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Abstract. An ezxcient domaindecomposition methal is develogd for discretized Helmholtz
equationsresulting from amustical geological surveyproblems.A Schwarz-tye multiplica-
tive preconditioner is constructed using a fast direct methal in sulllomains by emledding
them to rectangular domains. The GMRES iterations are reduced to a subspce cor-
respnding to interfaces. Numerical exgeriments with seveal two-dimensional problems
demonstate the e®etivenessand salability of the proposel methal.

1 INTR ODUCTION

Acoustical geologicalsurvey problemsare often modeledusing the Helmholtz equation
with varying wave number. The discretization of this equationsrequiressuxciently many
nodesper wavelength’ and dueto this the resulting systemof linear equationsis very large.
It is usualthat grids have from 500to a fewthousandsgrid points in ead direction. Thus,
the resulting problem can have seeral million unknowns for a two-dimensionalproblem
and seeral billion unknowns for a three-dimensionalproblem. The system matrix is
inde nite and complex-alued. Thus, many ezxcient solution proceduresavailable for
positive de nite problemsare not applicable.

Iterativ e methods without a good preconditioner corvergeslowly for Helmholtz prob-
lemswhich leadsto too high computational cost. Furthermore, while direct methods like
LU decompmsition might be applicable for two-dimensional problems they are compu-
tationally too expensiwe for three-dimensionalproblems. Thus, the researt on excient
solersfor the Helmholtz equation with varying wave number has concertrated on deel-
oping good preconditioners. The main techniquesemployed to construct theseprecondi-
tioners are domain decompsition methods, multigrid methods, and fast direct solvers.
Plessix and Mulder'® studied tensor product form preconditionersbasedon fast direct
solvers. While for low frequency problems they were very e®ectie their performance
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deteriorated seerely when the frequency approaded practically interesting level. The
authors®® useda similar approad with good succesdor almost perfectly vertically lay-
ered media. Larson and Holmgrent? deweloped a domain decomppsition preconditioner
employing a fast direct solver and tested it on a parallel computer. Erlangga, Ooster-
lee, and Vuik® deweloped a multigrid preconditionerwhich is fairly e®ectie for geological
survey problems.

In this paper, we dewlop a Stwarz-type multiplicativ e domain decompsition pre-
conditioner. The subdomain preconditionersemploy a fast direct solver via embedding
the subdomainsinto rectangles. By fast direct methods, we mean direct methods based
on FFT or cyclic reduction, for example, which require order of mlogm or m(log m)?2
operationsto solve a systemwith m unknowns. With a piecewiseconstart wave number,
the preconditioner can be made to match the systemmatrix in the interior of the sub-
domains. This hastwo important consequencesThe residual vanishedin the interior of
the subdomainsand due to this the iterations can be reducedon the interfacesand their
near-by grid points. Thus, the solution procedurecan be consideredas a preconditioned
iterative method on a sparsesubspac&!®. Due to this the memory requiremen of the
GMRES method?®® is greatly reduced. Secondly the conditioning of the preconditioned
systemis improved due to the matching in the interior of the subdomains. The numerical
examplesdemonstratethe e®ectienessof the deweloped approad.

2 MODEL PROBLEMS

In the rectangularcomputational domain}, the pressure eld p satis esthe Helmholtz
partial di®erenial equation

i ¢pi k’p=g; (1)

wherek is the wave number given by k = 'E I is the angular frequency c is the speedof

sound, and g correspndsto a sound source. We assumethe speed of sound and, thus,

also the wave number to be piecewiseconstart functions. On the boundaries@, we
imposea second-ordembsorbingboundary condition®:8

.
26k@ (2)

wheren and s denotethe unit outward normal and tangert vectors, respectively, and C
denotesthe set of the corner points of @.

3 NUMERICAL METHOD
3.1 Discretization

We discretizethe Helmholtz equation on a uniform grid with the grid step sizeh. The
discretization stencilsfor interior grid points, boundary grid points, and cornergrid points
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are given by Figure 1, wherethe diagonalweights are de ned by
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Figure 1: The discretization stencil at (x;y) for an interior grid point (left), a grid point on the left
boundary (middle), and the left lower corner point (right). The weights d, b, and a are given by (3).

The discretization leadsto a systemof linear equations
Ap = b: (4)
3.2 lterativ e solution pro cedure

Instead of solving the system of linear equations (4), we solwe iteratively using the
GMRES method®® a left preconditionedsystem
ABilq= b; (5)

where B is the preconditioner. Once we have obtained g the solution of the original
problemis givenby p= Bi q.

