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1 Introduction
The objective of this Master’s thesis is to introduce electroencephalography (EEG)
and mathematical methods used to analyze EEG signals. In addition to some older
and widely used methods the empirical mode decomposition (EMD) is presented
in depth. This new method was tested with real recorded EEG data from children.
Observations show that this decomposition combined with Hilbert transform gives
more accurate and more interpretable results than conventional methods.
Biomedical data, such as EEG, exhibits some characteristics that are challenging
for signal processing. Such data is usually nonlinear and nonstationary. In addition,
since data time spans are short, overall signal characteristics cannot be estimated
very well. These restrictions render some of the more conventional signal processing
methods developed for linear data less useful. When conducting measurements, as
when analyzing the data, noise and other artifacts must be taken into account by
detecting and removing them. New EEG analysis methods have been developed
taking advantage of the methods used for many other natural phenomena.
Hilbert-Huang transform (HHT) is an adaptive time-frequency method for nonlinear and nonstationary data. HHT gives much more reliable, and in this study,
more accurate time-frequency presentation. By applying the empirical mode decomposition (EMD) a signal can be decomposed into parts that usually represent
physical components. Hilbert transform then reveals the spectral features of those
components and a time-frequency distribution as function of time can be constructed
[18]. With support-to-absence ratio (SAR) the existence of MMN can be then established and statistical analysis conducted [7].
HHT has been applied to a wide range of data. It has been used by Huang et al.
who explored wind, ocean waves, tidal altitudes and earthquakes with this method
[18]. The method has been tested with biomedical data, for example signal noise
reduction [5] , electrogastrographic artifact reduction [35] and heartbeat time series
monitoring [1]. The transform has also been used for EEG analysis: epilepsy seizure
observation [34] and event-related potential detection [36].
In the empirical part of this thesis we applied the Hilbert-Huang transform to
detect a certain auditory EEG component, mismatch negativity (MMN), of children.
The aim was to evaluate the usefulness of this method on this component. Three
groups of children, control, reading-disabled and attention deficit were compared.
1

All the subjects listened to alternating sound with sudden changes inserted to it.
The MMN caused by these changes was observed.
The structure of this thesis is following. In chapter 2 the basics of EEG will be
explained. Event-related potentials (ERP) and their components are introduced in
chapter 3 along with a special case of ERP, mismatch negativity (MMN). After the
basic biomedical concepts the focus will shift to data analysis methods. Chapter
4 takes a brief look at the more traditional linear time-frequency methods used in
EEG analysis. Empirical mode decomposition and intrinsic mode functions are discussed in chapter 5. Theoretical background behind Hilbert transform and Hilbert
spectrum are introduced in chapter 6.
Chapter 7 builds on the two previous ones presenting the Hilbert-Huang transform and its algorithms for MMN detection. It also reveals how to interpret the
Hilbert spectrum with specific statistical tools. The empirical part in chapter 8 discusses the use of Hilbert-Huang transform on mismatch negativity of children. The
results are presented and findings on the suitability of Hilbert-Huang transform discussed. Finally, a conclusion of this research is provided.
The primary findings were that EEG data can be analyzed using Hilbert-Huang
transform. It was found to produce more accurate time-frequency presentation of
the data than a traditional method. The obtained results show that there is difference
in the EEG time-frequency representation when the children listen to sound with
sudden changes of different length. These results have been published in the peerreviewed international scientific journal Nonlinear Biomedical Physics [9].

2

2 Electroencephalography
Electroencephalography, EEG, is the study of bioelectric phenomena caused by the
brain. It is usually studied by recording voltage changes with electrodes positioned
on the scalp. Brain activity causes differences in electrical potentials on the electrodes giving indirect information in the form of biomedical data. These differences
of potential are observed to study the underlying functional neural processes [48,
ch. 1].
The brain is not the only part of the body where electricity carries some biomedical information. Similar measurements may be conducted on other organs, for example heart (electrocardiography, ECG) and stomach (electrogastrography, EGG).
However, extracting the right information from naturally occurring signals is not
easy. Problems with signal processing are alike in each case, specifically with EEG
measurements it is desirable to find the source location, event time and spectral feature. Using this information it is possible to deduce which part of the brain reacts to
certain kind of stimulus.
EEG signal features non-meaningful noise and artifacts caused by other processes in the brain and in the equipment. Nevertheless certain frequency ranges
can be identified as more informative than others. The most meaningful information usually lies under 100Hz frequency, often even below 30Hz. Because of this
sampling frequency is set to 200Hz when saving EEG into digital format, according to the Nyquist-Shannon sampling theorem. However, frequencies up to 2000Hz
may be used for finer precision [48, p. 14]. The potentials on the scalp vary between
10 − 100µV which makes it difficult to observe more subtle phenomena, because
some high-amplitude components may overwhelm the smaller potentials [48, p.
12].
Ideally, when measuring EEG the result is clean data on differences of potentials. Here clean could mean that the measurements present the actual potential
differences caused by the brain processes. As mentioned, in practise artifacts and
noise decrease the signal-to-noise ratio. Countering these effects is one goal in EEG
signal processing. A curve presenting potential as function of time is produced as
the actual result from the measurements. By analyzing this signal it is possible to
draw conclusions on the origins of EEG and important events in brain function.
Because it provides an access, although indirect, to the processes in the brain,
3

EEG has many practical applications in alertness, epilepsy seizure and mental disorder research [48, p. 9–10]. EEG is also an alternative and supplementary method
to functional magnetic resonance imaging (fMRI) or any other brain monitoring
method. Although possibly not as precise as the other methods, EEG is rather easy
to measure from different groups of subjects. However, the temporal precision of
EEG is good.
In conclusion, the EEG method can quite straightforwardly reveal the electric
oscillatory bursts generated by the brain. With this kind of tool it is possible to monitor functionality of the brain and changes in it. Signal processing techniques can
be used to analyze the spatial, temporal and spectral features of these EEG signals.
Even then the interpretation of EEG is challenging because ultimately the brain is a
complex and unknown system.

2.1

History

The study of electricity in the body has its roots in the observations of Galvani,
von Humboldt and Aldini about animal electricity. In 1875 Caton described evoked
response from the brain surface, he also reported visual evoked potentials . In the
early 19th century the method and technique of potential recording advanced and
made possible the discovery of EEG [49].
In 1929 Hans Berger published his findings on human EEG. Electrodes placed
on the scalp recorded the electrical activity of the brain. By amplifying and plotting
these signals an electroencephalogram was obtained. At first the brain rhythms
were seen as noise but further proofs established EEG as a real phenomenon [2, 37,
49].
Specific events are much more easier to extract from EEG by averaging and this
was the main analysis method. The first event-related potentials were recorded during the 1930s. These waveforms were captured during quiet stages of EEG activity
since no computer post-processing was available then [37]. Sleep EEG and epileptic
seizures were recorded for the first time [48, pp. 2–3].
In 1964 Walter described contingent negative variation (CNV). This is the first
time cognitive event-related potentials are reported in the modern sense. A warning
signal and then target stimuli were presented to the subjects. When no task was
given, normal event-related potentials were observed. However, when the subjects
were instructed to push a button, a CNV was observed after the warning signal.
This preparation for task caused a cognitive event-related potential [37, 49].
1970s introduced evoked potential techniques to clinical diagnosis in visual, au4

ditory and somatosensory areas. In the 1980s digital methods became more widely
used and topographic mapping made EEG popular in several fields [49]. Different cognitive components were identified from the event-related response and new
methods for analysis were developed [37].
During the 1990s EEG was used increasingly with alternative neuroimagining
techniques. Intensive care units were deployed to monitor EEG in real time in hospital environments. Complementary methods were invented but EEG has superior
time resolution and remains in use [37, 49].

2.2

Brain rhythms

Some recurrent parts of EEG have a clear origin and frequency. These repeating
rhythms can be rather easily observed and they are associated with different states
of alertness. For these reasons the rhythms were discovered early in EEG research
and have been used as diagnostic tools and ways to characterize an EEG waveform.
The most common rhythms are historically named beta (13−30Hz), alpha (8−13Hz),
theta (4 − 8Hz) and delta (0.5 − 4Hz) [48, pp. 10–12].
Delta waves are observed during deep sleep, they are also produced by movement of big muscles. Theta waves are most active when a person falls from conscious state to sleep. Alfa waves originate from the back of the brain. They resemble
sine waves and they are associated with conscious state with no stimuli or concentration. Beta waves, on the other hand, are associated with active thinking, active
attention, focus on the outside world or solving concrete problems. Gamma waves
have a low frequency (30−45Hz) and are rarely observed. They are, however, useful
when diagnosing certain diseases and when detecting finger movement [48, pp. 10–
12].
Rhythms are usually an annoyance when observing the more subtle EEG components. They might be considered noise. Thus the experiment situation is set up
so that rhythms are not normally produced [48].

2.3

EEG experiments

The goal of EEG experiments is to know when a difference in potentials happens and
where it originates. It is important to understand what can be deducted, for example
the signal components do not necessarily correspond to functional or physiological
components [42].

5

Interpreting the results should not be made hastily. Even if the location of the
phenomena is known it does not explain how it happens. Furthermore, the exact
localization of the oscillation source is difficult [37]. The experiments might yield a
null result which is nevertheless as valuable as any. Even though some phenomena
are observed, it is possible that it is not caused by any cognitive process. Because of
this caution should be exercised when making interpretation based solely on EEG
data [42].
The most conventional way to measure EEG activity is by scalp electrodes, but
it is also possible to study the potential differences inside the brain, especially with
animal subjects. The electrodes are positioned according to certain conventions so
that the results and methods would be compatible. The most common so called 1020 positioning scheme consists of 21 electrodes (figure 2.1). It is also possible to use
fewer electrodes [48, p. 16].
10%
10%

20%

Fpz

Fp1
F7

20%

20% Fp2

Fz

F3

20% F4

10% 20% 20%

T3 C3

20%

T5
20%

O1

C4 T4

Cz
20%

P3

Pz

P4

20%

Oz

F8

T6

O2

10%

10%

Figure 2.1: Conventional 10–20 electrode positions. Figure adapted from Sanei and
Chambers [48, p. 16].
Each electrode is recorded separately so that many channels are available for
analysis. The F-electrodes are situated in the frontal region, C-electrodes central in
the middle and P-electrodes parietal region in the back of the head. The electrodes
are numbered so that odd ones are on the left and even ones on the right, the middle
electrodes have no numbering but the letter z is associated with them. A1 and A2
which are positioned in ears are usually used as reference electrodes although there
are other points for this purpose. Instead of using referencing, differential measuring may be used so that the difference between the measuring electrodes is used in
analysis [48, p. 15–17].
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2.4

Mathematical nature of EEG signal

EEG signals can be described as functions of time. The brain can be seen as a stochastic wave generator whose output is stochastic time series. EEG signals tend to be
nonstationary and nonlinear [28, 30, 43]. This leads to various problems when applying signal processing methods or statistical analysis to EEG.
A stationary system has the same probability distribution regardless of shift in
time. Stationarity measures how much the statistical features of a given signal differ
during the signal. High stationarity means that those features remain the same at
any given time, for example signal’s mean and variance do not change. Intuitively,
in a nonstationary system the statistical characteristics change over time.
From the probability point of view a stochastic process X = X(t) is stationary
if vector X(t) = (X(t1 ), X(t2 ), . . . , X(tn )) has the same cumulative distribution as
X(t + s) = (X(t1 + s), X(t2 + s), . . . , X(tn + s)), that is,
FX(t+s) (x) = FX(t) (x)

(2.1)

The fact that mean and variance are constant in a stationary process arises from this
definition.
Linearity makes a system much more predictable since the response to a sum
of stimuli is always the sum of responses to these stimuli independently. A shift
invariant system that satisfies the linearity criteria,
∀a, b ∈ R : f (ax + by) = af (x) + bf (y),

(2.2)

is linear. Inversely, a system that does not conform to these properties of superposition or scaling is nonlinear.
There is, however, distinction between the nonlinear signals and systems. It
should be noted that a nonlinear signal does not necessarily mean that the underlying system is nonlinear [14]. This nonlinearity of EEG signals can be studied for
example with delay vector variance [13, 14].
The problems with real-world signals are discussed by Mandic et al. They group
signals on the dimensions of linearity-nonlinearity and determinism-stochasticity
[38]. Sanei et al. take the EEG signal as output of nonlinear system that has deterministic characteristics. There are changes in the environment that the signals
traverse, i.e. the brain, during the mixing process. This causes the nonlinearity of
the signals. It is possible to measure some of their properties [48, pp. 50–51]

7

2.5

Applications

EEG helps in the study of brain and disorder research because some neural or psychological states alter the EEG response. The brain of a child elicits EEG differently
from adults so the development of the brain can be monitored [48, ch. 1].
Applications include, for example, monitoring alertness or coma and the detection of injuries or brain tumors. Multitude of cognitive activities are also detectable
from the EEG signal. Other possible applications include monitoring brain development and neural disorders. Especially the changes of EEG regarding epileptic
seizure help to predict them [33] or locate their source [48].
Another possible usage of EEG analysis lies in the field of brain-computer interface (BCI). The separation of background noise from the control signals is also a key
problem in this application [48, ch. 7].

