ORLICZ-SOBOLEV EXTENSIONS AND MEASURE DENSITY
CONDITION

TONI HEIKKINEN AND HELI TUOMINEN

ABSTRACT. We study the extension properties of Orlicz-Sobolev functions both in
FEuclidean spaces and in metric measure spaces equipped with a doubling measure.
We show that a set £ C R" satisfying a measure density condition admits a
bounded linear extension operator from the trace space W% (R™)|g to WY (R™).
Then we show that a domain, in which the Sobolev embedding theorem or a
Poincaré type inequality holds, satisfies the measure density condition. It follows
that the existence of a bounded, possibly non-linear extension operator or even
the surjectivity of the trace operator implies the measure density condition and
hence the existence of a bounded linear extension operator.

1. INTRODUCTION

In this paper, we consider extension domains for Orlicz-Sobolev spaces both in the
Fuclidean space and in a metric measure space equipped with a doubling measure.
Recall that, for a domain Q C R™ and a Young function ¥, the Orlicz-Sobolev space
WH¥(Q) consists of the functions u € LY(Q) whose first order weak derivatives
belong to the Orlicz space LY (), see Section 2 for the definition of Young function
and Orlicz space. The space WY (Q) is a Banach space with respect to the norm

[ullwrw @) = lullLy @) + [IVulll v g,

where [ - [| L () is the Luxemburg norm and Vu is the weak gradient of u.

We say that Q is a WY -extension domain if there exists a bounded linear operator
E:WHY(Q) — WLY(R™) such that Eulg = u for each u € WH¥(Q).

Extendability of the classical Sobolev functions is studied by several authors, see
for example [3], [16], [21], [23], [26], [30], [32], [34]. The existence of an extension
operator guarantees that W*P(Q) inherits many properties possessed by WP (R™).
For instance, Sobolev imbeddings hold for functions of W¥*?(£2), not merely for
functions with zero boundary values. Each LP(Q)-function has a trivial extension
to a function of LP(R™), whereas the problem in extending Sobolev functions is the
extension across the boundary. According to well-known results of Calderén and
Stein, every bounded Lipschitz domain is a W™ P-extension domain, for all p. By
Jones [23], (¢,0)-domains, and hence uniform domains are extension domains. This
result is best possible in the sense that each finitely connected planar W!2-extension
domain is necessarily (e,d). Each (g,0)-domain satisfies measure density condition
(1.1) which is closely related with the extension property. We say that a measurable
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set E C R" satisfies the measure density condition if there is a constant ¢ > 0 such
that

|EN B(z,r)| > cr” (1.1)

for each z € F and all 0 < r < 1. By Rychkov [30], this condition implies the
existence of a continuous linear extension operator from the trace space of W*?(R")
to WkP(R™) when p > 1. On the other hand, the unit disc in the plane with a radius
removed shows that (1.1) cannot imply the extension property. Moreover, cusp
domains, typical examples that are not W™ P-extension domains, do not satisfy (1.1).
In [16], the second author with Hajlasz and Koskela gave several characterizations
of an extension domain for WP p > 1, and showed that extension domains satisfy
(1.1). This together with a result of Shvartsman [32] shows that the surjectivity
of the trace operator implies the existence of a bounded linear extension operator
when p > 1, see [16].

Characterization of extension domains is an interesting problem also for Orlicz-
Sobolev spaces but unfortunately, there are only few extension results for the clas-
sical Orlicz-Sobolev spaces. By [8], every domain that satisfies a restricted cone
condition, and hence every bounded Lipschitz domain, is a W1 ¥-extension domain
if ¥ is a sufficiently nice, doubling N-function.

We will generalize Sobolev space extension results from [15] and [16] to Orlicz-
Sobolev spaces. We prove the results in the setting of metric measure spaces but
our results are new even in the Euclidean spaces. Below, we denote the Lebesgue
measure of a measurable set £ C R™ by |E| and integration with respect to the
Lebesgue by dz. The norms || - [[yy1,%(q,), where A > 0, are taken with the weighted
measure Adz (and similarly for other norms).

Our first result gives an exact description of the space of traces of WY (R") in
E, if F satisfies the measure density condition.

Theorem 1.1. Let ¥V and its conjugate be doubling N -functions. If a measurable
set E C R™ satisfies measure density condition (1.1), then

WY (R s = MY (E)

as sets and the norms are equivalent. Moreover, there is a bounded linear extension
operator

E: MY (E) — MYY(R™) = WHY(RM).

Here MY (E) is the Orlicz-Sobolev space defined using pointwise inequalities,
see Section 2. The fact that MY (R™) coincides with W1Y(R™), if both ¥ and its
conjugate are doubling, was proved in [2]. Note that the conjugate of ¥ is doubling
if and only if the Hardy-Littlewood maximal operator is bounded in LY, see [10].

Our next result shows that if a suitable version of the Sobolev embedding theorem
or a local Poincaré-type inequality holds in a domain, then it satisfies the measure
density condition. For the definition of functions ¥,, and w,, see Theorem 2.1.

Theorem 1.2. Let 2 C R" a domain and let ¥ be a Young function. Suppose that
one of the following conditions holds.

(a) There exists 1 < p < n such that U(t)/t? is decreasing and WHY(Q) C
LY (Q).
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(b) W is doubling, there exists p > n such that ¥(t)/tP is increasing, and each
u € Wl"I’(Q) satisfies
u(z) = u(y)] < Cwn(C™Hz —y[ ™) [lullwre g
for a.e. x,y € Q such that |x —y| < 1.
(c) There is a function ® satisfying ®~1(t) < CUL(t)t=¢ for some e > 0 and
all t > 1, and a constant C > 0 such that

inf [lu = cll g (na: 51 < Crllullwie g1

for all balls B = B(x,r) withx € Q and 0 <r < 1.

Then Q) satisfies measure density condition (1.1).

