BOUNDARY HARNACK PRINCIPLE FOR p-HARMONIC FUNCTIONS
IN SMOOTH EUCLIDEAN DOMAINS
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ABSTRACT. We establish a scale-invariant version of the boundary Harnack principle for
p-harmonic functions in Euclidean C'''-domains and obtain estimates for the decay rates
of positive p-harmonic functions vanishing on a segment of the boundary in terms of the
distance to the boundary. We use these estimates to study the behavior of conformal Martin
kernel functions and positive p-superharmonic functions near the boundary of the domain.

CONTENTS
1. Boundary Harnack principle for C*!-domains in R” 1
2. (CY%'-domains and ball conditions 3
3. Proof of Theorem 1.2 )
4. Conformal Martin boundary of a ball in R". 9
5. Consequences to the conformal Martin kernels of C*! Euclidean domains 13
6. On p-superharmonic functions 16
References 18

1. BOUNDARY HARNACK PRINCIPLE FOR CU!'-DOMAINS IN R”

By a boundary Harnack principle we mean the property that two positive harmonic func-
tions in a domain vanishing on a portion of the boundary decay at the same speed toward a
smaller portion of the boundary. More specifically, let D be a Euclidean domain. Suppose a
compact set K and an open set V satisfy K C V, KN D # 0 and VNID # (). We say that
the boundary Harnack principle holds if for all v and v are two positive harmonic functions
on D continuously vanishing at every regular boundary point of V' N 9D and bounded near
every irregular boundary point of V' N 9D we have

WD) 4l gy e K0 D

v(z)/v(y)
with some constant A > 1 depending only on D, K and V.
J. T. Kemper [18] first proposed the boundary Harnack principle for a Lipschitz domain.
After Kemper’s pioneering work, the boundary Harnack principle was proved for a Lipschitz
domain by Ancona [4], Dahlberg [13] and Wu [26] independently. Since then, the boundary
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Harnack principle has garnered a lot of attention, and many papers have been devoted to
the study of the boundary Harnack principle not only for Euclidean domains but also for
manifolds. Among them, Caffarelli-Fabes-Mortola-Salsa [11], Jerison-Kenig [17] and Bass-
Burdzy-Banuelos [9, 8] gave significant extensions for the boundary Harnack principle for
Euclidean domains. The boundary Harnack principle is now well-known for Lipschitz do-
mains, non-tangentially accessible (NTA) domains, and more generally for Holder domains.
In [1], the first named author showed that a uniform domain satisfies a local version of the
boundary Harnack principle which is stronger than the above boundary Harnack principle.
It has applications to the study of the Martin boundary. In particular, this version of the
boundary Harnack principle shows that the Martin boundary and the Euclidean boundary
of a uniform domain are homeomorphic, a fact well-known for a Lipschitz domain and an
NTA domain.

Replacing positive harmonic functions by positive solutions to non-linear partial differen-
tial equations, we can easily formulate a boundary Harnack principle for non-linear partial
differential equations. Nevertheless, such a boundary Harnack principle was almost un-
known, whereas the interior Harnack principle for non-linear partial differential equations is
well established. The classical methods such as the box argument due to Bass-Burdzy [9]
heavily rely on the linearity of harmonic measure and do not seem to extend to non-linear
partial differential equations.

The main aim of this paper is to establish a local version of the boundary Harnack principle
for p-harmonic functions (with 1 < p < 0o) on C'''-domains in R™. Let B(x,r) and S(z,r)
be the open ball and the sphere with center x and radius r, respectively.

Definition 1.1. Let D C R” be a bounded domain. We say that D is a C'''-domain if
there exist positive constants ry and A such that to each point & € 9D there corresponds a
coordinate system (z/, z,) with 2/ € R"™! and x,, € R, and a C* function ¢ : R"™! — R such
that |Vo(z') — Vo(y')| < Ala" —y/| and DN B(&,rg) = {(a,2,) : 2, > p(a)} N B(§, 7).

Let 1 < p < co. We say that u is p-harmonic in D if u € I/Vlt,f(D) is continuous in D
and Ayu = div(|Vul[P72Vu) = 0 in D in the weak sense; that is, whenever D’ is a relatively
compact subdomain of D and ¢ € W,?(D'), we have

|VulP*Vu - Vdr = 0.
DI
The main theorem of this note is the following boundary Harnack principle for p-harmonic
functions.

Theorem 1.2 (Boundary Harnack Principle). Let D be a bounded C™'-domain and let
1 < p < . Then there exist constants Ay > 1, Ay > 1 and vy > 0 with the following
property: Let 0 < r < vy and § € 0D. If uw and v are positive p-harmonic functions on
D n B(&, Ayr) vanishing on 0D N B(§, Aqr), then

u(@)/uly) <Ay forxz,yc DNB(,T).

v(@)/v(y)
Remark 1.3. Recently, in [10] Bennewitz and Lewis established a boundary Harnack prin-
ciple for p-harmonic functions (with 1 < p < o0) in planar domains whose boundary is a
quasicircle. While in R? the results in [10] are far more general than ours, it seems that
their method does not extend to higher dimensions; see Lemma 2.16 of [10]. Furthermore,
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their method does not provide the decay estimate for the p-harmonic functions in terms of
distance dp(-) to the boundary; we will provide such a decay estimate in the last section of
this note.

In the study of the (linear) Laplace operator A, it is known that the validity of Carleson
estimates together with the boundary Harnack principle on a given domain D implies that
the Martin boundary and the Euclidean boundary of the domain D are homeomorphic. This
is accomplished by demonstrating that Martin kernel functions corresponding to the Laplace
operator are extremal in the following sense: if u is a non-negative harmonic function on the
domain vanishing on 0D \ {{} for some £ € 0D, then there is a constant A > 0 such that
u = MM for some Martin kernel function M, with singularity at £. In the non-linear setting
of the n-Laplacian A,,, Aikawa and Shanmugalingam showed the Carleson estimates for a
uniform domain; see [3]. However, the above boundary Harnack principle is not sufficient
to give the homeomorphism between the conformal Martin boundary and the Euclidean
boundary. We still do have a result analogous to the minimality property of conformal
Martin kernel functions. Such a version of minimality property is studied in Section 5, see
Theorem 5.3.