2.6

Traditional analysis

An EEG signal needs to be interpreted in some way. Visual inspection can reveal the
most prominent peaks and noise levels but there are a multitude of processes that
can only be studied with mathematical analysis. An experienced viewer can indeed
recognize different phenomena but digital signal processing gives the results a more
formal backing.
The characteristic parameters of an EEG signal x(t) are period T > 0, fundamental frequency f0 , amplitude a, phase θ(t), phase shift C, average value x̄, energy E and power P [29]. Traditionally EEG has been studied with averaging and
Fourier-based transforms whose kernels are predefined. The basic Fourier transform gives just the frequency distribution, for temporal analysis more advanced
time-frequency methods must be used. An example of a single EEG trial recording
is given in figure 2.2.
A baseline or zero point for the recording has to be determined. Usually the
average prestimulus voltage is subtracted from the signal. Baseline removal may
distort the signal because noise in the baseline will affect also the rest of it. Usually
the baseline is obtained from 200ms before stimulus onset although other peaks may
have corrupted it [37, p. 236].
Averaging is a simple method where the mean of multiple repeated trials is
calculated. The noise elements suppress each other out while the ERP elements
strengthen the peak. Repeating the same trial is a widely used method to produce
similar data. The averaged mean trace reveals the underlying components that are
8

present in all the trials. Such components might not be evident from a single trial
trace. Averaging method has been extensively used with ERPs because they are so
small when compared to other waves [48, p. 127]. Averaging attenuates other components so that the recurrent ERPs become evident. Some believe that this is the
only way to perceive the more subtle peaks, namely ERPs [37, pp. 131–151].
Averaging irreversibly loses information. The signal is distorted and some important aspects might be overlooked. Consequently, it is not guaranteed that certain
peak is indeed caused by an ERP. A single peak may also be the sum of multiple
ERPs thus leaving the true latent components undetected [37, ch. 4].
Averaging is used specifically to improve the signal-to-noise ratio. The algorithm
assumes that the trials are invariant, there are no artifacts and the noise is Gaussian
distributed [39]. In other words, taking the mean of multiple trials assumes that
noise and artifacts are random and zero-centric. This might not be the case in reality since e.g. spontaneous ERPs might distort the trial. Averaging also assumes
that the signal is similar in each trial, this is not true since latencies and amplitude
differences do occur [8].
Figure 2.3 will show an averaged trace of an EEG channel. Compare this to the
single trial signal of the same channel in figure 2.2 where it is even visually difficult to detect the desired peak at 500ms. In the averaged trace the high frequencies
have been attenuated and the mismatch negativity is more clearly present at 500ms.
Comparing these averaged traces is easier than noisy single trials.
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Figure 2.2: Single trial EEG signal of a subject in the Fz channel during an oddball
experiment. Negative plotted upwards.
Filtering is a data preprocessing phase to reduce the amount of meaningless information. The signal is then analyzed with some other methods. The most widely
used filter is the low-pass filter which removes frequencies over 100Hz. In practise
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Figure 2.3: Average of all trials of a subject. Negative plotted upwards.
these frequencies carry no information about the brain activity related to the experiment. Very often frequencies over 30Hz are filtered because they are meaningless.
Filtering can be done analogically or digitally. The digital approach is used more
often in the later stages of analysis [37, pp. 175–224].
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3 Event-related potentials
Event-related potential, ERP, is a particular kind of EEG peak. Its electric potential
is very small 1 − 30µV compared to the average scalp potentials of 10 − 100µV . ERPs
are detected after sensory, motor or cognitive events. [48, p.12,127–131] ERPs are
involuntary automatic processes and they seem not to compete of resources with
parallel processes [40, pp. 102–103]. These concerns make ERPs easy to generate
but difficult to detect. Historically ERPs were called evoked potentials (EPs) but
since 1970s the term event-related potential has become more popular [37, p. 6].
ERPs can be categorized into exogenous and endogenous ones. The exogenous
ERPs are obligatorily elicited and they reveal some information about the characteristics of the external stimulus. Endogenous ERPs reflect intentions and actions of
the subject and they show more variability [40, p. 102–103].
Usually an external stimulus elicits an ERP. Some of the interesting properties
are amplitude, latency and scalp distribution of the ERP component. An ERP consists of many overlapping and simultaneous components that together form the ERP
peak. It should be stressed that a peak is not necessarily a component. Finding the
components is a central problem in EEG signal processing [37].

3.1

Detecting event-related potentials

Several reasons complicate the detection of ERPs. Each subject has a unique ERP
response, which also varies with age and environment. An ERP might be a sum of
several action potentials and thus a single peak doesn’t necessarily represent single physiological event. The separation of these latent components is a problem.
Because of these difficulties the repetition of trials during measurements is conducted. Even after repetitions and other precautions noise and random artifacts,
such as blinking the eyes, must be processed [50]. The desired pieces of information
from the ERPs are when and where they do occur. In order to know whether an
experiment causes ERPs, the time of the occurring potentials must be known. Furthermore, the interpretation of these components should be addressed because the
ERPs might not be caused by cognitive processes [42].
ERPs are usually very small compared to the other potentials. The most used
technique to detect them is to average the repeated trials [48, p. 127]. Other meth11

ods have also been devised, their main attention being on the decomposition of the
signal to remove its uninteresting parts. With these methods the detection of an ERP
even from one trial may be possible.

3.2

Noise and artifacts

Noise and artifacts reduce the signal-to-noise ratio. These problems might have
origin in the measurement system or subject’s head. It is noteworthy that averaging
the trials in itself degenerates the signal. There are two methods for noise reduction.
The easier one is to detect and reject the problematic trials. The other way is to try
to remove the artifacts even though it distorts the signal [50].
The EEG signal is composed of multiple oscillations. An EEG signal x(t) can
be thought as superposition of several (N ) individual signals ai (t) that have different origin and that are summed up. This model also includes noise n(t). Each of
these components has its own origin and some of them are more meaningful for the
current problem. This can be expressed as
x(t) =

N
X

ai (t) + n(t).

(3.1)

i=1

The noise part contains signal that distorts the sum of the interesting physical
components. This additional signal randomly changes the clean signal over time
making its interpretation more difficult.
Artifacts are transient events that lower the signal-to-noise ratio for a period of
time. There are two possible ways to handle artifacts. The first is to detect them with
some method and then reject those trials containing artifacts altogether. The second
one is to detect and remove the artifact. The latter should be used with caution
because removing loses some information and may distort the signal [37].
Artifacts are disturbing peaks that appear sparsely. The causes of these artifacts
include motoric muscle movement, heart beats, circulatory system and for example recording equipment. The changing electrical conductivity and other changing
features of the environment and of the electrodes also cause unexpected changes.
These artifacts include peaks, repeating noise and the 50Hz noise of the electrical
equipment [50].
The rhythmic activity of the brain discussed earlier also contributes to the noise.
This is the case especially with alpha-waves, whose frequency range corresponds to
the ERP range. One well-known cause of artifacts is the blinking of the eyes [50].
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The overlapping of two or more consequent event-related potentials having prominent amplitude peaks at the same time is also a problem. Similarly, the several components of an ERP may overlap each other or other ERPs. This kind of artifact is
hard to remove since the several components need to be separated. This shows that
a decomposition would facilitate the detection. Normally this usually leads to the
rejection of such trials, if they are detected at all [50].

3.3

Auditory ERP components

Auditory ERPs contain multiple components. The early components in audition feature auditory brainstream response (ABR), middle-latency response (MLR) and auditory steady-state response (SSR). These appear in the first 100ms time frame from
stimulus onset. The late exogenous ERP components are numbered and marked
with the potential (P for positive and N for negative), including N1 and P2 [40].
Figure 3.1 presents the basic form of an auditory ERP.
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Figure 3.1: A schematic presentation of an ERP and its peaks. The late exogenous
components are named. Negative plotted upwards. Figure adapted from Luck [37,
p. 229].
Of the early components, the high frequency auditory brainstream response (ABR)
appears 10ms after the onset. A discrete sound or click causes smaller potential. It
has been deduced that most of these ABRs originate from multiple sources in the
brain. Latency and amplitude of this component depend on stimulation intensity,
although it seems to be dissociated with perception [40, pp. 103–107].
The middle-latency responses (MLR) appear 50ms after the onset. They are small
and sometimes difficult to differentiate from ABRs. MLRs are exogenous responses
and one application for them could be anaesthesia monitoring [40, pp. 107–108].
There seems to be an auditory steady-state response (SSR) at 40Hz range. This
continuous component appears when the rate of stimuli is high so that overlapping
responses cause constant phase relation to stimuli. SSR’s origin might also be superimposed MLRs [40, pp. 109–113].
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After the early components, there are several late exogenous components in the
form of peaks in EEG. The late transient responses N1 and P2 are large waves. It
seems that not single, but multiple cerebral events generate these components. The
negative N1 appears about 100ms from stimulus onset, while P2 follows it at 180 −
200ms. A smaller positive P1 appears before N1 about 50ms after onset [40, pp.
113-118].
N1 is possibly generated in the primary auditory cortex. There have been observations of subcortical correlates for N1 in the nonspecific sensory system. There
could also be large areas of the frontal cortex with multiple generators. Most probably N1 response is generated at least in two different locations in the auditory cortex.
P2 and N1 vary similarly but their origin could be different. However, their scalp
distribution is different [40, pp. 113-118].
N1 is evoked by change in sensory input energy. Another method to evoke N1 is
by changing the tonal frequency or intensity of continuous stimulus. Furthermore,
N1 and P2 components are observed when change from rest to motion of the sensory
system happens. When the stimulus decreases, N1 amplitude also decreases and
latency increases, though with some people the amplitude increases too [40, pp.
119–133].
N1 is sensitive to stimulus rate. Also, first N1 and P2 are much larger than with
the subsequent stimuli. These changes do not happen by habituation. N1 is larger at
higher alertness, though arousal may not necessarily enhance it. Sleep affects these
late responses, especially N2 is larger. Ethanol and sedative medication reduce N1.
N1 might correlate with task performance. Changing the loudness of stimuli does
not change N1 [40, p. 119–133].
So-called sustained potentials are caused by long-duration acoustic signals, appearing after N1 and P2. These potentials have different generator mechanisms.
Sustained potentials are also more closely related to loudness than N1 and P2 [40,
pp. 133–135].

3.4

Mismatch negativity

Mismatch negativity (MMN) is an ERP component that appears when there are
changes in sensory stimuli. MMN could be an indirect physiological measure of
actual brain process. This makes MMN somewhat unique in the field of ERP components [40, 136–137]. Both auditory and visual MMN have been researched. The
research started with audition but later the existence of visual MMN was proved
[17]. The focus of this study is the auditory one. It can be isolated from auditory N2
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peak, the earlier component being MMN itself and the later N2b [40, 136–137].
Visual counterparts for the MMN were searched during the 1990’s but there
was no effect or the exogenous stimulus parameters were confounding. Later such
MMN has been observed but present study shows that unlike auditory MMN, visual MMN is independent of the features of evoking stimulus. The auditory MMN
appears more endogenous [17].
Auditory MMN can be elicited by so called oddball paradigm. Two alternating
tones (e.g. 600Hz and 800Hz) are played continuously so that each tone lasts for
a certain time (e.g. 100ms). Some percent of the lower tones are randomly shorter
or longer than expected, this deviation causes MMN response. Thus blocks of two
different tones alternate (standard stimulus) while some of these blocks differ in
length (deviant stimulus) [44]. A schematic presentation of such experiment will be
given in figure 8.2 in chapter 8.
Some parameters may change the time delay of the MMN peak. Increasing the
stimulus deviation decreases MMN latency and causes MMN and N-component
overlap. The amplitude of difference may also increase under such conditions. It
should be noted that also undetected stimuli could elicit MMN [40, pp. 136–139].
The purpose and origin of MMN has been considered by research and there is
an understanding of the underlying principle. MMN is generated by some automatic process in the brain. This process seems to be necessary but not sufficient for
conscious perception of change in stimulus. Occurrence of change in stimulus is
the only occasion when a response to difference between stimuli is elicited [40, pp.
136–139].
The underlying cause of MMN is still unclear, it is nevertheless assumed that
it has some connection to the auditory memory. There are many explanations for
MMN. One explanation is that new features in the sound cause new afferent elements. Another, more widely accepted, states that a process registers change in
stimulus. The electricity caused by this memory trace mismatch is then observed as
MMN [40, pp. 137–139].
The stimulus change can be varied in many ways, but MMN is elicited in most
cases regardless of the variation. Different parameters that can be varied include intensity, spatial locus of origin, rise time and duration. Weaker intensity causes larger
response in MMN, N1 (the late ERP component following MMN) on the other hand
seems to be a linear function of intensity. MMN is curvilinear under the same conditions with zero point at intensity of standard stimulus sound. N1 is generated even
with every standard stimulus sound whereas MMN only when a change happens
[40, pp. 139–148].
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Changing the duration of deviant stimulus affects the occurrence of MMN, although if the deviant duration is almost the same length as the repeated stimulus
length, MMN might not be generated. The standard stimulation must be regular
in order to get MMN response from the deviant stimulus. In the same manner the
location of the sound source does not affect MMN. Increasing stimulus deviation
causes the MMN ot be larger, earlier and possibly shorter [40, pp. 139–148].
MMN is an automatic process so even a subject predicting the deviance does
not affect its generation. This is also highlighted by the fact that MMN is observed
during sleep. Central nervous system affecting activating drugs enhance MMN response. Varying standard stimulus elicits MMN but with reduced amplitude. Although the generation itself is not affected, the quality of the MMN is. Active attention alters the MMN response while passive attention does not affect it [40, pp.
148–175].
Attention independence of MMN is evident since even under deviant block oddball paradigm with highly demanding tasks the MMN is elicited. Similar tests with
drug, sleep or anaesthesia do also give a MMN response. This leads to the remark
that memory-trace duration is not dependable on attention. Nevertheless, withdrawal of attention decreases the MMN intensity. Frequency, however, is not affected by changes in attention [40, 148–175].
MMN has several applications including diagnostic and clinical ones. Being related to the auditory functions of brain, MMN can be used to evaluate ability to
understand spoken foreign languages. For the same reasons early diagnostics of
hearing dysfunction is also a feasible application. Aging does not affect MMN but
prolonged P3 component could be used as an indicator. Some aphasic patients do
not elicit MMN which could hint to disturbed auditory cortex. MMN is useful for
frontal lobe patient diagnosis because frontal lesions attenuate the frontal MMN.
With schizophrenic patients deviation duration change reduces MMN amplitude
[40, pp. 175–139].
The detection of MMN requires modern data processing. Since EEG signal is
recorded from multiple channels two different approaches exist. Firstly, single channels can be analyzed. Secondly, multichannel methods exist for taking into account
the changes among channels. Furthermore, time and frequency domains are used in
MMN analysis. Traditional time-domain analysis studies the change of amplitude
over time. With Fourier-like methods the frequency composition of a signal can
be studied. Combining these two approaches time-frequency analysis can reveal
changes in frequency over time.
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4 Linear time-frequency analysis
With waveform analysis only the amplitude over time can be measured. Similarly,
when using frequency analysis only the frequency distribution of the whole signal
can be studied. Time-frequency analysis has the advantage of evaluating the signal in both time and frequency domains simultaneously. This method outperforms
waveform and spectrum analysis because of its multidimensional presentation over
time.
However, the available time-frequency methods are linear. This, of course, is
not the true nature of EEG signals which are highly nonlinear and nonstationary
[28, 30, 43]. This makes these traditional methods in a sense meaningless. Below
are some linear transformations that have been applied to EEG or are used for timefrequency analysis. Their disadvantages and benefits are highlighted.

