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Recall the definition of the Dirichlet-to-Neumann map

We start with the conductivity equation with Dirichlet boundary condition:

{V-UVU = 0in Q,
ulaa f.

The domain Q will be the unit disc throughout the discussion.

Infinite-precision continuum-model boundary measurements of EIT can be modelled by
the Dirichlet-to-Neumann map
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Ny f —lsa.
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Is there a way to write A, down analytically for some examples so that we can
implement theoretical ideas in a computational way? Yes, there is!



We use Fourier series to represent functions and operators
defined on the unit circle 002

: . . . I :
Define Fourier basis functions ¢,(0) = ——e™ for all integers n € Z.

Ver

We can represent functions f : 9Q — C approximately like this:

N
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Here the unit circle 02 is parametrized by the angle € running from 0 to 2.
Furthermore, we can represent a linear operator A acting on the function f as a
(possibly infinite) matrix A acting on the Fourier coefficients (f, yp):

27
Amn 1= / (Aen)(0) em(6) db, m,n € 7Z.
0
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Computing the DN matrix for the conductivity o =1



The operator A; is known analytically when €2 is the unit disc
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Next we show how to calculate this matrix.



Column zero in the Fourier matrix for A;

Take the zeroth Fourier basis function ¢o(6) = \/%e"oe = \/% as Dirichlet data:
V-Vu = 0in, (remember that o = 1)
1
u = —.
o0 V2r

Now what is the unique harmonic function defined inside the unit disc having boundary
value (27)~1/2? It is simply the constant function u(z) = (2r)~1/2 for all z € Q.
By definition of the DN map and due to derivatives of constants being zero we get

ou

A1(po) = gﬁlm =0.

So we get one column to the infinite matrix Ly of the DN map Ay:

(L1)mo = /027r(/\1<p0)(0) em(0)dd =0 for all m € Z.



Yay! We have constructed a part of the infinite L; matrix
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Row zero in the Fourier matrix for A\;

Remember the definition of the DN map:

Au = 0inQ ou
’ A (F) = —loa-
{ uloa = f, (f) 81?‘89
Now by integration by parts we have
ou
0:/ Audxydxy = —=dS = Ao (f)dS.
Q oq O 00

So for any arbitrary Dirichlet data f we have that the integral of A,(f) over the unit
circle is zero. This is again conservation of charge appearing.

This also implies that the zeroth Fourier coefficient (A,(f), ¢o) must be zero.



Low and behold! We have some more of L; figured out!
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Homework: harmonic function z"

Recall the Laplace operator for functions f(x, x2) in dimension two:

Pf | Pf

V.Vf=Af=
8x1+8x2

Functions that satisfy Af = 0 are called harmonic. Consider the polar coordinates
x1 = rcosf, xo = rsinf, leading to

X
r=/x¢+x3, 6 = arctan(~2).
X

Show that the Laplacian in polar coordinates is given by

0°f 10f 1 0f2

M=ozt o T 2o

Prove that z" is harmonic for all z € C, where z = (x; + ixo) = re® and n > 0. For
which z € C is z" harmonic when n < 07



The right half of the Fourier matrix for A

Consider the nth Fourier basis function ¢,(0) = e with n > 0 as Dirichlet data:

Au = 0in Q,
1 inf

upa =
| V2T

Now the unique solution is u(z) = (2rr)~1/22" = (2r)~1/2r"e  and we can calculate

B
3
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Orthonormality of the Fourier basis gives us now the half n > 0 of the L; matrix:
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Super! We know more than half of L; now
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Finding the missing parts will be left as an exercise.
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Rotational symmetry and eigenfunctions of the DN map



Notations for planar rotations

We denote planar points in several equivalent ways, depending on the context:

X1 .
=X =2z = X1 + IXo.
X2

We consider rotating the planar point by angle «, using equivalent notations:

; cosa —sina| | x
z+— €%z, X+ Ryx= |, 1.
sine cosa X

Note that the rotation matrix is orthonormal: RTR, =1 = R,R].
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Rotational symmetry and eigenfunctions of the DN map
Conductivity equation for the rotated potential



Rotating solutions v when conductivity is symmetric

Assume o(x) = o(|x|). Let u be the solution of

{V-UVU = 0in Q,
ulpga = f.

Define the rotated function
ua(x) = u(Rax).

We verify explicitly that u, also satisfies the conductivity equation and check the
appropriate Dirichlet condition for it.