We shall use the following notation. Recall that B(z,r) (resp. S(z,r)) denotes the
open ball (resp. sphere) with center x and radius r. We write [z,y] for the line segment
connecting x and y. Throughout the paper, D stands for a bounded domain in R™ and
dp(z) = dist(x,dD). By the symbol A we denote an absolute positive constant whose value
is unimportant and may change even in the same line. If necessary, we use Ay, A1,..., to
specify them. We shall say that two positive quantities f; and f, are comparable, written
fi & fo, if and only if there exists a constant A > 1 such that A=1f; < f, < Af;. The
constant A will be called the constant of comparison. Hence the boundary Harnack principle
u/u(y)
v/oly)

This note is organized as follows. Section 2 will explore a geometric characterization of the
CYl-property of Euclidean domains D. Theorem 1.2 will be proved in the following section.
The final two sections will be devoted to some applications of the boundary Harnack principle
to the study of the conformal Martin boundary of a C'-domain. In Section 4 we explicitly
compute the conformal Martin kernel functions for balls in R"™, and then in Section 5 we
study the singular behavior of conformal Martin kernel functions for general C''-domains
in R™ using the boundary Harnack principle. The final section explores further properties of
p-superharmonic functions related to boundary behavior.

Acknowledgment. We thank Bjorn Bennewitz and John Lewis for sharing information
about their results with us and we wish to thank them and Jang-Mei Wu for their encour-
agement.

~ 1.

implies that

2. CY'-DOMAINS AND BALL CONDITIONS

While the definition of C''-domain makes sense in the Euclidean setting, in more general
setting of metric measure spaces it is desirable to have a more geometric characterization. We
demonstrate in this section that a bounded domain is a C*'-domain if and only if it satisfies
the following ball condition. It is worth noting that the results and techniques discussed
in this paper are valid for other metric measure spaces such as the Heisenberg groups and
polarizable Carnot groups (see [7] for more on polarizable Carnot groups), provided we
concentrate on domains that satisfy the ball condition. Such a condition makes sense in
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the polarizable Carnot groups, and at least in the setting of Heisenberg groups most balls
satisfy this condition. Indeed, all balls in the Heisenberg groups satisfy this condition at all
boundary points that are not in the singular set (see [12]); since the singular set has Hausdorff
dimension 1, all the results studied in this note applies in a relative neighbourhood of the
non-singular boundary points of the balls.

Definition 2.1. Let D C R" be a bounded domain. We say that D satisfies the interior
ball condition (with radius ry) if there exists r9 > 0 satisfying the following condition: For
every £ € 0D there exists a point £’ € D such that B(¢',r9) C D and £ € S(£,19).
We say that D satisfies the exterior ball condition (with radius r9) if there exists r9 > 0
satisfying the following condition: For every £ € 0D there exists a point £ € R™ \ D such
that B(£%,79) CR"\ D and £ € S(£° r9). We say that D satisfies the ball condition (with
radius r9) if D satisfies both the interior and the exterior ball conditions (with radius r9).

The following lemma is a probably well-known folklore, but for the convenience of the
reader we provide the proof here.

Lemma 2.2. Let D C R" be a bounded domain. Then D is a CY'-domain if and only if D
satisfies the ball condition.

Proof. First suppose that D is a C%!'-domain. Let £ € D be an arbitrary boundary point.
Without loss of generality we may assume that £ = 0. By a suitable choice of coordinate
system we have
DN B(0,rg) ={(',z,) : &, > o(z")} N B(0,rq),

where ¢ : R"! — R such that ¢(0) = 0 and |Vo(2') — Vp(X')| < Al — X'|. Without
loss of generality (by a rotation of the coordinate system if necessary) we may assume that
Ve(0) = 0, whence we conclude that |[Vp(2')| < Al2’| for all 2 € R"'. The Taylor
expansion gives p(z') = V(0z') - 2’ for some 0 < 6 < 1, so that

(1) ()] < [Ve(0)]]2'] < AbJa’* < Ala'|?.

Let €, = (0,...,0,1). Observe that S(re,,r) touches the hyperplane {z,, = 0} at the origin
and the lower hemisphere is represented as

xn:wr(x/):r—\/m:r<l— 1—(M)2>.

r

/|2

Since 1 —t <1 —-1t<1—t/2for 0 <t <1, it follows that
/2
P <

@) T
In view of (1) and (2), we obtain that if » > 0 is sufficiently small, then

(@) < 9(&!) S G(@) for [ <.
The first (resp. second) inequality implies B(—ré,,r) C R*\ D (resp. B(ré,,r) C D). Thus
the ball condition holds.