4.1

Fourier transform

Fourier transform has been a widely used spectral analysis method. The signal is
transformed from the time domain to the frequency domain but with ease it can be
used for time-frequency analysis (see below). For meaningful results the Fourier
transform requires linearity and data periodicity i.e. the data must be stationary.
The limited length of EEG source material reduces its usability. Moreover, in practise
EEG data does not meet the requirements of the Fourier transform. Because Fourier
transform distributes the energy over wide frequency bands, it doesn’t represent the
actual frequency distribution [18, p.904–905].
Because digitized signals are discrete, the discrete versions of transforms are
used. Discrete Fourier transform (DFT) is introduced in equation 4.1, where x(n)
is the signal, N is the length of the signal and j is the imaginary unit. This is the
most basic Fourier transform and is used to obtain the spectral feature of the signal.
N −1
2π
1 X
x(n)e−jnk N
x̂(k) =
N n=0

(4.1)

The waveform in figure 4.1 is from EEG recordings of MMN. The Fourier spectrum of this example signal has been calculated in figure 4.2. This spectrum shows
how much energy there is in each frequency.
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Figure 4.1: Example EEG MMN waveform. Negative plotted upwards. This is the
same waveform as in figure 5.3.
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Figure 4.2: Fourier frequency distribution of example signal in figure 4.1.
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4.2

Short-time Fourier transform

Fourier transform gives the frequency presentation of a signal. It incorporates all
the frequency information from all the time points to a single presentation. Usually
it is desirable to inspect the frequency changes as a function of time. This can be
done by applying the Fourier transform only to a small range of the signal at time.
This method is called short-time Fourier transform.
Short-time Fourier transform slides a time window along the time axis (see equation 4.2, w(n) is the window). The result will be a time-frequency distribution. Finding the exact time of an event requires short window due to Heisenberger’s uncertainty principle (∆t∆ω ≥ 12 ). On the other hand, a long time window is better for
extracting spectral feature [48, pp.55–58].
∞
X

x̂(n, ω) =

x(τ )w(n − τ )e−jωτ

(4.2)

τ =−∞

Figure 4.3 includes a smoothed time-frequency presentation of the example signal. The window was set to 16 samples long and overlap to 50%. Frequency resolution was 200.
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Figure 4.3: Short-time Fourier transform applied to the signal in figure 4.1
Another similar method is the Gabor transform, which has been used for timefrequency analysis of epileptic EEG. It is somewhat similar to the wavelet method
and uses fixed window. Continuous Gabor transform for signal x(t) is presented in
equation 4.3 [3].
Z∞
GD (ω0 , t0 ) =

∗
x(t)gD
(t − t0 )ejω0 t dt

−∞

19

(4.3)

where j is the imaginary unit. The Gaussian window gD (t) has width D. The presentation of this transform is quite close to the short-time Fourier transform. The
window function is substituted with a Gaussian window function. Naturally a discrete version has to be used with digital signals.

4.3

Shortcomings of Fourier transform

As mentioned, Fourier transform bears little meaning with nonstanionary and nonlinear data. While it expects linearity and Gaussian distribution from the signal,
such signals are rarely found in the biomedical field [48, pp. 55–67, 143–145]. Although it is easy to perform and implement, the results do not necessarily present
the physical components accurately. It is also an established tool and familiar to
even those who are not experts in the time-frequency analysis community [18, s.907].
Fourier transform requires narrow window when localizing an event time. Inversely, long time series are needed when obtaining frequency resolution. Thus
Fourier transform is not usable with EEG data. The short-time Fourier transform
assumes the stationarity of the signal within the time window. This, of course, cannot be assured when inspecting naturally occurring signals [18].
It can be stated that Fourier transform does not offer compact support. The sinusoid functions run from negative infinity to infinity, which formally makes the
short-time Fourier transform wrong, although in practise these restrictions are usually dismissed. Furthermore, the frequency at a certain time is affected by the whole
signal because these sinusoid functions span for the whole duration. This means
that at a time t the whole signal contributes to the frequency ω(t).

4.4

Wavelet transform

ERPs have a tendency of having high frequencies in the beginning and then changing to low frequencies. Time-frequency analysis makes it possible to detect such
changes. This is why wavelet analysis is used to detect them. Wavelets have become the new standard for more accurate time-frequency analysis [16].
Wavelet transform relies on a predefined kernel function that has to be chosen
before analysis. Equation 4.4 presents the continuous wavelet transform, where (.)∗
is the complex conjugate and ψ(t) is the analyzing wavelet function, which has to
satisfy certain restrictions. The two other parameters are a for scaling and b for
position [48, pp. 58–59].
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1
Wψ (a, b) = p
|a|

Z∞
x(t)ψ

∗



t−b
a


dt

(4.4)

−∞

When compared to the short-time Fourier transform, wavelet transform substitutes the window and the Fourier-like exponent function with the kernel wavelet.
One of the most used wavelet function is Morlet’s wavelet, as seen in equation 4.5
[48, pp. 58–59].
1
ψ(t) = √ exp
2π



−t2
2 + j2πb0 t


(4.5)

An advantage gained from the use of wavelets is that they have compact support
and thus have a better mathematical formality behind them. This means that they
can analyze finite length signals. With wavelets time-frequency analysis is not only
possible but theoretically sound. However, the energy leakage of wavelet transform
causes the time-frequency representation to be wider and smoother than the actual
spectrum [18, p. 907–908].
Wavelets can also be used for signal decomposition, called multiresolution analysis. This makes band filtering possible by leaving composition parts out. Even
then the decomposition depends on the selected wavelet [48, pp. 60, 142]. Such
decomposition has been used in EEG time-frequency analysis [55].
There are some problems with wavelet transform when applied to nonlinear and
nonstationary data. The wavelet transform depends on the predetermined wavelet
function. This distorts the results of and the frequency distribution doesn’t appear
clear enough. Wavelet analysis is linear whether it is discrete or continuous so it
doesn’t either fit for non-linear data. However, it is nonstationary method and thus
is usable with linear but nonstationary data [18, 21, pp. 907–908].
Moreover, wavelet analysis uses uniform resolution for all scales because it is
limited by the size of the basic wavelet function. The resolution is uniformly poor
in every situation. The wavelet transform is non-adaptive because a kernel function
has to be chosen in advance from the readily available predefined functions, or a
new one has to be invented. Moreover, wavelet transform is not adaptive and is too
dependent on the wavelet function [18, pp. 907–908].
Figure 4.4 has the Morlet wavelet transform applied to the example signal. The
wavelet half-length was set to 6.
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Figure 4.4: Wavelet transform applied to the signal in figure 4.1.

4.5

Wigner-Ville transform

Wigner-Ville transformation is essentially the Fourier transform of central covariance function. For signal x(t) the central variance is defined by equation 4.6. It has
good resolution in both time and frequency domains [48, p. 65].
1
1
Cc (τ, t) = x(t − τ )x∗ (t + τ )
2
2
Then the Wigner-Ville distribution is calculated by equation 4.7.
Z∞
V (ω, t) =

Cc (τ, t)e−jωτ dt

(4.6)

(4.7)

−∞

This distribution is still Fourier-based. It also introduces the idea of negative
energy which is difficult to explain in physical terms [18, pp. 908–909].
Figure 4.5 presents the Wigner-Ville distribution for the example signal. It should
be noted that the sampling frequency was 200Hz so the Wigner-Ville distribution
is symmetrical along the frequency dimension. Here, however, the maximum frequency is set to 30Hz for illustrative purposes.
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Figure 4.5: Wigner-Ville distribution for the example signal.
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5 Empirical mode decomposition
An EEG signal consists of multiple superimposed oscillatory components which
possibly present different underlying physical components of brain activity. If these
components are extracted, interpreting the signal becomes much easier. A single
component can then be observed without the noise caused by other components.
Equation 5.1 shows how the components ci and residue, or trend, rn compose the
signal x(t).
x(t) =

n
X

c i + rn

(5.1)

i=1

The oscillatory components ci of the signal are separated with empirical mode
decomposition (EMD) which is nonlinear method that adapts to the signal. Components produced by this method are so-called intrinsic mode functions (IMFs). Consequently, the instantaneous frequency of these IMFs can be calculated in a meaningful way. The ability of EMD to decompose nonlinear signals and retain their
intra-wave modulation makes it suitable for EEG signals [18].
The underlying idea is that a signal x(t) is high oscillations superimposed on low
oscillations. This leads to the possibility to separate the details c(t) from the trend
r(t). The signal x(t) = c(t) + r(t) consists of intrinsic mode function and residue
signal. This same decomposition can be used again on the residual to extract lowfrequency details and so on [12].
The algorithm consists of the following steps:
1. find the extrema of x(t)
2. create envelope Eu (t) by interpolating between the maxima (El (t) for minima)
3. mean envelope m(t) = (Eu (t) + El (t))/2
4. extract the details c(t) = x(t) − m(t)
5. go to 2 until c(t) is considered IMF
6. iterate from the start with the residue signal r(t) = x(t) − c(t).
The extraction of detail from the trend is in the steps from 1 to 4. In practice
this not sufficient to produce IMFs. This is why EMD extracts an IMF c(t) using the
sifting process consisting of steps from 1 to 5. This process is then iterated on the
residue [12].
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Three assumptions are made before the use of EMD: (1) The signal has at least
one minimum and one maximum, (2) the time difference between successive extrema defines the characteristic time scale, (3) if there are no extrema but only inflection points, the data may be differentiated, then EMD applied and the result
obtained by integrating the components [18, p. 917].
The characteristic time scales are used to find the intrinsic modes. A signal can be
though as waves riding upon waves. Each of such wave has its own characteristic
scale [18, p. 917]. Thus, the features of the original signal are still present in the
IMFs extracted by EMD because IMFs are created by searching the riding waves. In
addition, the EMD process can reveal oscillations that are not clearly visible to the
human eye in the original signal [29].
By adapting to the signal this method produces a basis eliminating the need for
a priori basis or kernel. Because the basis is derived from data, it does not have
any other prior assumptions than that the signal is composed of intrinsic modes of
oscillations [18]. There is no predefined sub-band filter as with wavelet transforms.
EMD is suitable for both traditional sinusoidal model decomposition and waveletlike filter bank for stochastic processes [12].
After its introduction by Huang et al. [18] EMD has been applied to many areas
of research: deriving respiratory arrhythmia from heartbeat [1], signal noise reduction [5], mismatch negativity extraction from EEG [8], EEG temporal structure [34],
electrogastrogram artifact reduction [35], neural data analysis [36] and in engineering for example in fault diagnosis of roller bearings [56]. Recently the method has
been extended for complex signals [51] and even new algorithms for bivariate decomposition have been proposed [46]. Instead of one-dimensional time-series data,
bidimensional image data has also been analyzed with EMD-like methods, for an
overview see, for example, Wan et al. [53].
The overall process will be described in flowchart form in figure 5.5. Alternatively, the EMD algorithm will be described in chapter 7. Below is a more profound
and formal introduction to EMD.

5.1

Instantaneous frequency

Intuitively, instantaneous frequency means the oscillation frequency of a signal at
a certain point of time. Nevertheless, the definition of frequency is how many cycles occur during a certain amount of time. This suggests that to measure frequency
one would need more reference points than just one point in time. Thus it is not
surprising that even though the notion of instantaneous energy is accepted, instan25

taneous frequency is an ambiguous concept. A meaningful instantaneous frequency
sets some restrictions to the signal in question [18].
Nonlinear processes usually feature intra-wave frequency modulation. This means
that in addition to the inter-wave modulation the frequency changes during one
oscillation cycle. Fourier-type transforms are not able to extract intra-wave modulation because wavelets span over more than one wave. [18, 21]. Instantaneous
frequency reveals intra-wave frequency modulation which has traditionally been
described by harmonics. Nonlinear distorted harmonics produced by Fourier analysis have no physical meaning. Rather, they are mathematical artifacts stemming
from the use of linear analysis on nonlinear systems. [19, 21].
The definition of monocomponent frequency is discussed by Cohen. A component is like a mountain ridge, its center forming a trajectory in the time-frequency
plane while the spread of this ridge varies. Because the components exist locally in
time the frequency spectrum does not really give an understanding of the components [6]. Boashash investigated the instantaneous frequency mathematically and
discussed the interpretation of instantaneous frequency. He discusses Hilbert transform, analytic signal, monocomponent and multicomponent signals. The meaning
of instantaneous frequency is clear but with multicomponent signal a decomposition is needed for it to be meaningful. [4].
The instantaneous frequency of an IMF is obtained from its Hilbert transform
(see chapter 6) through simple derivation (equation 5.2). Because this derivation of
phase can be applied to only one frequency at a time, the function in question has
to be monocomponent. Thus, multicomponent signals need to be decomposed. The
IMFs satisfy this requirement since EMD extracts each characteristic oscillation as
one component [18, 29, 53].
dθ(t)
(5.2)
dt
If a signal has only one frequency component at a time, its instantaneous frequency can be calculated with this derivation. A naturally occurring signal usually
has more than one frequency components at a given time [18, pp. 916–917]. The concept of intrinsic mode functions is introduced because they are monocomponent.
ω(t) =

5.2

Intrinsic mode function

The need for intrinsic mode functions is presented in a sense by Oliveira and Barroso. They showed that the traditional definition of instantaneous frequency is not
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sufficient for all possible signals. There are some restrictions imposed on functions
for instantaneous frequency to be meaningful. By extracting intrinsic modes from
the signal it will be possible to determine their instantaneous frequency because
[41].
An intrinsic mode function (IMF) needs to satisfy two criteria. Firstly, the number of extrema and the number of zero crossings must differ at most by one. Secondly, the mean of the upper and the lower envelopes must equal to zero. These
restrictions are necessary to meet the strict conditions for calculating instantaneous
frequency. The number of extrema restriction renders the signal narrow-banded and
the zero mean ready for demodulation. These characteristics make an IMF suitable
for later Hilbert transform [18, 21]. Figure 5.1 features an example of an IMF.
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Figure 5.1: An example IMF. The solid line is the function itself, dotted lines are the
envelopes defined by local maxima and local minima. The 16 zero crossings and 15
local extrema (not counting the end points) and the average of 0 of the envelopes
satisfy the criteria of an IMF.
As an oscillatory mode IMF has amplitude and frequency as functions of time.
Because IMFs are locally symmetrical and monocomponent the instantaneous frequency can be calculated meaningfully [21].

