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1.Write down an explicit formula for a solution of
{

ut −∆u + cu = f in Rn × (0,∞);
u = g on Rn × {t = 0},

where c ∈ R.

2. Let φ : R→ R be smooth and convex. Assume that u solves the heat equa-
tion (that is, ut −∆u = 0) and v = φ(u). Prove that v is a subsolution of the
heat equation, i.e. vt −∆v ≤ 0.

3. Prove that v = |Du|2 + u2
t is a subsolution of the heat equation, where u

solves the heat equation.

4. Let u be a smooth solution of the following initial-boundary problem
{

ut −∆u = u in ΩT = Ω× (0, T );
u = g on ΓT = (Ω× {t = 0}) ∪ (∂Ω× [0, T ]),

where Ω is a bounded smooth domain, T > 0, and g is a continuous function.
Prove that

|u(x, t)| ≤ et max
ΓT

|g|, ∀ (x, t) ∈ ΩT .
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