A NOTE ON THE LEVEL SETS OF
HOLDER CONTINUOUS FUNCTIONS ON THE REAL LINE

TAPIO RAJALA

ABSTRACT. We construct an a-Holder continuous functions on the real line so that all it’s level sets
have positive (1 — a)-dimensional Hausdorff measure.

1. INTRODUCTION

In [5] Kirchheim and Serra Cassano studied intrinsic regularity of surfaces in the Heisenberg group.
They constructed an H-regular surface in H! that has Euclidean Hausdorff dimension % Part of the
construction was a %—Hélder continuous function h: R — R whose level sets h~!(¢) have Euclidean
Hausdorff dimension at least % It remained open whether one could construct a %—H'dlder continuous
function for which the level sets have positive %—dimensional Hausdorff measure. They posed the

question in the following slightly more general setting.

Can one find a-Holder continuous functions such that all level sets f~1(¢) (or at least
for all ¢ from a set of positive measure) are of positive (1 — a)-dimensional Hausdorff
measure?

We answer this question in the affirmative with a construction where in each step we make a
selection between two fixed self-affine constructions. As will be shown, the construction can also be
done with modulus of continuity slightly better than /|x — y|, so that it meets the requirements of
[5, Lemma 3.5] of Kirchheim and Serra Cassano. However, for any such construction almost all of
the level sets must have zero %-dimensional Hausdorff measure.

The method of alternating between two constructions that is used in this note was later reused
in [7, Section 5] by the author together with Vilppolainen to sharpen the results of Balogh, Tyson
and Warhurst [2]. It is also now known that on the level of dimension, the level set behaviour of
the function in Proposition 2.4 is typical for a-Holder continuous functions: Anttila, Barany and
Kéenméki have shown in [1, Theorem 1.6] that for a prevalent a-Holder continuous function the
Hausdorff dimension of Lebesgue positively many level sets is 1 — . Notice that the function in our
Proposition 2.4 has the stronger property of having positive Hausdorff measure for all level sets.
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The construction of Proposition 2.4 can be made with more zigzags than 3. By doing this, one
can make a countable collection of affine constructions covering a dense set of parameters «, see [3,
Section 2.4] for comparison.

2. THE CONSTRUCTION

Let us first fix some notation. For x € R we write its integer part as |x| = sup{k € Z : k < x}.
The collection of all subsets of a set X will be written as P(X) ={A C X}.

Definition 2.1. Let (X,dx) and (Y,dy) be two metric spaces. For a €]0,1] we call a function
f: X = Y «a-Holder continuous if there exists a constant C' > 0 so that for all z,y € X the inequality

dy (f(z), f(y)) < Cdx(z,y)"
holds.
We denote by H?® the s-dimensional Hausdorff measure. For the definition of Hausdorff measure
and its basic properties, see for instance [6].
We will prove the positivity of Hausdorff measure of level sets by defining a measure with p via

mass distribution. The connection to Haudsorff measure follows from the next Lemma. For the proof
see for example [6, Theorem 6.9].

Lemma 2.2. Let p be a Radon measure on R, 0 < ¢ < co and A C R measurable so that

r—0 (2r)s

s A
for all x € A. Then H(A) > “,

For the optimality of the results we will use the following coarea inequality [4, 2.10.25].

Lemma 2.3. Let X,Y be two metric spaces and f: X — Y a Lipschitz map. Suppose A C X is a
measurable set, 0 < k < 0o and 0 < m < co. Then

/y HY (AN 7 (y)) dH™(y) < C(Lipf)"H(A),

where C' is a constant depending on k and m.

Now let us begin with the construction. We define for every m € N, k € {0,1,2} and 7 €
{0,1,...,m — 1} a mapping f, R? — R? with

x +mk + i +i 14 (=1)kH
3m m 2

o) =

Using these, we define the set functions F™: P(R?) — P(R?), m € N, by letting

3Im—1

F4a) = |J M
=0

for every A C R2. See Figure 1 to see how function F* maps the unit square.
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FIGURE 1. An illustration how the family of mappings ()1, maps [0, 1]%.

