Scattering theory
Solutions to Exercises #3, 5.10.2007

1. Let A € R (we already know that C ~ R C p(A)). The inequality
I(A = Null = M[ull, ue 2(A),

shows that A — A is injective so A is not an eigenvalue. Since A is self-
adjoint it has no residual spectrum, and we know that Z(A — \) is dense.
We show that Z(A—\) = H. If f € H let f; € Z(A— \) with f; — f,
so fj = (A — ANu; for some u; € Z(A) and (A — N)u; — f. Then (u;) is
Cauchy in H because

1
luj = well < 571104 = M)y — )l = A= Nuj = (A= Mugl].

1
e
It follows that u; — w for some uw € H, but since also (A — A)u; — f and

A — X is closed (it is self-adjoint), we have u € Z(A) and (A — Nu = f.
Further, [[ul] < 37[I(A = Mull = 5[ /1]

We have shown that A — X : Z(A) — H is bijective and that (A4 —\)~':
f + w is a bounded linear operator on H with norm < 1/M. Therefore,
A€ p(A). If z€ Cand |z — A < M, then for u € Z(A) one has

1(A = 2)ull = [[(A = M+ (A = 2)ul] = [[(A = Mull = [A = z[Jul]
> (M = A= 2|)]ul]

By the first part of this problem, we obtain z € p(A).
2. It is enough to show that
Aep(A) & Te>0Vue 2(A),|lull=1:|[(A=Nu| >e.
If A€ p(A) and u € Z(A), ||u|| =1, then
= Jull = (A= 3" (A = Nall < CI(A - N)u.
Conversely, if ||(A — Mu|| > ¢ whenever u € Z(A) and ||u| = 1, then

|(A = XN)v|| > eljv| for any v € Z(A) (take u = v/||v]|), so A € p(A) by
Problem 1.



3. Let H = L*(R), Au = —u” with domain 2(A) = H*(R). Then using
distributional derivatives, and the fact that C5° is dense in H?, we get

veE YA & Fv e l?: (—uv) = (u,v*) Yuc H?
& vel?and v’ € L2

Then 2(A*) = H*(R) = 2(A)! and A*u = —u”, so A is self-adjoint and
0(A) C R. We also have

I(A — )\)uH2 = HAuH2 + )\QHqu — MAu,u) — AM(u, Au), u€ H?.

Since (Au,u) = (—u”,u) = ||/||*> > 0 for u € C§° and thus for u € H?, it
follows for A < 0 that

(A= Null = [Mllull,  we H”

By Problem 1, A € p(A) if A <0, so o(A) C [0, 00).

It remains to show that o(A) = [0,00). Let A > 0, and write A = k?
where k > 0. The idea is that u(x) = e™** satisfies (A — \)u = 0 but is
not an eigenfunction since u ¢ L?. However, we will approximate u by
u; € L? with |ju;|| = 1, and Problem 2 will show that A € o(A).

Let x € C°(R) with ||x||z2 = 1, and let u;(x) = j7Y%x(z/j)e*®. Since
Ix(2/9)|lz2 = j*? we have u; € C°(R) and ||u;| = 1. Also,

(A=XNuj = j 72 [x(2/5) (A= N)e™)=2ikj =X (x/7)e™ =5\ (x/7)e™],
and since (A — \)e?*® = 0 we obtain

(A = Nl < 2572k (/)] + 572X (2 /)] < C57
Thus any A > 0 is an approximate eigenvalue, so A € o(A) by Problem 2.

4. Let H = L*(I),I = (0,1), and for z € C define A, : u — 4u' with domain
P(A,) ={ue H'(I); u(1) = zu(0)}. The domain contains C§°(I) so A,
is densely defined, and

vE YA & v e L?: (i, v) = (u,v*) Yuc P(A).

By looking at v € C§°(I) we obtain Z(A%) C H'(I) and A%v = v’ for
vE PD(AL). Ifu,v € H'(I) then

(i, v) = i(uv)(1) — i(uv)(0) + (u,iv").

f v,0"” € L? then by Fourier transform 9,20 € L2, so [[v| gz = ||(1 + £€2)d| 2 < oc.



Thus, we have

vE DAY & ve H(I), (20(1) —0(0))u(0) =0 Yuec Z(A,).
Since u(0) can be arbitrary we get Z(A%) = {v € H'(I); v(1) = 1v(0)}.
But z = 1/z iff |z| = 1, and it follows that A, is self-adjoint iff |z| = 1.

Let 2z = ¢ where § € [0,27). We first determine the eigenvalues of A,. If
(A, —X)u = 0 then v/ +4i u = 0 in I, which is equivalent with (ue*')’ =0
in /. The general distributional solution is u = Ce~!, and this is in
PD(A,) iff Cem™ = Cz. We have C' = 0 unless A € —0 + 27Z, and thus

the set of eigenvalues is exactly —0 + 27Z.

We claim that o(A,) = —0+ 27Z. To prove this let A € R\ (=0 + 27Z).
We already know that A, — X is injective. For surjectivity let f € L?(I),
and write the equation (A, — Nu = f as (ue*™)’ = —ife™. The general
distributional solution in [ is given by

t
u(t) = e (u(0) — 2/ f(s)e™s ds).
0
Since f € L*(I) one always has u € H'(I), and u € Z(A,) provided that
e (u(0) — z/ f(s)e* ds) = zu(0)
0
1
& u(0) =i(1 — ei’\z)_1/ f(s)e™ ds.
0
Thus A — ) is surjective, and u = (A — X\) 7! f satisfies
t .
[ull < |u(0)] + ||/O f(s)e™ ds|| < Conllfll12-

Therefore A € p(A), and 0(A,) = —0 + 27Z.



