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Preface

This course is an introduction to analysis on manifolds. The topic
may be viewed as an extension of multivariable calculus from the usual
setting of Euclidean space to more general spaces, namely Riemannian
manifolds. In particular we will explain how to compute derivatives,
integrate, and solve differential equations (mostly Laplace and heat
equation) on Riemannian manifolds. If time permits we will also use
analytic methods to discuss certain landmark results in geometry, such
as the uniformization theorem for Riemann surfaces, the Hodge theo-
rem, the Weyl law for eigenvalues of the Laplacian, or the Gauss-Bonnet
theorem.

Title: Topics in differential geometry — analysis on manifolds
Lectures: Tue 14-16 and Thu 14-16, room MaD381 (22.03.-05.05.).
Exercise sessions: Tue 12-14, room MaD355 (29.03.-10.05.).
Language: instruction in English, completion in English or Finnish.

Prerequisites: multivariable calculus, functional analysis (partial dif-
ferential equations are also helpful). Familiarity with smooth or Rie-
mannian manifolds is helpful but not strictly necessary. The course is
suitable as a continuation for Riemannian geometry in period 3, but
it is also suitable for advanced students, PhD students and postdocs
in analysis, geometry or PDEs (the required geometric background
will be reviewed in the beginning).

e The course can be taken for credit (MATS5150, 5 cr) by attending
the lectures and by returning written solutions to at least 50 % of
the exercises in each exercise set.

e Lecture notes and exercises will be provided on the course webpage.

e Instructor: Mikko Salo, room MaD359, mikko.j.salo@jyu.fi

e Exercise sessions: Suman Kumar Sahoo and Pu-Zhao Kow

References. We will not follow any single textbook, and the main
reference for the course are these lecture notes. However, the following
textbooks may be useful:
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I. Madsen, J. Tornehave, From calculus to cohomology. Cambridge
University Press, 1997.

J. Jost, Riemannian geometry and geometric analysis. 4th edition,
Springer, 2005.

J.M. Lee, Riemannian manifolds. An introduction to curvature.
Springer, 1997.

P. Petersen, Riemannian geometry. 2nd edition, Springer, 2006.
M.E. Taylor, Partial differential equations I. Basic theory. Springer,
1996.

M.E. Taylor, Partial differential equations II. Qualitative studies of
linear equations. Springer, 1996.



CHAPTER 1

Introduction

EXERCISE. (Warm-up) What kinds of quantities and operations
appear in relation to analysis (or multivariable calculus) in a bounded
open set U C R™?

Some possible answers:

e Functions: continuity, partial derivatives, integrals, L? spaces, Taylor
expansions, Fourier or related expansions

Vector fields: gradient, curl, divergence, flows

Measures, distributions

Laplace operator, Laplace, heat and wave equations

Integration by parts formulas (Gauss, divergence, Green)

Tensor fields, differential forms

Distance, distance-minimizing curves (line segments), area, volume,

perimeter

Imagine similar concepts on a hypersurface (e.g. double torus in R3)!

This course is an introduction to analysis on manifolds. The first
part of the course title has the following Wikipedia description:

“Mathematical analysis is a branch of mathematics that includes
the theories of differentiation, integration, measure, limits, infinite se-
ries, and analytic functions. These theories are usually studied in the
context of real and complex numbers and functions. Analysis evolved
from calculus, which involves the elementary concepts and techniques
of analysis. Analysis may be distinguished from geometry; however, it
can be applied to any space of mathematical objects that has a def-
inition of nearness (a topological space) or specific distances between
objects (a metric space).”

Following this description, our purpose will be to study in particular
differentiation, integration, and differential equations on spaces that are
more general than the standard Euclidean space R™. Different classes
of spaces allow for different kinds of analysis:

3



1. INTRODUCTION

Topological spaces are a good setting for studying continuous func-
tions and limits, but in general they do not have enough structure
to allow studying derivatives.

The smaller class of metric spaces admits certain notions of differ-
entiability, but in particular higher order derivatives are not always
well defined.