Conversely, suppose that D satisfies the ball condition with radius r9. Let £ € 9D be an
arbitrary boundary point. Without loss of generality we may assume that £ = 0. Moreover,
we may assume that B(r9€,,r9) C D and B(—r9é,,r9) C R\ D with €, = (0,...,0,1). Let
LT ={(2',7r9) : |2'| <19} and L™ = {(a’,—r9) : |2/| < r9}. Then LT C B(r9€y,19) C D
and L~ C B(—7r9€,,79) C R™\ D. Hence, there exists a point (2, p(2")) € 0D on the line
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segment connecting (2',r9) € Lt and (2, —r9) € L~ with [2’| < r9. The ball condition

implies that such a point is unique. Thus the function ¢(z') is defined for 2’ € R"~! with

2’| < r9. See Figure 1. Now we claim that ¢ is a C!-function for |2/| < r9/2. By (2) and
2 2

[~ )

X n
PSfrag replacements /fgfaﬁplacemems \ X
Lt n
L~ ({ﬂl’gp(m,))
(@', p(2")) L / (X", (X))

FIGURE 1. FIGURE 2.
the ball condition
/12 /12
(3) 17 <) < i for |z'| < r9.
9 r9

This shows that V(0) = 0. Moreover, the ball condition at (z', p(2")) shows that V(2')
exists for |2'| < ro and it is bounded. The ball condition at (2, ¢(z’)) also implies that

(X o(X)) = (@, o(a)} - n| < A[(X, (X)) = (2, ("),

where n is the unit normal vector at (2, p(2')) given by n = (=Vp(2'),1)/1/1 + |V (z') |2
See Figure 2. Let h' = —|2/||Vp(2/)| ' Vp(2') and X' = 2/ + I’ with |2/| < r9/2. Then the
above inequality becomes

[ [[ V()| + (e’ + 1) — o(a)

< AW P + o + 1) = o(@)P).

1+ V()
Since |V(2')] is bounded, it follows from |h'| = |2/|, |2+ /| < 2]2'| and (3) that |V ()] <
Alz']. Since Vip(0) = 0, this shows that ¢ is a C*!-function at 0. O

3. PROOF OF THEOREM 1.2

We shall prove Theorem 1.2 by comparing positive p-harmonic functions and fundamental
p-harmonic functions. Let

1
log — for p = n,

]

’x‘(p_n)/(p_l) for p ;é n.

Gp(T) =
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It is easy to see that ¢,(z) is a p-harmonic function. Translations and dilations of ¢, are
p-harmonic functions as well. For r > 0 we define G, : R* x R" — R U {oo} by

(

log‘x_z’ if p=n,

(p—n)/(p—1)
r—z .
(4) G.(z,2) = (| " |) -1 ifl<p<n,
|x N Z| (p—n)/(p—1)
1— < ) if p > n.
r

\

It should be noted that the restriction of G,(-,z) to B(z,r) is a constant multiple of a
p-singular function for the ball B(z,r) with singularity at the center z, see Section 4 for
the definition of p-singular functions. This is the only p-singular function on this ball with
singularity at z; see [19] and [15].

Throughout this section, let D be a bounded C'*-domain. We have observed in Lemma 2.2
that D satisfies the ball condition with radius 79, i.e. for each £ € 9D there exist &' € D
and ¢ € R™\ D such that B(¢',r9) C D, B(£%r9) CR™\ D, £ € S(,r9)NS(£%,19) NAD.

Lemma 3.1 (Lower Estimate). There exist constants Az > 1 and r3 > 0 with the following
property: Let § € 0D and 0 < r < rg. Ifu is a positive p-harmonic function on DNB(§,6r),

then @) 50 ()
Sulg) =

where &, € [§,&"] is such that 0p(&,) = &, — & =T

A forz e DN B, ),

A weak version of this lemma holds true for positive p-superharmonic functions; see Propo-
sition 6.1.

Proof. Let x € DN B(&,r) with 0 < r < r9/2. Then there is n € 0D such that dp(z) =
|z — n|. By the interior ball condition at n we find a point 1’ such that B(n’,79) C D and
n € S(n',ry). Take nh. € [n,n'] with dp(nh,.) = |ns, — n| = 2r. Observe that B(ns,,2r) C
D N B(&,6r) as B(ny,,2r) C B(n',rg) € D and |y, — & < |ng, —nl +[n —¢| < 4.
Since the unit normal for the C'!'-domain D varies Lipschitz continuously, we infer that
dist([&,,15,], 0D) > Ar provided r is sufficiently small. Hence the Harnack principle yields

u(&) = umy,) = uly)  for y € S(n,,r),
since |nb, — & < |nb, — nl + |n — & + |€ — &| < 5r. See Figure 3. We compare u/u(&,) and
G (-, m%,) in the annulus B(ni,, 2r)\ B(ns,,r). Since Ga,.(y,n5,.) = 0 when y € S(ni, 2r), and
log 2 if p=n,
Gar(y,m5,) = § 2P/~ — ] ifl <p<mn,
1 — 2(n—p)/(p—1) if p>n

when y € S(n,r), it follows from the comparison principle that

u(y)

43006

> G (y,m5,)  for y € B(n,,2r) \ B(n,,r).
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Observe that x € [n,n5.] N B(n,,2r) \ B(ns,,r). Since

( 2r dp(x) .
1 ~ fp=
©8 2r — dp(x) r sp=n
, 0 —_4 (p—n)/(p—1) S
GM%%Q:<(1—JiQ) 1@ ey e
2r r
_ (p—m)/(p—1)
1_(%—(%) zéD(x) if p>n,
| 2r T
letting y = x we obtain
2y 280 (@)
u(ér) r

O

Definition 3.2. We say that the Carleson estimate holds on D if there exist constants
A4 > 1 and ry > 0 with the following property: Suppose { € 0D, 0 < r < ry and u is a
positive p-harmonic function in DNB(§, A4r) vanishing on 0DNB(E, Ayr). If y € DNB(E,r)
and dp(y) > er with 0 < & < 1, then

u(z) < Cou(y) forx € DN B(E,r),
where C, > 1 depends only on D, Ay, r4 and €.

In [3] it was shown that the Carleson estimate holds for a uniform domain. Obviously,
a Cl!'-domain is a uniform domain, and hence the Carleson estimate is available for the
domain D under consideration in this section.