5.3

The sifting process

EMD is used to obtain monocomponent intrinsic mode functions from a signal. Sifting is the iterative process of separating one oscillation from the signal. EMD features multiple such iterations, the goal being to decompose the whole signal.
The local maxima are connected with a cubic spline to form an envelope (see
figure 5.2). Same is done to the local minima. The use of cubic spline is justified
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empirically because linear or polynomial interpolation spread their components to
other modes [18, 45].
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Figure 5.2: EMD being applied to a randomly generated test signal. The solid line
is the signal itself, dotted lines are the cubic splines that go through extrema points
(marked with dots). The mean envelope is also shown and it tells that this IMF is
not yet ready. To reach this goal, more sifting rounds will be needed to bring the
mean envelope to a zero level.
The local mean of the signal, m1 of these envelopes is calculated. The first component for this round of this sifting h1 is obtained by subtracting the mean from the
original signal (equation 5.3).
h1 = x(t) − m1

(5.3)

This subtraction of mean envelope from the component in question is repeated k
times (equation 5.4) until a predefined stopping criterion is met. It should be noted
that this k is individual for each IMF.
h1k = h1(k−1) − m1k

(5.4)

After the last subtraction, i.e. after k rounds, the first IMF c1 is obtained (equation 5.5). This IMF is suitable for further analysis, especially for calculating instantaneous frequency.
c1 = h1k

(5.5)

This concludes the sifting process since an IMF, in this case c1 , is sifted from
the original signal. In other words, the first sifting extracts the highest frequency
oscillation from the signal.
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5.4

Stopping criterion

A critical part of the EMD procedure is the stopping criterion for sifting. It determines when sifting is complete and a new IMF has been found i.e. how many (k)
times the mean envelope is subtracted. Too many iterations over-decomposes the
signal and loses the meaningful modes [18, 45].
The most traditional manner is to sift until a condition of standard deviation
between consecutive components is met. If the two components from successive
iterations are close enough to each other, it is assumed that the extracted component is actually the oscillation mode [18, p. 920]. The standard deviation between
components h1(k−1) and h1k during kth iteration is defined in equation 5.6.
#
"
T
X
|h1(k−1) (t) − h1k (t)|2
< 0.3
SD =
2
h
(t)
1(k−1)
t=0

(5.6)

The predefined limit should be small enough to let the sifting separate all the
oscillations but large enough so that the sifting does not overwork the signal losing the meaningful components. Oversifting captures also the neighboring modes
and mixes them. Again, larger limits might stop too early and leave some modes
unseparated. Deviation limit is usually set between 0.2 and 0.3 [19, p. 920].
EMD assumes that the extracted oscillations are intrinsic mode functions. A
more serious problem with the standard deviation criterion is that it does not test
whether the component actually is an IMF thus relying only on the IMF-producing
capabilities of the sifting process. However, the sifting process does not have any
mathematical certainty for producing IMFs.
To address this problem, another stopping criterion may be added by selecting
a predefined S-number. If the number of extrema and zero crossings are the same
or differ at most by one after S rounds of sifting, an IMF is considered to be found.
This way the definition of IMF also affects the stopping. The S-number has to be
determined by testing and a value between 4 and 8 has been observed to produce
good results [19, 20].
The separation of global changes and local changes is also challenging. It is not
easy to prove that the extracted oscillation is actually the right one. Rilling et al.
propose a way to guarantee that the mean contains globally small fluctuations and at
the same time is aware of locally large differences. This is done by using predefined
thresholds and comparing mode amplitude with an evaluation function [45].
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5.5

Extracting rest of the oscillations

The IMF is subtracted from the original signal to gain the first residue (equation 5.7).
Then another round of sifting is started using this residue as the input signal. The
first sifting process has extracted the highest frequency oscillation. The following
siftings will produce the second highest oscillation etc. Similarly, the number of
extrema decreases as more IMFs are extracted.
r1 = x(t) − c1

(5.7)

The process is finished when rn becomes monotonic or cn or rn have too small an
effect. The number of the resulting IMFs is not predefined, the EMD method automatically determines how many oscillation modes are to be found. After n rounds
of sifting a residue is left, which is constant or represents the trend (equation 5.8).
It is usually disregarded in further analysis. The signal has now been decomposed
into n IMFs.
rn = rn−1 − cn

(5.8)

Because EMD relies on subtraction, the original signal can be composed by summing up the IMFs and the residue (equation 5.9). The functions ci are most of the
time orthogonal and they have a mean of zero.
x(t) =

n
X

c i + rn

(5.9)

i=1

As each IMF contain lower frequencies than the earlier ones, it is possible to
exclude high or low frequencies thus denoising or detrending the signal. With this
case, the problem is the right identification of trend or noise components [11].
Figure 5.4 shows the IMFs of a signal. The first one has captured the highest
frequency oscillations, the second a little lower frequencies and so on. The original
waveform is shown in figure 5.3. The benefit of EMD is that the produced components are usually equivalent with the actual underlying physical components.
The sifting process is the core of EMD method, it forms the IMFs from the input
signal. Sifting removes riding waves from the signal and makes it more symmetric.
Maxima with a negative are moved up and minima with a positive value are moved
down. It is noteworthy that this method requires only the local extrema as parameters. Therefore, no zero reference is required since the EMD method generates it for
each IMF [18, 21].

30

The basis adapted from the data can be shown to indeed be a basis. Created with
EMD it is complete because equation 5.9 is an identical equation, i.e. it is true for
any value of the variable. This means that the original signal can be reconstructed
from the decomposition [18, p.923]. Huang et al. suggest an orthogonality index
to validate that the IMFs actually are very close to orthogonal basis. This index is
presented in equation 5.10 [18]. Orthogonality can be used as a measure for the
validity of decomposition [20].
IO =

T
n+1 X
n+1
X
X
ck (t)cl (t)
t=0

!

x2 (t)

k=1 l=1

(5.10)
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Figure 5.3: Averaged EEG waveform of all the subjects’ all trials during an oddball
experiment (50ms deviant tone). Negative plotted upwards.

5.6

Problems concerning EMD

There are still several problems with EMD. Because it is an empirical method its behavior is not easy to predict in all cases. Some of the problems include mathematical
proof of the method itself, spline fitting, boundary effects and the feasibility of the
basis. Many of these challenges remain unanswered.
Spline fitting is the most error-prone phase of the process. Even so improvements to it might be only marginal. The ends of a data span are usually distorted so
adding characteristic waves to the beginning and the end might help. EMD doesn’t
necessarily produce orthogonal data. This is not a problem since practically every
time the components are orthogonal at a given time [18, 21].
The Hilbert transform needs over-sampled data so that instantaneous frequency
can be determined. A real problem is that frequencies too close to each other cannot
31

dev−50ms−channel−Fz−IMF−1
−0.5
0
0.5
100

200

300

400

500

600

dev−50ms−channel−Fz−IMF−2
−0.5
0
0.5

Amplitude/µV

100

200

300

400

500

600

dev−50ms−channel−Fz−IMF−3
−0.5
0
0.5
100

200

300

400

500

600

dev−50ms−channel−Fz−IMF−4
−0.5
0
0.5
100

200

300

400

500

600

dev−50ms−channel−Fz−IMF−5
−0.5
0
0.5
100

200

300

400

500

600

dev−50ms−channel−Fz−Residue
−0.5
0
0.5
100

200

300

400

500

600

Time/ms

Figure 5.4: IMFs of the signal in figure 5.3. The IMFs are acquired using EMD
method. Second and third IMFs have a form that hints towards the ERP peaks.
The last waveform is the residue and the original signal is obtained by summing up
all the components. Negative plotted upwards.
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be separated. Also, the correspondence between IMFs and physical components is
not guaranteed [18, 21].
There are usually unwanted fluctuations near the ends. Sometimes the envelopes
at the end cause the values grow or decrease rapidly near the end. At other times
small unwanted changes in the waveform distort the signal. These problems affect
the instantaneous frequency near the ends also. The cause for boundary effects is
naturally the abrupt stop, there is no more data from which to draw oscillations
[18, 21].
The signal can be extended in the beginning and at the end with zero level so
that the IMFs can end at a more natural level. The same could be achieved with
extending the extrema point vectors because ultimately the envelope is calculated
from them. Elimination of end effects was discussed by Huang et al. [18]. Mirroring
the extrema points has also been proven as an alternative [45].
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Figure 5.5: Flow chart for EMD. In this figure the signal x(t) is decomposed into
IMFs ci , i = 1, . . . , n and residue r. Figure adapted from Yu et al. [56].
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6 Nonlinear time-frequency analysis and Hilbert
transform
In order to produce a time-frequency-domain presentation of the signal, the Hilbert
spectrum must be calculated. Producing a frequency-domain presentation, marginal
spectrum, comparable to the Fourier spectrum is also possible. Hilbert transform is
an applicable way to calculate the instantaneous frequency. It is a complex conjugate transform that takes into account the local changes of a signal. To understand
the transform, an integration technique called Cauchy principal value must be introduced. To extract phase and frequency information from a signal it is desirable
to construct an analytic signal. The real part x(t) of this signal is naturally the signal
itself but the complex part x̃(t) needs to be generated. Hilbert transform offers a
straightforward way to do this. However it needs a symmetric, narrowband monocomponent signal as input, like the intrinsic mode functions that EMD produces.

6.1

Cauchy principal value

Cauchy principal value is an integration method that is used in the Hilbert transform. By surrounding a point with small interval  a mathematically difficult (e.g.
singularity point) point may be integrated along a positive semi-circle of radius .
The integration is completed when  approaches 0 [29].
The principal value of a finite integral between a ≤ b of function f at point c,
where a ≤ c ≤ b is defined in equation 6.1 [15, p. 261].
Zb
P

 c−

Z
Zb
f (x)dx ≡ lim+  f (x)dx +
f (x)dx
→0

a

a

(6.1)

c+

For a doubly infinite integral the Cauchy principal value is defined in equation
6.2 [15, p. 261]. This is the definition that is used with Hilbert transform.
Z∞
P

ZR
f (x)dx ≡ lim

−∞

R→∞
−R

f (x)dx

(6.2)

Cauchy principal value is denoted by P although other symbols like P or p.v. are
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found in literature.

6.2

Hilbert transform

Hilbert transform can be used to transform signals into complex plane. It defines
the complex conjugate of any real valued function. The deductions to form this
conjugate transform from Fourier’s integral formulae are presented, for example, by
Titchmarsh [52, pp. 119–120]. This Hilbert transform is essentially the convolution
of x(t) with 1t and thus accentuates the local properties of the signal [18, p. 911]. It
exists for all Lp class functions [52, p. 132]. Hilbert transform is defined in equation
6.3.
1
x̃(t) = P
π

Z∞

x(u)
du,
t−u

(6.3)

−∞

Here P indicates the Cauchy principal value, which solves the singularity point
problem when u = t. Point t is delimited with a small interval [t − , t + ] and then
this point is approached from each ends of the interval [29].
It is worth mentioning that the inverse Hilbert transform is as elegant as in equation 6.4.
x̃−1 (t) = −x̃(t)

6.3

(6.4)

Analytic signal

The original signal can be expressed in the complex plane by representing it with an
analytic signal. The analytic signal z(t) (equation 6.5) associated with signal x(t) is
obtained with the use of Hilbert transform.
z(t) = x(t) + j x̃(t) = a(t)ejθ(t)

(6.5)

√
Here imaginary unit j = −1. The instantaneous amplitude a(t) and phase θ(t) are
gained from the alternative presentation. Imaginary part x̃(t) is the Hilbert transform of x(t) as defined in equation 6.3.
The instantaneous features of the analytic signal z(t) are quite simple to compute.
The instantaneous amplitude a(t) can be interpreted as the distance of the values
of the analytic signal from the time axis (equation 6.6). Likewise, the instantaneous
phase θ(t) is gained from the angle in the complex plane (equation 6.7). This concept
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is illustrated with the schematic figure 6.1. The instantaneous frequency ω(t) can be
calculated as the derivative of the phase if the processed signal is an intrinsic mode
function, as presented earlier (equation 5.2).
a(t) =

p

x2 (t) + x̃2 (t)


x̃(t)
θ(t) = arctan
x(t)

(6.6)


(6.7)
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Figure 6.1: A schematic analytic signal. At a time t the amplitude a and the phase θ
are calculated from the analytic signal z(t) using equations 6.6 and 6.7, respectively.
The idea behind calculating instantaneous frequency from Hilbert transform is
illustrated by applying it to a simple cosine wave [29]. Figure 6.2 has the transformation plotted. If we let
x(t) = cos(ωt),

(6.8)

x̃(t) = sin(ωt),

(6.9)

z(t) = x(t) + j x̃(t) = cos(ωt) + j sin(ωt).

(6.10)

and we know that

then the analytic signal is

To calculate the phase we simply determine the angle in the complex plane by



sin(ωt)
θ(t) = arctan
= arctan(tan(ωt)) = ωt,
cos(ωt)
and then by differentiating we get

37

(6.11)

dθ(t)
d(ωt)
=
=ω
dt
dt
which is in accordance with equation 5.2.

(6.12)
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Figure 6.2: Analytic signal for the cos function. The general idea of the transformation can be seen. If looked from the top, the real part of the signal (i.e. cosine) is
visible.