Differentiable manifolds are modeled after pieces of Euclidean space
and allow differentiation and integration, but they do not have a
canonical Laplace operator and thus the theory of differential equa-
tions is limited.

The class of spaces studied in this course will be that of Riemann-

tan manifolds. These are differentiable manifolds with an extra bit of

structure, a Riemannian metric, that allows to measure lengths and
angles of tangent vectors. Adding this extra structure leads to a very
rich theory where many different parts of mathematics come together.
We mention a few related aspects, and some of these will be covered
during this course (the more advanced topics that will be covered will
be chosen according to the interests of the audience):

1.

Calculus. Riemannian manifolds are differentiable manifolds, hence
the usual notions of multivariable calculus on differentiable mani-
folds apply (derivatives, vector and tensor fields, integration of dif-
ferential forms).

. Metric geometry. Riemannian manifolds are metric spaces: there is

a natural distance function on any Riemannian manifold such that
the corresponding metric space topology coincides with the usual
topology. Distances are realized by certain distinguished curves
called geodesics, and these can be studied via a second order ODE
(the geodesic equation).

Measure theory. Any oriented Riemannian manifold has a canonical
measure given by the volume form. The presence of this measure
allows one to integrate functions and to define LP spaces on Rie-
mannian manifolds.

Differential equations. There is a canonical Laplace operator on any
Riemannian manifold, and all the classical linear partial differential
equations (Laplace, heat, wave) have natural counterparts.
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5. Spectral theory. One can talk about the eigenvalues of the canonical
Laplace operator and prove fundamental results such as the Weyl
law describing their asymptotics.

6. Dynamical systems. The geodesic flow on a closed Riemannian man-
ifold is a Hamiltonian flow on the cotangent bundle, and the geom-
etry of the manifold is reflected in properties of the flow (such as
complete integrability or ergodicity).

7. Conformal geometry. The notions of conformal and quasiconformal
mappings make sense on Riemannian manifolds, and there is enough
underlying structure to provide many tools for studying them.

8. Topology. There are several ways of describing topological properties
of the underlying manifold in terms of analysis. In particular, Hodge
theory characterizes the cohomology of the space via the Laplace
operator acting on differential forms, and Morse theory describes
the topological type of the space via critical points of a smooth
function on it.

9. Curvature. The notion of curvature is fundamental in mathemat-
ics, and Riemannian manifolds are perhaps the most natural setting
for studying curvature. Related concepts include the Riemann ten-
sor, the Ricci tensor, and scalar curvature. There has been recent
interest in lower bounds for Ricci curvature and their applications.

10. Inwverse problems. Many interesting inverse problems have natural
formulations on Riemannian manifolds, such as integral geometry
problems where one tries to determine a function from its inte-
grals over geodesics, or spectral rigidity problems where one tries
to determine properties of the underlying space from knowledge of
eigenvalues of the Laplacian.

11. Geometric analysis. There are many branches of mathematics that
are called geometric analysis. One particular topic is that of geomet-
ric evolution equations, where geometric quantities evolve according
to a certain PDE. One of the most famous such equations is Ricci
flow, where a Riemannian metric is deformed via its Ricci tensor.
This was recently used by Perelman to complete Hamilton’s program
for proving the Poincaré and geometrization conjectures.

Notation. Throughout these notes we will apply the Finstein sum-
mation convention: repeated indices in lower and upper position are
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summed. For instance, the expression

j Lk
Cljklb]C

Z ajklbj Ck.

j.k
The summation indices run typically from 1 to n, where n is the di-
mension of the manifold in question.

is shorthand for



CHAPTER 2

Calculus in Euclidean space

Let U be any nonempty open subset of R" (not necessarily bounded,
and could be equal to R™). We fix standard Cartesian coordinates
x = (x1,...,2,) and will use these coordinates throughout this chapter.
We may sometimes write 27 instead of z;, and we will also denote by
n; or 7 the jth coordinate of a vector n € R™.