Remark 1.3. Case (c) of Theorem 1.2 is new already when W is a power function.
It says that an inequality of type

égﬂf{ w = cllppe(Bro; 1B)-1) < Crilullwir;1-1),

where € > 0, implies the measure density condition. In particular, this improves the
case p = n of [15, Theorem 1], which says that the measure density condition follows
from an inequality of type

inf |lu — ¢l pewrs (gra; g-1) < Crllullwinio; p1-1),
ceR
where s > 0.

Example 1.4. Let g=1and a > 0 or ¢ > 1 and o € R. Then there exist constants
tp, c1 and co such that

t4 ift <t
W(t) = c1t?, 1 <o
tllog™t 4+ co, ift >ty

is a Young function and satisfies the growth condition of (a), if ¢ < n, and that of
(b), if ¢ > n. If ¢ = n, then only condition (c) may hold.

Weakly differentiable functions with gradient in the Orlicz space LY, where ¥
increases slightly more slowly than the function ¢ +— ¢, are important in the theory
of mappings of finite distortion, see for example [22], [24] and the references therein.

Notice that, if ¢ > 1, the constants above can be chosen so that both ¥ and its
conjugate are doubling N-functions.

The above theorem together with Sobolev-type embeddings for WY (R™) gives
Theorem 1.5 below. Note that if Q is a W1 ¥-extension domain, then the trace
operator

T - WHY R - WY (Q), Tu = ulq, (1.2)
is surjective. Hence the following result shows that extension domains satisfy mea-
sure density condition provided W is nice enough.

Theorem 1.5. Let Q C R" be a domain and let ¥ be a doubling Young function.
Suppose that one of the following conditions holds.

(a) There exists an extension operator € : WH¥(Q) — WY (R™) such that
[Eullyyremniyy < Cllullw e (1.3)
for all A > 0.



(b) The function U (t)/tP is either decreasing for some p < n or increasing for
some p > n, and trace operator (1.2) is surjective.

Then § satisfies measure density condition (1.1).

Remark 1.6. In the proof of the above theorem we show that the extension satisfies
one of the conditions of Theorem 1.2. In order to show that it satisfies condition
(c), we have to assume that (1.3) holds for all A > 0 instead of just for A\ = 1. If
U(t) = tP, then (1.3) with A = 1 trivially implies (1.3) for all A > 0. We do not
know if this is true for general .

In the next two theorems, we give several characterizations for extension domains.

Theorem 1.7. Let Q@ C R™ be a domain. Let ¥ and its conjugate be doubling
N-functions. Then the following conditions are equivalent.

(a) There exists an extension operator € : Wh¥(Q) — WHY(R") such that (1.3)
holds.

(b) There exists a linear extension operator € : WH¥(Q) — WHY(R™) such that
(1.3) holds.

(c) The domain Q satisfies measure density condition (1.1), MY (Q) = Wh¥(Q)
as sets and

[ullare @y < Cllullwre i

for all A > 0.

Theorem 1.8. Let Q2 C R" be a domain. Let ¥ and its conjugate be doubling N -
functions. Suppose that the function V(t)/tP is either decreasing for some p <n or
increasing for some p > n. Then the following conditions are equivalent.

(a) Trace operator (1.2) is surjective.

(b) There exists a bounded extension operator.

(¢) There exists a bounded linear extension operator.

(d) The domain  satisfies measure density condition (1.1) and MY (Q) =
WHY(Q) as sets and the norms are equivalent.

In a general metric space we cannot speak about weak derivatives; hence there
has been a need for characterizations of the classical Sobolev and Orlicz-Sobolev
spaces that do not involve derivatives. We use spaces N1¥(X) consisting of LY (X)-
functions with upper gradients in LY(X) and spaces MY (X) defined using point-
wise inequalities. The basic properties of the spaces N»¥(X) are studied in [35],
and of the spaces MY (X) in [2], see also Section 2. We prove the extension results
for these spaces and obtain our main theorems from these general results.

The paper is organized as follows. In Section 2, we introduce the notation and the
standard assumptions and recall the definitions of Orlicz and Orlicz-Sobolev spaces.
In Section 3, we show that measure density condition implies extension property for
the space MY, The reverse result that the existence of an extension or a Poincaré
type inequality implies measure density condition is proved in Section 4. In the last
section, we provide characterizations for extension domains of Orlicz-Sobolev spaces
in the metric setting.

Theorems in Section 1 follow from the more general theorems using the facts that
the Euclidean space R™ with the Lebesgue measure is n-regular (and hence doubling
and reverse doubling) and supports a Poincaré inequality and that for a doubling
Young function WH¥(Q) = NL¥(Q) for each domain Q. Theorems 1.1, 1.2, 1.5, 1.7
and 1.8 follow from theorems 5.1, 4.1, 4.2, 5.2 and 5.3, respectively.
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2. NOTATION AND PRELIMINARIES

We assume that X = (X, d, ) is a metric measure space equipped with a metric
d and a Borel regular outer measure p such that 0 < u(B) < oo for all balls
B = B(z,r) ={y € X : d(y,z) <r}. For 0 <t < oo, we write tB = B(z,tr). We
assume that p is doubling, which means that there is a constant cp > 0, called the
doubling constant of u, such that

1(2B) < cpu(B) (2.1)

for all balls B. The doubling condition implies that there exists a constant ¢y > 0
such that, for s = logs cp,

1(B(y,r)) r\®
W(B(z,R)) — w(5) (22)
whenever 0 < r < R < diam X and y € B(z, R), see [14, Lemma 14.6]. The smallest
exponent for which (2.2) holds is denoted by s. In some results, we assume that
X is complete. The doubling condition together with completeness implies that the
space is proper, that is, closed balls are compact.
We say that the measure p satisfies a reverse doubling condition if there is constant
C > 1 such that
n(2B) > Cu(2B) (2.3)
for all balls B. This condition holds, for example, if p is doubling and X is connected
or if all annuli are nonempty.
The measure p is Q-regular if there is a constant cg > 1 such that

cpr® < w(B(z,r)) < cpr®

for all balls B(x,r).
The Hardy-Littlewood maximal function of a locally integrable function u is

Mu(z) = sup][ lu| dy,
r>0.J B(z,r)

where up = fB wdy = ,u(B)_1 fB udp is the integral average of u over B.

