation. In all subfig-
ures the distributions have the same theoretical moments up
to order four and the same correlation 0.2. 6 is the rotation
angle compared to the original moments whitening. When
therotation is changed the source distributions change. Asa
result the output distributions also change. Even if the first
four moments are the same, the scatter plots clearly differ
from each other. Information on the moments is given in

Table 1.
Component1  Component 2

U3 Ha H3 Ha
output (a)-(f) | 0.3 32 -05 34
sources (a) 1.02 326 -0.57 3.65
sources (b) 0.42 326 -0.53 3.43
sources (c) 0.31 321 -051 341
sources (d) 0.31 321 -0.66 3.55
sources (€) 0.31 325 -0.99 381
sources () 0.04 3.08 -1.53 4.61

Table 1. The theoretical third and fourth moment of the

output and the sources from Figure 5.
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