
MATERIALS PHYSICS II FALL 2007 HOMEWORK PROBLEMS 5

Return to Robert (mailbox Physics 2nd floor) by Tuesday 16.10.2007 at noon.
Comment: working through the weekly problems as team work is completely acceptable and

even recommended, as far as each person writes down and returns his/her own solutions!

1. Calculate the total energies of hydrogen and helium atoms by using a) Thomas-Fermi
(TF), b) Thomas-Fermi-Dirac (TFD), c) Hartree (HA) and d) Kohn-Sham (KS) approxima-
tions. Assume that the radial wavefunction is

ψ(r) =

√
α3

π
e−αr, (1)

where α is a variational parameter and the density is n(r) = Z|ψ(r)|2, (Z = 1 for H and
Z = 2 for He). Minimize the energy with respect to parameter α. Use atomic units where
~ = e = m = 4πε0 = 1. The unit of energy is Hartree (Ha = 27.2116 eV = 2 Ry) and the
unit of lenght is Bohr radius (a0 = 0.529 · 10−10 m). The TFD energy functional is given
by Marder’s equation (9.74). You will obtain the TF functional by simply omitting the
exchange energy term from TFD. The Hartree energy functional is obtained by omitting the
exchange energy term from KS functional. The KS functional can be obtained from TFD
functional by replacing the kinetic energy by

Ts[n] = Z

∫
ψ∗(r)(− ~2

2m
∇2)ψ(r)d3r.

Note that the external potential is U(r) = 1/r in the functionals.
Compare your energies with the exact ones, H: -0.5 Ha and He: -2.8617 Ha.
Hints: ∫ ∞

0

rn exp(−αr)dr =
n!

αn+1
.

The Laplacian for a radial function f(r) is

∇2f(r) =
∂2

∂r2
f(r) +

2

r

∂

∂r
f(r).

(4 points)

2. Consider a homogenous electron gas (jellium) in Hartree-Fock approximation. How
does the total energy change if the electron gas is completely polarized (the z-component of
the spin of all the electrons is the same, say, sz = ~/2). The total energy in Hartree-Fock
approximation for a unpolarized jellium is given by Marder’s equation (9.49). Calculate the
density at which the electron gas would polarize spontaneously (the energy of the polarized



gas is smaller than that of the unpolarized gas). Give your result in terms of density parame-
ter rs. This result shows that the Hartree-Fock theory fails to describe the jellium correctly
at low densities. If the correlation energy is included, the electron gas stays unpolarized at
all densities. (3 points)

3. Consider the electron density in a spherically symmetric atom. Start from Kohn-
Sham equations and show that there is a universal condition for the radial derivative of the
electron density n(r) at the nucleus (the so called Kato’s cusp condition, shown in 50’s):

d

dr
n(r)|r=0 = −2Zn(r = 0)

where Z is the nucleus charge. (3 points)
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