2.1. Functions and Taylor expansions

Let C(U) be the set of continuous functions on U. For partial
derivatives, we will write

of
ailfj’
o f

8le cee aﬂljk

0;f =

Oy f =

We denote by C*(U) the set of k times continuously differentiable real
valued functions on U. Thus
C*U)={f:U —=R; 0. ,f € C(U) whenever | < k
and ji,...,51 €{1,...,n}}.

Recall that if f € C*(U), then 9;,..;, f = 0, )i,y f Where o is any
permutation of {1,... k}.
We also denote by C°°(U) the infinitely differentiable functions on

U, that is,
=(CchU

k>0

THEOREM 2.1. (Taylor expansion) Let f € C*(U), let xo € U, and
assume that B(xg,r) C U. If x € B(xo,7), then

k
f(z) Zl_l'lz Oy f (@) (@ — @)y - - - (T — m0), | + Rl w0)
l

7



8 2. CALCULUS IN EUCLIDEAN SPACE

where | Ry (x5 20)| < n(|x—20|)|z—20|* for some function n with n(s) —
0 ass— 0.

REMARK. The Taylor expansion of order 2 is given by
1
f(@) = f (o) +V f(20) - (x —0) + 5V f (wo) (= 0) - (= o) + Ral; 20)

where Vf = (01f, ..., 0nf) is the gradient of f and V*f(z) = (5 f(2))} 1=
is the Hessian matrix of f.

ProOF. Considering g(y) := f(xo+y), we may assume that zo = 0.
Assume that B(0,7) C U, fix x € B(0,r), and define

h:(=1—¢e1+4¢)—=U, h(t):=g(tz)

where € > 0 satisfies (1 + €)|z| < r. Then h(t) is a C* function for
[t| < 1+ €, and repeated use of the fundamental theorem of calculus
gives

h(t) = h(t) — h(0) + h(0) = h(0) + / t 1 (s)ds
= h(0) + K (0)t + / t(h’(s) —W(0))dt

O)+h’(0)t+/t/s B () du ds

— h(0) + K(0)¢ + 1" (0 // (W () — W(0)) duds

— 1(0) + K (0)t + ... + B9 (0) f:'

(2.1) / / / — h®™(0)) dty, - - - dt,.

k

Here we used that fo o ...fg’“‘l dty, - dty = 5.
We compute

W(t) = 0 f (tx)x;,
h"(t) = 05 f (tx)z;a,

h(k) (t) = 6’j1...jkf(tac)le . $jk.
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Applying (2.1) with ¢ = 1 gives the result in the statement, where

/ / / J1 Tk tk;x) - 8J1ka(0)] Tjy - Ty, dty -+ dt;

The bound for Ry follows since 0j,...;, f is uniformly continuous on
compact sets. 0

At this point it may be good to mention another convenient form
of the Taylor expansion, which we state but will not use. Let N =
{0,1,2,...} be the set natural numbers. Then N" consists of all n-
tuples a = (a4,...,q,) where the a; are nonnegative integers. Such
an n-tuple « is called a multi-index. We write |o| = a3 + ... + «a,, and
x® =" - .- x%. For partial derivatives, the notation

o o \“ g\
0 ‘(a—) (a)

will be used. We also write a! = oq!--- o, .

THEOREM 2.2. (Taylor expansion, multi-index version) Let f €
CkU), let g € U, and assume that B(xg,7) C U. If v € B(xo,7),
then

0%f(x
flx) = Z {T(!O)(l’ — 29)* + Ry(2o; )
|| <k
where Ry satisfies similar bounds as before.

PRroOF. Exercise. 0
EXERCISE 2.1. Prove Theorem 2.2 for k£ = 2 by using Theorem 2.1.
EXERCISE 2.2. Prove Theorem 2.2 in general.

EXERCISE 2.3. Find an expression for Ry (z; o) in Theorem 2.2 as
a single integral.

2.2. Tensor fields

If f e C*U),if x € U and if v € R™ is such that |v] is sufficiently
small, we write the Taylor expansion given in Theorem 2.1 in the form

flz+v) le L Z aj1~~~jlf($)vj1.,,vjl + Ri(z + v z).

j15e-501=1

The first few terms are

Fl+0) = f(2) + 0, f(2)o; + %ajk F@)osoe+ ..
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Looking at the terms of various degrees motivates the following defini-
tion.