In order to describe our domain decompsition preconditioner B, we de ne ead sub-
domain as the union of cells in which the speed of sound is a given constart. More

subdomain - j is de ned by

[
= [Xi h=2;x + h=2]£ [yi h=2y+ h=2]; (6)
c(x;y) = ¢
(xy)2 M
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where M is the set of cell midpoints. Let the rectangular matrix R; correspnd to the
restriction operator into the subdomain - ;. Multiplying a vector by it results a vector
cortaining the componerts ass@iated to the subdomain - ; and its boundary. We denote
the preconditionerin - ; by B; and it will be de ned in Section3.3.

We employ a Sthwarz-type multiplicativ e domain decomposition preconditionerB =
P, which is de ned recursiwely as

Pit=PR L+ RBI'R (i APjY);  j =2 (7)

wherePi ' = RIBi 'R,. Thus, we obtain y = y(™ = Bi 1x by performing the following
sequenceof operations:

y® = R{B} 'Ryx;
= yW + RIBIR,(x i AyW);

<
>
N
D
|

(8)

y™ =y D+ RIBL IR, (x i Ay™ V).
3.3 Subdomain preconditioners

Systemsof linear equations correspnding to general shaped subdomains cannot be
solved using a fast direct solver. For this reason,we enbed eat subdomaininto a larger
rectangulardomain and we de ned the subdomain preconditionerasa Schur complemen
matrix. In order to describe this more precisely we de ne the minimum and maximum
valuesof the coordinatesfor eat subdomain - ; as

xjmin = argminx; xjmax = argmaxx;
(xy)2*; (xy)2?

i - i )

Yimin = argmllny, and yl .. = argmlaxy.
(xy)2- (xy)2-

Similarly, we de ne Xmin, Xmax, Ymin, @nd Ymax for the computational domain|. Then the
extendedrectangular subdomainsare de ned by

9)

. i o]
bj = maxfxl ., i Ih; Xming; minfx! . + Ih; xmax%

j . (10)
£ maXfymin i 1N} YminG; mmfy]max + 1N YmaxQ ;
wherel is a nonnegatiwe integer.
The jth subdomain preconditioneris basedon the Helmholtz equation
i ¢pi k’p=g in by; (11)
wherek; = ! =G and the absorbingboundary conditions (2) are posedon the boundaries
@’j . By usingthe samegrid and discretization for the problem (11), we obtain a matrix
C; which hasa block form q
MC- Ciq
G = e e 12
) Cj;ed Cj ee ( )
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oncethe unknowns correspnding to the subdomain -1,- are numbered rst (subscript d)

and the unknowns correspnding to the extensionbj n-lj are numberedsecond(subscript
€). The preconditionerB; for the jth subdomainis given by a Scur complemem matrix

Bj = Caai G ;deCji;eleCj ed- (13)
A systemof linear equationsB;y; = X; cansolved as
i, ¢ il“lﬂ

Y = 10 Cj 0 X (14)

using a fast direct solver like the cyclic reduction method®4. This solution requiresorder
of m; logm; °oating point operations, wherem; is the sizeof C;.

3.4 Sparse subspace iterations

The GMRES method!® forms and stores basis vectors for a Krylov subspacewhich

after | iterations is
a

Ki(v) = ©v; ABilv; (AB1 HY2y; :::: (ABi Yy (15)

wherev is the initial residual. For example,if the initial guesdor solution in the GMRES
method is zerothen v = b. In generalcase storing the basisvector requiresa vast amourt
of memoryfor large problemsunlessthe iterations convergealready after a few iterations.

vV = ABiWil=[(Aj B)+B]Bilil=(Aj B)Bilvil+ il (16)

where we have denotedv® = v. It is easyto seefrom (16) using induction that vi*' 2
X [ fvg, where
X = rangeAj B): a7)

The subspaceX correspndsto the rows of the matrices A and B which di®er. Due to
the construction of the preconditioner,theserows are assaiated to the interfacesbetween
subdomainsand their near-by grid points*%°. Thus, the subspaceX is very sparse.For a
wo-dimensionalproblem, the number of nonzerocomponerts in vectorson X is of order

m, wherem is the size of the systemof linear equations. If the initial guessis chosen
to be bthen the initial residualv belongsto X and, thus, K;(v) %2 X, that is, the Krylov
subspacesare sparse. Alternativ ely, X [ fvg is sparsewhen b is sparseand the initial
guesss zero. Theseobsenations reducethe memoryusageby a large factor and allows us
to usethe GMRES method without restarts. Furthermore, the so-calledpartial solution
technique®!! can be usedto solve the systemsof linear equationswith B on the sparse
subspacé®.
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4 NUMERICAL RESULTS

In all experimerts, the stopping criterion for the GMRES method wasthat the norm of
the residualis reducedby the factor 10 °. In all embeddings,we extendedthe subdomains
by one meshstep, that is, | = 1 in (10). The sound sourceis always a point sourceat
the midpoint of the upper boundary. The initial guessfor the solution in the GMRES
method is zerofor all problems. All experimerts are performedwithout GMRES restarts.