By Xg, we denote the characteristic function of a set E. In general, C' will denote
a positive constant whose value is not necessarily the same at each occurrence. By
writing C' = C(7, ), we indicate that the constant depends only on 7 and A\. We
say that two functions uw and v are comparable if there is a constant C' > 1 such
that C~tv(t) < u(t) < Co(t) for all t (and similarly for measures and norms).

2.1. Orlicz spaces. We will give a brief review of Orlicz spaces. For more details
and proofs, see for example [27], [29]. A function ¥ : [0,00) — [0,00] is a Young
function if

W(s) = /O () d,

where 1): [0,00) — [0, 00] is an increasing, left continuous function which is neither
identically zero nor identically infinite on (0, 00), and satisfies 1/(0) = 0. A Young
function ¥ is convex, increasing, left-continuous, ¥(0) = 0, and V(t) — oo as
t — o0o. A continuous Young function with properties ¥(¢t) = 0 only if ¢ = 0,
U(t)/t - oo ast — oo, and VU(t)/t — 0 as t — 0 is an N-function. Below,
U is always a Young function. For a given U, the function W : [0,00) — [0, 0],
W(s) =sup {st — U(t) : t > 0}, is the conjugate function of V.
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Convexity and the property ¥(0) = 0 imply that
U(at) <a¥(t), if 0 <a <1, and
w(Bt) > AU(t), if B> 1.

A function VU is doubling (satisfies the As-condition) if there is a constant cy > 0
such that

(2.4)

U(2t) < e U(L)

for each ¢ > 0. The smallest such constant is at least 2 by (2.4), and is called the
doubling constant of V. The doubling condition implies that W is strictly increasing
and continuous.

Given ¥ and a measurable set Q C X, the Orlicz space L¥ () consists of mea-
surable functions u:  — [—o00, 00| for which

/ U(a|ul) dp < o0
Q

for some a > 0. If ¥ is doubling, then LY (Q2) coincides with the set of functions u for
which [, ¥(|ul) du is finite. The space LY () is a Banach space with the Luzemburg
norm,

lull 3 gy = inf {k > 0 / W (k) da < 1.

Q
The weak Luxemburg norm is the number

|mmgm,:ka>ozggwmugxeazy4m@n>tng1}

By [[ul| v (q;5), we denote the norm with respect to the weighted measure A du, where
A > 0. Similar notation is used also for the other norms used in the paper. For a
measurable set 2 with 0 < p(92) < oo,

alpee = el = (¥ () (25)

If U is real-valued, then each function of LY(X) is locally integrable. Using (2.4),
it is easy to see that if [|u| vy <1, then

/Q W (ful) ds < ] - (2.6)

A function ¥ satisfies Va-condition, if 2C¥(t) < U(Ct) for each ¢ > 0 with a
fixed constant C' > 1. For an N-function, the inequality above is equivalent to
the doubling condition of the conjugate function. If ¥ is doubling and satisfies the
Vo-condition, then the maximal function satisfies

Awa@<qumm%

or equivalently,
[ Mullpexny < Cllullpyx,n),

for each A > 0, see [25, Theorem 1.2.2], [11], [6].
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2.2. Orlicz-Sobolev spaces. We recall the definitions and some properties of Or-
licz-Sobolev spaces in metric measure spaces. The first definition is given using pairs
of integrable functions and upper gradients. For proofs, see [35], and for discussion
on upper gradients, also for example [12], [20] and [31].

A Borel measurable function g > 0 is an upper gradient of u in an open set € if
for all rectifiable curves - joining points z and y in 2, we have

() — u(y)| < / gds. (2.7)

v
whenever both u(z) and u(y) are finite, and fv gds = 0o otherwise.

The Sobolev space N¥(Q) consists of functions v € LY(Q) which have a -
weak upper gradient g € L¥(Q2) in Q. Being a W-weak upper gradient means that
inequality (2.7) holds for w and a measurable function g > 0 except for a family
of compact, rectifiable curves in ) with zero W-modulus. If there is no risk of
confusion, W-weak upper gradients are called weak upper gradients. For definition
and properties of U-modulus, see [35].

The space N2¥(Q) is a Banach space with the norm

[ullyvie @) = ullpe @) + infllgllLe @),

where the infimum is taken over weak upper gradients of u. Note that if W(¢) = P,
p > 1, we obtain the Sobolev space N'?(Q), defined by Shanmugalingam [31].

If @ C R” is a domain and ¥ is a doubling Young function, then N¥(Q) =
WH¥(Q) as Banach spaces and the norms are equivalent, see ([35, Theorem 6.19]).

The second definition is given using pointwise inequalities. A measurable function
g > 0is a generalized gradient of a measurable function u, g € D(u), if there is a set
E C X with u(E) = 0 such that

[u(z) —u(y)| < d(z,y)(9(z) + 9(y)) (2.8)

for all ,y € X \ E. The Orlicz-Sobolev space MY (X) consists of functions u €
LY(X) for which there exists a function g € L¥(X) N D(u). The space MY (X),
equipped with the norm

ullarw (xy = llull e x) + infllgll L x),

where the infimum is taken over all functions g € LY(X)ND(u), is a Banach space,
see [2, Theorem 3.6]. For a closed set F' C X, MY (F) is the Orlicz-Sobolev space
on the metric space I’ where the metric is inherited from X and the measure is the
restriction of p to F. Extension for spaces N»¥ and MY and for closed sets are
defined similarly as for WY,

2.3. Poincaré inequalities. A pair (u, g), where u is locally integrable and g > 0,
satisfies a Poincaré inequality, if there exist constants cp > 0 and 7 > 1 such that

][ |lu —ugldu < Cp?“][ gdpu (2.9)
B TB

for each ball B = B(xz,r). More generally, if ¥ is a Young function, a pair as above
satisfies a W-Poincaré inequality, if

]{9 lu —ug|dy < cpr¥! <]{B U(g) d,u) (2.10)

7



for each ball B. The space X supports a Poincaré inequality (respectively W-Poincaré
inequality) if (2.9) ((2.10)) holds for each locally integrable function u and every
upper gradient g of w in each ball with fixed constants.