DEFINITION. An m-tensor field in U is a collection of functions
u = (j,..j,,)7 ;. —1 where each uy, .., is in C°°(U). The tensor field
u is called symmetric it wj,...j,, = Wj, g, fOr any ji, ..., jm and for
any o which is a permutation of {1,... ,m}.

REMARK. This definition is specific to R", since we are deliber-
ately not allowing any other coordinate systems than the Cartesian
one. Later on we will consider tensor fields on manifolds, and their
transformation rules under coordinate changes will be an important
feature (these will decide whether the tensor field is covariant, con-
travariant or mixed). However, upon fixing a local coordinate system
all tensor fields will look essentially like the ones defined above.

EXAMPLES.

1. The O-tensor fields in U are just the scalar functions u € C*°(U).

2. The 1-tensor fields in U are of the form u = (u;)}_, where u; €
C>®(U). Thus 1-tensor fields are exactly the vector fields in U; the
tensor (u;)?_, is identified with (uy, ..., u,).

3. The 2-tensor fields in U are of the form u = (u;)},—, where u . €
C>°(U). Thus 2-tensor fields can be identified with smooth matrix
functions in U. The 2-tensor field is symmetric iff the matrix is
symmetric.

4. If f € C*(U), then we have for any m > 0 an m-tensor field
U = (Ojyj f)},. =1 consisting of partial derivatives of f. This
tensor field is symmetric since the mixed partial derivatives can be
taken in any order.

Again by looking at the terms in the Taylor expansion, one can also
think that an m-tensor u = (uj,..5, )%, ;. - acts on a vector v € R”
by the formula

v ugy g ()0
The last expression can be interpreted as a multilinear map acting on
the m-tuple of vectors (v,...,v).

DEFINITION. If m > 0, an m-linear map is any map

m copies

—lN—
L:R"x...xR" =R
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such that L is linear in each of its variables separately.

The following theorem is almost trivial, but for later purposes it
will be good to know that a tensor field can be thought of in two ways:
either as a collection of coordinate functions, or as a map on U that
takes values in the set of multilinear maps.

THEOREM 2.3. (Tensors as multilinear maps) If u = (uj,...5,)5 _y
1s an m-tensor field on U C R"™, then for any x € U there is an m-linear
map u(x) defined via

w(@) (V1. V) = Uy, ()OI vy, € R
and it holds that uj,..;, (v) = w(x)(ej,...,¢€j,). Conversely, if T is
a function that assigns to each x € U an m-linear map T(z), and if

the functions uj,...;,, = v — T(z)(ej,...,e;,) are in C(U) for each
Jis- s Jm, then (uj...;.) is an m-tensor field in U.
PROOF. Exercise. U

EXERCISE 2.4. Prove Theorem 2.3.

2.3. Vector fields and differential forms

Let U C R™ be an open set. We wish to consider vector fields on U
and certain operations related to vector fields.

DEFINITION. A C* vector field in U is a map F = (Fy,..., F,) :
U — R" such that all the component functions F} are in C*(U). The
set of vector fields on U is denoted by C*(U, R™).

Recall from Section 2.2 that vector fields are the same as 1-tensor
fields (this is special to Euclidean space, on manifolds one needs to dis-
tinguish between covariant and contravariant tensors). If u € C*(U),
the gradient of u gives rise to a vector field in U:

grad : C*(U) — C*(U,R"), grad(u) = (O1u, ..., 0mu).
If FF e C(U,R"), the divergence of F gives rise to a function in U:
div: C*(U,R") - C*(U), div(F)=hFi+ ...+ 0, F,.

The following basic identity suggests that in order to define the Laplace
operator on a space, it may be enough to have a reasonable definition
of divergence and gradient.
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LEMMA 2.4. divo grad = A.
Proor. div(grad(u)) = 01 (01u) + ... + 0p(0pu) = Au. O
We will consider further operations on vector fields in R? and R3.

