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1 Introduction
This paper addresses the properties of a Sobolev-type space obtained by
means of a generalized Poincaré inequality. Unless otherwise stated, X =
(X, d, µ) is a metric measure space with µ doubling.

Recall that the classical Poincaré inequality states that the estimate

−
∫

B

|u− uB| dx ≤ CrB

(
−
∫

B

gp dx
)1/p

, (1)

where −
∫

B
v refers to 1

|B|
∫

B
v, uB = −

∫
B

u, rB is the radius of the ball B and
g = |∇u|, holds for each ball B and all functions u ∈ W 1,p(B), 1 ≤ p < ∞.
In a sense, this single inequality captures the essentials of the theory of the
�rst order Sobolev spaces W 1,p consisting of those p-integrable functions
that have a p-integrable weak gradient ∇u. Indeed, u ∈ W 1,p(Rn) if and
only if u ∈ Lp(Rn) and there is a non-negative function g ∈ Lp(Rn) so
that (1) holds. A suitable form of this statement extends to many general
settings, including those of Heisenberg groups, Rn equipped with an Ap-
weight and general doubling metric measure spaces that support a Poincaré
inequality for Lipschitz functions and their pointwise Lipschitz constants.
For all this see [14], [7], [11], and [12]. Moreover, (1) is known to yield
versions of the usual Sobolev-Poincaré and Trudinger inequalities and other
inequalities of this kind [15], [14].

∗The research is supported by the Centre of Excellence Geometric Analysis and Math-
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It is then natural to inquire if (1) could be replaced with some other,
more general inequality. Such an inequality is given by

−
∫

B

|u− uB| dµ ≤ a(τB), (2)

where τ ≥ 1 is �xed, and a : B → [0,∞) is a functional that satis�es
a certain discrete summability condition. Here B is a collection of balls
and τB(x, r) = B(x, τr). Inequalities of this type were introduced in [8]
and further studied in [21], [22], and [9]. In these papers, versions of the
Sobolev-Poincaré and Trudinger inequalities were established relying on (2),
generalizing the earlier work in [15], [14]. One of the points here is that (2)
could well hold for, say, all Lipschitz functions even if there is no usual
Poincaré inequality (1) for Lipschitz functions and their pointwise Lipschitz
constants. It seems to us that our examples in Section 6 are the �rst of this
kind.

We are then led to consider a Banach space of functions satisfying (2) and
to relate this space to some natural Sobolev space. Notice that then Sobolev-
Poincaré and Trudinger inequalities should be automatically satis�ed for the
functions in our space. To this end, let Ω ⊂ X be open, 0 ≤ α < ∞, and
0 < p ≤ ∞. Write BΩ for the collection of all balls in Ω. Denote by Aα,p

τ (Ω)
the set of all locally integrable functions u that satisfy (2) in all balls B for
which τB ⊂ Ω with a functional a of the form

a(B) = rα

(
ν(B)

µ(B)

)1/p

, (3)

where ν : B → [0,∞) satis�es
∑

i

ν(Bi) < ∞,

whenever the balls Bi ∈ BΩ are disjoint. Then u ∈ Aα,p
τ (Ω) if and only if

‖u‖Aα,p
τ (Ω) = sup

B∈Bτ (Ω)

∥∥ ∑
B∈B

(
r−α
B −

∫

B

|u− uB| dµ
)
χB

∥∥
Lp(Ω)

, (4)

where

Bτ (Ω) =
{{Bi} : balls τBi are disjoint and contained in Ω

}
,

is �nite. If p ≥ 1, the space Lp(Ω) ∩ Aα,p
τ (Ω) equipped with the norm

‖ · ‖Lp(Ω) + ‖ · ‖Aα,p
τ (Ω) becomes a Banach space. Notice that (3) is the

canonical example of a functional a considered in [8], [9], [21], and [22]. In
the borderline case α = 0, p = ∞, τ = 1 our space reduces to BMO, the
space of functions of bounded mean oscillation.
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Our substitute for the usual Sobolev class W 1,p will be given in terms of a
Sobolev space based on upper gradients (cf. [17], [27]). For the connection
with the spaces based on pointwise inequalities (cf. [10]), see Section 3
below. In the metric setting, we cannot talk about partial derivatives but
the concept of an upper gradient has turned out to be a nice substitute for
the length of the gradient. We call a Borel function g : X → [0,∞] an
upper gradient of a function u : X → R, if

|u(γ(0))− u(γ(l))| ≤
∫

γ

g ds (5)

for all recti�able curves γ : [0, l] → X. Further, g as above is called a
p-weak upper gradient if (5) holds for all curves γ except for a family of
p-modulus zero. For the de�nition of the p-modulus in metric spaces, see
[17]. This weaker de�nition is convenient for technical reasons; each p-
integrable p-weak upper gradient can be approximated from above in Lp

by upper gradients (cf. [19]). We use Sobolev space N1,p(X) that consists
of all functions in Lp(X) having a (p-weak) upper gradient that belongs to
Lp(X), see Section 2.2.

