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Abstract
Recently, a discontinuousGalerkin �nite element

methodwith planewave basisfunctionswasintroduced
for the ef�cient solution of Helmholtz problems. The
methodusesLagrangemultipliersto enforceaweakcon-
tinuity of the solutionat the elementinterfaces.Here,a
preconditionediterativesolutionprocedurebasedonado-
maindecompositionis proposedfor theresultingsystems
of linearequations.Numericalexperimentsstudythe it-
erativesolutionof a two-dimensionalmodelproblem.

Intr oduction
The oscillatory behavior of mid and high frequency

scatteringproblemsnecessitatesa �ne discretizationof
the governingPDE like the Helmholtzequationconsid-
eredin thispaper. Thediscretizationleadsto avery large
systemof linearequationswhich is not easyto solve ef-
�ciently . During the last decadeplanewave baseddis-
cretizationshave becomemore popularas they offer a
way to reducethe systemsize. The partition of unity
method[5], the ultra weak variational formulation [1],
andadiscontinuousGalerkinmethodwith Lagrangemul-
tipliers[3] canemploy planewaves.Thesediscretizations
leadto ill-conditionedlinearsystemswhichhave beenso
far solved with direct solvers. Here, a domaindecom-
position methodis proposedfor solving iteratively the
systemsresulting from the discontinuousGalerkin dis-
cretizationwith Lagrangemultipliers.

Formulation
Thesolutionu 2 H 1(­) of a Helmholtzproblemin ­

satis�estheequations
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wherek is thewavenumber, § 1 is theboundaryof ascat-
terer, § 2 is thefar-�eld boundary, andº denotestheunit
outwardnormal. The functiong givesthe incident�eld.
Theparameters® and¯ de�ne thetypeof scatterer.

The computationaldomain­ is partitionedinto ele-
ments­ e in suchaway that:
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Let aspaceV for theprimalvariableu andaspaceW for
Lagrangemultiplier ¸ be
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wherethefollowing notationshavebeenused
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The considereddiscontinuousGalerkinmethodis based
on thefollowing hybrid variationalformulation:

Find (u; ¸ ) 2 V £ W suchthat

a(u; v) + b(¸; v) = r (v) 8v 2 V

b(¹; u) = s(¹ ) 8¹ 2 W;
(2)

wherethebilinearformsa onV £ V andbonW £ V are
de�ned as
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andthelinearformsr onV ands onW arede�ned as
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ThespaceV is discretizedusingits subspace

Vnµ =

8
<

:
u 2 V : u(x) =

nµX

p=1

eik µp ¢x ue;p;

x 2 ­ e; ue;p 2 C

9
=

;
;



wherethewavepropagationdirectionsµp arede�ned by
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ThespaceW is discretizedusingits subspace
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where¿e;e0 is a unit tangentvector. In [3], [4], thesetof
valuesof ´ p for n¸ = 2; 4 areproposedto bef§ 0:5g and
f§ 0:2; § 0:75g, respectively. ThenameQ-nµ-n¸ is used
for quadrilateralelementswith nµ andn¸ planewavesfor
theprimalvariableandLagrangemultiplier, respectively.

Domain decompositionand modi�ed formulation
Theelementsearedividedinto nd subdomainsandthe

setof elementsbelonginginto the dth subdomainis de-
notedby E d. Theclosureof thedth subdomainis

¹­ d =
[

e2 E d

¹­ e:

In subdomainsawayfrom theabsorbingboundary§ 2, the
subdomainproblemde�ned by the variationalformula-
tion (2) canbe singular. To avoid this the regularization
describedin [2] is adoptedwhichaddsaboundarytermto
thesubdomainproblems.In thesubdomain­ d, theterm
correspondsto aRobinboundarycondition

@u
@º

= i° sdku on ¡ d = @­ d n (§ 1 [ § 2); (3)

where° is aregularizationparameterandsd is asigncho-
senfor ­ d. Thesignsareassignedin suchaway thattwo
subdomainswith a commonedgehave oppositesigns.
Typically, sd is assignedin acheckerboardmannerif pos-
siblewhile with moregeneraldomaindecompositions,it
might be necessaryto setsd to be zeroon a part of the
boundary[2].

Theadditionalsubdomainboundarytermcanbeincor-
poratedto thevariationalform (2) by modifyingthebilin-
earform a asfollows:
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Linear systemsand condensations
Thediscretizationleadsto asaddlepointproblem
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Thecondensationof theprimal variableleadsto a Schur
complementsystem

F¸ = BA ¡ 1B T ¸ = BA ¡ 1f = b:

Thissystemhasablock form
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whereI refersto theLagrangemultipliers in the interior
of thesubdomainsandB refersto theLagrangemultipli-
erson theinterfacesbetweenthesubdomains.

