SOBOLEV SPACES WITH ZERO BOUNDARY
VALUES ON METRIC SPACES

TERO KILPELAINEN, JUHA KINNUNEN, AND OLLI MARTIO

ABSTRACT. We generalize the definition of the first order Sobolev spaces with zero
boundary values to an arbitrary metric space endowed with a Borel regular measure.
We show that many classical results extend to the metric setting. These include
completeness, lattice properties and removable sets.

1. Introduction

The purpose of this note is to introduce the first order Sobolev spaces with zero
boundary values on any metric space equipped with a Borel regular measure. The
motivation for this generalization is twofold. First we are interested in developing
the calculus of variations in the general setup and, to this end, it is crucial that
we can compare the boundary values of the Sobolev functions. On the other hand,
we would like to present a general theory which covers applications to manifolds,
groups, vector fields, graphs and fractal sets in the Euclidean space, see for example
[CDG1-2], [FGW], [GN], [HS], [VSC] and references therein.

To begin with, we need a notion of the Sobolev space with no restrictions to
the boundary values. There are several different approaches available. We use
the Lipschitz type characterization due to Hajlasz [H]. This definition has been
employed for example in [FLW], [HM], [HKi|, [HaK1], [HaK2], [HeK], [Ka], [KM],
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There are two natural routes available to define the first order Sobolev spaces
with zero boundary values. Recall that in the classical Euclidean case with the
Lebesgue measure the space is defined as the completion of compactly supported
smooth functions in the Sobolev norm. The first candidate is based on the com-
pletion of Lipschitz continuous functions which belong to the global Sobolev space
and vanish in the complement of a given set; another possibility is to require that
the function can be extended to the global Sobolev space and that the trace of the
extension vanishes in the complement. In the classical Euclidean case of an open
set both of these definitions are equivalent, but the approximation by Lipschitz
functions works basically on open sets only. For an arbitrary set in a metric space
the latter definition is more general and also more natural. Hence we are inclined
to take it as our starting point. In order to define the trace of a Sobolev function we
need the notion of capacity in the metric setup. The rudiments were established in
[KM]. The Sobolev spaces of Hajlasz coincide with the classical Sobolev spaces on
the extension domains but not in general. No such restriction is needed here and
hence the Hajlasz spaces seem to fit perfectly well for functions with zero boundary
values.

In particular, we define the Sobolev spaces with zero boundary values on an
arbitrary subset of the Euclidean space. There has been previous attempts to define
the Sobolev spaces with zero boundary values on nonopen sets in the Euclidean
space. One possible approach is based on the representation of Sobolev functions
as Bessel potentials, see [AH, Chapter 10]. Resulting spaces are characterized by a
theorem of Havin [Ha] and Bagby [B], which we take as a definition in the metric
space setting. These results are closely related to questions of the approximation

of Sobolev functions with zero boundary values by compactly supported functions.
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As our examples show, the approximation by continuous functions fails on general
sets. We study the approximation on open sets and give sufficient conditions which
guarantee that a Sobolev function can be approximated by Lipschitz continuous
functions vanishing outside an open set. These conditions are based on Hardy type
inequalities and, contrary to our definition of the Sobolev space with zero boundary

values, they depend only on the values of the function in the given set.

2. Sobolev space

In this section we recall the definition due to Hajlasz of the first order Sobolev
spaces on an arbitrary metric space. The details can be found in [H|. Let (X, d)
be a metric space and let p be a non-negative Borel regular outer measure on X.
In the following, we keep the triple (X, d, ) fixed, and for short, we denote it by
X. LP(X), 1 < p < oo, is the Banach space of all p—a.e. defined p—measurable

functions u: X — [—o0, 0o| for which the norm

» 1/p
Jullzro) = (] fup di)
X

is finite. Suppose that u: X — [—00, 00] is p—measurable. We denote by D(u) the

set of all p—measurable functions g: X — [0, oo] such that

lu(z) — u(y)| < d(z,y)(9(z) + g(y))

for every x,y € X \ N, x # y, with u(N) = 0. The space L"?(X) consists of all
p—measurable functions u with D(u) N LP(X) # (; the space L'?(X) is endowed
with the seminorm

(2.1) ull e (x)y = inf {{lgllLr(x): g € D(w) N LP(X)}.
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An application of the uniform convexity of LP(X) implies that there is a unique
minimizer of (2.1). The Sobolev space is M*P(X) = LP(X) N LY?P(X) equipped

with the norm

1/
(2.2) ||U||M1vP(X) = (||u||1£p(X) + HUHZLP(X)) ’

With this norm M1?(X) is a Banach space.

