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Recall that we started this course by looking at

ax + (ox + c = 0

This has no real solutions if -PackO
,
but if

always has two complex solutions.

Im (Fundamental thm of algeora)
(n = 11

If ptz) = anz"tanyz"
... +aztdo where an. ... Go EK

and an #0
,
then 7 z

.
ED with p(z) = 0 .

Moreover
,
there are precisely a numbers zp

... EntC
with p(zj) = 0 I some of the zj can be the same) .

One can factorize A(z) = an (z-z)(z-zy) ... (z-zn) .



# first we show : 52164 with ptz) = 0 ·
We argue by contradiction and suppose that p(z) 10 FzEK .
Then F(z): is an analytic function f : C-C

.

We claim that tis founded
.
To see this

,
note that
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Thus (p(z))?360 -zEK
,

so

Ifizil =i % . zE4 .

So f : C-K is a bounded analytic function .

Lionville's tha F = const and p(z) = const

This is a contradiction (since ne and anFO) . &
To prove the second part , we havez with plze) =0 .

Write

remainder Vo -4
p(z) = (z- ze) (anzubamz ... beztbol fro

(compare : 13 = 7 ·3-uhf
remainder

But since p(ze) = 0, Vo =0

= N(z) = (z -z1)py(z) + ... Ip(z) = an(z-z) ...
n
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thm (Morera's theorem) Let f : U -> C cont
. satisfy

Not time on real line

8 f(z)dz = O (efor any triangle ACU .
ThenF is analytic .

# Car. 5
.

1
.
6 # I has a primitive in U

. ↳

Then F'(z) = f(z) and F is analytica -Thi 5
.

3
.

1 = F' If is also analytic . B

Im (Analytic continuation to a point
L

If + : U-K cont
. in U and analytic in ULzo for

some zo EU . Then tis analytic in U .

If Canchy's theorem for triangles =>I flzldz =0
Movera -A

for
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The (Maximum modulus principle 1) Let fiU-C
--

analytic where U open and connected. If If) reaches its

maximum of some zofU
,
then t is constant

,

W

The (Mean value principle) If F : U -C /f)
- ·analytic and zir)cU

,
then

·
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# Canchy's integral formula : if oit) = ztreit
,
then

-z= de = with a
o utt-z

it doi reife= - D
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-ofmax
, modulus principle Assume M = Ifizollimax Iftall , ZoEU

We show that Vi = EzEU : Iftzl =My is all of U.

Then If) is constant corzet is constant
.



We first show that V is open . Let zEV and let

- (z,ro) CU . We claim that actually Dzivol CN .

Fix reco . ro) , use mean value principle : EM
& 2

M = 1 f(z) = /fratreitaf)Siftatret) /d = M
This Iffztret)) = M y etaic] so GDzr)CV e

This holdst record ,
so Dzi CV . z

Next we prove VIU . Connectedness argument :·
let zEU arbitrary , we

claim If(zl) = M
.

Connectedness# I path 0 joining zo and z
.

show that fruit) = M ↓ + e [11 .
Use that !+(a)) = Ifizd/M

,

and openness of U to show the claim . *



(Maximum models principle 2) Let UCK open ,

connected and bounded
.
If + :T +K is cont

. and
if t is analytic- than -

max ↑ fizll = max Ifiz)) . ·zG zEzU