Our �rst result shows that if p > 1, then the functions in Lp(Ω)∩A1,p
τ (Ω)

have p-integrable p-weak upper gradients, and that functions in A1,1
τ (Ω)

belong to the space of functions of bounded variation as de�ned in Section
2.4 below. Denote

Bτ,r(Ω) =
{{Bi} ∈ Bτ (Ω) : rBi

≤ r for all i
}

and

‖u‖Aα,p
τ,0 (Ω) = lim

r→0
sup

B∈Bτ,r(Ω)

∥∥ ∑
B∈B

(
r−α
B −

∫

B

|u− uB| dµ
)
χB‖Lp(Ω).

1.1 Theorem. Let Ω ⊂ X be an open set.

(1) If the function u belongs to A1,1
τ (Ω), then u ∈ BV (Ω) and

‖Du‖(Ω) ≤ C(Cd, τ)‖u‖A1,1
τ,0(Ω).

(2) If p > 1 and u ∈ A1,p
τ (Ω) ∩ Lp(Ω), then a representative of u has a

p-weak upper gradient g with

‖g‖Lp(Ω) ≤ C(Cd, τ)‖u‖A1,p
τ,0(Ω).

The �rst part of Theorem 1.1 is proven by Miranda in [25, Theorem 3.8].
We added it for the sake of completeness because our proof applies for all
p ≥ 1. One way to view the second part is that A1,p

τ (Ω) ∩ Lp(Ω) is the
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subspace of N1,p(Ω) consisting of functions that satisfy an abstract form
of a Poincaré inequality (and consequently Sobolev-Poincaré and Trudinger
inequalities).

If α < β and ‖u‖Aβ,p
τ,0 (Ω) < ∞, then clearly ‖u‖Aα,p

τ,0 (Ω) = 0. Therefore we
have the following corollary.

1.2 Corollary. Let u ∈ Aα,p
τ (Ω) ∩ Lp(Ω).

(1) If p ≥ 1 and α > 1, then ‖Du‖(Ω) = 0.

(2) If p > 1 and α > 1, then the function g ≡ 0 is a p-weak upper gradient
of a representative of u.

Our next result shows that A1,p
τ (Ω) ∩ Lp(Ω) coincides with the Sobolev

class N1,p(Ω) or with BV (Ω) under a Poincaré inequality assumption. No-
tice that, in general, A1,p

τ (Ω)∩Lp(Ω) can be larger than the class of functions
that allow for a Poincaré inequality of the type (1). For this, see Section 6.

1.3 Corollary. Assume that X supports a (1, p)-Poincaré inequality with
constants CP and τ .

(1) If p = 1, then A1,1
τ (X) = BV (X).

(2) If 1 < p < ∞, then A1,p
τ (X) ∩ Lp(X) = N1,p(X).

(3) If 1 ≤ p < ∞ and α > 1, then Aα,p
τ (X) = {constants}.

Recall from the beginning of the introduction that, in the Euclidean
setting, the Poincaré inequality (1) with p = 1 characterizes W 1,1(Rn), not
BV(Rn). Questions related to (1) and (2) in Rn are studied in [4] and [3].
For integral conditions under which a function is constant in Rn, see [4],
and in Ahlfors regular spaces [2]. If p > 1, then in the Euclidean case (3)
follows from [4].

We close this introduction by brie�y commenting on the missing values
of the exponent p above. We have only considered the case p ≥ 1. For the
remaining values of p we have the following result.

1.4 Corollary. Let u ∈ Aα,p
τ (Ω), 0 < p < 1.

(1) If α = 1/p and u is bounded, then u ∈ BV (Ω).

(2) If α = 1/p and u is uniformly continuous, then ‖Du‖(Ω) = 0.

(3) If α > 1/p, then ‖Du‖(Ω) = 0.
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Note that the function χ[0,∞) belongs to A
1/p,p
τ (R) for all 0 < p < 1 and

‖Du‖(R) = δ0(R) = 1. Corollary 1.4 still leaves open the case 0 < p < 1
and α < 1/p. In this case, one can construct examples of nontrivial Hölder
continuous functions even when Ω is the interval [0, 1], equipped with the
Lebesgue measure.

The paper is organized as follows. We introduce the necessary notation
and terminology in Section 2. Section 3 deals with pointwise inequalities.
In Section 4, we give Sobolev-Poincaré and Trudinger type inequalities for
functions in Aα,p

τ (Ω). Section 5 is devoted to the proofs of Theorem 1.1,
Corollary 1.3, and Corollary 1.4. Finally, in Section 6, we present examples
that illustrate the previous results.

