FYSA2042 osa B, kevit 2019
Koe pe 14.5.2019. Kesto 4 tuntia. Kaavakokoelma lopussa.
Exam Friday June 14th, 2019. Duration: 4 hours. Questions in English and a collection of
formulae at the end of the sheet

1. Vastaa lyhyesti seuraaviin kysymyksiin:

(a) (1p) Mité tarkoittavat keskiméériinen vapaa matka ja keskiméériinen vapaa aika?

(b) (1p) Milloin klassinen Maxwell-Boltzmann statistiikka on kyllin tarkka identtisten
hiukkasten kuvaukseen?

1p) Mité tarkoittaa Bose-Einstein kondensaatio?

1p) Mitd on Brownin liike?

) (
) (
e) (2p) Miksi ideaalisten bosonien kemiallinen potentiaali on aina negatiivinen?
) (2p) Kuvaile valkoisen kddpiotdhden tasapainoa.

) (

2p) Hahmottele muutamia ideaalisen bosonikaasun (P, V')-tason isotermeji ja
(P, T)-tason kuvaaja.

2. (9p) Relativististen elektronien yksihiukkasenergia on €, = c¢p = hck, missd p = |p|.
Elektronikaasun lampoétila 7' = 0 ja siind on N hiukkasta tilavuudessa V. Laske Fermi-
energia, sisdenergia ja paine N:n ja V:n funktiona.

3. Aineen kanoninen partitiofunktio on
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misséd A on terminen (DeBroglie'n) aallonpituus.

(a) (3p) Osoita, ettd suurkanoninen partitiofunktio on (z on fugasiteetti)
Z =exp (2V/N}) .

Vihje: Z =Y N_, 2" Zy; tdmén johtamisesta saa bonuspisteita.

(b) (6p) Millaista ainetta partitiofunktio kuvaa?
Vihje: Laske paine P = P(N,V,T); miki on aineen tilayhtdls?

JATKUU SEURAAVALLA SIVULLA



4. Tarkastellaan N:d4 vuorovaikuttamatonta bosonia L? kokoisessa nelitssi (2D kaasu)
termodynaamisella rajalla. Energiaspektri on e, = h?k?/(2m).

(a)

(b)

(6p) Osoita, ettd niiden tilojen lukuméérd, joiden energia on alle €, on
gL? (2me
v = Yote—e = 4 (55

missd 6 on steppifunktio ja summa on yli mikrotilojen.

(1p) Osoita, ettd tilatiheys on
dN(e) gL* (2m
9() = Zn:é(e — ) = de  Ar \ B2 )

(3p) Osoita tilatiheyden avulla, ettei 2-ulotteisessa ideaalisessa bosonikaasussa ole
Bose-FEinstein kondensaatiota.

Vihje: Kondensaatiolampotilassa T, on kemiallinen potentiaali ;1 = 07, mutta sil-
loin N = (N) on integraali, joka ei suppene.

(6p) Eristetyn laatikon tilavuus V' ja sen siséseinien lampdtila on 7. Osoita, ettd
termodynaamisessa tasapainossa laatikossa on keskiméérin
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fotonia, missi a on dimensioton luku.
Voit kiyttiad hyviksi tietoa, etti fotonikaasun tilatiheys on g = Ve?/(m2h3c3)

(4p) Osoita, etti fotonikaasun lampokapasiteetti on

Ovo(T3.




1. Give brief answers to following questions:

(a) (1p) What does one mean with the mean free path and the mean free time?

(b) (1p) When is the classical Maxwell-Boltzmann statistics accurate enough to desc-
ribe identical particles?

(c¢) (1p) What is Bose-Einstein condensation?

(d) (1p) What is brownian motion?

(e) (2p) Why is the the chemical potential of ideal bosons always negative?

(f) (2p) Describe the balance of white dwarf stars.

(g) (2p) Scketch a few isotherms in (P, V')-plane and the (P, T')-plane diagram of ideal

bosons.

2. (9p) Relativistic electrons have single-particle energies €, = cp = hck, where p = |p|.
The temperature of elektron gas is 7' = 0, and there are N electrons in volume V.
Calculate the Fermi-energy, internal energy and pressure as functions of N and V.

3. The canonical partition function of matter is

1 (VY
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where Ar is the thermal (DeBroglie) wave length.

(a) (3p) Show, that the grand canonical partition function is (z is fugacity)
Z =exp (2V/N}) .

Hint: Z = Y "%_, 2" Zy; derive this formula for bonus points.

(b) (6p) What kind of matter does the partition function describe?
Hint: Calculate pressure P = P(N,V,T); what is the equation of state of this
matter?
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4. Lets examine N noninteracting bosons in a 2D square L? (2D gas) in the thermodyna-
mical limit . The energy spectrum is e, = h?k?/(2m).

(a) (6p) Show, that the number of states below energy e is
Z 0 gL2 2me
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where 0 is the step function and the sum is over microstates.

(b) (1p) Show, that the density of states is

(c) (3p) Based on the density of states, show that there is no Bose-Einstein condensa-
tion in 2-dimensional ideal boson gas.
Hint: At the condensation temperature 7, the chemical potential is © = 07, but
then N = (N) is a divergent integral.

5. (a) (6p) An isolated box has volume v and the inner wall temperature is 7. Show, that
in thermodynamical equilibrium there are on average

ksT\°
N=V ( o ) X a
hc
photons in the box, where a is a dimensionless constant. You may use the fact,
that the density of states of photon gas is g = Ve*/(m2h3c?).

(b) (4p) Show that the heat capasity of photon gas is

Ovo(T3.



Mahdollisesti hyodyllisii tietoja / potentially useful information

kp =1.3805x10"2*J/K, R=kpNa =83143J/(mol K), Na =6.022 x 10**1/mol

kp x 11600 K~1eV, 0°C=273.15K, 1latm=1.013x10°Pa, g=9.82m/s*, c=2.998 x 10%m/s
fi=1.054x107**Js, 1J=1.602x10"¥eV, m.c® =511keV 1lu=1.66 x 107" kg
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