Lemma 3.3 (Upper Estimate). There exist constants As > 1, Ag > 1 and r5 > 0 with the
following property: Let § € OD and 0 <1 < 5. If u is a positive p-harmonic function on
DN B(&, Agr) vanishing on 0D N B(&, Agr), then
u) 4 5o
u(&r)
where &, € [€,£% is such that 0p(&) = |& — & =7.

forz e DN B(E,r),

Proof. Let Ag = 7Ay and r5 = min{ry/2,r4/7} with A4 and 74 from the Carleson estimate
condition. Let x € D N B(,r) with 0 < r < r5. Then there is n € 0D such that 6p(z) =
|z — n|. By the exterior ball condition at 1 we find a point n° such that B(n®,r9) C R*\ D
and n € S(n° ry). Take ns. € [n,n°] such that 1S, —n| = 2r. Then B(ns,,2r) C B(n°,m9) C
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R™\ D. It is easy to see that n5. € B(,4r) and that © € B(nS,,3r) C B(£,7r). By the
Carleson estimate, u < Au(&.) on DN B(&,7r), and in particular,

(5) u < Au(&) on DnNS(ns,.,3r).

Here, A = C. with € = 1/7 from the definition of the Carleson estimate; see Figure 4.
PSfrag replacements

5(7767 TQ)

S 2

S(n5,,3r)
&

FIGURE 4.

Note that when y € S(75,, 3r),

( e
— b, (_y 2707727) =log(3/2) > 0 if p=n,

—Gar(y,m5,) = 1 — ¢, (%) =1—(3/2)r /=) >0 ifl<p<n,

2r

Since —G(+,nS,) is a positive p-harmonic function on R" \ B(75,, 2r), it follows from (5) and
the comparison principle that

3((5 )) < —AGo(y,my,) fory € DN B(n,, 3r).

The point x lies on the extended line connecting n and 7§, and |z —n| = dp(z) < r, and
hence = € B(n5,,3r). Letting y = x, we obtain

u(z) <A dp(x)

" (m) 1= (32PN 150 ifp>n
\

u(&) =0 ro
since
.
2
log " +25D(w) ~ Op(x) if p=n,
T T
2r + 8p(z) (p—n)/(p—1) Sp(x) .
_GQ’I’(:B?T]ST) = 1- ( 2o ~ " lf 1< P < n,
(p—n)/(p—1)
(27°+(5D(x)) 1A dp(z) if p>n.
L 2r r
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Now we are ready to prove the main theorem of this note.

Proof of Theorem 1.2. Let | = min{rg,r5} and let A = Ag from Lemma 3.3. Let 0 < r <
r1, £ € 0D and &, be as in Lemmas 3.1 and 3.3. Suppose u and v are positive p-harmonic
functions on D N B(&, Ayr) vanishing on 0D N B(&, Ayr). Then Lemmas 3.1 and 3.3 give

u(x) Op(2) v(z) or x r
ug) AT SAygy PreePNBET).

Replacing v and v, letting x = y and multiplying the resultant inequalities, we obtain

u(z)/u(y) . .
o(z)/o(y) §A5A3 f 2 ye DN B, ).

Thus the theorem is proved with A9 = AgA3. O

The requirement of D being of class C! leaves out a wide class of domains such as
Lipschitz domains on which the boundary Harnack principle for p-harmonic functions might
still hold. We will now show that Lemmas 3.1 and 3.3 can be used to prove the boundary
Harnack principle for a wider class of Euclidean domains such as conical domains.

Definition 3.4. Given a set £ C R", we say that E is a uniformly spherically porous set if
E' is a closed set and there are constants A7 > 1 and rg > 0 such that whenever n € F and
0 < r < rg there exists r/A7 < p < r such that B(n, p) \ B(n, p/A7) does not intersect E.

In other words, uniformly spherically porous sets are closed sets with uniformly spaced
annular gaps. Examples of porous sets include uniform Cantor sets and finite sets.

Definition 3.5. given a set £ C 0D we say that D is of class Cllo’cl uniformly in 0D \ E
if there is a constant L > 0 such that 0D \ E = J, .y I'x with each I'y a relatively open
subset of D that is the graph of a C'''-function (in local coordinates) ¢ with Vi, an
L-Lipschitz map, and {I'; }, forms a locally uniform cover of 9D \ E in the sense that there
is a Ag > 1 so that whenever n € 0D \ E with dist(n, E) < r( there exists & € N such that
B(n,dist(n, E£)/Ag) N 0D C I'y.

Examples of domains satisfying the above definition include conical domains and domains
whose boundary contains a Cantor set of corners.

Proposition 3.6. Let D be a uniform domain in R™ and E C 0D such that E is a uniformly
spherically porous set, and D is of class q{;j uniformly in 0D\ E. Let £ € 0D. Then there
is a constant A > 1 such that if 0 < 6Agr < min{ry,rg} and u,v are both p-harmonic in
B(&§,6A4m) N D and vanish on B(§,6Agr) NOD, and & € DN S(&,r) with 6p(&) =~ r, then
1 _ ufx)/u(&)
) < o(2)/0(&,) < A whenever x € B(&,r)N D.
Proof. Note that 0D\ E satisfies the ball condition in the following sense. If £ € 9D\ F, then
D satisfies the interior and exterior ball conditions at £ with 79 = min{r(), dist(¢, E)}/(LAg).
Let £ € OD. If B(§,r) does not intersect F, then we can directly apply Theorem 1.2
to obtain the boundary Harnack principle. If B(&,r) does intersect E, then without loss
of generality we may assume that ¢ € E. The idea of the proof in this case is to use
Lemmas 3.1 and 3.3 to obtain control over the decay of the functions u/u(¢,.) and v/v(§,)
on B(n,r/Ag) N D for each n € S(&,r/A7) N 0D, and then use the Harnack inequality
to show that these two p-harmonic functions are comparable on S(£,7) N D. Now the
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comparison theorem for p-harmonic functions, together with the fact that both v and v
vanish on B(£,7) N AD, tells us these two functions are comparable on S(¢,7) N D.