6.4

Time-frequency representation

Intrinsic mode functions have the narrow band characteristic that is required for the
instantaneous frequency to be meaningful. The monocomponent IMFs are transformed to the complex plane with the Hilbert transform. Analytic signals are then
created for each IMF and from these analytic signals the amplitude and frequency
information is extracted as functions of time.
After having acquired the n Hilbert transforms of the IMFs it is possible to reconstruct the signal. The original signal can be expressed with equation 6.13 as the
real part <. The residue is left out because its energy involved could be too great
and because the interest lies in the low-energy oscillations. This distribution gives
for each component their frequency and amplitude as functions of time [18, p. 928].
"
x(t) = <

n
X

 Z
#
ai (t) exp j ωi (t)dt

(6.13)

i=1

An amplitude distribution on the time-frequency plane is called Hilbert spectrum H(ω, t) that can be constructed from the Hilbert analytical signal. It is a threedimensional plot where amplitude and frequency act as functions of time. Hilbert
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spectrum is presented as color map with time and frequency axes and the color indicating the amplitude. Figure 6.3 shows such color map of averaged Fz channel in
our experiment. This sharp and sparse representation is more precise than the linear
presentations seen earlier in chapter 4.
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Figure 6.3: Hilbert spectrum of averaged Fz channel of all the subjects during 50ms
deviant tone. Color represents the amplitude value. The channel signal is decomposed with EMD and then the Hilbert transform applied to the components. The
sharp feature of Hilbert spectrum is visible. The time scale is in samples, the sampling frequency is 200 Hz.
The same data expressed with Fourier transform would look like equation 6.14.
"
x(t) = <

n
X

#
ai exp(jωi t)

(6.14)

i=1

Here both ai and ωi stay constant. As Huang et al. state, the IMF represents a generalized Fourier expansion. The changing frequency and amplitude in the HilbertHuang expansion extend its use to nonlinear and nonstationary data [18, p. 928].
A more intuitive way to present Hilbert spectrum is shown in equation 6.15 [9].
At a given time t, the time-frequency analysis of x(t) using HHT can also be expressed according to equation 6.15 where frequency is gained using equation 6.16.
This frequency is calculated from the instantaneous frequency, which in turn is derived from the phase (see equation 5.2). Hilbert spectrum reflects the signal so that
it gives the amplitude of a frequency at a certain time.
H(f, t) = |a(t)|

f=

1
2π
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(6.15)


ω(t)

(6.16)

In practical terms, the Hilbert spectrum presents the time-frequency distribution
as a matrix of time by frequency rows and columns. The value of a selected cell then
represents the amplitude at that time at that frequency. Each of the IMFs is presented
in this matrix having its frequency and amplitude changes plotted through the timefrequency field.

6.5

Marginal spectrum and instantaneous energy

Furthermore, the marginal spectrum, i.e. the probability of a frequency appearing in
the signal, can be calculated with simple integration over time of Hilbert spectrum
as shown in equation 6.17 [18, p. 929]. With a discrete numerical algorithm this
procedure simply becomes a sum over the frequencies [29]. By using the marginal
spectrum, the overall spectral feature can be observed. This may be compared to the
Fourier spectrum or wavelet decomposition. Figure 6.4 shows the marginal spectrum, or frequency distribution of an EEG signal (in figure 5.3). Compared to the
corresponding Fourier spectrum in figure 4.2 energy leakage is lower, especially
with higher frequencies.
ZT
h(ω) =

(6.17)

H(ω, t)dt
0
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Figure 6.4: Marginal frequency distribution h(ω) of all the subjects taken from the
Fz channel during the 50ms deviant tone (see figure 5.3). The marginal spectrum is
calculated with equation 6.17.
In a similar way to the marginal spectrum, the instantaneous energy density
level is defined in equation 6.18. This makes it possible to follow energy fluctuations
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along the time axis [18, p. 930]. See figure 6.5 for an example of instantaneous energy
density of the signal in figure 5.3.
Z
IE(t) =

H 2 (ω, t)dω

(6.18)
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Figure 6.5: Instantaneous energy density IE(t) of averaged trace taken from Fz channel during the 50ms deviant tone.
Marginal spectrum and instantaneous energy density level can be used to inspect the data in simple time or frequency space. These features can be used to gain
quickly knowledge about the overall characteristics of the signal.
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7 Hilbert-Huang transform on MMN
Empirical mode decomposition was introduced in chapter 5. Furthermore, a method
to obtain the time-frequency presentation of a signal was covered in chapter 6. This
chapter combines these two methods into Hilbert-Huang transform (HHT), discusses its algorithmic implementation and statistical analysis of the results in the
context of MMN detection.
It is supposed that the data consists of recorded EEG of subjects. Each subject has
been tested for multiple trials which have been conducted under similar conditions.
Single trial means that only one such trial recording is being examined. Averaged
trial means that the trials of a single subject have been averaged over time. It is
also good for illustrative purposes to calculate the grand average over all subjects.
Time-frequency analysis can be applied to any of these signals.
Hilbert-Huang transform is an adaptive time-frequency analysis tool for nonlinear and nonstationary data. The time-frequency spectrum is produced from a time
series signal. Unlike traditional methods, it does not need a predefined basis because the basis is constructed during the adaptive process from the local properties
of the signal [18]. As stated, EEG signals are nonlinear, nonstationary and noisy
[28, 43, 30]. This makes HHT a correct tool for EEG time-frequency analysis and
MMN detection.
Hilbert-Huang transform combines the two methods presented previously. At
first several intrinsic mode functions (IMFs) are separated from the signal with empirical mode decomposition (EMD). Then a spectral analysis of these functions can
be made using the Hilbert transform. EMD produces IMFs that have the narrowband characteristic needed for Hilbert transform. This way it produces meaningful
analytic signal to obtain instantaneous frequency [18].
Hilbert-Huang transform uses differentiation to extract the instantaneous frequency. Thus, only two consecutive samples affect the frequency presentation. Compared to the Fourier-based methods this is a clear improvement since in those methods convolution causes all the samples to affect the time-frequency presentation at
a single point of time. Differentiation also releases the method from the restrictions
of uncertainty principle [18, 21].
EMD in itself is only a decomposition. In a sense it is only a preprocessing
method for further analysis. To use the obtained components they must be trans42

formed and interpreted. Because the useful information usually lies in the frequency
domain, the IMFs in time-domain should be transformed into time-frequency domain. This is done with Hilbert transform.
Hilbert transform produces the time-frequency presentation known as the Hilbert
spectrum. Hilbert spectrum reveals the amplitude and frequency changes over time.
Furthermore, feature extraction is possible from this time-frequency-energy space
[21, 47]. Hilbert spectrum is comparable to the time-frequency spectrum produced
by short-time Fourier transform or wavelet transform.
The Hilbert spectrum contains information about the time-frequency characteristics of a signal. The spectrum can be post-processed for easier observation and
for simpler features. The information must be squeezed into fewer dimension for
statistical testing. A single test measure called support-to-absence ratio presents the
prevalence of MMN in a specified time window.

7.1

Algorithm

Implementing a HHT system with modern high-level languages is straightforward.
The code is simply two loops with certain stopping conditions. The core of the
loops is the subtraction of the mean envelope from the component. A pseudocode
implementation of EMD might look like the following (compare to the flow chart in
figure 5.5):
residue = original_signal;
while residue is not monotonic
component = residue;
while (deviation limit < deviation(component, last_compnent))
maxima_locations = local_max(component);
minima_locations = local_max(-component);
max_envelope = spline(maxima_locations);
min_envelope = spline(minima_locations);
mean_envelope = mean(max_envelope, min_envelope);
last_component = component;
component = component - mean_envelope;
imfs = [imfs;component];
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residue = residue - component;
The output IMFs will be in the list imfs and a residue will be left of the signal.
This first algorithm with its deviation-based stopping condition has been criticized for its independence of the IMF definition. Huang et al. further suggest a
method where sifting is stopped if the number of extrema and zero crossings stay
the same for S number of rounds. A maximum number of siftings M is also suggested [20].
It is possible to use other conditions for the inner while loops, the following is
that of Kizhner et al. The prospective component is tested if it is an IMF. If it is, a
counter is incremented, otherwise set to zero. The while condition is true until the
counter reaches some user-defined value [29].
MAX_SIFTINGS = 8;
residue = original_signal;
while residue is not monotonic
component = residue;
counter = 0;
while ( counter < MAX_SIFTINGS )
maxima_locations = local_max(component);
minima_locations = local_max(-component);
max_envelope = spline(maxima_locations);
min_envelope = spline(minima_locations);
mean_envelope = mean(max_envelope, min_envelope);
component = component - mean_envelope;
if component is an IMF
counter += 1;
else
counter = 0;
imfs = [imfs;component];
residue = residue - component;

By generating the Hilbert analytical signal, and from it the instantaneous amplitude and frequency, the Hilbert spectrum is computed with the following pseu44

docode. For mathematical details of these operations, see chapter 6. The implementation of Hilbert transform itself is considered to be out of scope for this text.
for imf in imfs
analytic = hilbert(imf)
phase = unwrap(angle(analytic))
amplitude = abs(analytic)
frequency = sampling_frequency/(2*pi) * derivate(phase)
amplitudes = [amplitudes;amplitude]
frequencies = [frequencies;frequency]
spectrum = zeros
for i = from 1 to number of frequencies
for j = from 1 to length of signal
spectrum(frequencies(i, j), j) = amplitudes(i, j)
The amplitudes, phases and frequencies of each IMF can be plotted to visualize
the time-frequency development of the signal. The spectrum here is not logarithmic
and gets inaccurate with low frequencies f < 1.0. This spectrum matrix can be used
for feature extraction and other analysis.

7.2

HHT on averaged trials

The methods presented earlier can be combined for experimental use with ease. A
simple way to produce the Hilbert spectrum is to average all the trials of an experiment and apply EMD and Hilbert transform to it [9].
The procedure is as follows:
1. Remove bad trials, 5% removed.
2. Average the trials to gain one signal for each channel.
3. Use EMD to extract the IMFs.
4. Use Hilbert transform to create Hilbert spectrum.
At first some bad trials are removed. Noisy recordings are one of the most common reasons for removal. Equipment malfunctions, electrodes etc. can cause such
problems. Sometimes the electrodes are not in contact with the scalp and the signal
is zeroed. Artefacts with high amplitude should also be disregarded since they contain information irrelevant to the MMN research. Eye blinking is the most promi45

nent cause of such artifacts. All these phenomena are not related to MMN and have
external causes. Because of this they should be removed.
With the acquired Hilbert spectrum different spectral and statistical analyses
may be performed.

7.3

Concatenated trial based HHT

Another variation connects the single trials as one long signal that facilitates the
extraction of different modes [10].
1. Remove bad trials, 5% removed.
2. Connect the trials to a continuous long signal.
3. Use EMD on this long signal to obtain IMFs.
4. Disconnect IMFs to get IMF based trials.
5. Average these IMF based trials.
6. Use Hilbert transform on these IMFs to create Hilbert spectrum.
Concatenation is useful because EMD generates more IMFs with a longer signal. Whether the concatenated trace is meaningful is debatable since the different
trials are not next to each other in the original signal. However, because each trial
has roughly the same overall components, EMD might be able to extract the recurrent oscillations better. However, this is one of the reasons averaging itself is not
necessarily suited for ERP extraction.
Concatenating emphasizes the cyclic nature of the repeating trials. It does not,
however, present any physical time series and is just an artificial construct. Concatenation has been used with independent component analysis (ICA) procedure
and could be useful with HHT also [25, 27].
Another variation of this technique would be to specifically choose the IMFs for
later inspection. The problem here is that it is not easy to judge which IMFs represent
the desired components even if the component is present in the current set of IMFs.
Averaging IMFs is also possible but problems remain the same. The matching IMFs
need to be matched.

7.4

Processing the Hilbert spectrum

It is possible to post-process Hilbert spectrum for different purposes. Two-dimensional
smoothing may be used to produce figures for visual inspection and evaluation.
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Consequently, the time-frequency distribution appears wider and covers more area
than the sparse original distribution which might almost resemble plotted lines [21].
There are several possible ways to present the spectrum. In addition to the colored maps, simply presenting the frequencies as functions of time gives a meaningful presentation of the frequency changes over time without the intensity information. Smoothing the colormap gives more qualitative results that can be used for
initial visual investigation. In any case, the change of frequency over time can be
observed easily.

7.5

Support-to-absence ratio

Support-to-absence ratio (SAR) is a feature extracted from the time-frequency presentation of a signal presented by Cong et al. It can qualify the trace initially and
detect whether the trace contains any ERP-like components [7]. The method has
been used with Hilbert spectrum to detect high-amplitude oscillations with certain
frequency [8, 9].
After obtaining the Hilbert spectrum it is desirable to detect whether there is
activity at a certain time at certain frequencies. To achieve this, a measurable index
should be calculated. Support-to-absence ratio is in a manner modelled after signalto-noise ratio. It is a way to measure the intensity of a certain frequency in a certain
time window from time-frequency representation.
Prior to calculating SAR there is a need to know where the response is because
the time-frequency energy of the whole signal is compared with that of the specified
window. This locating must be done according to the theoretical expectations of the
experiment. Locating the response is one of the main problems but if the frequency
range is known, the time frame can be found.
After the time-frequency analysis with HHT, a data matrix with time and frequency dimensions is generated. This matrix has the time, frequency and amplitude information of the EEG signal. The time range where event-related potential
appears is called support, rest is called absence [8, 39].
From the Hilbert spectrum (such as in figure 6.3) information on the mismatch
negativity event-related potentials can be extracted. To represent the ERP with one
dimension, the support-to-absence ratio (SAR) must be calculated according to the
equation 7.3 [8].
The idea of SAR is to combine the marginal spectrum and energy density level
calculations (see section 6.5). It provides only one test statistic for a signal so that
multiple signals can be compared in population analysis.
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The support is calculated as
T FS =

FH X
T2
1 X
|H(f, t)|,
TS f =F t=T
L

(7.1)

1

where TS is the length of the support interval, FL and FH the limits of the frequency
range, T1 and T2 the limits of the support interval and H the Hilbert spectrum. This
support measures how much energy is concentrated in the relevant frequencies to
the time window of MMN.
Then the absence is obtained by
" T
#
FH
T2
X
X
X
1
|H(f, t)| −
T FA =
|H(f, t)| ,
T − TS f =F t=1
t=T

(7.2)

1

L

where T is the length of the whole trial. The energies concentrated in the time window are subtracted from the energy density of the whole signal. Then the average
energy in the frequency range outside the time window is calculated.
Finally, the support-to-absence ratio itself is obtained with equation 7.3. It compares support and absence so that the possible prevalence of high-energy activity in
the time window T1 − T2 is revealed.

SAR = 20 log10

T FS
T FA


(7.3)

After obtaining the SAR it is easy to apply statistical analysis to it. The statistical
characteristics of an MMN occurrence and its intensity can be measured.
SAR contains information from both time and frequency domains. Furthermore,
it is a single metrics to measure the prevalence of MMN and thus contains more
information than the more traditional peak amplitude that only gives information
from the time domain.