Recall that by an attractor of a family of contracting maps f;: R* — R%, i € I, we mean the unique
compact set E C R¢ for which

U fi(E) =E
il

The self-affine set we get from a function F, m > 2 as the attractor of the mapping family ( fﬁ)?ﬂfl

is already a graph of a bggofif:m—Hélder continuous function on the interval [0, 1]. In particular, the
1

attractor of ( ff)?zo is a graph of a 3-Hoélder continuous function whose level sets have positive %—

dimensional Hausdorff measure. To get the rest of the desired a-Holder continuous functions with «

logm log(m+1) . m m—+1
3log and Tog 3t log(m+1) W use both of the functions F and F .

between Tog

Proposition 2.4. Let o €]0,1]. Then there is an a-Hélder continuous function h: R — R so that
all the level sets h=1(t) have positive (1 — a)-dimensional Hausdorff measure.

Proof. In the case a = 1 take h(z) = z. Let a €]0,1[. Find the largest m € N so that
0> loem
~ log3 4+ logm
Next we define the portion ¢ which tells us how much of the construction should be done using the
function F™*1. The rest of the construction will use the function F™. Let
alog3 — (1 —a)logm

e= (1 - a)(log(m +1) —logm) €011
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so that the equality

3= (3(m + 1))P1=) (3m) 1= (1-a)
holds. Define a sequence of closed sets (G;)72, with

Gy =F" o F”o. 0 FI([0,1]%),

where j, = m + 1if [pk] > |o(k —1)] and ji = m otherwise. Let G = [, G;. Because all of the
G, are closed, so is G. Clearly the projection of G to the x-axis is the whole interval [0, 1] and since
the height of each section G; N {x = p} goes to zero when i goes to infinity, the set G is a graph of a
function. Call this function g. and extend it to be a function h: R — R by defining

h(z+k)=((k+1)*—kYg(z) + Kk~ (2.1)

for every k € NU{0} and = € [0,1], and by h(z) = —h(—z) for z < 0. Note that while the mappings
f are not contracting, the construction still works when m = 1 since then ¢ > 0. Let ¢ € [0, 1] and
consider the set h=1(¢).

To see that H1=*(h=%(t)) > 0 we construct a measure p on [0, 1] by distributing the measure at
each step n evenly between the construction intervals of G, {(z,t) : # € R}. Then for any z € h™1(¢)
and 0 < r <1 let n € N be such that

(3m)~(1=O0 DB (m 4 1)) 79D < < (3m) " 07O (3(m + 1)) 0"
For any construction interval X; C G, N {(z,t) : = € R} we have
r <3 (m41)""m 170" < 377 (4 1)~ Lendyym(len)) — diam(X;)
Thus, B(z,r) intersects at most two such intervals X; and hence

((B(z,r)) < 2u(Xi) = 237" = 2(3(m + 1)) 1) (3m) ~n(1=P)1-e)
=203(m) P (m 4 1))~ ((3m)7(179)(n+1)(3(m + 1))*Q(n+l)>1_a
< 2(3(m) =P (m + 1)P)Lmeplme,

Now by Lemma 2.2 it follows that H'=*(h=1(¢)) > 0.
Next we check that the function h is a-Hdélder continuous. Let x,y € R. Assume first that
|z —y| > 1 and let k£ € N be such that k < |z —y| < k+ 1. Then
o k41" o
ha) b <2 (k+ 10 <2 () eyl

It remains to show that h is locally a-Hélder continuous. Towards this, suppose that |z —y| € [0, 1].
Let n € N be so that

(3m) =790 B(m 1)) D < o — y| < (3m) " (B(m 4 1))
Then, since x and y are contained in two consecutive level n construction rectangles,
|h(x) = h(y)] = lg(x) = g(y)| < 2-m~ 170" (m 4 1) 7o+
m+1__ an m+1

=237t = 27((3m)—<1—@>”<3(m +1))7)

< 18(m + 1)2|z — y|°.
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If x,y € [k, k + 1] for some k € N, then by (2.1) and the previous estimate we have

[h(@) = h(y)] < lg(z — k) — g(y — k)| < 18(m + 1)*|z — y|*.
By gluing the previous estimate at integer points, we have the a-Hdélder continuity for all =,y € R
with |z —y| < 1. O
Remark 2.5. As was noted in [5], if f: [0,1] — [0,1] is a-Holder continuous then it is Lipschitz
continuous from [0, 1] to X, where X is [0, 1] with distance d(z,y) = |z — y|*. Then by Lemma 2.3

Y (w))dH () < OH (0, 1)),

1
He
[0,1]
and thus almost all level sets of f have finite (é — 1)-dimensional Hausdorff measure with respect to
the distance d meaning that they have finite (1 — «)-dimensional Hausdorff measure with respect to
the Euclidean distance. This shows that our construction is in some sense optimal.