Curl in R?. Let U C R? be open. If F € C~(U,R?), the curl of F
is the function

CUI'I(F) = 81F2 - 32F1.
Thus curl : C*(U,R?) — C=(U).

Curl in R3. Let U C R? be open. If ' € C*(U,R3), the curl of
I is the vector field

ik
CllI‘l(F) =V xF = 61 82 (93
F s By

— (0uFy — Oy Fy, O3 Fy — D1 Fy, 1 Fy — Do F)).

Thus curl : C*°(U,R?) — C>=(U,R?).

LEMMA 2.5. In two dimensions, one has

curlo grad = 0.
In three dimensions, one has
curlo grad =0, diwo curl= 0.
PROOF. If U C R? and u € C*®(U), we have
curl(grad(u)) = 01(0xu) — 02(01u) = 0.
If U C R® and u € C=(U), we have
curl(grad(u)) = (9203u — O302u, D30 u — O10xu, O10ou — D201u) = 0.

Moreover, for F' € C*(U,R?) we have

diV(CU.I‘l(F)) = 81(82F3 — 83F2> + 82(83F1 — 81F3) + 83((91F2 — 82F1>
=0. 0]

The previous lemma can be described in terms of two sequences: if
U C R? consider

(2.2) O (U) B2 0= (U, R?) <2 oo (1)),
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and if U C R? consider

(2.3) C=(U) &3 0=(U,R?) 2 (U, R?) L% c=(1).

In both sequences, the composition of any two subsequent operators is
zero. This suggests that there may be further structure which underlies
these situations and might extend to higher dimensions. This is indeed
the case, and the calculus of differential forms (or exterior algebra)
will reveal this structure. We will next discuss this calculus in a simple
case.

EXERCISE 2.5. If U C R3 is open and F € C*(U,R?), show that
curl(curl(F)) — grad(div(F)) = (=AF;, —AF,, —AF3).

Differential forms. The purpose will be to rewrite for instance
(2.3) as a sequence

(2.4) Q) -5 QY(U) -5 Q2(U) -5 Q3 (U)

where QF(U) will be the set of differential k-forms on U C R?, and d
will be a universal operator that reduces to grad, curl, and div in the

respective degrees.
Let U C R™ be open. Motivated by (2.2) and (2.3), we define

QUU) == C>=(U)

and

QN U) :== C®(U,R").
Thus Q°(U) is the set of smooth functions in U, and any a € Q(U)
can be identified with a vector field a = (a;)%_, where a; € C*(U).
We write formally

o= (o)) = oy da’.

REMARK. For the purposes of this section it is enough to think of
dx’ as a formal object. However, the proper way to think of dz/ would
be as a 1-form (the exterior derivative of the function 27 : U — R), i.e.
as a map that assigns to each x € U the linear map da2’|, : T,M — R
that satisfies da?|,(ex) = 6] where {ej,...,e,} is the standard basis of
T.M ~ R"™

To define Q*(U) for k > 2, first define the set of ordered k-tuples

Ikiz{(il,...,ik);1§i1<i2<...<’ik§n}.
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If I € 7, we consider the formal object
de’ = dx™ Adz A - A date
Then QF(U) will be thought of as the set
OMU) = {arda’; a; € C=(U)}
where the sum is over all I € Z,. The number of elements in 7, is
(Z) = #lk), We can make the above formal definition rigorous:
DEFINITION. If U C R”, define for 0 < k <n
QU = c=(U,RK)).
The elements of QF(U) are called differential k-forms on U, and any
k-form a € QF(U) can be written as
a = (ar)rez, = ar dz!

where oy € C*°(U) for each 1.

REMARK. Note that since (}) = ("), the set Q"7'(U) can be

identified with the set of vector fields on U, and Q"(U) with C*(U).
In fact one has

QHU) = Y aydat AL AT AL Ad" s g € C%(U)},
j=1

Q"U) ={fda* N...Nd2"; f € C®(U)}
where dzi means that dz/ is omitted from the wedge product.