In this situation we do not get nice decay estimates as in Lemma 3.1 and Lemma 3.3, but
that is not essential for the boundary Harnack principle. 0

4. CONFORMAL MARTIN BOUNDARY OF A BALL IN R".

Singular functions for the p-Laplacian operator on domains in smooth manifolds were
first constructed by Holopainen in his thesis [15] for 1 < p < n. Using his constructions,
an analog of Martin boundary was proposed in [16]. The aim of Section 5 is to further
the study of conformal Martin boundaries by obtaining growth estimates of the conformal
Martin kernel functions of C*!-domains near their singularities and prove a generalization
of extremal properties of Martin kernel functions. To do so, we need to know the explicit
form of the conformal Martin kernels of a ball in R™; this is the aim of this section.

Definition 4.1. A function G%, : D x D — R is said to be a p-singular function on D if G%,
satisfies the following conditions for each y € D:

(i) G%(-,y) is non-negative and p-harmonic on D \ {y}.
(ii) Let g,(z) = G (z,y) for x € D and let g, (x) = 0 for x € R*\ D. Then g, €
Whr(R™\ B(y,r)) whenever r > 0.
(iii) Whenever ¢ is a compactly supported Lipschitz function on D,

/ V.68 () P2V, G2 (2,1) - V() dz = o(y).
D

The construction in [15] demonstrates that whenever the p-capacity of the complement of
D is positive, such a p-singular function always exists and that it is unique if p = n. In the
rest of section we restrict ourselves to the case p = n and write simply Gp for G},. Following
[16], we give the definition of conformal Martin kernels and the conformal Martin boundary
of such a domain as follows.

Definition 4.2. Let g € D be fixed. A sequence ¢ = (xj); from D is said to be a
fundamental sequence if it has no accumulation point in D and in addition the sequence of
n-singular functions

Gp(-,x)

G D (ZEo, T k:)
converges locally uniformly in D to an n-harmonic function, denoted M,. Such a limit
function is called a conformal Martin kernel function. The collection of conformal Martin
kernel functions is called the conformal Martin boundary of D. The conformal Martin
boundary is equipped with the local uniform topology: A sequence of kernel functions (Mg, )
is said to converge to a kernel function M if the sequence of kernel functions converge locally
uniformly in D to M;.

It can be easily seen that the notion of fundamental sequence is independent of the refer-
ence point xg; indeed, two conformal Martin boundaries obtained using two reference points
are homeomorphic - see the discussion in [16] or [3]. It can be seen with the aid of Harnack’s
inequality that the conformal Martin boundary is a compactification of D in this topology.
It is a consequence of Theorem 6.1 of [3] that if D is a John domain (in particular, if it is
a uniform domain), then every fundamental sequence must converge to a boundary point of
D:; hence, every conformal Martin kernel function M, is associated with a unique boundary
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point £ € 0D (however, it is still open whether in a uniform domain more than one confor-
mal Martin kernel function can be associated with a given £ € 9D). Here and throughout
the rest of the paper, by an abuse of notation we will denote every conformal Martin kernel
function whose associated fundamental sequence converges to £ € 0D by M¢, even though ¢
is not itself a fundamental sequence.

While the above notions make sense even in certain metric measure spaces (see [16] and
[3]), even in the elementary setting of Euclidean spaces not much is known about n-singular
functions and conformal Martin boundaries. An open problem in this setting is whether the
n-singular functions are symmetric if the domain in sufficiently smooth. In this section
we explicitly determine the conformal Martin boundary of the ball B(0,R). It can be
seen that the n-singular functions and conformal Martin boundaries are invariant under
conformal mappings between two domains in R™. We will use this fact strongly in the
following discussion of this section. Recall that conformal mappings between two domains
in R™ are Mobius maps when n > 3. It is interesting to note that the n-singular functions
on balls are symmetric because of the high symmetry of the Euclidean balls.

Lemma 4.3. The n-singular function (or conformal Green function) for the ball B(0, R)
with singularity at y is given by

GR(:c,O)Zlog% ify =0,
X
GB(O,R) (ZL‘, y) =
o
loglx Y|yl ify £0.
|z —y|R

2
where y' = —y.
]
Proof. If y = 0, then it is easy to see that Gp(o,r)(-,0) is nonnegative and continuous on

B(0,R) \ {0}, and

AnGB(O,R)(W 0) =0 on B<07 R) \ {0}7
GB(O,R)('70) =0 on S(O,R)

So, the lemma follows in this case from the uniqueness result of [15].

Now let us consider the case y # 0. Let €; = (1,0,...,0). By dilation we may assume
that R = 1 without loss of generality. Moreover, by rotation we may assume that y = aé;
for some 0 < a < 1, and © = (b1, bo,0,...,0) with b + b3 < 1. Then 3/ = (1/a)é;. Consider
the inversion with respect to the sphere S(y/’,1):

/

X —y
TX =y + —"— for X € R".
T =y
Then we infer from the symmetry that the sphere S(0, 1) is mapped by T' to the sphere with
diameter [T'¢}, T'(—e})]. Moreover, we observe from an elementary calculation that T« is the
midpoint of [T'¢;, T(—¢é})], i.e., the center of the mapped sphere.
Tz — Ty|
Te, — Ty|
ourselves to the z1xs-plane and identify the plane with the complex plane C by z = x1 +ixs.

Let us calculate to evaluate the singular function Gpo,r)(z,y). We restrict
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We identify x with by +iby and y with the real number a, and retain the same notation. The
restriction of the inversion 7' to the the xxs-plane can be identified by

1 -1

T,z:—+M for z € C.

a |z—1/al?
The composition of T" and the inversion with respect to the real axis becomes the following
Mobius transform: . - .