Rotating solution v when conductivity is symmetric:

Introduce the new variable y = R,x. By the chain rule we have

Since ,
i =Y [Raljic %
k=1

we have g—ﬁ = [Ra]ji- Consequently,

(9ua Z[Ra]ﬂ (R x)

In vector notation we have

Vixtn(x) = RaTVyu(Rax).

gradient



Preparation for applying the divergence

It follows from y = Rax and o(x) = o(Rax) that
7(x)Vxtia(x) = 0(Rax)Ry Vyu(Rax) = R [o(y)V,u(y)] -
Set F(y) = o(y)V,u(y). Then
7(X)Vxtia(x) = R] F(Rax).

We next calculate the divergence of this vector field. Its ith component is

(RIF(Rax)), Z[RQ]J,

Hence

VX . (RCZ-F(R == Z (Z[Ra]ﬂ a ) Z [ROC]JI

i=1 i,j=1

(Rax).



Divergence calculation

Now we get

2 P 2
Vi - ( 237 (Z[Ra]jl Rax ) Z[Ra]ﬂ

ij=1

Applying the chain rule once more gives

2
) OF;
j = alkiny Ra .
3 FRor) = YRy ()

Therefore,

2

(Rox).

V (RT Z [Ra]_//[Ra]kl ( Z (Z[Ra]JI[RCM]kI> ( aX)'

ij,k=1 Jj,k=1



Conductivity equation for the rotated potential

Since RyRI = I, we get Z?:l[Ra]j,-[Ra]k,- = Jjk. It follows that
OF; OF;
Vi (RIF(Rax)) = D Sk 2(Rax) = > =2(Rax) = (V- F
. k )

Recalling that F = oV u, we have proved the identity
Vi (0(x)Vxua(x)) = [Vy - (o(y)Vyu(y))] = 0.

Consequently,
V- (6Vu,) =0 in Q.
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Rotational symmetry and eigenfunctions of the DN map

DN map commutes with rotations



Boundary condition for the rotated potential

Denote (Tof)(x) = f(Rax). Then uyloq = Tof. Since Q is the unit disc, its outward
unit normal is v(x) = x. Therefore,

V(Rax) = Rav(x).

Using the transformation formula for the gradient, we obtain

Jug

% () = Vo) 11
= RIVu(Ru\x) - v(x)
= Vu(Rax) - Rav(x)
= Vu(Rax) - v(Rax)
= @(Rax).

ov



DN map commutes with rotations and angular differentiation

Since 0(x) = 0(Rux), it follows that

a(x)%L;(x) - <ng> (Rax).

Thus, rotating the boundary voltage rotates the corresponding boundary current in
exactly the same way. By uniqueness, u, is the solution corresponding to the rotated
boundary voltage T,f.

We get the commutation relation



The angular derivative argument

Compute the derivative

d Taf(x) — f(x)

@Taf = lim

a=g o0 a a—0 a

We can use A, T, = T, A, to obtain

No3g = 0
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Rotational symmetry and eigenfunctions of the DN map

Eigensystem for the DN map



Fourier basis functions are eigenfunctions of the DN map

Differentiating the basis function gives 85%” in,. The commutation relation yields
0 0 .
%(/\ngn) Ny 500 inNg@n.

By basic ordinary differential equation theory we can conclude that
A ein9 =\ ein9
ag - n
for some complex number X\, € C. Using ¢,(6) = (21r)~1/2e" we can also write

/\UQOn = )\n(Pn-



Eigenvalues are real, nonnegative and symmetric: \, = \_,

Take n # 0 and let u be the solution of

{V-UVU = 0in Q,
ulpa = ¢n

Since the conductivity is real-valued, the eigenvalues of A, satisfy
Ao = All@allsony = (oo on) = [ o1Vu 2 0.

In particular, the eigenvalue is real, so A, = \,. Further, since @, = ¢_,,
/\JSO—n = AO’@ = /\JSDn = )\nﬁpn = )\7n90—n7

implying the symmetry relation B
An=An=A_p.
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The important one-jump conductivity



Next we want to compute the matrix L, for a nontrivial
conductivity distribution o # 1

We choose a discontinuous conductivity with a
jump along the circle with radius R and center at
the origin. Here either A>0or —1 < A< 0.

Then we have rotational symmetry o(z) = o(|z|),
and Fourier basis functions will be eigenfunctions
for the DN map:

Aa‘Pn = )\nSOn-

Consequently L, will be a diagonal matrix, and we
only need to calculate the eigenvalues A, for all
neZ.




We again have that V- cVu = 0 for constant functions, so we
get the central zero. To do: other diagonal elements

o 0 0 0 0 O
-0 0o 0 0 0 O
-0 0 O 0 0 O
Ly = -0 0 0 0 0 0 O
-0 0 0 O 0 O
-0 0 0 0 O 0
-0 0 0 0 0 O




Our conductivity is

o [ 1+A 0<r<Rr,
o(rf)=1 1 R<r<1,

and we are looking for the unique H()
solution of the Dirichlet problem

{V'UVU = 0inQ,
ulaa = ¥n,

with some n # 0.