Notice that (2.9) implies (2.10) by the Jensen inequality. If ¥ is doubling, it
implies a (1, p)-Poincaré inequality for all p > log, cy, see [35, Theorem 5.7].

If X supports a W-Poincaré inequality, it is necessarily connected and hence u
satisfies reverse doubling condition (2.3). A complete (and hence proper) space
supporting a W-Poincaré inequality is quasiconvezx, that is, there exists a constant
C > 1 such that every pair z,y of points can be connected by a curve whose length
does not exceed C'd(x,y). It follows that the length metric

dy(x,y) = inf{i(y) : v connects x to y}

is bi-Lipschitz equivalent to the original metric and the resulting space (X,d;) is
geodesic, that is, every pair of points can be connected by a curve whose length
equals their distance. Note that doubling condition (2.1), reverse doubling condition
(2.3), measure density condition (3.1) and Poincaré inequality (2.9) are invariant
under a bi-Lipschitz change of a metric, see [19, Chapter 9], [12, Theorem 3.9].
The same is true for a W-Poincaré inequality provided ¥ is doubling. Also, clearly,
NYYW(X;d)) = NVY(X;d) and MY (X;d)) = MY (X;d) with equivalent norms.

If U and the space X are nice enough, then the definitions of NLY(X) and
MUY (X) give the same space. If ¥ is a doubling N-function, the maximal operator is
bounded in L¥(X) and X supports a Poincaré inequality, then N1¥(X) = MY (X)
and the norms are comparable, see [36, Theorem 4].

2.4. Sobolev-type embeddings. When showing that extension property implies
measure density, we need Sobolev-type inequalities for Orlicz-Sobolev spaces. Em-
bedding theorems for W ¥ () were first proved by Donaldson and Trudinger in [9)]
and by Adams in [1], and improved by Cianchi in [4, 5]. Corresponding inequali-
ties in the setting of metric measure spaces were recently shown to follow from a
U-Poincaré inequality, see [17, 18].

Theorem 2.1 ([18]). Assume that U is a Young function, B = B(xo,r) is a ball,
0 >0, 7> 1, and that a pair (U/HQHL‘P(Byg/HgHL‘I’(B)) satisfies a W-Poincaré
inequality in B = (1+ 6)7B.

1) If
N0 =)
/0 ESYE dt <oco and /0 BESYE dt = oo, (2.11)
then
= wsll . gy < CraB) gl o, (2.12)
where 1( )
FU(t
71 _
2) If
©w- ()
/ 11/ dt < oo, (2.14)

then, for Lebesgue points x,y € B of u,

[u(z) = u(y)| < Cru(B)~gll v pyws (W(B) ' réd(a,y) =), (2.15)
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where

ws(z) = /00 Ll(t) dt. (2.16)

ti+1/s
Here, C = C(cg,s,cp,T,0).

3. EXTENSION FROM MEASURE DENSITY

In this section, we show that the measure density condition implies the extend-
ability of functions in the class MY if 4 satisfies a reverse doubling condition or if
the maximal operator is bounded.

We say that a measurable set F C X satisfies a measure density condition if there
is a constant cg > 0 such that

W(EN Bla,r)) > cpu(Bla,r)) (3.1)

for all x € E, and for all 0 < r < 1. Note that by the doubling condition of y, the
measure density condition holds for balls of uniformly bounded radius. The measure
density condition says that the set cannot be too thin near the boundary. It also
implies that p(9F) = 0, see [15, Lemma 9]. Hence when studying extension for
space MLY(E), we may assume that the set E is closed.

Whitney type covering is usually an essential tool when showing that a set has
an extension property. We recall a covering result for doubling metric spaces from
[7, Theorem II1.1.3], [28, Lemma 2.9].

Lemma 3.1. Let U C X, U # X be an open set. There are balls B; = B(x;,r;),
i € N, where r; = dist(z;, X \ U)/10, such that
(1) the balls £ B; are pairwise disjoint,
(2) U =U;B;,
(3) bB; C U,
(4) if x € 5B, then 5r; < dist(x, X \ U) < 157,
(5) there is x7 € X \ U such that d(z;, x}) < 151, and
(6) D2 Xsp,(x) <M forallz € U.

For a Whitney covering, we can associate a Lipschitz partition of unity, see [28,
Lemma 2.1]. There is a sequence (¢;)ien of non-negative functions such that
(1) suppy; C 2B; for all i,
(2) pi(x) > M~! for all z € B; and for all i,
(3) there is a constant K such that each ¢; is Kr; ' Lipschitz,
(4) 32, pilz) = Xy () for all z.
Below, we want to extend functions defined in a closed set F' to functions defined in

X. We may assume that F' # X since otherwise there is nothing to do. For that,
let u € MY (F) and let g € D(u) N LY (F) such that

lgllze 7y < 2[lullpm ey

Let {B;}icny be a Whitney covering of X \ F' and let (¢;)ien be the corresponding
partition of unity. For each i, let 27 be as in Lemma 3.1 and define

B! = B(x},r;).

1
If the maximal operator is bounded in L¥(X), then the extension property follows
quite easily.
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Theorem 3.2. Let FF C X be a closed set that satisfies measure density condition
(3.1) and let W be a doubling Young function for which the mazimal operator is
bounded in LY (X). Then there is a bounded linear extension operator of MY (F)
into MLV (X).

