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EXERCISE 1

For each of the following functions determine the largest open set in C
where the function is analytic, and use the differentiation rules in the
lecture notes to calculate its complex derivative:

(a) f(z)=2*—2iz3+1

(b) 9(z) = (z—19)/(z + )

(c) h(z) = 24(1 - 2)°

(d) k(z) =v2z
SOLUTION:

From the definition of the complex derivative we see that the functions
z — z and z — 1 are differentiable everywhere in C, with derivatives
1 and 0 respectively, and are therefore analytic everywhere. By using
proposition 3.1.7 it then follows that complex polynomials in the vari-
able z are analytic everywhere and that the differentiation formulas for
real polynomials also hold for complex polynomials. So f(z),h(z) are
analytic everywhere and

f'(z) = 423 — 622
and
R'(z) = 423(1 — 2)8 — 62%(1 — 2)° = 223(1 — 2)°(2 — 52).

Since z — z — 1 and z — z + ¢ are analytic everywhere and z + 4 # 0

in C\ {—¢}, g(2) is analytic in C\ {—i} with derivative ¢'(z) = (Ziill)Q



Lastly, if p(z) = 2z then k(z) = v/ o p(z) = 2z where /- is the
principal square root. The principal square root is analytic in C\ (—o0, 0]
and p(z) is analytic everywhere so the composition k(z) is analytic in
C\ (—00,0] by proposition 3.1.12 and the derivative is &'(z) = 1/v/22.
Also, C\ (—o0,0] is the largest open set in which k(z) is analytic. Let
q(z) = z/2 then ¢ is analytic everywhere and then k o ¢(z) = /z is
analytic where k is analytic. So since 1/z is only analytic in C\ (—o0, 0],
k(z) cannot be analytic in a larger domain than this.

EXERCISE 2

Let f: U —C,g:U — Cand h:U — C be analytic in U with h(z) # 0
for all z € U. Prove that fg and f/h are analytic in U and

(f9)'(2) = f'(2)9(2) + £(2)g'(2),

/) =L '(Z)h(zzi@qf ()M ()

SOLUTION:

In order to avoid using the € — § definition of a limit, I'll use proposition
3.1.6, namely that for each function p € {f,g,h} there exists a corre-
sponding function ¢, such that p(w) = p(z) +p'(2)(w — 2z) +ep(w) (w — 2)
and e,(w) — 0 as w — z. Then

fw)g(w) =f(2)g(2) + f'(2)9(2)(w — 2) + ¢'(2) f(2) (w — 2)
+9'(2)(w — 2)](w — 2)
+ f(2)(w = 2)](w - 2)
+[ep(w)eg(w) + f'(2)g' (2)](w — 2)°

Using this in the definition of the derivative we get

(Fo)'(2) = lim £29) = F(2)g(2)

_ul)i: f (Z)g(z;U+_f%(Z)g(2)(w — )+ g ) f(2)(w—2) — f(2)g(z)
T;m er(w)lg(z) + ¢ (2)(w — ;);] (_wz_ )
i ) + 7w = = 2)
+ T:n [es(w)eq(w) fJi’?Zig’(Z)](w —2)°



+ lim &7 (w)[g(2) + 9'(2) (w — 2)]

+ lim &, ()[f(2) + /() (w - 2)]

+ lim e (w)eg(w) + F(2)g'(2)](w — 2)
=f'(2)g(=) + ¢ (2)F(2)-

Since this works for any z, the product fg is analytic.
Let’s now obtain the derivative of f/h. First, we have

) — h(2) — F(2)(w — 2) —en(w)(w — 2)
w—z h(z)[h(2) + W (2)(w — 2) + ep(w)(w — 2)](w — 2)
—h'(2)

e B e — 7)) — 2]
+ lim —en(w)

w—z h(2)2 + h(2)[W(z)(w — 2) + e (w) (W — 2)]
_ ()

h(z)% "

Then we have, using the product rule, that

Y reoy L =h'(z) _ f'(z)h(z) = W(2)f(2)
(+) @ =7 TEREACTA )2 :
EXERCISE 3

Prove that f : C — C, f(z) = z is not complex differentiable at any
point of C.

SOLUTION:

We prove that the limit

lim 7]"(10) — f(2) = lim v—z
w—rz w—z w—z W — 2

doesn’t exist. To do this we construct two sequences that result in



different limits. The sequences w, = z + % and u, = z + z% have limit
z. Then

_ _ 1
wn—z_i_l
wn—z_l_

n
but .
Un—ziflﬁi 1
Up — 2 z%
EXERCISE 4

Let f : U — C be analytic and define g(z) = f(z). Show that g is

analyticin U* =z : z € U} and ¢'(2) = f/(2).

SOLUTION:

Note that if we denote v = w,v = Z then

flw) = f(2)

=2 )| = | T - 1)
_ f(@u)} - if(z) )
= f(“g — f(z) - '@
_ f(ﬁ@)b - £<v> f()‘
_ g(uu - g(v) )

So if § > 0 is such that |w — z| < & implies

’f(wu)) - f(z) o) <o
then |u — v| = |w — 2| < & implies

So g is indeed differentiable.



EXERCISE 5

Let S={2€ C:|Re] <nm/2} and f: S — C\ [1,00), f(z) = sin(z).
Assuming that f is known to be bijective with continuous inverse, define

Arcsin(w) = f~1(w), w e C\][l,00).

Show that Arcsin is analytic in C \ [1, c0).

SOLUTION:

Differentiability of Arcsin(w) follows from proposition 3.1.13, provided
f(2) =sin(z) is differentiable at z = Arcsin(w) with nonzero derivative,

f(z) = f'(Arcsin(w)) # 0.

But f/(z) = cos(z) and for z =z +iy € S,
Re(f'(2)) = Re(cos(z)) = %(e_y + e¥) cos(x) # 0.

So f'(z) #0 for all z € S. So Arcsin(w) is analytic and

1

. =
Arcsin (w) - Cos(ArCSiﬂ(w)) .

EXERCISE 6

Assume the formula
Arcsin(w) = —iLog [V/1 —w? +iw], w e C\ [1,00).

Prove that 1

V1—w?

Arcsin’(w) =

SOLUTION:

From the previous exercise we know that

1

Arcsin’(w) = ——————=
resin’(w) cos(Arcsin(w))

Using the provided formula for Arcsin(w) and the definition of cos(z),



we have

cos(Aresin(w)) = cos(—i Log [V/1 — w? + iw])

= 1(61[4Log(\/m+iw)] + efi[fiLog(\/eriw)])
2
— 1<6L05(m+iw) +e Log(m+iw)>
2
1< 1 2 1 )
=5 —w w + —
2 V1 —w? +iw
1 : V1 —w? —iw
= *( 1—w?+dw+ )
2 (VI —w? — iw)(VI— w2 + iw)
1
= §<m+iw+ 1—w2—iw>
=v1—w?
We indeed get
1
Arcsin’ (w) = —.
W=