2 Notation and preliminaries
2.1 Metric measure spaces
Throughout this paper X = (X, d, µ) is a metric space equipped with a
doubling measure µ. By a measure we mean Borel regular outer measure
satisfying 0 < µ(U) < ∞ whenever U is open and bounded. An open ball
of radius r centered at x will be denoted by B(x, r). Sometimes we denote
the radius of a ball B by rB. For λ > 0, we de�ne λB(x, r) := B(x, λr) and
λ{Bi} := {λBi}.

A measure µ is doubling if there is a constant Cd ≥ 1 such that

µ(2B) ≤ Cdµ(B)

for all balls B ⊂ X. An iteration of the above inequality shows that there
are constants C and s depending only on Cd such that

µ(B(x, r)) ≥ C
( r

R

)s

µ(B(y,R)),

whenever x ∈ B(y, R) and 0 < r ≤ R ≤ 2 diam(X).
In general, C will denote a positive constant whose value is not neces-

sarily the same at each occurrence. By writing C = C(K,λ) we indicate
that the constant depends only on K and λ.

2.2 Sobolev spaces on metric measure spaces
As usual, if A ⊂ X is µ-measurable, then Lp(A) is the space of µ-measurable
functions u for which ‖u‖Lp(A) = (

∫
A
|u|p dµ)1/p < ∞ for 0 < p < ∞ and

‖u‖L∞(A) = ess supA |u| < ∞. A measurable function u is in the weak
Lp-space if

‖u‖Lp
w(A) = sup

λ>0
λ µ

({x ∈ A : |u(x)| > λ})1/p
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is �nite. If µ(A) < ∞ and 1 ≤ q < p, then Lq
w(A) ⊂ Lp(A) (cf. [20,

Theorem 2.18.8]).
The Sobolev space N1,p(X), de�ned by Shanmugalingam in [27], consists

of the functions u ∈ Lp(X) having a p-weak upper gradient g ∈ Lp(X). The
space N1,p(X) is a Banach space with the norm

‖u‖N1,p(X) = ‖u‖Lp(X) + inf ‖g‖Lp(X),

where the in�mum is taken over p-weak upper gradients g ∈ Lp(X) of u.

2.3 Lipschitz functions and Poincaré inequalities
A function u : X → R is L-Lipschitz if |u(x) − u(y)| ≤ L d(x, y) for all
x, y ∈ X. The lower and upper pointwise Lipschitz constants of a locally
Lipschitz function u are

lip u(x) = lim inf
r→0

L(u, x, r)

r
and Lip u(x) = lim sup

r→0

L(u, x, r)

r
,

where
L(u, x, r) = sup

d(x,y)≤r

|u(x)− u(y)|.

The lower Lipschitz constant lip u, and hence also Lip u, is an upper gradient
of a locally Lipschitz function u (cf. [5]).

A pair u ∈ L1
loc(X) and a measurable function g ≥ 0 satis�es a (1, p)-

Poincaré inequality if there are constants CP > 0 and τ ≥ 1 such that

−
∫

B

|u− uB| dµ ≤ CP rB

(
−
∫

τB

gp dµ
)1/p

(6)

for all balls B ⊂ X. If inequality (6) holds for all measurable functions
and their upper gradients with �xed constants, then X supports a (1, p)-
Poincaré inequality.

2.4 Functions of bounded variation
Following [1], [25] we de�ne BV-functions on a doubling metric measure
space X by a relaxation procedure starting from Lipschitz functions. The
total variation of a locally integrable function u on an open set Ω is

‖Du‖(Ω) = inf
{

lim inf
i→∞

∫

Ω

lip ui dµ
}

, (7)

where the in�mum is taken over all sequences (ui) of locally Lipschitz func-
tions that converge to u in L1

loc(Ω). The set function ‖Du‖ extends to a
measure on X ([25, Theorem 3.4]). A function u ∈ L1

loc(Ω) is in BV (Ω) if
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‖Du‖(Ω) is �nite, and in the local space BVloc(Ω) if ‖Du‖(A) is �nite for
every bounded open set A ⊂ Ω. The space BV (Ω) equipped with (7) is a
seminormed space. If X supports a (1, 1)-Poincaré inequality with constants
CP and τ , then

−
∫

B

|u− uB| dµ ≤ CP r
‖Du‖(τB)

µ(τB)
(8)

for each u ∈ BVloc(X) and for all balls B ⊂ X, (cf. [9]).

3 Pointwise estimates
Let α > 0 and Ω ⊂ X be an open set. The noncentered fractional sharp
maximal function of a function u ∈ L1

loc(Ω) is de�ned by

M#
α,Ωu(x) = sup

x∈B⊂Ω
r−α−

∫

B

|u− uB| dµ. (9)

We begin with the following pointwise estimate; the corresponding result
for the centered version of (9) is proved in [13]. For the convenience of the
reader, we include a proof.