If X = R™ with the Euclidean metric and the Lebesgue measure, then M1P(R™) =
WLP(R™), 1 < p < co. Moreover, the norms are comparable. Here W1P(R") is
the classical Sobolev space, that is, the space of functions in LP(R™) whose first

distributional derivatives belong to LP(R"™) with the norm

1/
lallwroggeny = ([lagn, + 1Dl ) -

3. Capacity

There is a natural capacity in the Sobolev space. For 1 < p < oo, the Sobolev

p—capacity of the set F C X is the number
C,(F) = inf {||uH1]’W,p(X) cu€ AE)},

where

A(E) = {ue M"P(X):u > 1 on a neighbourhood of E}.

If A(E) =0, we set C,(E) = co. Functions belonging to A(E) are called admissible
functions for E. Since the Sobolev norm decreases under truncation we may restrict
ourselves to those admissible functions w for which 0 < w < 1. For the basic
properties of the Sobolev capacity we refer to [KM].

A property holds p— quasieverywhere (p—q.e.), if it holds except of a set of p—ca-

pacity zero. A function u: X — [—00,00] is p—quasicontinuous in X if for every
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e > 0 there is a set E such that C,(E) < ¢ and the restriction of u to X \ E is

continuous. Since C,, is an outer capacity, we may assume that E is open.

By [Ha, Theorem 5] we see that

Lip'?(X) = {u€e M"P(X): u is Lipschitz in X}

is a dense subspace of M1?(X). Hence for each u € M1P(X) there exist sequences
of functions u; € Lip"?(X) and g; € D(u; —u), i = 1,2, ..., such that u; — u and
gi — 0in LP(X) as i — oo. It was proved in [KM, Theorem 3.7] that a subsequence
of u; converges uniformly outside a set of arbitrary small capacity. Thus each

Sobolev function has a p—quasicontinuous representative [KM, Corollary 3.9]:

3.1. Theorem. For every u € M“P(X) there is a p—quasicontinuous function

u € MY (X) such that u=u p—a.e. in X.

The quasicontinuous representative given by Theorem 3.1 is essentially unique.
In the classical case this was first proved by Deny and Lions [DL]. The proof of the

following Theorem can be found in [Ki].

3.2. Theorem. Suppose that u and v are p—quasicontinuous on an open set

OcCcX. Ifu=v p—a.e. in O, then u =1v p-q.e. in O.

3.3. Remark. Observe that if u and v are p—quasicontinuous and v < v y—a.e. in
an open set O, then max(u—wv,0) = 0 p—a.e. in O and max(u—wv,0) is p—quasicon-
tinuous. Then Theorem 3.2 implies max(u — v,0) = 0 p-q.e. in O and consequently

u < v p-q.e. in O.

The previous theorem enables us to define the trace of a Sobolev function to an

arbitrary set. If u € M'?(X) and E C X, then the trace of u to E is the restriction
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to E of any p—quasicontinuous representative of u. Of course, this definition is

useful only if C,(E) > 0.

The next theorem gives a characterization of the capacity in terms of quasicon-

tinuous functions. For £ C X and 1 < p < oo, we denote
Cp(E) = inf {[[ullh1 ,x): u € QAE)},
where
QA(E) ={ue MYP(X): u is p—quasicontinuous and u > 1 p-q.e. in E}.
Here we use the convention that ép(E) =0 if QA(E) = 0.

3.4. Theorem. Letl <p<oo. Then (N]p(E) = C,(E) for every E C X.

Proof. The inequality C,(E) > C,(F) follows from the uniqueness of the quasi-
continuous representatives (Theorem 3.2). Indeed, if u € M1P(X) and u > 1 on
an open neighbourhood of O of E, then the quasicontinuous representative u of u
satifies u > 1 p-q.e. on O (see Remark 3.3) and hence © > 1 p-q.e. on E.