Idea of the proof. We follow the proof of the first part of [15, Theorem 6] which
shows that there is a bounded linear extension operator from M (F) to MP(X)
for 1 < p < oo and use the boundedness of the maximal operator in LY instead
of LP. The function is first extended to a neighbourhood V of F using discrete
convolution and small Whitney balls of radius at most 1, by setting

n _ U(l‘), ifxe F,
Yicspi@upsap, iz € X\F,

where J = {i : r; < 1}. Then the extension to X is done using a cut-off function
and the Leibniz rule [13, Lemma 5.20]. O

The proof of case p = 1 for M“P-spaces in [15, Theorem 6] is much more difficult
because the boundedness of the maximal operator cannot be used.

To obtain the extension property for more general ¥, we assume that p satisfies
the reverse doubling condition. We will define the extension as in Shvartsman [33].
The sets used in the discrete convolution are obtained using the reverse doubling
condition. For each Whitney ball B;, there is Borel set H; C F' whose measure is
comparable with the measure of B;. The sets H; are of bounded overlap; this is
important in showing that the extension and its gradient are integrable. Compared
to sets B N F used in the proof of Theorem 3.2, the sets H; are defined by throwing
away small balls that intersect the set e B N I for € small enough.

Theorem 3.3. [[33], Theorem 2.6] Assume that | satisfies reverse doubling con-
dition (2.3). Let F' C X be a closed set and let {B;}ien be a Whitney covering of
X \ F. Then there are Borel sets {H;}ien, and constants c1,ca,c3 > 0 such that

(1) H;, C (ClBi N F),

(2) p(H;) > cop(Bi) if mi < 1,

(3) Zzoil Xu; < c3.

Idea of the proof. For 0 < e < 1, define

Hy=(eBfnF)\ | JeB;,
J€el;
where I; = {j : eBf NeB} # 0, r; <er;i} if r; < 1. If r; > 1, then H; = (. The
condition (1) follows from the properties of the Whitney covering because it is easy
to see that H; C eB} C 16B;. For (2), show first that B; C 18¢B; for each j € I;.
The claim follows using the bounded overlap of balls B;, reverse doubling and the
measure density condition and choosing ¢ small enough. For (3), note that if H; and
Hj intersect, then i ¢ I; and j ¢ I; and the measures of B; and B; are comparable.
The claim follows by using the bounded overlap of balls B;. O

Theorem 3.4. Assume that u satisfies reverse doubling condition (2.3) and that ¥
is doubling. If a closed set F' C X satisfies measure density condition (3.1), then
there is a linear extension operator € : MVY(F) — MY“¥(X) such that

[€ullarie xny < Cllullaeron (3.2)
10



for all w € MY (F) and for all A > 0.

The first part of proof follows the proof of [33, Theorem 1.3]. The extension is
defined similarly as well as the generalized gradient of the extension. We prove only
the norm estimates for the extension and for the gradient.

Proof. Define the extension of u by setting
if F.
Eulz) = U(Qa 1 z € F,
S vi(@)un,, ifzeX\F

Using standard techniques and the properties of Whitney covering, one can show
that the function

(z) g(x), if x € F,
pP\T) = .
Z?il(gHi + |uHi|)XQBi (l‘), ifreX \ F
belongs to D(Eu). Here the last two properties of Theorem 3.3 are not needed.

We prove only the unweighted case A = 1. The other cases are similar. Next we
show that [|Eul|pex) < Cllull e (p). It suffices to show this when ||ul[ vy = 1. The
general case then follows by using function v = u/[|ul| v (py. Since Y 72, @;(z) = 1
and there are only bounded number of non-zero terms in the sum Y 2, ¢;(z)uy, for
each x € X \ F, the Jensen inequality implies that for all x € X \ F,

w(|Eu(s <Z% ][ (Jul) dpe = E(W(Jul)) ().

Using the fact that ¢; =0 outs1de 2B, the doubling condition, comparability of the
measures of H; and B; and the bounded overlap of the sets H;, we obtain

/ W< gszi)]{{ Wl du < Ci [ wtupan
—cf ‘I’(|u\)<gxm>du < [ Wy an

where k > 1. Hence, using the assumption [|u| ;v p) =1 and (2.6), we have that

/ U(|Eul)dp < k.
X\F

Since Eulr = u, (2.4) together with the definition of Luxemburg norm shows that
[€ullpw(x) < 2k = 2k||ull v (r).-
To show that [|p[| v x) < C||gHL\p(F), it suffices to show that for each non-negative
function v € LY (F) with [vll ey =1,
VilLex) < Cllollpv gy,

where V(z) = > 72, vg,Xop, (x) for z € X \ F and V|p = v. For that, let x € X \ F
and a = Y ;2 Xap,(). The doubling condition of ¥, the bounded overlap of the
balls 2B; and the Jensen inequality imply that

\IJ(V(.T)) _ W(a Zfil 'UHiX2Bi(~T)> < Cafl ZXQBZ(‘%)]{{ \I/(U) du.
=1 @

a
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Hence, using the doubling condition of u, the comparability of the measures of H;
and B; and the bounded overlap of the sets H;, we obtain

/X\F du<02/ du<0/

The norm estimate follows similarly as for £u above. Using the definition of p, we
have that

lollzex) < Clligllpy -
Hence there is a bounded linear extensmn of MVY(F) to MMY(X). O

4. MEASURE DENSITY FROM EXTENSION

In this section, we show that the existence of an extension or a Poincaré type
inequality implies measure density condition. The proofs are modifications of the
proof of [15, Proposition 13].

Recall that a space X is a geodesic space if every two points x,y € X can be joined
by a curve whose length equals d(x,y). As discussed above, geodesity follows from
completeness and Poincaré inequality by changing the metric. Geodesity is needed
to show that balls satisfy measure density condition, see [15, Proof of Proposition
13]. Thus u(0B) = 0 for each ball B.

