
Sobolev -avaruudet ja moderni osittaisdifferentiaaliyhtälöiden teoria
Demo 6

Let u ∈ W 1,2(Ω),Ω ⊂ Rn, n ≥ 2, be a NON-NEGATIVE weak subsolution of
equation

−div(A(x)Du) ≤ 0, in Ω,

that is, for any NON-NEGATIVE ϕ ∈ C∞0 (Ω), we have∫
Ω

〈A(x)Du, Dϕ〉 dx ≤ 0.

Here A(x) ∈ Sn×n satisfies for 0 < λ ≤ Λ < ∞,

λ|ξ|2 ≤ 〈A(x)ξ, ξ〉 ≤ Λ|ξ|2, ∀ ξ ∈ Rn,∀ a.e. x ∈ Ω.

Prove that u ∈ L∞loc(Ω), and prove that for any 0 < q ≤ 2, there is c =
c(n, λ,Λ, q) > 0 such that for any ball B(x, r) ⊂ Ω and for any 0 < σ < 1, we
have

||u||L∞(B(x,σr)) ≤
c

(1− σ)
n
q

(
1

|B(x, r)|

∫
B(x,r)

uq dy

) 1
q

.
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