For the reverse inequality, let v € QA(F). By truncation, we may assume that
0 <wv <1 Fixe 0<e <1, and choose an open set V with C,(V) < € so that
v =1on E\V and that v|x\y is continuous. By topology, there is an open set
U C X such that {z € X: v(z) >1—e}\V =U\V. Observe, that E\V Cc U\ V.
Then choose u € A(V') such that [jul[y;1r(x) < € and that 0 < u < 1. We define
w=v/(l—-¢)4+u. Then w >1 p—ae. in (U\V)UV =U UV, which is an open

neighbourhood of E and hence w € A(E). Thus

Cp(E)l/p < Nwllarrex)y < vl arrexy + Jullanex) < ]| are(x) + €

1—¢ 1—¢

Since ¢ > 0 and v € QA(FE) were arbitrary we arrive at the desired inequality

Cp(E) < C,(E). This completes the proof. a
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The following result is a sharpening of [KM, Theorem 3.7].

3.5. Lemma. Suppose that (u;) is a sequence of p—quasicontinuous functions
u; € MYP(X), i = 1,2,..., such that u; — u in MYP(X), where u is p—qua-
sicontinuous. Then there is a subsequence of (u;) which converges to u p-q.e. in

X.

Proof. There is a subsequence of (u;), which we denote again by (u;), such that
oo

> 2P u; - ullfyanx) < 00
=1

For i = 1,2,..., denote E; = {z € X: |uj(z) — u(z)| > 27°} and F; = J E;.

i=j
Clearly 2'|u; — u| € QA(FE;) and hence using Theorem 3.4 we obtain C,(E;) <
2% ||lu; — w10 xy and, by subadditivity, we obtain

CP(FJ) < Z Cp(Ei) < ZQip||Ui - UHg/p,p(X)-
1=j

=7

Hence Cy ( () Fy) < limj o Cy(Fy) = 0 and u; — u pointwise in X \ (] Fy. The
j=1 j=1

claim follows. O

4. Sobolev space with zero boundary values

Let E be a subset of X. We say that u belongs to the Sobolev space with zero
boundary values, and denote u € M&’p (E), if there is a p—quasicontinuous function
u € MYP(X) such that = u p—a.e. in E and @ = 0 p-q.e. in X \ E. In other
words, u belongs to Mg’p(E) if there is w € M*P(X) as above such that the trace
of % vanishes p-q.e. in X \ E. The space M,*(E) is endowed with the norm

leall gy = Illarsncr-
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Since C,(F) = 0 implies that u(E) = 0 for every E C X, it follows that the norm
does not depend on the choice of the quasicontinuous representative.

Observe, that even though u vanishes g.e. in X \ E, the functions g € D(u) need
not be zero in X \ E.

Obviously M, "*(E) is a linear space. It is also complete:
4.1. Theorem. M, (E) is a Banach space.

Proof. Suppose that (u;) is a Cauchy sequence in MO1 P(E). Then for every u,,
i=1,2,..., there is a p—quasicontinuous function u; € M*?(X) such that u; = u;
p—a.e. in F and @; = 0 p-q.e. in X \ E. Since M?(X) is complete [H, Theorem
3], there is u € M1P(X) such that u; — u in MYP(X) as i — oco. Let u be a
p—quasicontinuous representative of u given by Theorem 3.1. By Lemma 3.5 there
is a subsequence of (%;) such that w; — u p-q.e. in X as ¢ — oo. This shows that

u =0 p-q.e. in X \ E and consequently u € M& P(E). The theorem follows. O

4.2. Remarks. (1) Clearly My*(E) ¢ M'“?(E) if E C X is y—measurable and
MyP(X) = MYP(X).

(2) If By C Ey C X, then MyP(E1) C My?(Ey).

(3) If u € M*P(X) is a continuous function which vanishes on X \ E, then
u € My?(E). In particular, if u(F) < oo, then every Lipschitz continuous function
vanishing on X \ E belongs to M, ?(E).

(4) If £2 is an open set in R™ and p is the Lebesgue measure, then Mol’p(ﬂ) =
I/VO1 P(£2), see [AH, Theorem 9.1.3]. Moreover, the norms of these spaces are equiv-
alent. Originally this characterization of Sobolev spaces with zero boundary values
is due to Havin [Ha] and Bagby [B].