By changing the distribution of constructing functions F"* we can produce graphs of functions with
other kinds of moduli of continuity. As an example we combine the functions F™ so that they give a
function satisfying the lemma of Kirchheim and Serra Cassano |5, Lemma 3.5].

Proposition 2.6. There is a function h: R — R such that

(i) for allt € R the Buclidean Hausdorff dimension of h™'(t) is at least 5.
(ii) for each m > 1 we have

L og(()
im ———
T—)0+ \/F

Proof. We will mainly use the function F3 to construct the graph, but on a small part of construction

steps we use the function F* to improve the modulus of continuity. This time we define a sequence
of closed sets (G;):2,, with

sup{|h(z) — h(y)l, |z —y| < r} = 0.

FiloFi2o...0 Fji([o, 1]2)7
where ji, = 4 if Vk € N and j; = 3 otherwise. Again, we set G = (; Gi and let h be the extension of
the map ¢ as in the proof of Proposition 2.4.

Let us first prove that the condition (i) is satisfied. Take a t € [0, 1] and construct a measure p
on [0, 1] by using the intervals of G; N {(x,t) : x € R}. At each step ¢ distribute the measure evenly

on the construction intervals. Now take an € > 0 and an n. € N so that 97"¢ < (%)%Wﬁj for every
n > ne. Let z € h1(¢) and r > 0 be such that

g lVrHl 9=Vt < < g7 H VR 9= VR = diam(X;),

for some n > n., where X C G,, N {(x,t) : € R}, is any construction interval of level n. Then, the
ball B(z,r) intersects at most two construction intervals of level n and so we have

Lyl 1) lval
W(B(z,r)) < 2u(X;) <2-3 <2 3‘”9”6(%) 2V <. 3—"9”5(1)(2 )

— 297" +lVRl19-LVRlya—e < ogpa e,

Again by Lemma 2.2 we get H2({h~1(£)}) > 0.
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We still need to show that property (ii) is satisfied. Take 0 < r < 1 and the largest n € N so that
r < 9~ tVrl19=Vn) | Now for every z,y € R with |z — y| < r we have

(h(z) = h(y)| <237 LVAl4 LV,

Therefore, for any m € N we get

og((1)ym
I supih(a) )l b — o <)

< ((TL+ 1-— L\/n—i- 1J)10g9+ Lvn—i— 1J 10g12)m23—n+\_\/ﬁj4—|_\/ﬁj
= 3-n—1+[vnt1|19—3lvn+I]

3 vnl
3>2 — 0

< ((n+1)log 12)7”24(4
as r — 0 (implying that n — o). O

Remark 2.7. Using the same inequality as in Remark 2.5 we see that any function satisfying the con-
ditions of the previous proposition has H!-almost every level sets with zero %—dimensional Hausdorff
measure: Let f: [0,1] — [0, 1] be a function so that

- o Nyl
) =Wl < e = am

for every x # y. Consider on the domain the distance d(z,y) = |z—y| >. In this distance f is Lipschitz
and then similarly as in Remark 2.5 by Lemma 2.3 we get

/f T @)K ) < CLip(la i)

for any subinterval I C [0, 1]. Notice that we have

C

Lip(f1r) = = d@am)

with respect to the distance d. Thus,

o
—

Hy(f () dH (y) = Hy(f () dH (y)

[0,1] ; /f([i/k,(iJrl)/k])

~

>
— O

IN

CLip(f ik i1y 0 Ha([i/ K, (i + 1) /K])
0

Cmﬂi([o, 1]) — o0,

i

IN

as k — oo. This proves the claim.
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