UseFro by 2ol 1 o

a |z—1/a> a az-1

A direct computation shows that

a a

ar—1 a?2-1

Tz —Ty| |Ur—Ua|l
|Te, —Ty|  |Ul—Ua|

v —d
~alr —1/a|’

a a
a—1 a2-1

Hence, the first case, together with the fact that Ty is the midpoint of the diameter
[Té,, T(—é1)] of the ball TB(0, 1), and the invariance of the conformal Green function yields
o =1/al _\ lolle =y

|z — al |z —y|
Thus the lemma follows. 0

Go.r)(2,y) = log

Proposition 4.4. The conformal Martin kernel function for the ball B(0, R) with singularity
at £ € S(0, R) and the fized reference point xy = 0 is given by

and the conformal Martin boundary of B(0, R) is homeomorphic to the sphere S(0, R).
Contrast this with the classical Martin kernel (corresponding to the case p = 2) of B(0, R):

RQ _ |l‘|2
Mclassical,é (3:) = Wa
see Example 8.1.9 of [6].
Proof. Let us calculate the limit
Gpo.r)(T,Y)

Me¢(x) = lim
5( ) y—¢ GB(O,R)(OJJ)
for v € B(0,R) and £ € S(0,R). Let y € B(0,R) and let r = |z|, p = |y|, 0 = Zz0y,
a = Zx0€. By the law of cosines we have
1 (]x—y’\2|y\2> 1. r?p*+ R'—2rpR?cosd

Gpor (2, y) = s log

2 |z — y|? R? 2 7 R*(r?2+ p?—2rpcosf)
Hence
log r?p* + R* — 2rpR? cos 6
0
1 2(72 1 2 _ 9
Me(z) = & lim R2(r?2 4 p rpcos6) .
2 p—R, 0—a
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Since log(1 +t) =t + O(t?) as t — 0, it follows that
r?p? + R* — 2rpR? cos 0
1

22 1 2 _
M(z) =+ lim R2(r? 4 p? — 2rpcosf)

0 R
2pmn L

p
1 ’ p(r?p* + R* — 2rpR? cos § — R%*(r?* + p* — 2rpcosf))
= — lim
2 p—R (R—p)R*(r2+ p —2rpcosb)

0—a
L B ()
2 PR (R—p)R*(r2+ p —2rpcosb)

1 R(R* —r?)2R _ R%* —r? R —[z]?

T 2R2(r24+ R—2rRcosa) r2+ R—2rRcosa |z — &2
Therefore the conformal Martin kernel M is independent of the way y approaches &; thus the
conformal Martin boundary of B(0, R) is homeomorphic to S(0, R) and the kernel function
corresponding to £ € S(0, R) is given as above. 0

5. CONSEQUENCES TO THE CONFORMAL MARTIN KERNELS OF C'"'! EUCLIDEAN
DOMAINS

Theorem 6.1 of [3] shows that if D is a John domain and M is any conformal Martin kernel
function for the domain associated with & € 9D, then M, is bounded in a neighborhood of
every point in 9D \ {{}, and that M, tends to infinity along all non-tangential approaches
from D to &. In this section we obtain blow-up estimates of M near £ and prove a weak
version of extremal property of Martin kernel functions for Euclidean C*!-domains.

Using Lemmas 3.1 and 3.3, we have the following improvement of Theorem 6.1 of [3].

Lemma 5.1. Let D C R" be a C*'-domain. If x € 0D and M, is a conformal Martin
kernel function associated with x, then there exists a > 1 such that

(i) If £ € 0D\ {x} and 0 <r < | — x|/(2A ), then

MAL;T)M(QZ) < M (z) < AQ% op(x) forx e B( ),
where & € DN B(,2r) such that dp (&) = 7.
(ii) If0 <7 <ry, then for x € DN B(x,r),
M

5D<J]>

T) N ——
X( ) |$ - X|
where & € B(x,2r)N D such that dp(&,) = r.

5D(I)

MX(ET) S AQ |(L’ - Xla,

Now using the above lemma and the explicit computation of the conformal Martin kernel
functions for balls in R™, we obtain the following improvement.

Since D is a C'M'-domain and hence satisfies both the interior and the exterior ball condi-
tions, there exists r9 > 0 such that if B is a ball in R" with radius r < r9 and satisfies the
internal ball condition for D with 9D N 0B = {x}, and we obtain a ball B* satisfying the
exterior ball condition for D at y by reflecting B about the (n — 1)-dimensional hyperplane
that is the tangent plane to 0D at y. If P is the center of B, then () = P* is the center of B*.
Given a point x € B we denote the point in B* obtained via reflecting x about the tangential
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hyperplane by x*. Let [ and I* denote the linear maps that map B and B* respectively to
B(0,r) such that I(x) = I*(x). Then I and [* are compositions of translation and rotation
maps with [*(z) = I(«*), and map P and @ to the origin 0. Let M, ,, denote the conformal
Martin kernel function for B(0,r) with singularity at yo; that is,

r? — |x]?
|z = xol*
Let T denote the inversion of R™ about the sphere 0B*;
2 r— Q
[ — QP
Theorem 5.2. Let D be a Ct'-domain in R, and let x € 0D. If M is a conformal
Martin kernel function for D associated with a fundamental sequence contained in a conical

subregion of D in D N B = B converging to x, then there is a constant C' > 0 such that for
all x € B,

MTvXO (:L') =

T(z) = + Q-

) & Mo (I(@) < M (@) < € My o (I (7))

In particular, one can take o = 2 in Lemma 5.1, and moreover, if x lies in a conical subregion
L(x,7) of D with the vertex of the cone at x, then
1
dp(z)
Here by a conical subregion we mean a subregion of points whose distance to the boundary
0D is comparable to the distance to x. These are sets of the form
L', r)={xeD :dplx)>7|r—¢ and |z — & <7}

for £ € 9D and 0 < 7 < 1. The number 7 is the cone width of I'(§, 7). Note that I'(x,7) N
B(x,p) C B if p > 0 is sufficiently small; that is, I'(x, 7) N B(x, p) is a conical subregion of
B with vertex at x.