3.1 Proposition. Let B be a ball, u ∈ L1(2B) and α > 0. Then
|u(x)− u(y)| ≤ C(Cd, α) d(x, y)α

(
M#

α,2Bu(x) + M#
α,2Bu(y)

)
(10)

for all almost all x, y ∈ B.
Proof. Since u is integrable in B and µ is doubling, almost all points

of B are Lebesgue points of u (see [15, Theorem 14.15]). Let x, y ∈ B
be Lebesgue points of u, and let r = d(x, y)/2. For each i ∈ N, denote
Bi = B(x, 2−ir). Then uBi

→ u(x) as i →∞. Since µ is doubling, we have
that

|u(x)− uB(x,r))| ≤
∞∑
i=0

|uBi
− uBi+1

| ≤ C(Cd)
∞∑
i=0

−
∫

Bi

|u− uBi
| dµ

≤ C(Cd)
∞∑
i=0

rα
Bi

M#
α,2Bu(x)

≤ C(Cd, α) d(x, y)αM#
α,2Bu(x).

If d(x, y) ≤ rB/2, then B(z, r) ⊂ B(x, 2 d(x, y)) ⊂ 2B, and
|uB(z,r) − uB(x,2 d(x,y))| ≤ C(Cd, α) d(x, y)αM#

α,2Bu(x)

for z = x, y. Otherwise
|uB(z,r) − u2B| ≤ C(Cd, α) d(x, y)αM#

α,2Bu(x).

The triangle inequality gives the claim. ¤
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3.2 Remark. For α > 0, denote by C0,α(Ω) the set of α-Hölder continuous
functions on Ω. Then clearly C0,α(Ω) ⊂ Aα,∞

τ (Ω). On the other hand, since
‖M#

α,Bu‖L∞(B) ≤ ‖u‖Aα,∞
τ (τB), the inequality (10) implies that Aα,∞

τ (2τB) ⊂
C0,α(B).
We continue by showing that M#

α,Bu can be controlled in terms of ‖u‖Aα,p .

3.3 Proposition. Let 0 < p < ∞. Then
‖M#

α,Bu‖Lp
w(B) ≤ C(Cd, τ, p)‖u‖Aα,p

τ (τB).

Proof. Let x ∈ B such that M#
α,Bu(x) > λ. By the de�nition of M#

α,Bu,
there is a ball Bx ⊂ B containing x such that

r−α
x −

∫

Bx

|u− uBx| dµ > λ.

This implies that

µ(Bx) ≤ λ−p
(
r−α
x −

∫

Bx

|u− uBx | dµ
)p

µ(Bx). (11)

By the standard 5r-covering lemma (cf. [16]), we can cover the set {x ∈ B :
M#

α,B(x) > λ} by balls 5τBi such that the balls τBi are disjoint and that
each Bi is contained in B and satis�es (11). Since µ is doubling, and the
balls τBi are pairwise disjoint, (11) and de�nition (4) imply that

µ({x ∈ B : M#
α,Bu(x) > λ}) ≤

∑
i

µ(5τBi) ≤ C
∑

i

µ(Bi)

≤ Cλ−p
∑

i

(
r−α
i −

∫

Bi

|u− uBi
| dµ

)p

µ(Bi)

= Cλ−p

∫

τB

(∑
i

r−α
i −

∫

Bi

|u− uBi
| dµ χBi

)p

≤ Cλ−p‖u‖p
Aα,p

τ (τB)
,

where C = C(Cd, τ). The claim follows by the de�nition of ‖ · ‖Lp
w
. ¤

For a measurable function u, denote by Dα(u) the set of measurable
functions g ≥ 0 that satisfy

|u(x)− u(y)| ≤ d(x, y)α(g(x) + g(y)) (12)
for almost every x, y ∈ Ω. For 0 < α, p < ∞, de�ne, following Hajªasz [10],

Mα,p(Ω) = {u ∈ L1
loc(Ω) : Dα(u) ∩ Lp(Ω) 6= ∅}

and
Mα,p

w (Ω) = {u ∈ L1
loc(Ω) : Dα(u) ∩ Lp

w(Ω) 6= ∅}.
From Propositions 3.1 and 3.3 we obtain the following corollary.

8



3.4 Corollary. Let B ⊂ X be a ball. Then Aα,p
τ (2τB) ⊂ Mα,p

w (B).

Denote by Pα,p
τ (Ω) the set of functions u ∈ L1

loc(Ω) for which there exists a
function 0 ≤ g ∈ Lp(Ω) such that

−
∫

B

|u− uB| dµ ≤ rα
(
−
∫

τB

gp dµ
)1/p

for all balls τB ⊂ Ω. Notice that, trivially, Pα,p
τ (Ω) ⊂ Aα,p

τ (Ω). Thus the
previous corollary and the following result almost identify the spaces Aα,p

τ (Ω)
and Mα,p(Ω). However, Aα,p

τ (Ω) may be strictly larger than Pα,p
τ (Ω) (see

example 6.2).

3.5 Theorem. Let Ω ⊂ X be an open set with µ(Ω) < ∞, and let 1 ≤
q < p. Then Mα,p

w (Ω) ⊂ Pα,q
1 (Ω). Moreover, Aα,p

τ (2τB) ⊂ Pα,q
1 (B) whenever

2τB ⊂ Ω.