(5) The Bessel potential spaces in R™ are defined as L'P(R") = {Gy1 *g: g €
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LP(R™)}, where

() = 1 / ciz-€ it
)" Jue (T PP

is the Bessel kernel of order 1. The norm on £'*(R") is given by ||ul|z1.p@n) =
l9llz»@®n). For an arbitary set £ C R", let Ly"(E) be the completion of the
functions in £1'?(R") with compact support contained in E.

A theorem of Calderén [St, Theorem V.3] implies that W1P(R") = L1P(R"),
1 < p < o0, and that the norms are equivalent. This means that L(l)’p (E) is the
completion of the p—quasicontinuous functions in W1P(R"™) whose support is a
compact subset of E. A special case of Netrusov’s theorem [AH, Theorem 10.1.1]
asserts that u € L£7(E) if and only if u € MyP(E). Observe that £*(E) C

My?(E) by Lemma 3.5, but the reverse inclusion is deeper.

In applications it is useful to know that MO1 P(E) posesses the following lattice

properties. The straightforward proof is omitted.

4.3. Theorem. Suppose that u, v € Mg’p(E). Then the following claims are
true.
(1) If A > 0, then min(u, \) € Mol’p(E) and || min(u, )\)||Mé,p(E) < ||U||M3,p(E).
(2) If A <0, then max(u,\) € My ?(E) and || max(u, )\)||M§,p(E) < ||uHM3,p(E).
(3) ful € My?(B) with ||lull|yp1r ) < Nl gy
(4) max(u,v) € My?(E).

(5) min(u,v) € My?(E).

The following two theorems generalize classically known facts to the metric set-

ting.

4.4. Theorem. Suppose that E is p—measurable and that u € M&’p(E) and

ve MYP(E). If |v| <u p—a.e. in E, then v e My?(E).
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Proof. Let w be the zero extension of v to X \ E and let w € M1?(X) be a p—qua-
sicontinuous function such that ©w = u p—a.e. in E and that v =0 p-q.e. in X \ E.
Suppose that ¢ € D(u) N LP(X) and go € D(v) N LP(E). Then it is easy to see

that

[ max (g1(2), g2(2)), rck,
93(111> - { gl(x), = X\E

belongs to D(w) N LP(X) and hence w € MYP(X). Let w € M1P(X) be a p—qua-
sicontinuous function such that w = w p—a.e. in X given by Theorem 3.1. Then
|w| < u p—a.e. in X. Remark 3.3 yields |w| < @ p-q.e. in X and consequently w = 0

p-q.e. in X \ E. This shows that v € My"?(E). O

4.5. Theorem. Suppose that u € My?(E) and v € M'“?(X) are bounded

functions. Then uv € My ™ (E).

The proof of Theorem 4.5 is easy.
The next theorem shows that the sets of capacity zero are removable in the

Sobolev spaces with zero boundary values.
4.6. Theorem. If N C E such that C,(N) =0, then My " (E) = My*(E \ N).

Proof. Suppose that C,(N) = 0. Clearly My*(E\N) C My?(E). If u € My"*(E),
then there is a p—quasicontinuous u € M?(X) such that & = v p—a.e. in F and
u =0 p-q.e. in X \ E. Since C,(N) = 0, we see that u = 0 p-q.e. in X \ (E'\ N).

This implies that u|p\n € My (E \ N). Moreover, we have

Hu’E\NHMé’p(E\N) - HUHMS’I'(E)‘

4.7. Remarks. (1) In particular M, *(int E) = M,?(E) if C,(0E) = 0.
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(2) We easily infer that MyP(X \ N) = My?(X) = M'?(X) if and only if
C,(IN) = 0. However, the converse of Theorem 4.6 need not be true in general. For

example, let X = R with the Lebesgue measure and the standard metric, £ = (0, 1]

and N = {1}. Then C,(N) > 0, but My*(E) = My?(E\ N) = Wy*((0,1)).

The following theorem shows that the converse of Theorem 4.6 holds for open

sets.

4.8. Theorem. Suppose that p is finite on bounded sets and that D C X is open.

Then My*(D\ N) = My (D) if and only if C,(N N D) = 0.

Proof. Only the necessity calls for a proof. Assume that N C D. Let zg € D and

write
D; = B(wo,i) N {z € D: dist(z, X \ D) > 1/i}, i=1,2,...