Below, functions Vg and wg are as in Theorem 2.1.

Theorem 4.1. Let X be Q-regular, geodesic metric measure space. Suppose that
one of the following conditions holds for a domain Q0 C X.
(a) There exists p < Q such that U(t)/tP is decreasing and N¥ () C LY ().
(b) WU is doubling, there exists p > @Q such that Y (t)/tP is increasing and every
u € NYY(Q) satisfies
[u(z) — u(y)| < Cwo(Crd(z,y)~?)llull yiw () (4.1)
for a.e. x,y € Q such that d(z,y) < 1.
(¢) There is a function ® satisfying
() < ov )t E (4.2)
for some e >0 and all t > 1, and a constant C > 0 such that
inf v —cllze (Bro; 1By < Crilullwreq; -1 (4.3)

for all balls B = B(x,r) withx € Q and 0 <r < 1.
Then Q) satisfies measure density condition (3.1).
Proof. Let B = B(z,r) withz € Qand 0 <7 < 1.
(a): As U(t)/tP is decreasing for some p < (), it is easy to see that (2.11) holds.
Since boundaries of balls have zero measure, we can choose radii 0 < 7 < 7 < r such
that
u(Bla. ) Q) = bu(Bla,7) N Q) = Lu(Ble,r) N0
and define
A7) = Bla,)\ B, A(n7) = Bar)\ B,
As in [15, Proposition 13], it suffices to show that

F—7 < Cu(B(z,r)NQ)e (4.4)
12



because then, using estimate (4.4) for radii ro = r, rj41 = 7;, we obtain
79 < Cu(B(z,r) N Q).

Since by [15, Lemma 14] we may assume that # > 1/10r, the measure density
condition follows from the @Q-regularity.
To show that (4.4) holds, we define u: Q — R by setting

1, if y € B(z,7) NQ,
u(y) = ¢ E28 iy e AR ) NQ,
0, if y € Q\ B(z,7).
The function v is 1/(# — 7)-Lipschitz and hence
1
9= = X4 /Hna
=T

is an upper gradient of u. Using (2.5) and the fact that 0 < 7 — 7 < 1, we obtain
[ullyvie @) < llullpe @) + 19l e @)
<O uBn) H T+ F ) e (BN (4.5)
<CF-7) v HuBno) ™!

Since NLY(Q) ¢ LYQ(Q), it follows from the closed graph theorem that there is
constant C' > 0 such that |v < Clj|[yrw () for all v € NY¥(Q). Thus,

using (2.5), we have
Cllullyvioy = lullva ) = o mnalpvam = 5 4nBAQ™ ™ (46)

By [18, Theorem 1.5], \Ilél(t) is comparable to W—1(#)t=1/@ for t > 1. Hence (4.4)
follows using estimates (4.5) and (4.6).

(b): As there is p > @ such that ¥(¢)/t? is increasing, it is easy to see that (2.14)
holds. Moreover, wq(t) is comparable to U~1(#)t~1/@ by [18, Theorem 1.5].
We may assume that Q\ B # (). We define u: Q — R by setting

u(y) = max{l - d(i’y),O}.

The function w is 1/r-Lipschitz and

HL‘I’Q(Q)

g(y) = = XBanne

is an upper gradient of u. Since u(z) =1 and u(y) = 0 for some y € (2\ B) N 2B,
using (4.1), the fact that wg is decreasing and (2.5), we obtain

1< Jue) - uly)] < Clluf s mwcxc Ld(a,y)?)
< Clluf|yro @we(Cr=?)
<orlu iy <Brm> ) lwg(Cr Q)
<CU H BN H e (or9).
The doubling property of ¥ then implies that
(BNt <w(Ccu i r9) < or @,

from which (3.1) follows easily by the Q-regularity.
13



(c): Let 0 <7 <7 <r<1,uand g be as in the case (a). As in (4.5), we obtain

lullnrw o w1y < lullpe o uzy -1y + 19l e @ wiz)-—1)

O e w(B) -
== 1Wl<ﬂ<3m>> '

Let ¢ € R. Since u = 1 in B(z,7)NQ and u = 0 in A(r,7) N Q, we have that
lu—¢c| >1/21in B(z,7)NQ or |u—c| >1/2in A(r,7) N Q. Thus, using (2.5), we
obtain

|u = cllze (Bro; uB)-1)

> $min{ IXg( 70l Lt Boos w1, Xammnoll g mon ue) |
B) \-1

> 1971 (3B )7

-2 ( u(BﬂQ))

These estimates, together with (4.3), (4.2), and the Q-regularity yield

. - B) Ng-1(_#B) 7!
_r<Crd1 4L gl 2
rorsr ( ,,L(Brm)) (/,L(BHQ)) @
N(B) ¢ 1—eQ € ‘
<Crl————— <C BNQ)°.
= T(p(BﬂQ)) = Orul )
Let ro = r and r; = 7;_1 for ¢ > 0. We may assume that ¢ < 1/Q (because if (4.2)

holds for 9 > 0, then it holds for all exponents 0 < & < gp). Now (4.7) applied for
(rig1 — rive) gives

= Z(ﬁ‘ﬂ —Tit2) < Czril_eQM(B(ﬂC,Tz‘) n€Q)*
i=0 i=0

- (4.8)
<Cr'Tu(BNQ)T ) (27 < Crt e u(B N Q)F.
=0
Now we use the assumption # > 1/10r, multiply the inequality (4.8) by r*@~! and
raise it to the power 1/(¢Q)) and we obtain
r < Cu(BNQ)Ye.
The measure density condition follows from the Q-regularity. U

Theorem 4.2. Let X be a Q-regular complete metric measure space that supports a
W-Poincaré inequality, let @ C X be a domain and let ¥ be doubling. Suppose that
one the following conditions holds.