X

Proof. Let Gp : D x D — RU{oo} denote the n-singular function for the domain D, and g,
g} denote the respective n-singular functions for B and B*. Note that (z,y) — ¢ (T(z),T(y))
is the n-singular function for the domain R™\ B* and that g,(z,y) = Gpo.»(I(2),I(y)) and
gi(x,y) = Gpon(I*(x),I*(y)). Here Gp,) denotes the n-singular function for the ball
B(0,r) given by Lemma 4.3.

Let (z,), be a fundamental sequence from I'(x,7) associated with Ay. Then by the
comparison theorem, for x € B we have

gr(xvxn) < GD(xv )

g, (T'(x), T(xn))
9:(T(P),T(wn)) = Gp(P,2n) '

Gr(P, )

<

Thus we obtain
Gp(z,x,) < 9 (T(x)*, T(2,)") _ 9, (T(x)*, T(2n)*) g-(P,T(x,)") <C 90 (T(x)*, T(2n)")
Gp(Pzn) = ge(Powy) 9:(P,T(2n)*)  gr(Poay) 9- (P, T(2p)*)

whence we get the desired right hand side of (6). Here we used the fact that as the sequence
(@n)n is in the conical subdomain I'(¢, 7) and as for z,, € I'(§, 7) we have T'(z,)* € I'(¢, 1)
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for some 7/ > 0 that depends only on 7, we have

BPT@))
9r (P )

The constant C' depends on the cone width 7. Note that by the results in the previous

gr(T'(x)", T (n)")

g (P, T(x,)%)
Martin kernel function for B associated with the boundary point x, evaluated at the point
T'(x)*; but this is equal to M, ) (I*(T(x))). Similarly,

exists and equals the conformal

section, as lim, x, = x, the limit lim,, .

b
n

GD($’xn) > gr(xvxn) _ gr(xvxn) gr(Pv zn) gr(T(P)*7$n) > l gr(x>$n)
Gp(Poxy) — gi(T(P), T(zn)  g:(Pxn) g-(T(P)*, 20) g-(T(P)*, T(xn)*) — C g:(P, )

from whence we obtain the left hand side inequality of (6). O

It is well-known that if M is a classical Martin kernel for a “nice” Euclidean domain, then it
is extremal in the sense that whenever v is a non-negative harmonic function on that domain
with u < M, then there is a real number A\ such that u = AM; see for example Theorem 6.1
of [4], Chapter 8 of [6], or the discussion in [22] and [5]. Such minimal Martin boundary
points for John domains were studied in [2]. For more general domains it is not true that
all Martin kernels are minimal, see for example [5]. Existence of minimal conformal Martin
kernel functions is not known in the non-linear setting, even under the strong assumptions
that the domain is smooth. However, using the above results we have a weak version as
follows.

Theorem 5.3. Let D be a CYt-domain in R™, and let x € OD. If u is a positive n-harmonic
function on D such that u vanishes continuously on all of 0D \ {x}, and u is bounded in
D\ B(x,r) for all v > 0, then u tends to infinity at x at a rate no slower than the function
My studied in Theorem 5.2; that is,

liminf dp(z)u(x) > 0.
T(x,7)2z—X

Moreover, there is a constant A > 0, that depends on u, such that %M; <u < AM;.

Here I'(x, 7) is a conical subregion of D with vertex at y. Moreover, we have the improve-
ment of the estimate from Lemma 5.1.

Proof. To see this, note that if
liminf dép(x)u(z) =0,

L(x,7)2z—x
then by the above theorem,
L u(zx)
lim inf
I(x,7)2z—x M;g(l’)

)

and hence we can find a monotone decreasing sequence of radii (p,), with lim, p, = 0 and
a corresponding sequence of points (z,,), from I'(x,7) C D such that nu(z,) < M(z,)
and dp(z,) ~ d(xn,x) = pn. Given n € 9D N S(x,pn), by Theorem 1.2 together with
Harnack’s inequality and the fact that we can cover S(x, p,) by a bounded number of balls
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of radii p,/(20A1) with the bound independent of p,, we know that whenever x € D N

nu(r) < A, M;(:c) ‘
As nu(x,) < M;(x,), we see that whenever = € (D N S(x, pn)) U (0D \ B(x, pn)),
nu(r) < Ay My(x).

Hence by the comparison theorem we see that nu < Ay My on D\ B(x;, p1) for every n € N;
thus u = 0 (note that both u and M; are bounded on D\ B(x, p1), and hence we can use
the comparison theorem and compare these two n-harmonic functions on this set).

Now reversing the roles of v and My in the above argument shows that u ~ M} in a
conical neighborhood I'(x, 7) of x. Combining this with Theorem 1.2 will show that u ~ M}
on all of D (provided D is bounded), with the comparison constant depending on u. 0

6. ON P-SUPERHARMONIC FUNCTIONS

While Theorem 5.3 tells us how non-negative n-harmonic functions that vanish on the
boundary of the domain except for a single boundary point behave, it does not tell us
how general non-negative n-harmonic functions behave near the boundary, nor does it tell
us how p-harmonic functions behave near the boundary when 1 < p < n. The following
proposition partially addresses this shortcoming. Analogous results on Euclidean domains
for the case p = 2 (that is, for potential theory of the Laplacian operator) can be found in
[25], Theorem 7°-16 from page 226 of [23], [24], [21], and [20].