Define u;: X — R by wu;(z) = max (0,1 — dist(z, N N Di)), i = 1,2,... Then
u; € MYP(X) is continuous, 0 < u; <1 and uw =1 in N N D;. Define v;: D; — R
as vi(x) = dist(z,X \ D;), i = 1,2,... Then v; € My?(D;) € My"*(D) and
by Theorem 4.5 we have wv; € MyP(D) = My?(D\ N), i = 1,2,... Fix i.
If w is p—quasicontinuous function such that w = w;v; p—a.e. in D\ N, then
w = u;v; p—a.e. in D since u(N) = 0. Theorem 3.2 implies that w = w;v; p-q.e.
in D. In particular, w = uw;v; > 0 p-q.e. in N N D;. On the other hand, since
wv; € MyP(D\ N) we may define w = 0 p-q.e. in X \ (D \ N). In particular,
we have w = 0 p-q.e. in N \ D;. This is possible only if C,(N \ D;) = 0 for every

t=1,2,... and hence
Cp(N) <) Cp(NND;) =0.
i=1

This completes the proof. O
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5. Approximation by Lipschitz continuous functions

In the classical Euclidean case when pu is the Lebesgue measure and (2 is an open

set in R™ the Sobolev space T/VO1 P(£2) can be characterized as the completion of
{fue C*R")NW'"P(R"): u=0in R"\ 2}

with respect to the Sobolev norm. Obviously the class C°°(R™) can be replaced by
the Lipschitz continuous functions for the first order Sobolev space.
A natural way in a metric space X would be to describe the Sobolev space with

zero boundary values on £ C X as the completion of
Lipy?(E) = {ue M"P(X): u is Lipschitz in Xand u=0in X \ E}

in the norm (2.2). Since MP(X) is complete, this completion is the closure of
Lipy®(E) in MY (X). We denote it by Hy?(E).

In the classical Euclidean case with the Lebesgue measure and {2 C R" is open
we have Hy?(2) = WyP(2) = My?(£2). However, this is not true in the general
setting.

To start we recall that Hy?(X) = M,?(X) by [H, Theorem 5]. Moreover, since
Lipy”(E) € My*(E) and the latter space is complete we have: If E C X, then
HYP(E) ¢ My?(E). Simple examples show that the equality may fail in general.

We start with a trivial example: Let B be the unit ball in R™ and u(z) =
dist(xz,0B). Using the standard measure and metric in R™ we have that u €
Mol’p(E), where E C B is such that B \ E is countable and dense, and 1 < p <
n. Clearly, u cannot be approximated in M1P(R™) = WHP(R") by continuous
functions that vanish outside E, for such functions vanish identically. Thus u ¢

HyP(E).
12



On the other hand, we may construct X C R as follows. Let by > a; > by >
as > -+ > 0 such that 2b; < a;_1, lim;_,.. b; = 0 and that fA |z| 7P dx < oo, where
A= Gl(ai,bi). This is clearly possible by choosing the intervals (a;,b;) short

i=

and sparse enough. Let X = (—1,0] U A. The metric is the one induced by the
FEuclidean metric and the measure is the Lebesgue measure on the real line restricted
to X. Then the characteristic function u of E = (—1,0] is p-quasicontinuous in X
and hence belongs to M, (E), but it does not belong to Hy*(E): it cannot be
approximated by continuous functions that vanish in X \ E, for C,({0}) > 0. (Note
that such a continuous function must vanish at 0 and recall Lemma 3.5).

Since continuous functions vanish on a closed set, we have that Lip(lj’p (E) =

Lipy® (int E), and hence Hy?(E) = Hy® (int E). Furthermore, if Hy?(E) = My (E),

then M, (E) = M,”(int E). The claim follows since
MyP(E) = Hy?(E) = Hy®(int E) € MyP(int E) ¢ My"?(E).

This supports our choice to restrict the study of the H = M question to open sets.

Next we prove a sufficient condition.

5.1. Theorem. Let D be an open subset of X and suppose that u € MYP(D),

l<p<oo. If
u(x)
Gtz x\ Dy < P
then u € Hy?(D).
Proof. Let g € D(u) N LP(D) and define
[ max (g(a), Ju(e)|/ dist(z, X\ D)),  weD,
g(x)_{o, z € X\D.