(a) There exists an extension operator € : NVY¥(Q) — NYY(X) such that
[Eullviw ey < Cllullvie o (4.9)
for all A > 0.
(b) The function V(t)/tP is either decreasing for some p < @Q or increasing for
some p > @, and the trace operator
T:NYW(X)—= NYW(Q),  Tu=ulg, (4.10)
18 surjective.

Then § satisfies measure density condition (3.1).
14



Note again that if Q is an N1¥-extension domain, then the trace operator is
surjective and hence extension domains satisfy the measure density condition.

Proof. Since X is complete and supports a W-Poincaré inequality, we may assume
that X is geodesic.

(a) CASE 1: Suppose that

o0 \ijl(t)

Then we can modify U near zero so that the modified function ¥ satisfies (2.11) and
1olavro w1y = Cllvlve s

for all balls B. Here B is as in Theorem 2.1. Note that such a modification can
be done because the measure of B is 1 and the measure of B is comparable to a
constant by the doubling condition of u.

Let w € NYY(Q) and let B = B(z,r) with € Q and 0 < » < 1. By assumption,
there exists an extension v of u such that

vl v (x; w1y < Cllullvie@; us)-1)-

The weighted measure j(B) ! is doubling with the same doubling constant as .
Using (2.12) for the measure ;(B) !y, we obtain

lo=vnll o sy < OrlVlnie s w1 < CTIVlvuw aium))
< Crljvl| vt x; uy-1) < Crllull v o; us)-1)

which implies (4.3) with ® = \ilQ. By Theorem 4.1, it suffices to prove the following
lemma.

Lemma 4.3. The function ® = U satisfies (4.2).
Proof. 1t suffices to show that (4.2) holds for large t. As

Ful(s)
—1 _
(4.11) implies that \ilél(t) — o0 as t — oo. Thus

- Lul(s)
-1
o (t) < 2/1 RESYLo ds

for large t. By [35, Lemma 2.7], the doubling property of ¥ implies that if p > log, cg
and s < t, then

T1(s) U—L(t)
< .
Sl/p - tl/p
Hence for p > max{Q, log, cy }, we have that

Ful(s) 1 1 b et
_ _ -1/Q-1
/1 S11/0 ds < CU™ ()t /p/1 sH/P=1/Q=1 gg

<C(1/Q—1/p) ¥t (1)t~ /7.

The claim follows by setting € = 1/p. O
15



CASE 2: Suppose that (2.14) holds. Let B = B(x,r) withz € Qand 0 <r < 1. We
may assume that Q\ B # (. As in the proof of Theorem 4.1, we use the function
u: Q2 — R,

u(y) = max{l - d(i’y),O}.

The function u has an upper gradient

9(Y) = $XB(rn0
and v(z) = u(z) = 1 and v(y) = u(y) = 0 for some y € (Q\ B) N 2B, where
v € NLVY(X) is the extension of u. We will apply (2.15) to v and the measure
v=nu(B) .
Since v(B) = 1, wq is decreasing and r < 1, using the Q-regularity and (2.5), we
obtain
1< Jo(z) = v(y)] < Crv(B) vl yrw(x;0 we (v(B)"'r? d(z,y)?)

< Crllo] yrw(x) wo(r® d(z,y) =)

< Crllull v ;) wo (27°)

<CU Y (w(B(z,r)nQ)~H~!

p(B(z,7)) ))‘1’

<cov (,u(B(x, r) N

which implies the claim.

(b) The surjectivity of the trace operator implies that the space N%¥(Q) is isomor-
phic to NM¥(X)/ker 7. Hence there is C' > 0 such that for every u € N%¥(Q) there
is v € NMY(X) such that v|g = u and

vl v (x) < Cllull v q)-
This means that there is a bounded but not necessarily linear extension operator.
Let u € N%¥(Q) and let v be such an extension.

CASE 1: Suppose that ¥(t)/t? is decreasing for some p < (). Then (2.11) holds. Let
x € Q. Choose the radii 0 < 7 < 7 < r < 1 and define the function u as in the part
(a) of the proof of Theorem 4.1. Inequality (2.12), the Q-regularity and estimate
(4.5) imply that

o =5l vq ) < CruB)2 vy x)

(B)
< Cllollynosey < CG - A0 (B

Since v = v = 1 in @(a:,'ﬁ) NQand v = u = 0 in A(r,7) N 2, we have that

|lv —vg| >1/2in B(z,7)NQ or |[v —vg| >1/2 in A(r,7) N Q. Thus

v =05l 30 2 $min{Xp0 pal vo ) Nacanol va , |
> 305 (4u(BN )~
The rest of the proof follows the proof of case (a) of Theorem 4.1.

CASE 2: Suppose that U(t)/tP is increasing for some p > Q. Then the condition

(2.14) holds. By Theorem 2.1, v satisfies (2.15), which, by the @Q-regularity, implies

(4.1) for u. Hence the claim follows from Theorem 4.1. O
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Now we formulate the counterparts of above two theorems for the space MY,
The test functions u used in the proof of Theorem 4.1 clearly belong to MY ()
and the functions g used as upper gradients of u belong to D(u). Therefore, we have
the following.

Theorem 4.4. Theorem 4.1 remains valid, if we replace NV¥ by MLY.

Note that, by integrating (2.8) twice, we see that every pair u € M"Y (X) and
g € D(u) satisfies the Poincaré inequality and hence the W-Poincaré inequality for
any Young function W. Thus, the proof of Theorem 4.2 yields the following.

Theorem 4.5. Let X a Q-reqular geodesic metric measure space, let 0 C X be a
domain and let ¥ be doubling. Suppose that one the following conditions holds.

(a) There exists an extension operator £ : MY (Q) — MY (X) such that

IEullarw x.n) < Cllullane oy

for all A > 0.
(b) The function V(t)/tP is either decreasing for some p < Q or increasing for
some p > Q, and the trace operator

T:MYW(X)— MYYW(Q), Tu=ulg (4.12)
18 surjective.

