Sobolev -avaruudet ja moderni osittaisdifferentiaaliyhtéloiden teoria
Demo 5

1. Let Q C R be a domain and u € Wy*(€). For a constant k > 0, define the
function Tju as

k, if u(x) > k;
Tru(z) = S u(z), if —k <wu(z) <k
—k, if u(x) < —k.
Show that Tpu € W22() and that (Tyu)? € Wh2(Q).

2. Suppose that u € W2(Q) and 1 € C§°(2). Prove that ¢ = A7"((Alu)n) €
W&’2(Q),i =1,2,...,n, for all A small enough.

3. Let u be a function in C*(Bg(0)), Br(0) C R?, and write for 0 < r < R,

w(r) = osc u = max w— min w, D(r)= Dul|? dz.
(1) = oscam, o u = g w— min w. D)= | LT

If w is non-decreasing, show that for 0 < r < R,
w(r) < wD(R)Y?log™*(R/r).

4. Let Q C R™ be a bounded domain. Assume that A(z) : @ — S™*" satisfies
for0 < A< A<

Me® < (A(x)e, &) < Algf®
for all £ € R” and a.e. x € . Let ¢ be from W12(€2). Prove that the equation

div(A(z)Du) =0, in Q;
u— ¢ e W, Q)

has a unique weak solution.

5. Let a be a constant such that 0 < a < 1. Define the function v : By = {y €
R?: |y <1} > R as

u(z) = |z|* oy, for x = (x1,29) € By.

Define s ao
Aw = TR 0-a)BRE
CTa-aver S )
EE EE
Show that

) o?¢|? < (A(z)€,€) < ¢, V€ By,£ €R”.
ii) u is a weak solution of

div (A(x)Vu) =0 in Bj.



6. Let u: By = {y € R": |y| < 1} — R be defined as

(@) || ~"+2, if n>3;
u(z) =
logﬁ, if n=2.

Show that

i)ueWwhtr(Q), for all p<n/(n—1).
ii) For all ¢ € C§°(By), it holds

/B (Vu(x), Vola)) dz = c(n)p(0),

where ¢(n) is a positive constant depending on n.