Proof. By the previous corollary, it su�ces to prove the �rst claim. Let
u ∈ Mα,p

w (Ω) and g ∈ Lp
w(Ω) ∩ Dα(u). Since µ(Ω) < ∞ and q < p, the

function g is in Lq(Ω). For each ball B ⊂ Ω we have by integrating (12)
and using Jensen's inequality that

−
∫

B

|u(x)− uB| dµ(x) ≤ −
∫

B

−
∫

B

|u(x)− u(y)| dµ(y) dµ(y)

≤ C(α)rα−
∫

B

g dµ ≤ C(α)rα
(
−
∫

B

gq dµ
)1/q

.

¤
Notice the following consequence of the previous result. Our abstract ver-
sion of the Poincaré inequality results in a usual inequality provided we
relax the integrability requirement of the right-hand side. This relaxation is
indeed crucial by an example in Section 6. In fact, one cannot even require
that ν in (3) be an absolute continuous measure. We close this section by
pointing out that certain choices of α and p only allow for constant func-
tions. For integral conditions with p ≥ 1 implying that the function is
constant, see [4].

3.6 Theorem. If 0 < p < 1 and α > 1/p, then Mα,p(Rn) = {constants}.
Proof. If u ∈ Mα,p(Rn), it follows from Fubini's theorem that u ∈ Mα,p(l)
for almost every line l parallel to coordinate axes. Therefore it su�ces to
prove the theorem in the case n = 1. Let u ∈ Mα,p(R), and let ε > 0. By
de�nition there is g ∈ Lp(R) and a set E ⊂ R of measure zero such that

|u(x)− u(y)| ≤ |x− y|α(g(x) + g(y)) < ∞
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whenever x, y ∈ R \ E. Fix x, y ∈ R \ E and divide the interval [x, y] into
disjoint intervals I1, . . . Ik with ε/2 ≤ l(Ii) ≤ ε for all i. For each i, let
xi ∈ Ii \ E be such that

g(xi) ≤ 2 ess inf{g(z) : z ∈ Ii}.
Denote x0 = x and xk+1 = y. Then, by the assumptions on p and α,

|u(x)− u(y)| ≤
k∑

i=0

|u(xi)− u(xi+1)| ≤ Cεα

k∑
i=0

(
g(xi) + g(xi+1)

)

= Cεα

k∑
i=1

g(xi) + εα
(
g(x) + g(y)

)

≤ Cεα−1/p
( k∑

i=1

εg(xi)
p
)1/p

+ εα(g(x) + g(y))

≤ Cεα−1/p‖g‖Lp(R) + εα
(
g(x) + g(y)

)
,

and the claim follows by letting ε → 0. ¤

4 Imbeddings into Lebesgue and Hölder spaces
In [21] MacManus and Pérez showed that if the functional a satis�es a
discrete summability condition

∑
i

a(Bi)
rµ(Bi) ≤ Ca(B)rµ(B), (13)

whenever the balls Bi are disjoint and contained in the ball B, then the
Poincaré type inequality (2) improves to

sup
λ>0

λ

(
µ({x ∈ B : |u(x)− uB| > λ})

µ(B)

)1/r

≤ C ′a(2τB). (14)

In [22], they proved that if X is connected and a satis�es a stronger condition
∑

a(Bi)
r ≤ Ca(B)r, (15)

then each function u which satis�es inequality (2), is in Orlicz space LΦ(B),
where Φ(t) = exp(tr

′
)− 1, and 1/r + 1/r′ = 1. Moreover,

‖u− uB‖LΦ(B) ≤ Ca(2τB), (16)
where ‖ · ‖LΦ(B) is the Luxemburg norm in LΦ(B). For Orlicz spaces on
metric spaces, see [26]. Without the connectivity assumption, one only
obtains (16) with Φ(t) = exp(t).

The following result collects the known Sobolev-type imbeddings of Aα,p
τ .
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4.1 Theorem. Let B ⊂ X be a ball, τ ≥ 1, 0 < p < ∞, and assume that
there is s ≥ 1 such that µ(B(x, r)) ≥ Cµr

s whenever B(x, r) ⊂ 2τB.

(a) If αp < s, then Aα,p
τ (2τB) ⊂ Lq

w(B), where q = sp
s−αp

.

(b) If αp = s, then Aα,p
τ (2τB) ⊂ LΦ(B), where Φ(t) = exp(t). If X is

connected, the above holds with Φ(t) = exp(t
p

p−1 ).

(c) If αp > s, then Aα,p
τ (2τB) ⊂ C0,α−s/p(B).

Proof. (a) Recall that A0,p
τ (2τB) consists of functions that satisfy (2)

with a(B) = (ν(B)/µ(B))1/p. By [21], such an a satis�es (13) for r =
sp/(s− αp), and hence, by (14), it su�ces to show that

Aα,p
τ (2τB) ⊂ A

0, sp
s−αp

τ (2τB).