The above definition is correct, but to keep things simple we have
avoided a detailed discussion of the wedge product A. To define the
d operator in (2.4) properly we need to say a little bit more. The
wedge product is an associative product on elements of the form dz/,
satisfying

de? A dzb = —da® A da?
and more generally if J = (ji,...,7x) is a k-tuple with ji,...,j5x €
{1,...,n} (not necessarily ordered), we should have

dz?t A - A datt = (—1)%O dgiom Ao A dgTo®
where o is any permutation of {1, ..., k}. This implies two conditions:

o dr/t A+ Ada’t = 0if (jy,. .., i) contains a repeated index.
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o dx/' A--- Adx’* can be expressed as +dz! for a unique I € 7,
if (j1,...,jk) contains no repeated index.

With this understanding we make the following definition.

DEFINITION. The exterior derivative is the map d : Q¥U) —
QFL(U) defined by

d(ayda’) == 0;ap da? A da”.

EXAMPLES.
(1) If f € Q°U) (so f € C>=(U)), then df is the gradient of f

written as a 1-form:
df = 0,f da.
(2) If a € QY(U), so a = ay da* for some o; € C®(U), then
da = 0o da? A da® = Z (95000 — Opyy) da? A da®.

1<j<k<n
(3) Any u € Q"(U) satisfies du = 0 since da?* A ... A dzin+t =0
whenever ji,...,Jn41 € {1,...,n} (there will be a repeated

index).

The second example above gives an n-dimensional analogue of the
curl operator, as also suggested by the following lemma:

LEMMA 2.6. (The exterior derivative in two and three dimensions)
1. Let U C R% If f € Q°(U), then

df = (grad(f), da.
If o = Fyde' + Fyda? € QYU) and F = (Fy, Fy), then
da = (curl(F)) dz' A da?.
2. Let U CR3. If f € Q°(U), then
4f = (grad(f); do?.
If o = F;da? € QYU) and F = (Fy, Fy, F3), then
da = (curl(F)); da’
where
dr' = da? A da?, dz? = da® A dz?, dr® == dz' A da?
Finally, if u = F;da? € Q*(U) and F = (Fy, Fy, F3), then
du = (div(F)) dx' A da® A dx®.
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PROOF. Exercise (partly contained in the examples above). O
EXERCISE 2.6. Complete the proof of Lemma 2.6.

Let us now verify that d o d is always zero.
LEMMA 2.7. dod =0 on Q*(U) for any k with 0 < k <n.

PROOF. If a = a;dz’ € QF(U), we compute

do = i Z Opary dzf A dx!

k=1 I€Ty,
and .
d(do) = > > Oy da’ Ada A dat
7,k=11€Ty,
By the properties of the wedge product, we get
d(da) = Z Z(ajka] — Ogjrr) da? A da® A da
1<j<k<n I€T,

This is = 0 since the mixed partial derivatives are equal. U
If U C R" is open, we therefore have a sequence
2.5) QU)-L'U)-L Lol (U) L v )

and the composition of any two subsequent operators is zero. This
gives the desired generalization of (2.2) and (2.3) to any dimension. In
fact we have obtained much more: as we will see during this course,
differential forms turn out to be an object of central importance in
many kinds of analysis on manifolds.

Differential forms as tensors. It will be useful to interpret dif-
ferential forms as tensor fields satisfying an extra condition.

DEFINITION. An m-tensor field (u;,...;,.)
alternating it w;, ,...;,

o im=1 U C R™is called
= (—=1)%8@qy, . for any ji,...,jm and for
any o which is a permutation of {1,... ,m}.

We understand that O-tensor fields and 1-tensor fields are always
alternating. A 2-tensor field u = (uy1,)};—, is alternating iff ug; = —uyy,
for any j, k, i.e. the matrix (u;;) is skew-symmetric at each point. An
m-tensor field u = (uj,...;,,) is alternating iff u;,...;, changes sign when
any two indices are interchanged (since any permutation can be ex-
pressed as the product of transpositions). Note that for an alternating
tensor, u;,..;,, = 0 whenever (jy, ..., jn,) contains a repeated index.
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THEOREM 2.8. If U C R™ is open and 0 < k < n, the set Q*(U)
can be identified with the set of alternating k-tensor fields on U.