The condensationof the interior Lagrangemultipliers
leadsto aSchurcomplementsystem

FS¸ B = bS; (4)

where FS = FB B ¡ FB I F ¡ 1
I I F I B and bS = bB ¡

FB I F ¡ 1
I I b I . OncetheinterfaceLagrangemultipliers¸ B

have beensolved from this system,the interior onesare
givenby ¸ I = F ¡ 1

I I (b I ¡ F I B ¸ B ).

Iterati vesolution
Following theideaof two-level FETI, acoarsespaceis

formedandthe linear system(4) is solved iteratively on
its orthogonalcomplement.Let thecolumnsof a matrix
Q spanthe coarsespace.A projectorto the orthogonal
complementof Q is de�ned as

P = I ¡ Q(QT FSQ)¡ 1QT FS:

Then it can be shown [2] that the solution of (4)
has the form ¸ B = ¸ 0

B + P¸ 1
B , where ¸ 0

B =
Q(QT FSQ)¡ 1QT bB and¸ 1

B satis�esthesystem

PT FSP¸ 1
B = PT bS:

A naturalideais to useplanewavesin theconstruction
of thecoarsespace.Similarly to FETI-H in [2], eachsub-
domaincorrespondsto ablockof Q givenby theproducts
of planewavesandLagrangemultiplier basisfunctions.
Here the numberof planewaves in a subdomainis the
sameasin thediscretizationof primalvariable.Thecom-
ponentsof Q aregivenby

Q j ;(d¡ 1)nµ+ p =
Z

¡ d

¹ j eik µp ¢x d¡ ;



Figure1: The16£ 4 domaindecompositionandthe
realpartof theexactsolutionwith k = 12¼.

where¹ j is the j th basisfunction of Wn ¸ living on the
interfacesbetweenthesubdomains.

Planewave basescan have very poor orthogonality
which leadsto ill-conditionedsystems.A preconditioner
basedon theLagrangemultiplier massmatrix

M =
µ

M I I 0
0 M B B

¶

is employed to improve theconditioning. Themassma-
trix is obtainedby discretizingthebilinearform

m(¸; ¹ ) =
X

e

X
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¸¹ d¡

onW £ W. Now, thepreconditionedsystemreads

PM ¡ 1
B B PT FSP¸ 1

B = PM ¡ 1
B B PT bS: (5)

Numerical results
Thescattereris circularandsound-hard,thatis, ® = 0

and¯ = 1 in (1). Thecomputationaldomainis ­ = f x 2
R2 : 1 < kxk < 2g andthe incident�eld is g = eik x1

in (1). The �nest domaindecompositionand the exact
solutionof (1) areshown in Figure1. Theregularization
parameteris ° = 0:1 in (3). The linear systems(4) and
(5) aresolved usingthe GMRESmethod. The iteration
countsrequiredto reducethenormof theresidualby the
factor10¡ 7 andrelative discretizationerrorsat thenodal
pointsin l2-normarereportedin Table1.

Conclusions
The presentedresults and preliminary results with

three-dimensionalproblemsshow the iterative domain
decompositionmethodto beeffective for systemsresult-
ing from the discontinuousGalerkin �nite elementdis-
cretizationsof theHelmholtzequation.Theconvergence
rate can improved by increasingthe numberof plane
wavesin theconstructionof thecoarsespaceandby in-
troducinga local subdomainpreconditioner.

Table 1: The numberof iterationswithout a precondi-
tioner it 1, with the preconditionerit 2, and the relative
discretizationerrorwith respectto thewavenumberk, el-
ementtype,mesh,andthenumberof subdomainsnd.

k element mesh nd it 1 it 2 error
6¼ Q-8-2 96 £ 8 4 £ 1 53 35 5:4e¡ 3
6¼ Q-8-2 96 £ 8 8 £ 2 214 57 5:4e¡ 3
6¼ Q-8-2 96 £ 8 16 £ 4 537 52 5:4e¡ 3
6¼ Q-16-4 48 £ 4 4 £ 1 53 25 6:9e¡ 4
6¼ Q-16-4 48 £ 4 8 £ 2 252 29 6:8e¡ 4
6¼ Q-16-4 48 £ 4 16 £ 4 660 4 6:9e¡ 4
12¼ Q-8-2 192£ 16 4 £ 1 85 56 5:8e¡ 3
12¼ Q-8-2 192£ 16 8 £ 2 370 137 5:8e¡ 3
12¼ Q-8-2 192£ 16 16 £ 4 909 195 5:8e¡ 3
12¼ Q-16-4 96 £ 8 4 £ 1 103 52 5:0e¡ 4
12¼ Q-16-4 96 £ 8 8 £ 2 473 115 5:0e¡ 4
12¼ Q-16-4 96 £ 8 16 £ 4 > 1000 113 5:0e¡ 4
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