If u ∈ A0,p
τ (2τB) and B ∈ Bτ (2τB), using the assumption 0 < s−αp

s
< 1 we

have that
∑
B

(
−
∫

B

|u− uB| dµ
)sp/(s−αp)

µ(B)

≤
(∑

B

(
−
∫

B

|u− uB| dµ
)p

µ(B)(s−αp)/s
)s/(s−αp)

≤ C
(∑

B

(
r−α
B −

∫

B

|u− uB| dµ
)p

µ(B)
)s/(s−αp)

≤ C‖u‖sp/(s−αp)

Aα,p
τ (2τB)

,

where C = C(Cµ, s, α, p), and the claim follows.
(b) If αp = s, then u ∈ Aα,p

τ (2τB) satis�es

−
∫

B′
|u− uB′| dµ ≤ rα

B′µ(B′)−1/p‖u‖Aα,p
τ (τB′) ≤ C(Cµ, p)‖u‖Aα,p

τ (τB′)

for τB′ ⊂ 2τB. Since b(B) = ‖u‖Aα,p
τ (B) satis�es (15), both claims follow

from [22].
(c) If αp > s, then Aα,p

τ (2τB) ⊂ A
α−s/p,∞
τ (2τB) and the claim follows from

Remark 3.2. ¤

5 Proof of Theorem 1.1
For the proof of Theorem 1.1, which is based on approximation by dis-
crete convolutions, we need a couple of lemmas. Lemma 5.1 follows from

11



a Whitney type covering result for doubling metric measure spaces, see [6,
Theorem III.1.3], [23, Lemma 2.9]. For the proof of Lemma 5.2, we refer to
[23, Lemma 2.16].

5.1 Lemma. Let Ω ⊂ X be open. Given ε > 0, λ ≥ 1, there is a cover
{Bi = B(xi, ri)} of Ω with the following properties:

(1) ri ≤ ε for all i,

(2) λBi ⊂ Ω for all i,

(3) if λBi meets λBj, then ri ≤ 2rj,

(4) each ball λBi meets at most C = C(Cd, λ) balls λBj.

A collection {Bi} as above is called an (ε, λ)-cover of Ω. Note that an
(ε, λ)-cover is an (ε′, λ′)-cover provided ε′ ≥ ε and λ′ ≤ λ.

5.2 Lemma. Let Ω ⊂ X be open, and let B = {Bi = B(xi, ri)} be an
(∞, 2)-cover of Ω. Then there is a collection {ϕi} of functions Ω → R such
that

(1) each ϕi is C(Cd)r
−1
i -Lipschitz.

(2) 0 ≤ ϕi ≤ 1 for all i,

(3) ϕi(x) = 0 for x ∈ X \ 2Bi for all i,

(4)
∑

i ϕi(x) = 1 for all x ∈ Ω.

A collection {ϕi} as above is called a partition of unity with respect to B.
Let B = {Bi} be as in the lemma above, and let {ϕi} be a partition of

unity with respect to B. For a locally integrable function u on Ω, de�ne

uB(x) =
∑

i

uBi
ϕi(x). (17)

The following lemma describes the most important properties of uB.

5.3 Lemma.

(1) The function uB is locally Lipschitz. Moreover, for each x ∈ Bi,

Lip uB(x) ≤ C(Cd)r
−1
Bi
−
∫

5Bi

|u− u5Bi
| dµ.

(2) Let u ∈ Lp(Ω), p ≥ 1. If Bk is an (εk, 2)-cover of Ω and εk → 0 as
k →∞, then uBk

→ u in Lp(Ω).

12



Proof. (1) Let x, y ∈ Bi, and let J = {j : 2Bj ∩ 2Bi 6= ∅}. Then #J ≤
C(Cd) and Bj ⊂ 5Bi for each j ∈ J . Using the properties of the functions
ϕi, we have that

|uB(x)− uB(y)| =
∣∣∣
∑
j∈J

(uBj
− uBi

)
(
ϕj(x)− ϕj(y)

)∣∣∣

≤ C(Cd)r
−1
Bi

d(x, y) max
j∈J

|uBj
− uBi

|

≤ C(Cd)r
−1
Bi

d(x, y)−
∫

5Bi

|u− u5Bi
| dµ,

and the �rst claim follows.
(2) First we need an estimate for the Lp-norm of uB on Ω. By Jensen's

inequality, |uB|p ≤ (|u|p)B. Hence, by the properties of the functions ϕi, we
have that

∫

Ω

|uB|p dµ ≤
∫

Ω

(|u|p)B dµ ≤
∑

i

∫

Ω

(|u|p)Bi
ϕi dµ

≤ C(Cd)
∑

i

∫

2Bi

|u|p dµ ≤ C(Cd)

∫

Ω

|u|p dµ.