Since the conductivity jumps on the circle
r = R, we need to carefully consider con-
tinuity conditions for u there.

Calculation of eigenvalues )\, for nonzero n

Denote u = u™(r, ) for r < R and
u=u(r,0) for R<r<1.

Now ¢t is harmonic in the annulus and

1 .
uext(l’ 0) — Eeme.

Therefore, we make the educated guess
uext(r’ 0) — anr\n|ein0 + bnr—\n|ein6”

with constants a, and b, that satisfy

an+ by, = ——.
V2T



We need continuity of the voltage poten-
tial function u over r = R:

u™(R,0) = u™(R,0).

Since u™ is harmonic in the disc r < R
and needs to match a factor e at r = R,
we make the ansatz

u™(r,0) = cyrlmle,

This implies

R = a,RI" 4+ p, RN,

Matching v™ and u* at r = R in two ways

Next we match the electric currents
through the circle r = R:

6uint
or

(14 A)=—(R,6) =

Recall the form of u®*:
u™(r,0) = anr"e? 4 p,r=Inlgind,

So, in terms of constants a,, b, and c,,
we arrive at

(14 A)|n|c,RI"-1 =
\n|a,RI"=1 — |n|b,R™IM 1,



We have derived three equations, which
after a little manipulation look like this:

an + bn (2m)~Y/2,
¢, = ap-+ b,,R_2|”|,
(1+A)c, = ap— bR,

Let's eliminate ¢,. Multiply the middle
equation through by 1+ A and subtract it
from the bottom equation to yield

0=—Aa,— (2+ AR 2p,.

Solving for the constants a,, b, and ¢,

Inserting a, = (2)~ %2 — b, from the top
equation gives us b,:

A(2m)~1/2
A—(2+ A)R-2nl
1 1
V2r 1— (14 2)R-2ll"
Now it is straightforward to solve for a,

and ¢, by substitutions. But we do not
need them here.

by =




Determining the eigenvalues of A,

Calculating Ay, involves differentiating
u®* at the unit circle:

@’ B auext
TR T Tor

= (an — bpy)|n|e™.

Non =
r=1

By the equations we derived before we
have a, = (27)~1/2 — b, so

an — by = (2m)"Y2 — 2,

Also, recall that

1 1

by = :
V21 1— (14 2)R-2nl

We can conclude that Ay, = Anp, with

2|n|
(1+ Z)R-2

)\,,:|n]—1_

Since many theoretical EIT constructions
use the difference map A, — A1, it is worth
noting that

(Ao —A1)en = (Ao —I[n|)en

2|n|
1—(1+2)R 2™
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The powerful concept of monotonicity



What is monotonicity in EIT?

Physically, the monotonicity result says that when the same voltage is imposed on the
boundary, the more conductive medium permits a larger current to flow and therefore

dissipates more power.

See [Harrach and Ullrich 2013] and its follow-up particles for great examples of using
the monotonicity for EIT reconstructions.



Recall the quadratic form of the DN map

For a prescribed boundary voltage f, let u, be the unique solution of

V-oVu,=0 inQ,
Uy =f on 0.

The quadratic form of the Dirichlet-to-Neumann map is equal to the energy dissipated
inside the disc:

(A f, f>:/a|VuU|2dx1dx2.
Q

Moreover, the solution u, minimizes this energy among all functions having the same
boundary values:
(Aof,f)y="min / o|Vv|? dxydx,.
Q

veEHY(Q)
vlgo=f



Inequality for quadratic forms

Let 01,02 > 0 be two rotationally symmetric conductivities. Assume
o1(z) > 02(2) for all z € Q.

Since o1 > 05, every admissible function v satisfies
/01|Vv\2 dxydxy > / 02‘VV’2 dxy dxo.
Q Q

Taking the minimum over the same set of admissible functions on both sides gives

(Mo £, F) > (Noyf, ).



Monotonicity of Dirichlet-to-Neumann maps

In the rotationally symmetric case ¢,(6) are eigenfunctions of both
Dirichlet-to-Neumann maps. Write

Nojon=Don, =12
Since |[¢nll12(aq) = 1. applying the quadratic-form inequality to f = ¢, gives

)\511) = <A01§0n7§0n> > </\02(Pn7$0n> = )\572)

Consequently,
o1 >0y — )\g,l) > )\5,2) for every n € Z.



	Computing the DN matrix for the conductivity 1
	Rotational symmetry and eigenfunctions of the DN map
	Conductivity equation for the rotated potential
	DN map commutes with rotations
	Eigensystem for the DN map

	The important one-jump conductivity
	The powerful concept of monotonicity