Proposition 6.1. Let D be a bounded domain in R™ satisfying the interior ball condition,
1 < p < n, and let u be a nonnegative p-superharmonic function on D. If there exists a
point n € D such that

lim inf uy)

D2y 3p(y)

= ()’
thenu =0 in D.
The proof of this proposition uses some of the ideas from the proof of Lemma 3.1.

Proof. Suppose u is a non-negative p-superharmonic function on D such that v £ 0. Then
u > 01in D by the strong maximum principle (see Theorem 6.5 in [14]). Let

mo = inf{u(z) : x € D and ép(z) > r9/5},

where r9 > 0 is as in Definition 2.1. Since v > 0 on D and u is lower semicontinuous on D,
it is true that mqy > 0. Moreover, as the set of points where u is not finite is a zero p-capacity
set, we see that my is finite as well.

Let € D such that 0p(z) < ro/4, and fix n € dD such that ép(xz) = |z — n|. Using
the interior ball condition, for r = r9/2 we fix ] € D such that dp(n)) = |n] —n| =,
x € [ni,n], and B(ni,r) C D. We let G,(-,z0) denote the p-singular function on B(n’,r)
with singularity at 7’; see (4). By the comparison theorem (see Theorem 7.6 of [14]),

UY) > 4G (y,nf)  whenever y € B(yisr) \ Bl r/2)
myo
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with the constant A depending solely on n, p, and r. In B(n!,r) \ B(n.,r/2) we have
G,(y,n’) ~ dp(y)/r with the comparison constant also dependent solely on n, p, and r
(see (4)). Tt therefore follows that if y € B(ni,r) \ B(n:,r/2), then

W) (Pol)

mo T
and hence, as € B(n,r) \ B(nt,r/2),

)

ule) 5 oMo,
dp(z) r

Observe that C' depends solely on the constants p, n, and r; specifically, it is independent
of x. It is also clear that the constant mg is independent of = (but depends on r and the
semi-global bound of u). Therefore,

liminf 25 s o™
D>x—0D (SD(ZL‘) r

as any sequence in D that tends to D eventually satisfies dp(x) < r9/4. O

Using this proposition and the Harnack inequality for p-harmonic functions, and using
the fact that C'"'-domains are uniform domains, we obtain the following decay estimate for
positive p-harmonic functions.

Corollary 6.2. If u is a positive p-harmonic function on a bounded CY'-domain D C R"
then there exist constants 3 > 0 and C, > 0 such that whenever n € 0D and v € B(n,79),
we have

Ctop(x) <ulz) < Cyop(z)™

for any x € Q, where C, > 0 depends on u.

We do not know the exact value of the constant (3 in the above corollary for general p-
harmonic functions when 1 < p < co. However, when p = n we are able to prove in the
following theorem that we can set § = 1. This shows that the conformal Martin kernel
functions exhibit the extremal behavior near the boundary among the class of all positive
n-harmonic functions. The proof follows from the explicit form of the n-singular functions
in the ball, as formulated in Lemma 4.3. Unfortunately, such explicit p-singular functions,
with singularities not at the center of the ball, are not available for general values of p. In
the linear case p = 2, the extremal behavior of classical (Euclidean) Martin kernel functions
was proved in Serrin [25] (using the integral representation for harmonic functions).

Theorem 6.3. Let ) be a bounded domain in R™ satisfying the interior ball condition. Then
corresponding to every positive n-harmonic function u there is a constant C, > 0 such that

CJI dp(z) <wu(x) < C, 5D(x)*1
for all x € Q.

Proof. Let u be a positive n-harmonic function in €. In the light of the above proposition,
it suffices to prove the second inequality in the theorem. We will compare u with the n-
singular functions from Lemma 4.3. Fix € Q. We may assume that dp(z) < r9/5, where
ro is the constant associated with the interior ball condition of €2, for otherwise, the second
inequality in the theorem is true by taking C, = Mydiam(Q2)~!, where My = sup{u(z) :
z € Qand dp(x) > r9/5}. By the Harnack principle, M, is comparable to mg in the proof
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of Proposition 6.1. Now let n € 9Q such that dp(z) = |z — 5| and B(n',r9) C Q be the
ball touching 9 at n such that x € [, n]. For simplicity, by a translation we assume that
n* = 0. We note that then dp(z) = r9 — |z|. On one hand, by Lemma 4.3 the n-singular
function in the ball B(0,r9) with singularity at x is given by

ly — 2| ]
GB0,ro) (Y, ) = log =——,
09 ly — zlro
7,2
where z/ = ‘x%a: Then an easy computation gives the following estimate for all y €

0B(x,0p(2)/2):
- — 3| + 2
GB(0,ro) (Y, ) < log (ly = ol +Jo = Pla] _ logM <lo
2 ’y - x’TQ r9
On the other hand, by the Harnack principle, we have that for all y € B(x,dp(zx)/2),
u(y) > Cu(z),

where the constant C' depends solely on n. Now, since v and G B(0,r9) (-, x) are two n-harmonic

g 5.

functions in B(0,79) \ B(z,dp(x)/2), the comparison principle tells us that

u(y) 2 (f:g(? GB(0,r9) (Y, T)
for all y € B(0,79) \ B(x,0p(z)/2). Taking y = 0, we have
u(0) > Clzg? Gr0r(0.2) > %(?bg El
that is,
u(z) < Cu(0)dp(z)~' < CMydp(x) ™,
which proves the second inequality in the theorem. 0

A natural problem is to characterize the domains D for which the corresponding conformal
Martin kernel functions exhibit the following extremal behavior: Whenever u is a positive
n-harmonic function on D, for all conformal Martin kernel functions M on D,

g )
O 5 M)

and if M has a singularity at a point x € 0D, then

lims u()
im sup
T'(x,7)ND3x—x M(:E)

< OQ.
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