Let @ be the zero extension of u to X \ D. We claim that g € D(u) N L?(X). By
13



the assumptions g € LP(X), and hence we need to show that

(5.2) [u(z) —u(y)| < d(z,y)(g(x) +9(y))

for every z,y € X \ N with u(N) = 0. Now for p—a.e. z,y € D or z,y € X \ D

this is clear. For p—a.e. x € D and y € X \ D we obtain

|u(x)]

(m“%X\D)Sd@wﬂm@+@@D~

() —uly)| = u(z)| < d(z,y)

Hence g € D(u) N LP(X) and consequently u € M*P(X).

Write
(5.3) Fi={xz €D\ N: [u(z)| <i,g(z) <i} U(X\D)
fori=1,2,... By (5.2) we see that u|, is 2i—Lipschitz continuous and we extend

it to a 2¢i—Lipschitz continuous function on X using the McShane extension
w;(z) = inf {u(y) + 2id(z,y): y € F;}.
Finally, we truncate %; at the level ¢ and set u;(z) = min ( max(w;(z), —i),4). The
function u; has the following properties:
(1) u; is 2i—Lipschitz in X.
(2) u; =w in F; and, in particular, u; =0 in X \ D.
(3) |ui| <iin X.

Moreover, by (5.3) we see that
(5.4) Pu(X\F) <iPp({ze X:[u(z)| >i}) +iPu({z € X: glz) >i}) —0,

as i — oo. Here we used the fact that u,g € LP(X).

Next we show that u; € M1P(X). To this end, we define

( ) { g(.ﬂ?), x € Fj,

i\x) = )

g 24, re X\ F.
14



Then

(5.5) |ui(z) — ui(y)| < d(z,y)(g:(x) + g:(y))

when z,y € X \ N. Indeed, if z,y € F;, then (5.5) is clearly true. For y € X \ F;

we have

id(z,y) < d(z, i(x ; C ifre X\ E
yui(x)_ui(y)’§{2 ( y)zd(x Z)(g( )+ 9i(y)) € X\

2id(z,y) < d(z,y)(g(z) + 2i), if v € Fj.
Hence (5.5) holds and thus g; € D(u;).

Since

[ dtans [ @aus @iru(x\ £ < o
X F,

[

and
t/m%ms/m%mwwwxm<w,
X F;

it follows that u; € M'?(X), and hence u; € Lipy? (D).

It remains to prove that u; — u in M1P(X). First observe that (5.4) yields

7 — || _ a—wlPd
[ UHL’P(X) /X\F|u wi|” dp

< 2”‘1</ @l? dp + P (X \ Fi)) — 0,
X\F;
as ¢ — 00. Letting

g(z) + 31, xe X\ F;,
fi(z) =
0, x € F;,

we have that f; € D(u—wu;) N LP(X); in fact, the only nontrivial case is € F; and

y € X \ F;, but then

(@ — ws) () — (@ — w;)(y)| < dlz,y)(g(x) +(y) + 20)

< d(z,y) (ﬁ(y) + 3i).
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JFrom (5.4) we obtain

= sl < / 7 du <2 / 7 du+ (30 u(X \ F)) =0,
X X\F;

as i — oo. Thus @ € Hy?(D) and the proof is complete. a

Next we give a condition for the open set D such that the assumptions of The-
orem 5.1 hold for every u € M, "*(D). To this end, we recall that a locally finite

Borel measure p is doubling if there is a constant ¢ > 0 such that

p(B(x,2r)) < cp(B(z,r))

for every x € X and r > 0. A nonempty set £ C X is uniformly u—thick, if there

are constants ¢ > 0 and 0 < ry < 1 such that
pw(B(z,r)NE) > cp(B(z,r))
for every z € E, and 0 < r < rg. We use ¢ to denote various constants which may
differ even on the same line.
We have the following Hardy type inequality.

5.6. Theorem. Letl < p < oo and suppose that p is doubling. Let D C X be
an open set such that X \ D is uniformly u—thick. Then there is a constant ¢ > 0

such that

|u(z)| )p
d < p 1
/D (dist(a:,X o)) W)= el g,
holds for every u € Mol’p(D). The constant c is independent of u.
Proof. Let uw € M1P(X) be p-quasicontinuous such that u = & p—a.e. in D and

u=0p-qe. in X\ D. Let g € D(u) N LP(X). We define

Dy ={z € D: dist(z, X \ D) <ro}.
16



Fix x € Dy and choose xg € X \ D such that r, = dist(z, X \ D) = d(z,x¢). Then

the uniform p—thickness and the doubling conditions yield

1
B s D s /D)

< 2 (Blaors) /B(mo’rz)g(y) du(y)

< BT /B o S ) < e M

for p—a.e. x € Dg; here

1
Mg(x) —iglgm /B W)g(y) du(y)

is the Hardy—Littlewood mazximal function of g. For p—a.e. x € Dgy there is y €
B(zg,r,) \ D such that

1
o) < o) (o) + ety [ o) )

< cry(g(x) + Mg(z)) < edist(z, X \ D)Mg(z).

