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Abstract

Recently a discontinuousGalerkin nite element
methodwith planewave basisfunctionswasintroduced
for the efcient solution of Helmholtz problems. The
methodused_agrangamultipliersto enforceaweakcon-
tinuity of the solutionat the elementinterfaces.Here,a
preconditionedterative solutionprocedurdasednado-
maindecompositiotis proposedor theresultingsystems
of linear equations.Numericalexperimentsstudythe it-
eratie solutionof atwo-dimensionamodelproblem.

Intr oduction

The oscillatory behaior of mid and high frequeny
scatteringproblemsnecessitates ne discretizationof
the governing PDE like the Helmholtz equationconsid-
eredin this paper Thediscretizatiorieadsto averylarge
systemof linear equationsvhich is not easyto solve ef-
ciently. During the last decadeplanewave baseddis-
cretizationshave becomemore popular as they offer a
way to reducethe systemsize. The partition of unity
method[5], the ultra weak variational formulation [1],
andadiscontinuoussalerkinmethodwith Lagrangemul-
tipliers[3] canemploy planewaves. Thesediscretizations
leadto ill-conditionedlinear systemavhich have beenso
far solved with direct solvers. Here, a domaindecom-
position methodis proposedfor solving iteratively the
systemsresulting from the discontinuousGalerkin dis-
cretizationwith Lagrangemultipliers.

Formulation
Thesolutionu 2 H(-) of aHelmholtzproblemin -
satis estheequations
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wherek is thewavenumber§ ; is theboundaryof a scat-
terer 8§, isthefar eld boundaryand® denotegheunit
outward normal. The function g givestheincident eld.

Theparameter® and de ne thetype of scatterer

The computationaldomain- is partitionedinto ele-
ments- ¢ in suchaway that:
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LetaspaceV for the primal variableu anda spacew for
Lagrangemultiplier , be

n o}
V= v2L2%8 :vj, 2HY ) and
Y Y
W = Hi 1:2(i ed);
e eb<e

wherethefollowing notationshave beenused
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The considereddiscontinuousGalerkinmethodis based
onthefollowing hybrid variationalformulation:
Find(u;,) 2 V£ W suchthat
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a(u;v) + b(,; v) = r(v)

b(*; u) = s(*)

wherethebilinearformsaonV £ V andbonW £ V are
de ned as
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and b(,; v) = . (Vieoi Vje) di;

e ed<e lee0
andthelinearformsr onV ands on W arede ned as
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ThespaceV is discretizedusingits subspace
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wherethewave propagtiondirectionsp, arede ned by
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ThespaceW is discretizedusingits subspace
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wherey q.0 is a unit tangentvector In [3], [4], the setof
valuesof ", forn = 2,4 areproposedo bef§ 0:5g and
f§ 0:2; 8 0:75g, respectiely. ThenameQ-n,-n_is used
for quadrilateraklementsvith n, andn_ planewavesfor
the primal variableandLagrangamultiplier, respectiely.

Domain decompositionand modi ed formulation
Theelements aredividedinto nq subdomainsindthe

setof elementselonginginto the dth subdomairis de-

notedby E 9. Theclosureof thedth subdomairis

_1d=[ E

e-
e2Ed

In subdomainsway from theabsorbingpoundans », the
subdomainproblemde ned by the variationalformula-
tion (2) canbe singular To avoid this the regularization
describedn [2] is adoptedvhichaddsaboundarjtermto
the subdomairproblems.In the subdomain 9, theterm
correspond$o a Robinboundarycondition

S =isku onig=@InEil 52 ()
where® is aregularizationparameteands? is asigncho-
senfor - 9. Thesignsareassignedn suchaway thattwo
subdomainswith a commonedgehave oppositesigns.
Typically, s9 is assignedn acheclerboardnanneiif pos-
siblewhile with moregeneraldomaindecompositionst
might be necessaryo sets? to be zeroon a part of the
boundary2].

Theadditionalsubdomairboundarytermcanbeincor
poratedo thevariationalform (2) by modifying thebilin-
earform a asfollows:

X x ¢

a(u;v) = a(u;v) + i° s%kuv dj ;
d dosd 1%

wherej 4&°= @ 9\ @

Linear systemsand condensations
Thediscretizationeadsto a saddlepoint problem
Hy grTH T T
B O -0
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The condensatiomf the primal variableleadsto a Schur
complemensystem

F. =BATBT =BAi=bh:

This systenmhasablock form

E = HFII FIBﬂu,Iﬂ: Hb|‘"_

’ Fei Fss .B bg
wherel refersto the Lagrangemultipliersin theinterior
of thesubdomainandB refersto the Lagrangemultipli-
ersontheinterfaceshetweerthe subdomains.