Proor. Consider the map
T : QF(U) — {alternating k-tensors}, ardz’ — (&;,..;,)

where

1

. o 0, (71, .- .,Jk) contains a repeated index,
Qi \/—g(—l)sgn(”)al, (71, ..., Jk) contains no repeated index,

where o is the permutation of {1,...,k} such that I = (j,qa),-- -, Jow))
is the unique element of Z; containing the same entries as (j1, ..., jk)-
(The constant \/LE is a harmless normalizing factor which will be useful
later.) Then (&j,..;,) is alternating by construction. It is clear that
T is injective, and surjectivity follows since any alternating tensor is
uniquely determined by the elements a; where I € 7. O

EXERCISE 2.7. Prove that an m-tensor field u, considered as an
m-linear form, is alternating if and only if u(vq,. .., v,) = 0 whenever
vj = vy, for some pair (j, k) with j # k.

Cohomology. By Lemma 2.7, we observe that
u = da for some a € Q" "HU) = du = 0.
This may be rephrased as follows:
Im(d|or-1()) is a linear subspace of Ker(d|qx(r))-

We express this in one more way: if u € QF(U), we say that u is closed if
du = 0 and that u is exact if u = da for some a € QF~1(U). Thus, any
exact differential form is closed. The question of whether any closed
form is exact depends on the topological properties of U. To study this
property we make the following definition.

DEFINITION. The de Rham cohomology groups of U are defined by
Hay (U) = Ker(dlor ) /Tm(dlae-1y), 0 <k <n.

By this definition each H%; (U) is in fact a (quotient) vector space,
not just a group. Any closed k-form is exact iff HY;(U) = {0}. This
happens for all £ > 1 at least when U has very simple topology.
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LEMMA 2.9. (Poincaré lemma) If U C R™ is open and star-shaped
with respect to some xy € U (meaning that for any x € U the line
segment between xo and x lies in U ), then

R, k=0
k _ 9 )
HdR(U)_{ {0}, 1<k<n.

PRrOOF. For simplicity we only do the proof for n = 2, see [MT]
for the general case (which is somewhat more involved). Assume that
U is star-shaped with respect to 0. We have

Hi (U) = Ker(dlaog) = {f € C¥(U); grad(f) = 0}.

But if f € C*°(U) satisfies grad(f) = 0 in the connected set U, then f
must be constant since

f@) = 1)+ [ Grtnyde =50+ [ Vfa)-adt = f00)

Thus Hix (U) is one-dimensional and thus isomorphic to R.
We next show that Hjg (U) = {0}, that is, for any F' € C*(U, R?)
we have

curl(F) =0 = F = grad(f) for some f € C*(U).

Let F' = (Fy, F) satisfy 0y F» — 0o F) = 0. Then f should be some kind
of integral of F' in fact we may just take

f(z) = /01 Fj(tz)a? dt, zeU.
Then, using that 0, F;, = 02 F}, we compute
O f(x) = /0 [0uF ()t + Fu(ta)] db
= / 1 [0V Fy(ta)ta + 0oy (tx)ta® + Fi(tx)] dt
0

L
_ /0 SR (k)] dt = Fi(2),

Similarly 0, f(x) = Fy(x), showing that F' = grad(f).
Finally we show that H2;(U) = {0}, which means that

feC>®U) = f=cuwl(F) for some F € C=(U,R?).
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Again Fj should be integrals of f. We may define

Fi(x) = —/1 f(tx)tzy dt, Fy(x) = /1 f(tx)tz dt.
0 0
Then

81F2 — 82F1 = 1 81f tx t2$1 + 82f tx tQSL’Q + 2tf tx)| dt
|| 0urtea) e, + 0ty + 21 1)]

1
d
_ / L1 p(ta)] dt = f(o). 0
o dt
EXERCISE 2.8. Prove Lemma 2.9 for general n when k = 1.

EXERCISE 2.9. Prove Lemma 2.9 for general n and k£ (you may use
[MT] or some other reference).