(18)

Let u ∈ Lp(Ω) and ε > 0. Choose a bounded continuous function v with
bounded support such that ‖u−v‖Lp(Ω) < ε (cf. [15, Theorem 14.2]). Then,
estimating as in (18), we obtain

‖uB − vB‖Lp(Ω) = ‖(u− v)B‖Lp(Ω) ≤ C(Cd, p)‖u− v‖Lp(Ω) < C(Cd, p)ε,

and so

‖uB − u‖Lp(Ω) ≤ ‖uB − vB‖Lp(Ω) + ‖vB − v‖Lp(Ω) + ‖v − u‖Lp(Ω)

< ‖vB − v‖Lp(Ω) + C(Cd, p)ε.

Therefore it su�ces to show that ‖vB − v‖Lp(Ω) → 0 as εk → 0. Now
|vB − v| ≤ 2 sup |v|, and for all x we have that

|vB(x)− v(x)| ≤
∑

2Bi3x

−
∫

Bi

|v(y)− v(x)| dµ(y)

≤ C(Cd)−
∫

B(x,5εk)

|v(y)− v(x)| dµ(y),

which converges to 0 as εk → 0 by the continuity of v. The claim follows
from the dominated convergence theorem. ¤
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Proof of Theorem 1.1. Let u ∈ A1,p
τ (Ω). For j ∈ N, let Bj be a

(j−1, 5τ)-cover (and hence also a (j−1, 2)-cover) of Ω. Then, by Lemma 5.3
(2), uj := uBj

→ u in Lp(Ω). Let us show that

lim sup
j→∞

‖Lip uj‖Lp(Ω) ≤ C(Cd, τ)‖u‖A1,p
τ,0(Ω).

By Lemma 5.3 (1),

Lip uj ≤ C(Cd)
∑
B∈Bj

r−1
B −

∫

5B

|u− u5B| dµχB.

We leave it to the reader to show that since Bj is a (j−1, 5τ)-cover and µ is
doubling, the cover can be divided into k = C(Cd, τ) subfamilies Bj,1, . . .Bj,k

so that each of the families 5τBj,l consists of disjoint balls. Since the families
5Bj,1, . . . 5Bj,k belong to Bτ,5j−1(Ω), we have that

‖Lip uj‖Lp(Ω) ≤ C(Cd)
k∑

l=1

∥∥ ∑
B∈Bj,l

r−1
B −

∫

5B

|u− u5B| dµχB

∥∥
Lp(Ω)

≤ C(Cd, τ) sup
∥∥ ∑

B∈B
r−1
B −

∫

B

|u− uB| dµχB

∥∥
Lp(Ω)

,

(19)

where the supremum is taken over balls B ∈ Bτ,5j−1(Ω). Since lip u(x) ≤
Lip u(x), the above estimate for p = 1 implies that u ∈ BV (Ω), and that
‖Du‖(Ω) ≤ C(Cd, τ)‖u‖A1,1

τ,0(Ω).
If p > 1, then Lp(Ω) is re�exive. Thus the sequence (Lip uj) of upper

gradients, which by (19) is bounded in Lp(Ω), has a subsequence, also de-
noted by (Lip uj), that converges weakly to some g ∈ Lp(Ω). By [18, Lemma
3.1], g is a p-weak upper gradient of a representative of u. The second part
of the theorem follows because the weak limit g satis�es

‖g‖Lp(Ω) ≤ lim inf
j→∞

‖Lip uj‖Lp(Ω) ≤ C(Cd, τ)‖u‖A1,p
τ,0(Ω).

Proof of Corollary 1.3. Assume that X supports a (1, p)-Poincaré in-
equality, 1 ≤ p < ∞. By the validity of a (1, p)-Poincaré inequality, X is
connected.

If p = 1, then the claim follows from Theorem 1.1 and the Poincaré
inequality (8) for BV -functions.

If 1 < p < ∞, then each function of A1,p
τ (X) ∩ Lp(X) is in N1,p(X) by

Theorem 1.1. The assumption that X supports the (1, p)-Poincaré inequal-
ity gives the inclusion N1,p(X) ⊂ A1,p

τ (X) ∩ Lp(X).
Let then 1 ≤ p < ∞, α > 1, and u ∈ Aα,p

τ (X). If p = 1, then the
Poincaré inequality (8) for BV -functions together with Corollary 1.2 (1)
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show that u is constant in all balls of X. For p > 1, we notice from
Theorem 4.1 that u ∈ Lp(B) for each ball B. Then Corollary 1.2 (2) and
the (1, p)-Poincaré inequality imply that u|B is a constant for each ball B.
In both cases above, the claim follows by the connectivity of X. All constant
functions are trivially in Aα,p

τ (X).
Proof of Corollary 1.4. For the �rst claim, let u ∈ A

1/p,p
τ (Ω), 0 < p < 1,

and B ∈ Bτ,r(Ω). If there is a constant M ≥ 0 such that |u| ≤ M in Ω, we
have that

∑
B∈B

(
r−1
B −

∫

B

|u− uB| dµ
)
µ(B)

≤ (2M)1−p
∑
B∈B

(
r
−1/p
B −

∫

B

|u− uB| dµ
)p

µ(B).