The condensatiomf the interior Lagrangemultipliers

leadsto a Schurcomplementsystem
Fs.B = bs; (4)

whereFg = Fgg i Fg Fi'F,g andbg = bg i
Fg,Fi,'b,. OncetheinterfaceLagrangemultipliers, g
have beensolved from this system the interior onesare
givenby, | = I:|i|1(b| i Fig.s)

Iterati ve solution

Following theideaof two-level FETI, acoarsespaces
formedandthe linear system(4) is solved iteratively on
its orthogonalcomplement.Let the columnsof a matrix
Q spanthe coarsespace. A projectorto the orthogonal
complementf Q is de ned as

P=1i QQ'FsQ) 'QTFg:

Then it can be showvn [2] that the solution of (4)
has the foom ;g = ,% + P L, where 3 =
Q(QTFsQ)i 'QThy and, § satis esthesystem

PTFsP, = PTbs:

A naturalideais to useplanewavesin theconstruction
of thecoarsespace Similarly to FETI-H in [2], eachsub-
domaincorrespondso ablockof Q givenbytheproducts
of planewavesandLagrangemultiplier basisfunctions.
Here the numberof planewavesin a subdomainis the
sameasin thediscretizatiorof primal variable.Thecom-
ponentsof Q aregivenby
Z
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Figurel: Thel6£ 4 domaindecompositiorandthe
realpartof theexactsolutionwith k = 12V

where?!; is thej th basisfunction of Wy, living on the
interfacesbetweerthe subdomains. )

Planewave basescan have very poor orthogonality
which leadsto ill-conditionedsystems A preconditioner
basedn the Lagrangemultiplier massmatrix

_HMII 0 i

M = 0 Mgs

is employedto improve the conditioning. The massma-
trix is obtainedby discretizingthe bilinearform

X X
m(,; )= todj
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e el<e ie;e0
onW £ W. Now, thepreconditionedystenreads
PMLLPTFgP, £ = PM 5L P bg: (5)

Numerical results

Thescattereis circularandsound-hardthatis, ® = 0
and = 1lin(1). Thecomputationatiomainis- = fx 2
R2 : 1< kxk < 2gandtheincident eld isg = ek*:
in (1). The nest domaindecompositiorand the exact
solutionof (1) areshavn in Figurel. Theregularization
parameteis ° = 0:1in (3). Thelinearsystemgq4) and
(5) aresolved usingthe GMRES method. The iteration
countsrequiredto reducethe normof theresidualby the
factorl0 7 andrelative discretizatiorerrorsat the nodal
pointsin |o-normarereportedn Tablel.

Conclusions

The presentedresults and preliminary results with
three-dimensionaproblemsshav the iterative domain
decompositionmethodto be effective for systemgesult-
ing from the discontinuousGalerkin nite elementdis-
cretizationsof the Helmholtzequation.The corvergence
rate can improved by increasingthe numberof plane
wavesin the constructionof the coarsespaceandby in-
troducingalocal subdomairpreconditioner

Table 1: The numberof iterationswithout a precondi-
tioner it 1, with the preconditioneiit ,, and the relative
discretizatiorerrorwith respecto thewavenumbelk, el-
ementtype, mesh andthe numberof subdomainsg.

k element mesh Ng ity it error
6vs Q-8-2 96£ 8 4£ 1 53 35 54¢j 3
6%  Q-8-2 96£ 8 8£ 2 214 57 54 3
6vs Q-8-2 96£ 8 16£ 4 537 52 54ej 3
6vs Q-16-4 48£ 4 4£ 1 53 25 69 4
6% Q-16-4 48f£ 4 8Ef 2 252 29 68 4
6vs Q-16-4 48£ 4 16£ 4 660 4 69 4
12, Q-8-2 192£ 16 4£1 85 56 58 3
12, Q-8-2 192£ 16 8£ 2 370 137 58 3
12,  Q-8-2 192£ 16 16£ 4 909 195 58 3
12, Q-16-4 96£ 8 4£ 1 103 52 5.0ej 4
12,  Q-16-4 96£ 8 8f£ 2 473 115 5:.0ej 4
12y, Q-16-4 96£ 8 16£ 4 > 1000 113 5:0ej 4
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