4.1 Perfectly vertically layered medium

Thesetest problemsare de ned in the unit squareand we usea 1001£ 1001grid to
solve these problems. In the rst test problem, the speedof soundis constart ¢ = 1in
the whole domain. Howewer, we divide the unit squareinto two and four equally sized
subdomains which are extended accordingto (10) for preconditioning. The number of
GMRES iterations for the resulting preconditioned systemsare given by the third and
fourth column of Table 1. The next two problemshave perfectly vertically layered media
shown in Figure 2. The number of GMRES iterations for these problems are given by
the two last columnsof Table 1. The real part of the solution at the frequencyf = 25is
shown by Figure 2.

S S <)
c=1 =
c=1
c=2
c=3
c=2
c=14

Figure 2: Layeredtest problemsin the unit squareand the solution for the four layer problem at f = 25.

homog. | homog. | layered | layered
subdomains 2 4 2 4
f grid iter. iter. iter. iter.
25 | 1001£ 1001 3 5 32 36
50 | 1001£ 1001 3 6 26 29
100| 1001£ 1001 4 7 22 26

Table 1: The number of iterations for di®eren test problems and frequenciesf .
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4.2 Wedge problem

The speedof soundfor the wedgetest problem*!3 is shown in Figure 3. The domain
decompmsition is given by Figure 4 together with the one grid step extensionsfor the
subdomains. Table 2 givesthe number of GMRES iterations and CPU times in seconds

at di®eren frequencieson a PC with 3.8 GHz Xeon processor. The real parts of the
solutionsat f = 30 Hz and 50 Hz are plotted in Figure 3.
- r
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Figure 3. The wedgetest problem and the solutions at f = 30 Hz and 50 Hz.

subdomain - subdomain - , subdomain - 3

Figure 4: The subdomains- ; for the wedgetest problem (red and black), their extensionsbj n—lj (green),
and the assaiated parts of the sparsesubspaceX [ fvg (black).

4.3 Salt deposit problem

This test problem mimics a simple salt deposit. The length of the side of the square
computational domain is chosento be 600 meters. The pro le for the speedof soundis
shown in Figure 5. It is perfectly vertically layeredexceptfor the salt disk with the radius
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f [Hz] grid iter. | time
30 232£ 386 | 18 | 0.78
40 301£ 501 | 20 | 1.49
50 376£ 626 | 22 | 2.62
60 481£ 801 | 23 | 4.50
80 721£ 1201 | 26 | 11.53
100 | 901£ 1501 | 28 | 18.95
160 | 1441£ 2401| 34 | 60.08

Table 2: The number of iterations and CPU times in secondsfor di®erent frequenciesf for the wedge
problem.

of 150 meters and the certer at (300m; 250m) when the lower left corner is at origin.
We considerthree frequenciess = 30 Hz, 60 Hz, and 120 Hz and three grids 301£ 301,
601£ 601,and 1201£ 1201. Table 3 givesthe number of GMRES iterations for all possible
combinations of frequenciesand grids. Figure 6 shows the real parts of the solutions at
the consideredfrequencies.The domain decompsition is shavn in Figure 7.

. 1500 m/s

2500m/s
3500m/s

4500m/s

. 5500m/s

Figure 5: The speedof sound for the salt deposit problem.

Figure 6: The solutions for the salt deposit problem at f = 30 Hz, 60 Hz, and 120 Hz.
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subdomain - 1 subdomain - » subdomain - 3 subdomain - 4 subdomain - 5

Figure 7: The subdomains - ; for the salt deposit problem (red and black), their extensions bj n -1,-
(green), and the asscaiated parts of the sparsesubspaceX [ fvg (black).

grid
f [Hz] | 301£ 301 | 601£ 601 | 1201£ 1201
30 18 23 31
60 19 22 31
120 22 24 27

Table 3: The number of iterations for di®eren frequenciesf and grids for the salt deposit problem.

5 CONCLUSIONS

We proposeda Scwarz-type multiplicativ e domain decomposition preconditioner for
the Helmholtz equation with a piecewiseconstart wave number. The computational
ezxciency resultsfrom the useof fast direct solversfor subdomain preconditioning and the
good conditioning of the preconditionedsystem. Furthermore, iterations can be reduced
on the subdomain boundariesand their neighboring grid points. The number of GMRES
iterations required to reducethe residual by a given factor dependsonly mildly on the
grid step sizeand frequency The numerical experimerts demonstratedthe method to be
excient for two-dimensionalproblemswith realistic frequenciesand jumps of the speedof
soundsencourtered in acousticalgeologicalsurvey problems. The proposedmethod can
be generalizedin a straightforward manner for three-dimensionalproblems.
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