Since p is doubling, the Hardy-Littlewood maximal operator is bounded from

LP(X) into itself, see [CW], and hence

/DO (dist(|§,(§()|\ D))pdn(a:) < c/X(Mg(x))P du(z) < c/X g(2)? dp(z).

On the other hand

/D\DO (dist(‘g,(?’\ D)>pdu(:v) < ro_p/D lu(z)|P du(z).

We conclude that

/( distg;ﬂ(?'\m)pdu(ms(;( [ i@ du) + [ a@y dno)).

The claim follows by taking the infimum over all g € D(u) N LP(X). a
17



Theorem 5.6 together with Theorem 5.1 yield

5.7. Corollary. Let1l < p < oo and assume that p is doubling. Suppose that
D C X is an open set such that X \ D is uniformly p—thick. Then Mé’p(D) =

17
Hy?(D).
Also we obtain the following compactness result.

5.8. Corollary. Let1l < p < oo and assume that pu is doubling. Suppose that
D C X is an open set such that X \ D is uniformly p—thick. Let u; € Mol’p(D) be

a sequence that is bounded in MyP (D). If uj — u p-a.e., then u € My (D).

Since Hy?(D) = My"*(D) in the situation of Corollary 5.8 we see that then the

following property (CH) is satisfied for sets D whose complement is u-thick:

(CH) Let u; € HyP(D) be a sequence that is bounded in Hy*(D). If u; — u

p-a.e., then u € HyP(D).

If MYP(X) is reflexive, then by Mazur’s lemma closed convex sets are weakly
closed. Hence every open subset D of X satisfies property (CH). However, in general

we do not know whether the space MP(X) is reflexive or not.

5.9. Theorem. Suppose that X is a proper space, i.e. bounded closed sets are

compact. If D is an open subset of X that satisfies (CH), then Hy" (D) = M, (D).

Proof. Since Hy?(D) c M, (D), it suffices to prove the reverse inclusion. For
this, let u € M,?(D) be a quasicontinuous function from M'?(X) such that u = 0
p-q.e. on X \ D. Using (CH) we easily infer that by truncating and considering

the positive and negative parts separately we may assume that u is bounded and
18



non-negative. Fix xg € D. If we write

1 if d(xp,z) <j—1
ni(z) =4 j—d(zo,x) ifj—1<d(zg,x)<j
for j = 1,2,..., and v; = un;, then by (CH) it clearly suffices to show that

v; € HyP(D), because v; — u p-a.e. in X, and llvjllarexy < 2[|ullarp(x). Note

that

[vj(@) = v ()] < u(z) — u(y)] + w(@)|n;(x) —n; (y)]

< d(z,y)(9(z) + g(y) + u(=)),

and hence v; € M'P(X).

Next fix j and let v = v;. Since v vanishes outside a bounded set we find a
bounded open subset U of D such that v = 0 p-q.e. in X \ U. Now we may choose a
sequence wy, € M1P(X) of quasicontinuous functions such that 0 < wp <1, wy = 1
on an open set Gy, with ||wg|[31.0(x) — 0, and moreover so that the restrictions

v[x\q, are continuous, and v =0 in X \ (U U G}). The functions

or = (1 — wg) max (v — %,O)

form a bounded sequence in MP(X) and (passing to a subsequence) @i — v u-a.e.

Moreover, the continuity of v|x\¢, implies that
- 1
lon#0pc{v= p\Ge CU.

Hence {¢) # 0} is a compact subset of D, whence @), € H)?(D) by Theorem 5.1.

Consequently, (CH) yields v € Hé P(D), and the proof is complete. O

5.10. Remark. Suppose that X is a proper space. If M1P(X) is reflexive, then

Hy*(D) = M,?(D) whenever D is an open subset of X.
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