Sobolev -avaruudet ja moderni osittaisdifferentiaaliyhtéloiden teoria
Demo 1

1. Let 1 <p<ooand p’ =p/(p—1). Show that for all a,b > 0 and € > 0,

P
i) abﬁa*Jr*,;
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ii) ab <ea? + C(e)V,
where C'(e) = (Ep)fﬁ/p’.

2. Let 1 <p<ooandp =p/(p—1). Let Q C R"™ be an open set. Suppose
that v € LP(Q) and v € L? (). Show that
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/Q|uv|dx§ (/Q |u|de); (/Qv|P’ dm)P .

3. Let A € S™*™ be a symmetric matrix. Suppose that A > 0, that is, all of the
eigenvalues of A are nonnegative. Show that for all £, 7 € R,

(A&, m) < (A&, €)% (An,m)*.

4. Let Q C R™ be an open set and u € L?(2). Suppose that

/wpda: =0
Q

for all ¢ € C§°(€2). Show that u(z) = 0 for almost every = € Q (with respect to
the Lebesgue measure).

5. Let a be a constant such that 0 < a < 1. Define the function u : B(0,1) =
{yeR?*: |yl <1} = R as

u(z) = |$|a_1$1, for x = (x1,22) € By.
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Show that

i) €] < (A(2)§,€) < €°, Vz € By, E €R%
ii) w is a solution of

div (A(z)Vu) =0 in B(0,1)\ {0}.