If u is uniformly continuous, and ω is the modulus of continuity of u, then
∑
B∈B

(
r−1
B −

∫

B

|u− uB| dµ
)
µ(B)

≤ ω(2r)1−p
∑
B∈B

(
r
−1/p
B −

∫

B

|u− uB| dµ
)p

µ(B).

By taking supremum over Bτ,r(Ω) and letting r tend to zero, we conclude
that ‖u‖A1,1

τ,0
(Ω) ≤ (2M)1−p‖u‖p

A
1/p,p
τ,0

(Ω) in the former, and ‖u‖A1,1
τ,0

(Ω) = 0

in the latter case. In both cases, the claim follows from Theorem 1.1.
Let then u ∈ Aα,p

τ (Ω), where α > 1/p. By the remark after Theorem 1.1,
we have that ‖u‖

A
1/p,p
τ,0 (Ω)

= 0. For k ∈ N, de�ne uk = min{k, max{u,−k}}.
Then each uk is bounded and, by the �rst part of the proof,

‖uk‖A1,1
τ,0(Ω) ≤ Ck‖uk‖A

1/p,p
τ,0 (Ω)

≤ 2Ck‖u‖A
1/p,p
τ,0 (Ω)

= 0,

which implies that ‖u‖A1,1
τ,0(Ω) ≤ lim infk→∞ ‖uk‖A1,1

τ,0(Ω) = 0.

6 Examples
In our �rst example we will give a space X that does not support any (1, q)-
Poincaré inequality, but in which every u ∈ N1,p(X) satis�es (6) with a
certain g ∈ Lp(X).

6.1 Example. Let B1 and B2 be balls in Rn such that d(B1, B2) > 0.
Equip X = B1 ∪ B2 with the Euclidean metric of Rn, and let µ be the
restriction of the Lebesgue measure to X. By considering the function

15



u = χB1 , that has g ≡ 0 as a weak upper gradient, we see that X cannot
support any (1, q)-Poincaré inequality.

Let 1 ≤ p < ∞, and let u ∈ N1,p(X) with an upper gradient g ∈ Lp(X).
We will show that the inequality

−
∫

B

|u− uB| dµ ≤ CrB

(
−
∫

B

(g + |u|)p dµ
)1/p

(20)

holds for each ball B ⊂ X.
Fix a ball B ⊂ X. If B intersects only one of the balls B1, B2, then

(20) holds by the equivalence N1,p(Ω) = W 1,p(Ω) for domains in Rn ([27,
theorem 4.5]), and the usual (1, p)-Poincaré inequality. Assume that the
intersection of B with both B1 and B2 is nonempty. Then 2rB ≥ d(B1, B2),
and by the Hölder inequality, we have that

−
∫

B

|u− uB| dµ ≤ 2−
∫

B

|u| dµ ≤ 2
(
−
∫

B

|u|p dµ
)1/p

≤ 4rB

d(B1, B2)

(
−
∫

B

|u|p dµ
)1/p

,

which is at most a constant times the right-hand side of (20).
In the next example, the space A1,p

τ (X) is strictly larger than P 1,p
τ (X).

6.2 Example. Let X = {x = (x1, x2) ∈ R2 : |x1| ≤ |x2|} be equipped with
the Euclidean metric of R2, and let µ be the restriction of the Lebesgue
measure to X. The function u = χX+ , where X+ = {x ∈ X : x1 ≥ 0},
cannot satisfy the inequality

−
∫

B

|u− uB| dµ ≤ Cr

(
ν(τB)

µ(B)

)1/2

with any measure ν absolutely continuous with respect to µ because −
∫

B
|u−

uB| dµ = 1/2 for each ball B(0, r). However, the above inequality holds
with

ν(B) = δ0(B) =

{
1, if 0 ∈ B,

0, otherwise.

Our �nal example shows that, given 0 < p < 1 and 1 ≤ α < 1/p, there are
Hölder-continuous nonconstant functions in Mα,p([0, 1]).

6.3 Example. Fix 0 < p < 1 and 1 ≤ α < 1/p. Let 0 < s < 1 and let
C ⊂ [0, 1] be the standard Cantor set with Hs(C) = 1 (see for example [24,
p.60]). Then the Cantor function u(x) = Hs(C∩ [0, x]) is Hölder-continuous
with exponent s. A calculation shows that

|u(x)− u(y)| ≤ d(x, y)s ≤ d(x, y)α
(
d(x,C)s−α + d(y, C)s−α

)
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for all x, y ∈ [0, 1], and that g(x) = d(x,C)s−α is in Lp([0, 1]) provided
0 < s < (1− αp)/(1− p).

Acknowledgments: We wish to thank the referee for valuable comments.
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