Then § satisfies measure density condition (3.1).

5. CHARACTERIZATIONS OF EXTENSION DOMAINS

In this section, we give characterizations of extension domains for Orlicz-Sobolev
spaces in the metric setting. Notice that our results hold in Heisenberg and Carnot
groups since they are Ahlfors Q-regular spaces for a suitable Q and they support a
Poincaré inequality.

The first theorem of this section is a general version of Theorem 1.1. It charac-
terizes the trace space of NUY(X).

Theorem 5.1. Assume that X supports a Poincaré inequality and that V and its
conjugate are doubling N-functions. If E C X is a measurable set that satisfies
measure density condition (3.1), then

NV (X)|p = MYV (E)

as sets and the norms are equivalent. Moreover, there is a bounded linear extension
operator

E:MYW(E) - MWW (X)=NVY(X).

Note that p satisfies reverse doubling condition (2.3) because the validity of a
Poincaré inequality implies that X is connected.

Proof. The assumptions on ¥ and X imply that if u € N»¥(X), then v € MbY(X)
and g|g is a generalized gradient of u|p whenever g is a generalized gradient of wu,
see [36, Theorem 4]. Hence N'¥(X)|p ¢ MY (E) and

lulellvme gy < llullpnexy < Cllullyiex).-

Since E' satisfies the measure density condition, Theorem 3.4 implies that there is
a bounded linear extension operator from MY“¥(E) = MY (E) to M"W(X) =
17



NYY¥(X). Hence each function of MYY(E) is a restriction of a function from
N1¥(X) with the norm inequality. The claim follows. O

Next two results are general versions of Theorems 1.7 and 1.8.

Theorem 5.2. Let X be a QQ-reqular complete metric measure space that supports a
Poincaré inequality and let  C X be a domain. Let ¥ and its conjugate be doubling
N-functions. Then the following conditions are equivalent.

(a) There exists an extension operator € : NW¥ () — NV (X) such that (4.9)

holds.
(b) There exists a linear extension operator £ : NY¥(Q) — NVY(X) such that
(4.9) holds.
(c) The domain Q satisfies measure density condition (3.1), MY (Q) = NMY(Q)
as sets and
lullaprw @) < Cllull e (5.1)
for all A > 0.

Proof. (a) = (c): By Theorem 4.2, Q satisfies the measure density condition.
Since X supports the Poincaré inequality, the assumptions on ¥ imply that
N (X) = MY (X) and that

1
§HUHN11‘I’(X;>\) < vllamw xny < Cllvllvee x;n (5.2)

for all A > 0 and for all functions v, see [36]. Hence Eu, the extension of u € N1¥(Q)
belongs to MY (X), and so u = Eulg € MYY (). Therefore NVY(Q) ¢ MLY(Q).
Since MbY(Q) ¢ NH¥(Q) by [35], we have that MY (Q) = NL¥(Q). Moreover, by
(5.2) and (4.9),

lullarw @) < I€ullpmexny < Cll€ullyiexny < Cllullyie @
for all A > 0.
(c) = (b): Since u(0Q) = 0, we have that MbY(Q) = MY (Q). Since p is Q-
regular, it satisfies the reverse doubling condition. By Theorem 3.4, there exists
a linear extension &£ : NV¥(Q) = MY (Q) — MY (X) = NVY(X) that satisfies
(3.2). From (5.2), (3.2) and (5.1), it follows that £ satisfies (4.9).
The last implication (b) = (a) is trivial. O

Theorem 5.3. Let X be a Q-regular complete metric measure space that supports
a Poincaré inequality and let Q C X be a domain. Assume that U and its conjugate
are doubling N -functions and that W(t)/tP is either decreasing for some p < Q or
increasing for some p > Q. Then the following conditions are equivalent.

(a) The trace operator (4.10) is surjective.

(b) There exists a bounded extension operator € : NW¥(Q) — NLY(X).

(c) There exists a bounded linear extension operator € : NV¥(Q) — NLY(X).

(d) The domain ) satisfies measure density condition (3.1) and MY (Q) =
NYY(Q) as sets and the norms are equivalent.

Proof. (a) = (b) as in the proof of Theorem 4.2. The proof of (b) = (d) = (¢)
is analogous to the proof of Theorem 5.2. Trivially, (¢) = (b) = (a). O

The following theorem shows that the measure density condition characterizes
extension domains for the space MY, As discussed in the introduction, this cannot
18



be the case for spaces NU¥ and WY as the unit disc in plane with radius removed
shows. The reason for that difference is that MY spaces do not see sets of zero
measure. It follows directly from the definition that MY (F) = MY (F \ E) as
sets whenever the measure of the set E' is zero.

Theorem 5.4. Let X a Q-reqular geodesic metric measure space, let @ C X be a
domain, and let ¥ be doubling. Then the following conditions are equivalent.

(a) There exists an extension operator £ : MY (Q) — MYY(X) such that (3.2)
holds.

(b) There exists a linear extension operator £ : MVY(Q) — MVY(X) such that
(3.2) holds.

(¢) The domain S satisfies measure density condition (3.1).

If, in addition, V(t)/tP is either decreasing for some p < @ or increasing for some
p > Q, then also the following conditions are equivalent.

(d) The trace operator (4.12) is surjective.
(e) There exists a bounded extension operator.
(f) There exists a bounded linear extension operator.

Proof. Implications (b) = (a) and (b) = (f) = (e¢) = (d) are trivial. By
Theorem 4.5, (a) implies (c). If (c) holds, then M1¥(Q) = MLY(Q), and so (b)
follows from Theorem 3.4.

If W(t)/tP is decreasing for some p < @ or ¥(t)/tP increasing for some p > @,
then (d) implies (c) by Theorem 4.5. O
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