7.6

Analysis of variance

There must be some way to measure if there truly is statistical difference between
recording channels, different experiment situations and different subject groups. Ultimately this gives some information if certain things affect different aspects of the
EEG response of the subjects.
Analysis of variance (ANOVA) is similar to the t-test used in statistics. ANOVA
compares multiple factors against a variable. Then it determines if there is any real
difference between changing levels of the factors. At first, a null hypothesis is made
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to assume that the said factors do not have effect on the value of the variable. Then
ANOVA might disprove this hypothesis and show that this difference exists.
The factors are changed in each experimental situation. The factors can be within
subjects (like recording channel or experiment situation) or between subjects (like
grouping or sex). Factors are set to different levels during the experiment. Factors
that are between subjects group the data because an individual subject can only belong to one level of that factor. Within-subject factors can be things that are thought
to affect the response. Every subject has every level of them.
The variable, or response, is usually some value that is measured every time a
level of a factor is changed. If there are many variables multivariate analysis of
variance (MANOVA) can be conducted. In an EEG experiment different features
extracted from the recordings can be used as variables. Then ANOVA can be used
for each of these values.
In conclusion, variable is the value whose behavior with regard to the factors is
observed. ANOVA tries to answer to the question "How does the variable statistically change when the factor is changed?"
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8 HHT on MMN of children
The experimental part of this thesis focuses on the use of Hilbert-Huang transform
on mismatch negativity of children. The goal of this experiment was to evaluate
and validate the use of HHT for time-frequency analysis and the use of SAR for
MMN occurrence measurement. The experiment also produced information about
the differences among the children.
It was expected that the Hilbert-Huang transform would produce more accurate
presentation of frequency changes over time and would reveal the same information
as the traditional methods while conforming to the neuropsychological theory.
Results of HHT being applied to MMN of children have been published [8, 9].
The later publication includes some of the observations presented in this study. In
addition, there are some results on concatenated method.

8.1

Subjects

The volunteer participants were gathered from a local school, a local clinic for learning disabilities and Minimal Brain Dysfunction Association. They took part in a test
to assure that their IQ scores were within the normal range and had their literary
skills measured. The parents and teachers estimated possible attentional, emotional
and conduct problems. Some of the children had to be excluded for various reasons
leaving the amount of subjects to 102 [22].
The participants consisted of these 102 children aged 8-16 years with normal
hearing. The MMN responses to repeated stimuli of these children were recorded.
In our research four of these subjects were excluded due to data problems, mainly
noise. Thus, the total amount of subjects was 98 [22].
Three groups were formed to study the effects of reading disability and attention deficit on MMN. The reading-disabled group consisted of 16 children (11 boys,
5 girls) with mean age of 12 years 2 months. The attention deficit group had 16 children (15 boys, 1 girl) with mean age of 11 years. The rest 66 subjects were in the
control group (41 boys, 25 girls) with mean age of 11 years 11 months [24, 9]. This
information is presented in table 8.1.
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Group Number
RD
16
ADHD
16
Control
66

Boys
11
15
41

Girls
5
1
25

Min age
8y8m
9y2m
8y2m

Mean age
12y2m
11y0m
11y11m

Max age
14y2m
13y5m
16y9m

Table 8.1: Subjects were divided into three groups

8.2

Recording

EEG data were recorded using Brain Atlas Amplifier (Bio-Logic, Chicago, USA) with
a gain of 50K. The sampling frequency was 200Hz and the signal was preprocessed
with an analog bandpass filter of 0.1 − 200Hz. The data were converted to digital form with Tecmar’s Labmaster 12-bit AD-converter with 16 channels and with
DSAMP software. During the recording session impedances were always under
10kΩ and usually under 5kΩ [24].
Electro-Cap International 20-electrode cap was used to monitor nine channels,
which are presented in figure 8.1. The cap featured silver/silver-chloride electrodes
filled with Electro-Gel. These positions are the same as with the standard 10-20
positioning. The channels included frontal (F3, Fz, F4), central (C3, Cz, C4), parietal
(Pz) and mastoid (M1, M2). All the channels were referred to the tip of the nose.
[24].
In order to detect trials affected by blinking artifacts Neuroline (Type 725-01K) disposable silver/silver chloride electrodes filled with Electro-Gel were used on
upper corner of the left eye (G1) and lower corner of the right eye (G2). Similar
electrodes were also used to record the mastoid channels. [24].

8.3

Experiment situation

The children participated in an oddball paradigm experiment. The idea of using
oddball experiment to elicit MMN was introduced by Pihko et al. [44]. The oddball
test situation was part of a longer experiment series that lasted 3–4 hours for each
children. Before the MMN measurement the electrodes were placed and heart rate
baseline was measured [22].
During the experiment the children listened to a sound consisting of standard
stimuli and deviant tones. The sound included alternating 100ms standard stimulus
segments of 600Hz and 800Hz tones. The tone was a sine wave that changed to
the other frequency without interruption and without amplitude change. However,
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F3
M1

Fz
Cz

C3

F4
C4

M2

Pz

Figure 8.1: Nine channels were recorded, including F3, Fz, F4, C3, Cz, C4, Pz and
M1, M2.
some of the 600Hz tones (15%) were of different length. Of these deviant tones half
were 30ms long and the other half 50ms long. Between the deviants at least three
standard stimuli (600Hz-800Hz pair) were given. A schematic of the procedure is
given in figure 8.2. During the experiment session 350 of each of the two deviant
tones were presented. In total the children were subject to 700 trials [22].
deviant stimulus (50 ms or 30 ms)
800 Hz
600 Hz 100 ms
100 ms

standard sweep

deviant sweep

time window (50-200 ms from the oﬀset
of the deviant stimulus) for amplitude
and latency analyses

Figure 8.2: Experiment oddball paradigm. The 100ms long 600Hz and 800Hz tones
alternate. The deviant 600Hz tone is shorter and causes the MMN response. Figure
adapted from Kalyakin et al. [24].
The sounds were presented binaurally through stereo headphones at 65dB volume. The children were seated and they watched a silent film for 15 minutes. The
film featured subtitles and the children would have to read while watching it. They
were instructed to sit still and disregard the sounds so that it was not their main
focus. By distracting the participants from the auditory part of the experiment the
elicited MMN would be more probably non-conscious and automatic process [22].
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8.4

Earlier research

This data set has been studied because it provides a possibility to detect differences
in different groups of children and is suitable for method comparison. The validation of traditional methods for MMN extraction is one potential area of research.
This kind of nonlinear and nonstationary data collection is also suitable for testing new nonlinear methods. Neuropsychological research benefits from method
research since recording times can be shortened and MMN extraction will be more
accurate.
Huttunen et al. found difference in the lateralization of the MMN peak amplitude between control and RD groups. In RD group the response was more negative
on the left side of the head. No other significant difference was found between the
groups (control, RD, ADHD) [22]. Huttunen et al. regrouped the data into four
groups which included control, RD, ADHD and a group of children with both RD
and ADHD. With difference wave method they found out that "the MMNs were diminished in the right hemisphere in the RD group, in all frontal and central channels
in the RD+AD group, and the MMN peaks appeared earlier in frontal channels in
the AD group" [23].
Different EEG signal processing methods have been used to extract MMN from
ERP these traces. Kalyakin et al. compared the difference wave (DW) and optimal
digital filtering techniques (ODF). They could not separate MMN with difference
wave method but optimal digital filtering improved signal-to-noise ratio and revealed the MMN more clearly. The optimal extraction frequency range was found
to be 2 − 8.5Hz [24]. Kalyakin et al. compared independent component analysis
(ICA) with difference wave method and discovered that ICA extracts MMN more
cleanly. With improved SNR they suggested that recording sessions could be shortened [25].
Kalyakin et al. also compared difference wave, optimal digital filtering and ICA
assessing that ODF and ICA provide better signal-to-noise ratio than DW [26]. The
same comparison of these three methods was also conducted with adult subjects
[27].
Cong et al. tested ERP qualification by SAR using the same data set and argued
that it can qualify the raw trace, tell whether artifacts have been cancelled and find
ERP-like components in ICA [7]. Cong et al. decomposed and analyzed the data
with EMD. EMD cancels the overlapping ERPs in both time and frequency domain.
In this data set EMD outperformed averaging and ODF. The use of SAR instead
peak amplitude was also verified [8].
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8.5

Data analysis

Initially 102 subjects were to be used in this study. However, four of the recordings were rejected mainly because of noise. Ultimately the data that was analyzed
comprised of 98 subjects, 9 channels for each subject, 130 samples for each channel
and each subject was tested under two different deviant tones, 50ms and 30ms. The
unwanted high frequency oscillations were already filtered with 30Hz analog bandpass filter in the recording phase. The deviant sweeps beginning after the offset of
the deviant tone and lasting for 650ms were used. The trials were averaged so that
each subject had only one trace for each channel. The first 300ms of the averaged
trace was used for baseline removal.
Each trace was decomposed with EMD. The EMD algorithm used solely the standard deviation stopping condition as originally presented by Huang et al., using the
standard deviation limit 0.3 [18]. Before using the method the signal was elongated
in the ends so that it started and ended at zero level. Each trace produced several
IMFs each of which were Hilbert transformed. The Hilbert spectrum was then calculated for each subject incorporating all the IMFs of that subject. All in all, a Hilbert
spectrum of nine channels for each of the 98 children was calculated.
The SAR value for each subject on each channel was calculated from the Hilbert
spectra. These values were averaged over channels. In an oddball experiment different deviant tones cause different time windows for the MMN so this needed to be
taken into account. The optimal frequency range, 2−8.5Hz, determined by Kalyakin
et al. was used [24]. As the data was gathered with a sampling frequency of 200Hz,
the overall length of each trial was 130 samples (650ms). For the 50ms deviant tone
recordings the starting sample was T1 = 80, end sample T2 = 110 and thus the window length TS = 30. The respective numbers for the 30ms deviant tone recordings
were T1 = 96, T2 = 106 and TS = 10.
For statistical analysis, repeated measures of ANOVA was performed for the
SAR values using the general linear model (GLM).

8.6

Results

The aim of our experiment was to test if Hilbert-Huang transform is suitable for
detecting mismatch negativity. The feasibility of it was tested by comparing the
results with more traditional method, the Morlet wavelet decomposition. The form
of the resulting time-frequency distribution was also under inspection. Another
motive was to reveal some undetected statistically significant features when using
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SAR of reading-disabled and attention deficit children.
The earlier application of HHT on time series data to natural phenomena encouraged to use it to MMN detection [35, 36, 34]. The highly nonlinear and nonstationary features of EEG signal require a similarly nonlinear method to separate
the oscillations and construct a sharp time-frequency representation.
The parts specific to MMN were selected for analysis. The grand average over all
the subjects and trials at Fz channel was used, because the MMN peak amplitude is
largest at the Fz channel. The EMD algorithm generated five IMFs for this average
[9].
The SAR results from the Hilbert spectrum were statistically tested under the
two deviant tones (50ms and 30ms). ANOVA with general linear model was used,
where deviant tone was the independent variable (two levels) and SAR value the
dependent response variable. It gave F (1, 97) = 8.87, p < 0.004, which means that
the difference between the deviant tones was significant. In corresponding SAR
values from Morlet wavelet the statistical analysis gave F (1, 97) = 3.37, p < 0.074
[9].
HHT revealed more evidently the MMN change of magnitude under different
deviant tones. Under the 30ms deviant tone the averaged SAR of all subjects was
7.28 times the SAR of all subjects under 50ms deviant tone. The corresponding number when using Morlet wavelet transform was 1.03 [9].
In addition, the SAR of three groups (RD, ADHD, control) were compared using the concatenated method. ANOVA statistical analysis was conducted using the
deviant tone as variable. SAR calculated from HHT gave F (1, 65) = 0.78, p = 0.38
for control group, F (1, 15) = 20.01, p < 0.00 for RD group and F (1, 15) = 2.28,
p = 1.15 for ADHD group. With control and ADHD groups the SAR between
50ms and 30ms deviant tone was not significant. However, RD children had significant difference between the two deviant tone. In addition, RD children had larger
SAR under 30ms. For the three groups the SAR of Morlet wavelet spectrum were
F (1, 65) = 0.76, p = 0.39 for control group, F (1, 15) = 4.45, p = 0.05 for RD group
and F (1, 15) = 0.66, p = 0.45 for ADHD group [10].

8.7

Discussion

The suitability of Hilbert-Huang transform for MMN detection was proven in this
research. It has been applied to ERP type phenomena earlier [36]. The extraction
of MMN oscillation from the signal was possible, since one IMF usually contained
a high-amplitude peak within the time window. Time-frequency presentation en55

ables the tracking of MMN in both frequency and time domain. This means that the
frequency changes over time can be followed and sudden MMN-like changes can
be observed more easily.
HHT seems to be very feasible for extracting MMN from EEG signal with overlapping electrical activity. The HHT method was shown to be more accurate with
SAR than with the more traditional wavelet method. HHT reveals larger SAR with
more deviant stimulus (30ms), which was not seen from the wavelet SAR values.
This corresponds to the theoretical expectation of larger MMN peak when stimulus
deviation is increased [40, pp. 148–175]. Thus, the method actually detected the
phenomena as predicted by theory.
The development of a HHT application with high level, well-established signal
processing tools is possible. However, this process had its challenges. Fortunately,
others have already solved similar problems. Kizhner et al. have given an overview
on constructing a Hilbert-Huang data processing system. They also treat the many
theoretical background problems [29]. Even though these problems are real in the
formal mathematical sense and in some real world cases, our findings are that EMD
can be applied to EEG problems.
In other words, one of the most severe disadvantages of HHT is that that the
method is not mathematically proven. In practice this seems not to be a problem because HHT often produces physically meaningful results. Furthermore, the
same problems affect HHT that affect other similar transforms. Huang even calls
the method a "superior tool for time-frequency analysis" because it empirically performs so well [21].
The implementation of HHT analysis system revealed some of the known problems [21, 29]. While the method is praised for its lack of parameters [47], some very
parameter-like choices have to be made before applying the method to data. The
optimal parameter selection is a problem that needs to be solved in the future. This
task requires deeper understanding of the analytic nature of HHT. In the following,
some of these parameter-like properties are discussed.
Some have tried to improve the accuracy of EMD. One of the problematic parts
is the construction of the envelopes [31]. Kopsinis and McLaughlin suggested that
the extrema of the subsignal having the higher instantaneous frequency should be
used as interpolation points instead of the plain extrema of the signal. They found
out that under these circumstances the EMD process selects more in number and
more precise interpolation points [32]. The accuracy of decomposition would help
to extract the true underlying components. With inaccurate EMD the modes are
mixed or extracted haphazardly which leads to inaccurate time-frequency presen56

tation and ultimately to false conclusions. However, it is difficult to measure the
accuracy when system input is not known, only the output in the form of brain
electricity.
Most of the time our implementation of EMD produced fewer IMFs than expected. The averaged trials produced 4–6 IMFs depending on the parameters. One
reason could be that the data was only 130 samples long. Traditionally EMD has
been used on much longer recordings and with greater sampling frequency [18].
Because EMD is used on discrete-time signals over-sampling is needed for correct
identification of extrema [45]. This lead to different approaches in implementation
of the algorithm, for example concatenating the trials. This might suggest that EMD
is not optimal for signals with very short time span and that some alterations to
the algorithm could be done for such data, for example the sifting condition. Xu
et al. have introduced a novel method for signals with low sampling rate [54]. Despite this problem, our final IMFs were numerous enough to separate the interesting
oscillation.
The number of IMFs itself could be a measurable feature. Each IMF is believed
to represent an oscillation related to brain activity. The difference in the number
of the IMFs between different channels may suggest that the recorded activity is
different in different parts of the brain. Specifically, the number of produced IMFs
might reveal the complexity of underlying processes. The small amount of IMFs
might also reflect the fact that the signals do not contain many oscillations.
The implemented algorithm lacked the more advanced features developed lately
[21, 32, 45, 54]. Instead, the standard algorithm with zero-padding at the ends was
used. While setting the standard deviation limit of sifting to a very low value results
in more IMFs, the oscillations are suppressed so that the SAR results become more
difficult to interpret. Over-sifting can be avoided by setting the limit to a higher
value, but this value is determined arbitrarily. Some method for determining this
beforehand would be beneficial. Huang et al. presented a confidence limit to estimate the correctness of the IMFs obtained [20].
Getting the stopping condition right is quite crucial, for example in our data
some conditions caused the algorithm to halt at few trials whereas with other condition some other trials caused halting. One such infinite loop phenomenon was the
rapid changing movement of the signal near the ends between consecutive components. This was avoided to some extent by extending the signal with zeros at the
ends. The ends of the signal tended to become unstable so that high-amplitude oscillations not present in the original signal appeared. This was the case especially
with the IMFs generated later in the process. The problem has been observed and
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earlier solutions exist [18, 21].
The sifting process presented also some challenges. Smaller deviation limit in
the algorithm tended to produce more IMFs. Explanation for this is that the sifting
process is applied more often and the data is decomposed with greater accuracy.
Too small values lost some of the information because modes with similar frequencies were mixed or two IMFs completely merged. Limiting maximum iterations or
using the definition of IMF numerically were also tried as sifting conditions. The
best method was to simply let the sifting condition only depend on deviation and
consequently more clear MMN peak band was seen in the Hilbert spectrum.
The Hilbert spectrum had a much sharper and precise look than the Morlet
wavelet spectrum [9]. While the Morlet wavelet might reveal the main concentrations of energy, it is not very precise. The energy leakage with wavelet transform is
very evident. Whereas the frequency of wavelet transform is gained through convolution over the signal, the HHT defines the frequency as differentiation of adjacent
time samples [21]. In the traditional methods the whole signal affects the frequency
at a certain time but with HHT, the instantaneous frequency is only dependent of
the information gained from adjacent samples.
In this experiment the averaged signals were decomposed. The problems with
averaging were discussed in section 2.6. Applying EMD to single trial traces could
give even better results. Because EMD is capable of extracting the noisy high frequencies and overlapping ERPs it could be a better alternative. Then single IMFs
could possibly be identified as MMNs.
The SAR algorithm gave very low values, especially when compared to the SAR
values of wavelet transform. The sparse nature of Hilbert spectrum produced by
HHT is a contributing factor here. Most of the spectrum field is at zero amplitude so
SAR doesn’t collect as much energy than the corresponding wavelet spectrum. The
implementation of SAR algorithm was straightforward, including summing over
the Hilbert spectrum and taking logarithm. Some of the support ratios were too
small to be recognized as nonzero by the numerical calculations. This led to a problem with the logarithm because log(0) → −∞. As a solution in these cases, the SAR
was set to a very low value, below the minimum of the other values.
The number of subjects in different groups might pose a problem. Normal ANOVA
requires the use of balanced groups. However, in this study the number of subjects varied between the groups (66 control, 16 RD, 16 ADHD). Using general linear
model ANOVA for unbalanced designs is acceptable but the setting is still dubious because of the overwhelming amount of control subjects. This problem can be
avoided by regrouping the subjects to equally-sized groups. The normal ANOVA
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method is usable with such groups.
Our data was gathered under oddball paradigm experiment. Such ERP data
should contain responses to the repeated stimuli and the deviant stimulus. In addition other irrelevant ERPs and background noise is also mixed to the signal. Because
some overlapping ERPs might be present the signal could be contaminated by them.
HHT is suitable for detecting these unwanted ERPs [9].
HHT reveals that larger duration deviant (50ms) produces larger SAR for MMN.
Theoretically it is expected that larger deviants elicit bigger peak amplitudes and
shorter peak latencies. Because SAR is computed from Hilbert spectrum it contains
information from both time and frequency domains. Peak amplitude and latency
have only time domain information [9].
With concatenated trial analysis, only the reading-disabled children had different SAR between the two deviations. The control and ADHD group did not show
such difference. This emphasises the speciality of MMN in the RD group and that
these children might be more sensitive to different deviations. Moreover, the RD
children had smaller SAR than control children under 50ms deviation [10]. Same
kind of difference with peak amplitude was found by Huttunen et al. [23]. These
findings complement each other and validate that RD children generate smaller
MMN [10].
It is feasible to use nonlinear methods to signals generated by nonlinear systems,
like the brain. HHT is suitable for EEG research but more case studies and method
validation is needed. The optimal parameters and changes to EMD method should
be studied in more detail. Future work also remains in proving the mathematical
validity of EMD-based methods.
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9 Conclusion
This Master’s thesis has introduced the Hilbert-Huang transform and its application
to the mismatch negativity of children. It suggests that this new nonlinear method
should be used for time-frequency analysis when detecting and qualifying MMN
response. Comparison to traditional methods was made and the performance of
HHT against Morlet wavelet was evaluated.
Traditionally EEG signals have been analyzed by averaging, Fourier-based filtering and wavelet transforms. These methods are not suitable for analysis of most
natural data because they are linear. EEG signals are nonlinear, nonstationary and
noisy which renders traditional analysis suspicious, and it is not correct to use linear methods on such data distorting the results and creating undesirable side effects
that have no physical meaning. These concerns led this research to use HHT.
The purpose of this study was to evaluate the eligibility of Hilbert-Huang transform for EEG analysis and to gain more knowledge about mismatch negativity of
children under oddball paradigm experiment. The EEG of children aged 8–16 years
was measured while they listened to a changing sound. Some of the changes were
of deviant length. The goal was to find a special event-related potential named mismatch negativity (MMN), which is elicited during such deviant sound. Since the
application of HHT to MMN of children was a novel idea, the use of this method
itself for MMN study was also a predefined object. More accurate time-frequency
methods for MMN detection could help qualification of patient condition and possibly make clinical tests shorter in time.
The results show that HHT produces a much cleaner, sharper and sparser timefrequency presentation. Compared to the Morlet wavelet this new time-frequency
method conforms better to the theoretical neuropsychological expectations by revealing the larger MMN SAR value with more deviant sound. The use of HHT
for MMN was validated. This nonlinear time-frequency tool was found to be more
accurate and sensitive compared to the linear wavelet method. Because there is
nothing MMN-specific in the HHT method, it could be used for other ERPs also.
Furthermore, the methods are adaptable to a wide variety of data collected from
nonlinear systems, for example the human body and different industrial systems.
Altogether, the novelty of this method leaves room for exploration and deeper understanding of its performance.
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Abstract
Background: Compared to the waveform or spectrum analysis of event-related potentials (ERPs),
time-frequency representation (TFR) has the advantage of revealing the ERPs time and frequency
domain information simultaneously. As the human brain could be modeled as a complicated
nonlinear system, it is interesting from the view of psychological knowledge to study the
performance of the nonlinear and linear time-frequency representation methods for ERP research.
In this study Hilbert-Huang transformation (HHT) and Morlet wavelet transformation (MWT)
were performed on mismatch negativity (MMN) of children. Participants were 102 children aged
8–16 years. MMN was elicited in a passive oddball paradigm with duration deviants. The stimuli
consisted of an uninterrupted sound including two alternating 100 ms tones (600 and 800 Hz) with
infrequent 50 ms or 30 ms 600 Hz deviant tones. In theory larger deviant should elicit larger MMN.
This theoretical expectation is used as a criterion to test two TFR methods in this study. For
statistical analysis MMN support to absence ratio (SAR) could be utilized to qualify TFR of MMN.
Results: Compared to MWT, the TFR of MMN with HHT was much sharper, sparser, and clearer.
Statistically, SAR showed significant difference between the MMNs elicited by two deviants with
HHT but not with MWT, and the larger deviant elicited MMN with larger SAR.
Conclusion: Support to absence ratio of Hilbert-Huang Transformation on mismatch negativity
meets the theoretical expectations, i.e., the more deviant stimulus elicits larger MMN. However,
Morlet wavelet transformation does not reveal that. Thus, HHT seems more appropriate in
analyzing event-related potentials in the time-frequency domain. HHT appears to evaluate ERPs
more accurately and provide theoretically valid information of the brain responses.

Background
With the accumulation of knowledge concerning functioning of human brains, it has been found that millions
of neurons self-organize into transient networks that synchronize in time and space to produce a mixture of short

bursts of oscillations. These periodic vibrations can be
observed and detected in the electroencephalogram
(EEG) [1-3]. Event-related potentials (ERPs) are voltage
fluctuations that are associated in time with some physical
or mental occurrence. These potentials can be recorded
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from the human scalp and extracted from the ongoing
EEG by means of filtering and averaging [4]. This article
devoted to the study of an ERP through the averaged trace.
We take mismatch negativity (MMN) as the example in
this study. MMN is such a kind of negative ERPs, and it
could be interpreted as the 'memory-mismatch' in [5] and
'regularity violation' in [6]. For example, MMN can be
automatically elicited by the deviant stimulus in an oddball paradigm, in which the deviant stimulus occurs
among repetitive and homogeneous stimuli. Hence, EEG
recordings indeed are the superposition of different ERPs.
If each ERP was regarded as an oscillatory phenomenon
recordings would be considered as mixture of different
oscillatory phenomena. MMN peaks about 150–200 ms
after deviant onset with amplitude of peaks around -3 μV
[1]. Compared to EEG MMN is very small, and to extract
MMN efficiently is critical in MMN study.
In order to evaluate the MMN-like oscillatory phenomenon from the ongoing EEG the averaging based difference
wave (DW) [5], optimal digital filtering (ODF) [7] and
wavelet decomposition [8] have been extensively used.
Averaging over trials is a very popular algorithm to
improve the signal to noise ratio. It assumes that in different trials the desired target signal is invariant, no artifacts
are produced, and noises follow Gaussian distribution
[9]. Under such assumptions the signal to noise ratio
could be improved by an amount proportional to the
square root of the number of trials [10]. In an oddball paradigm to elicit MMN DW is computed by subtracting the
deviant sweep from the standard sweep (in Figure 1). In
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theory averaging removes the common exogenous processes from the standard and deviant sweeps. However,
these assumptions do sometimes conflict with the reality.
In addition to MMN, spontaneous ERPs can be generated
and they may show in either the standard or deviant
sweeps, which can produce noise when DW is subtracted
[7]. Moreover, noises may not always follow Gaussian distributions. Hence, the performance of averaging can
degenerate. Consequently, more data processing to the
averaged trace is necessary. Band-pass digital filtering is an
easily implemented method and can delete the frequency
components out of a set frequency band. However, when
ERPs overlap in the frequency domain such filters can not
separate the overlapping components. Another problem
is that the frequency resolution needs longer time series.
This requirement can not be met when the desired ERP is
transient. Wavelet filter [11] was developed to resolve this
problem and has become very popular in many disciplines since the end of 1980s. It is very useful in analysing
data with gradual frequency changes. Since wavelet transformation has an analytic form, it has attracted extensive
attention of the applied mathematicians. Although wavelet filtering is versatile the disadvantage is that wavelet filter is not an adaptive method. The selection of the wavelet
is too vital to make the method strict.
In addition to the drawbacks of these methods mentioned
above they are directed either towards linear or stationary
data or they assume deterministic processes. However,
most actual data are nonlinear, nonstationary, and stochastic. In biomedical engineering, Klonowski [12] has

Figure 1 of the MMN eliciting experimental paradigm
Illustration
Illustration of the MMN eliciting experimental paradigm.
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declared that many biomedical researchers are 'infected
with HLV – "Human Linearity Virus"'. They 'think linearly' and ignore the facts that human body and particularly human brain are complex nonlinear systems. These
complex nonlinear systems generate non-stationary nonlinear signals and appropriate analysis of such signals
does need new nonlinear methods.
Hilbert-Huang Transformation (HHT) is such a new adaptive method for analyzing nonlinear and nonstationary
data. It was first defined by Huang and colleagues [13] in
1998. After its invention, HHT has been applied in many
disciplines, such as analysis and correction of satellite
data, data fusion from multi-sensors, speech analysis and
speaker identification, machine health monitoring; biological, and physiological signals analysis, and so on [14].
HHT consists of two parts: (1) the empirical mode decomposition (EMD), and (2) the Hilbert spectral analysis. The
key part of the method is the first step, the EMD, with
which any complicated data set can be decomposed into
a finite and often small number of intrinsic mode functions (IMF). An IMF is defined here as any function having
the same number of zero-crossing and extrema, and also
having symmetric envelopes defined by the local maxima,
and minima. EMD is an adaptive method to identify the
intrinsic oscillatory modes by the characteristic time scales
in the data empirically, and to decompose the data
accordingly. This decomposition is according to the
straightforward extraction from the signal energy based
on the various intrinsic time scales, and this technique
adaptively decomposes non-stationary signals into a set of
intrinsic time scales. In contrast to the previously discussed methods EMD is intuitive, direct, a posterior and
adaptive, with the basis of the decomposition derived
from the data. EMD has already been applied in the biomedical engineering [15-18].
In HHT the frequency defined as a function of time by differentiation rather than convolution analysis, and HHT is
a more precise time-frequency representation method of
signal than with "Fourier-type" methods [14]. Moreover,
HHT does not impose a prior assumptions on the data as
in Fourier methods (i.e., assumptions of linear and stationary data). Furthermore, EMD method is adaptive and
therefore highly efficient. Since the decomposition is
based on the local characteristic time scale of the data it is
applicable to non-linear and non-stationary processes.
With the Hilbert transform IMFs yield frequencies as functions of time that give sharp identifications of imbedded
structures. Since MMN is a transient signal in the present
study, HHT is applied to represent the time-frequency
information of MMN. To reveal the effectiveness of HHT
the popular Morlet wavelet transformation (MWT) [11] is
also performed on the MMN, and the results of HHT and
MWT are compared. MWT is a linear time-frequency rep-
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resentation procedure and applies the appropriate wavelet
to decompose the signal into different levels and finds the
proper levels to reconstruct the desired signal. MWT has
advantages over traditional Fourier transforms in representing functions that have discontinuities and sharp
peaks and for accurately decomposing and reconstructing
finite, non-periodic, and non-stationary signals. However,
MWT is not an adaptive method. If the wavelet model
does not meet the signal, MWT may mislead the time-frequency representation of the signal. As MWT is a very popular method since 1990s it is not further described in this
study. Please, see [11] for details.

Method
Experimental design and recordings
The same dataset as in [7] was utilized. Since the experiment has been described in detail elsewhere [7], only a
brief introduction is provided in this article. The participants of MMN experiment were 102 children aged 8–16
years with normal hearing. Four of these participants were
excluded due to data problem (mainly noisy). Thus, the
total amount of participants included in analyses of this
article was 98. The group of children with reading disability (RD) group consisted of 16 participants with mean age
of 12 years and 2 months. The group of children with
attention deficit (AD) included 16 participants with mean
age of 11 years. The control group was formed of 66 participants with the mean age of 11 years and 11 months.
The participants listened to alternating sound tones of
600 Hz and 800 Hz. The sound was continuous without
pauses. Each repeated standard tone lasted 100 ms,
whereas the deviant tones were either 50 ms or 30 ms in
duration. Each deviant tone appeared in 7.5% of the trials.
At least six repetitions of the standard 100 ms tones were
presented between the otherwise randomly placed deviant tones [7]. The children listened to the stimulus sounds
through earphones with an intensity of 65 dB. While listening participants watched a silent movie with subtitles
and were instructed to sit still and disregard the sounds
[7].

Nine channels were recorded with Electro-Cap International cap using the standard 10–20 sites. The channels
included frontal (F3, Fz, F4), central (C3, Cz, C4) and
parietal (Pz). In addition, mastoid channels (M1, M2)
were recorded. To monitor eye movement, the upper left
corner of the left eye (G1) and the lower right corner of
the right eye (G2) were measured. Neuroline disposable
electrodes were used for mastoid and eye movement
measurements. The tip of the nose was used as the reference point for all electrodes. Impedances stayed at a level
lower than 10 kOhm and mostly under 5 kOhm. Recordings were conducted with Brain Atlas amplifier (50 K
gain) and Tecmar's Labmaster AD-converter using DSAMP
software. During the recording the sampling rate was set
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c1(t) = h1(k, t).

to 200 Hz and the signal was processed with analog bandpass of 0 – 30 Hz [7].
Data analysis
The averaged trace was computed for each participant at
each electrode for each deviant. After this the first 300 ms
of the averaged trace was utilized as the baseline. Hereinafter, the baseline of the averaged trace had been removed.
Next, HHT was performed on each averaged trace. For the
purpose of evaluating the performance of HHT MWT was
also performed on the averaged trace. The half length of
Morlet wavelet is 6. Next, the SAR was computed for the
HHT and MWT. After this, SAR was averaged over channels. Finally, the MMN SARs were examined with the general linear model (GLM) and repeated measures of
ANOVA. The variable was the SAR of the participants, and
the factor was the deviant. This was done in order to test
whether a difference would be observed between the
MMNs elicited by the two deviants under two methods
when data was treated with the two methods. Such a
model has been adopted in [7,19-22] for similar analysis
of MMN.
Hilbert-Huang transformation
Empirical mode decomposition
HHT includes EMD and Hilbert transformation. EMD
extracts the IMFs from the signal. An IMF needs to satisfy
two criteria: First, the number of extrema and the number
of zero crossings can differ by one at most. Second, the
mean of the upper and the lower envelopes must equal to
zero. These restrictions are necessary to meet the strict
conditions for calculating instantaneous frequency. A signal is decomposed into these functions with sifting. The
local maxima are connected with a cubic spline to form an
envelope, after which the same is done to the local
minima. Next, the mean of these envelopes m1 is calculated, and the first component h1(t) is obtained by subtracting the mean from the original signal through

x(t) - m1 = h1(t).

This is the IMF for further analysis, especially for calculating instantaneous frequency. The first IMF is subtracted
from the original signal to obtain the first residue,
x(t) - c1(t) = r1(t).

The process is finished when rn(t) becomes monotonic or
cn(t) or rn(t) has too small effect. After n rounds of sifting
a residue is left
rn-1(t)-cn = rn(t).

SD =

∑

T
t =0

h1 ( k −1,t ) − h1 ( k ,t )
h12 ( k −1,t )

2
< 0 .3 .

(3)

After the last subtraction the first IMF c1(t) is obtained,

(6)

rn(t) is constant or represents a trend, and it is usually disregarded in the further analysis.
As a result, the original signal can be composed by summing up the IMFs and the last residue,

x(t ) =

∑

n
i =1

c i ( t ) + rn ( t ) .

(7)

Hilbert transform
Each of the IMFs is transformed into a complex plane with
Hilbert Transform. The analytic signal zi(t) associated with
IMFs ci(t) can be obtained as below,

z i ( t ) = c i ( t ) + j ⋅ H ⎡⎣ c i ( t ) ⎤⎦ = a i ( t ) e

ai ( t ) =

,

(8)

(9-1)

c i2 ( t ) + H 2 ⎡⎣ c i ( t ) ⎤⎦ ,

(9-2)

1
P
p

∫

∞

⎛ H ⎡ ci ( t ) ⎤
⎦
q i ( t ) = arctan ⎜ ⎣
⎜ ci ( t )
⎝
where,

j⋅q i ( t )

ci ( u )
du,
−∞ t − u

H ⎡⎣ c i ( t ) ⎤⎦ =

This subtraction of the envelope mean from the component in question is repeated k times until a predefined
condition of standard deviant between consecutive components is met. For different IMFs, the subtraction may be
repeated different k times. Deviant limit is usually set
between 0.2 and 0.3 [13]. This process is described as
(2)

(5)

Consequently, another round of sifting is started using
this residue as the signal. The first sifting process has
extracted the highest frequency oscillation. The following
siftings will produce the second highest oscillation etc.

(1)

h1(k - 1, t) - m1(k) = h1(k, t),

(4)

⎞
⎟,
⎟
⎠

(9-3)

−1 = j , ai(t) and i(t) represent the instantaneous

amplitude and phase respectively. P indicates the Cauchy
principal value. The instantaneous amplitude ai(t) is the
distance of the values from the time axis in the complex
coordinate analytic signal. The instantaneous phase i(t) is
acquired from the angle in the complex plane. The IMFs
have a narrow band characteristic that is required for the
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instantaneous frequency to be meaningful. The instantaneous frequency i(t) is calculated as the derivative of the
phase,

wi ( t ) =

dq i ( t )
.
dt

(10)

Hence, at a given time t, the time-frequency analysis of
x(t) through HHT could be expressed by
F(fi, t) = |ai(t)|,

fi =

(11)

1
wi ( t ) .
2p

(12)

Support to absence ratio
After the time-frequency analysis, a data matrix with
dimensions of time by frequency is generated. In this
study, the frequency range should correspond to the spectral feature. The time range of a trace when the desired ERP
is present will be called signal's support, whereas other
parts of the trace are called signal's absence [9]. We define
the support to absence ratio (SAR) on the time-frequency
plane as below,

SAR = 20 log 10(

TFs =

TFA =

1
T −Ts

∑

1
Ts

∑ ∑

⎡
f = FL ⎢
⎣

FH

TFs
),
TF A

FH

T2

f = FL

t = T1

∑

T
t =1

(13)

F ( f ,t ) ,

F ( f ,t ) −

∑

T2
t = T1

(14)

⎤
F ( f , t ) ⎥,
⎦

(15)
where F(f, t) is the time-frequency analysis of a trial's trace,
T is the length of the trace, [FL, FH] is the ERP optimal frequency band, [T1, T2] is the time interval of the ERP. SAR
can reflect the characteristics of support signal based on its
timing and spectral features.

Results
Since the original dataset was the same as the one used in
[7], the basic MMN peak and latency results were reported
in [7], and are not discussed here. One important result
should be stated though: The children did show MMNs,
and the MMN peak amplitude was statistically larger than
the baseline [7]. This study was focused on the main effect
of SAR with HHT and MWT applied to the MMNs elicited
by the two deviants. Thus, SAR was averaged over channels. The results consisted of 98 participants by two deviants under HHT and MWT respectively.
The MMN peak amplitude was the largest at Fz channel
[5]. Thus, the grand average trace of MMN elicited by the
50 ms deviant over all participants and trials at Fz channel, its IMFs and time-frequency representation with HHT
and with MWT are demonstrated in Figure 2, Figure 3, Figure 4 and Figure 5 respectively. Five IMFs were generated
by EMD. From the first IMF to the fifth IMF, the frequency
of IMF turns lower. The MMN frequency range was set
between 2 Hz and 8.5 Hz according to [7].
The SAR of all participants was statistically tested with
HHT and MWT. The factor was the deviant type. For HHT
main effect of LEVEL: F(1,97) = 8.87, P < 0.004; For MWT
main effect of LEVEL: F(1,97) = 3.37, P < 0.074. Moreover,
for HHT the averaged SAR over all participants MMN elicited by the 30 ms deviant was 7.28 times larger than the
MMN elicited by the 50 ms deviant. With MWT this ratio
was 1.03.

Discussions
The classic ERP single-channel data-analysis methods
include averaging, digital filtering and sometimes wavelet
transformation. However, these methods are linear, and
the brain is a nonlinear system. The contribution of this
article was to present an appropriate nonlinear procedure–Hilbert Huang Transformation (HHT) to evaluate
the mismatch negativity (MMN) and to show the effec-

It should be noted that according to the equation (13), a
bigger SAR should correspond to a more evident support
signal within its time-frequency representation.
In our MMN experiment the sampling frequency was 200
Hz, and the optimal frequency band was 2–8.5 Hz [7].
Each trial lasted 650 ms. As shown in Figure 1, the MMN
time window of the 50 ms deviant started from 400 ms to
550 ms, whereas the MMN time window of the 30 ms
deviant lasted from 380 ms to 530 ms.

Figureaveraged
Grand
2
trace at Fz under 50 ms deviant
Grand averaged trace at Fz under 50 ms deviant.
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Figure
IMFs
of the
3 trace in Figure 2
IMFs of the trace in Figure 2.

tiveness of HHT with comparison to Morlet wavelet transformation (MWT).
Theoritically, in the ERP data elicited in an oddball paradigm each trial should contain response to the repeated
stimuli or deviant stimulus, other ERPs and background
noises. Figure 3 demonstrated that the original trace in
Figure 2 was decomposed into five IMFs, and each IMF
represents an oscillator.

Apparently, the third IMF is the MMN-like trace, i.e., EMD
decreases the noises. In Figure 4, HHT shows much
clearer, sharper and sparser time-frequency representation
of MMN than MWT. MWT is a linear and Fourier based
time-frequency transformation. Furthermore, the frequency is defined through convolution of the whole signal and a wavelet. However, the HHT is a nonlinear
method and the frequency is based on two adjacent samples, and this helps to separate overlapped ERPs. Particu-

Figure
HHT
on4the trace in Figure 2
HHT on the trace in Figure 2.

Figureon5 trace in Figure 2
MWT
MWT on trace in Figure 2.
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larly, the N1 and P3a will overlap MMN in some oddball
paradigms [5]. HHT would reduce contamination to
MMN by them. Thus MWT changes more gradually with
time and frequency and due to this time-frequency distribution reached with MWT is smoother and wider, while,
the representation of MMN with HHT should become
much closer to the true evaluation of the MMN timing
and frequency characteristics.
Statistical results of all participants show the larger duration deviant to elicit larger SAR with HHT. This meets the
theoretical expectations of MMN elicitation [5]: Larger
deviants should elicit MMNs with bigger peak amplitude
and shorter peak latency. In addition, the time-frequency
SAR contains both time and frequency information of
MMN, whereas MMN peak amplitude only provides the
information of MMN in the time domain.
This study is based on the average of all the trials for each
participant. MWT is a linear transformation, obeying the
rule of linear superposition. As we stated in the section of
the introduction, more trials may improve the signal to
noise ratio. As a result, to make the MWT perform the best
in our experiment paradigm, all trials have been utilized
for the averaging. However, the averaging is a linear operation, and could weaken the nonlinearity of the raw EEG
data. For example, the IMFs' number of HHT reflects the
complexity of the data series. Since the performance of
HHT should degenerate through averaging, we do not
analyze the IMFs' number in this presentation. But it will
be very interesting to study the data's complexity under
HHT on the single trial. In this current study, the shortcoming of MMN data to HHT is the limitation of the data
length. Only 130 data samples are subjected to HHT. As
the sampling frequency is 200 Hz, the frequency discrimination is too coarse. If the single trials are connected, this
limitation will be released. Hence, for the entire decomposition of the data, it is promising to study the HHT in
the analysis of the concatenated single trials of MMN.
Moreover, it is desired to use fewer trials in the clinical
study of MMN, and on the contrary, averaging based
methods require more trials for higher signal to noise
ratio. However, to the HHT on the concatenated trials,
this confliction would not exist. This is because the experiment paradigm does not change over trials and it will be
redundant to concatenate hundreds of trials together. The
requirement of such a procedure is that the concatenated
single trials could cover all key brain responses to the elicitation. This issue will be further studied in the future.

http://www.nonlinearbiomedphys.com/content/3/1/1

mation (MWT) does not produce such results. This
validates the nonlinear time-frequency representation
method, HHT, as an appropriate tool for analyzing MMN.
Compared to the linear TFR method, MWT, HHT is more
sensitive. As the application of HHT on MMN is just an
example for the study of HHT on ERPs, and there is no
special requirement to facilitate the data processing procedure, this attempt suggests that HHT would be useful to
study other ERPs.
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