In general, the cohomology groups for £ = 0 are very simple.

LEMMA 2.10. If U C R" is open, then dim(H3g (U)) is the number
of connected components of U (possibly oc).

EXERCISE 2.10. Prove Lemma 2.10.

For the case k = 1, a sufficient condition for H(U) = {0} is given
as follows.

DEFINITION. Let U C R™ be open.

(a) Let 79,7 : [0,1] — U be continuous closed curves (i.e. contin-
uous maps with v;(0) = ~;(1)). The curves 7, and 7, are said
to be homotopic (resp. smoothly homotopic) within U if there
is a continuous (resp. smooth) map H : [0,1] x [0,1] — U such
that H(0,t) = vo(t), H(1,t) = n(t), and H(s,0) = H(s, 1)
for all s € [0,1].

(b) We say that U is simply connected if U is connected and any
continuous closed curve in U is null-homotopic, i.e. homotopic
within U to some constant curve 7(t) = x¢ with zo € U.

The map H in (a) is called a homotopy between 7 and 7;. Writing
vs(t) = H(s,t), we can think of (7s)scjo1] as a continuous deformation
from g to ;.

Recall also that in complex analysis, a set U C R? is called sim-
ply connected if both U and R? \ U are connected. This definition is
equivalent to the one above for n = 2 but not for n > 3.
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LEMMA 2.11. If U C R" is simply connected, then Hig(U) = {0}.
The proof is contained in the following exercises.

EXERCISE 2.11. Let U C R™ be connected and F € QY(U). Fix
xo € U, and define

= r= F (g (6) - A (1)

where 7., . : [0,1] — U is a smooth curve joining zy and x. Assume
that the definition does not depend on the choice of the curve 7y, .
Show that then f € Q%U) and df = F.

EXERCISE 2.12. If U C R" is open, F' € QY(U) is closed, and
v :10,1] = U is a smooth closed curve that is smoothly homotopic to
a constant curve, prove that
fr-
g

EXERCISE 2.13. Prove Lemma 2.11. (Hint: use Exercises 2.11-2.12
and smooth approximations to continuous maps.)

(Hint: compute 95([,_F).)

We conclude by mentioning some facts about the de Rham coho-
mology groups (for more details see [MT)):

e The de Rham cohomology groups are topological invariants: if
U and V are homeomorphic open sets in Euclidean space, then
H*:(U) and H%; (V') are isomorphic as vector spaces for each k.
(In fact this holds more generally when U and V' are homotopy
equivalent.) This gives a potential way of showing that two sets
U and V' are not homeomorphic; it would be enough to check
that some cohomology groups are not isomorphic.

e Note however that it is possible for non-homeomorphic spaces
to have the same cohomology groups (e.g. the Whitehead man-
ifold has the same cohomology groups as R?).

e In many cases (e.g. if U C R" is a bounded open set with
smooth boundary), the vector spaces Hi (U) are finite dimen-
sional. The dimension of H¥ (U) is an important topological
invariant, namely the kth Bett: number of U.
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e Very loosely speaking, the cohomology groups may give some
information about “holes” in a set. For instance, if Ki,..., Ky
are disjoint closed balls in R™, then

R, if k=0,
HER\ UL K) =< RY, ifk=n—1,
{0} otherwise.

Later in this course we will discuss Hodge theory, which studies the
cohomology groups HE; (M) where M is a compact manifold via the
Laplace operator acting on differential forms on M.

2.4. Riemannian metrics

An open set U C R™ is often thought to be “homogeneous” (the
set looks the same near every point) and “flat” (if U is considered as
a subset of R™™! lying in the hyperplane {z,; = 0}, then U has the
geometry induced by the flat hypersurface {z,, 41 = 0}). In this section
we will introduce extra structure on U which makes it “inhomogeneous”
(the properties of the set vary from point to point) and “curved” (U
has some geometry that is different from the geometry induced by a
flat hypersurface {z,+1 = 0}).

MOTIVATION. An intuitive way of introducing this extra structure
is to think of U as a medium where sound waves propagate. The prop-
erties of the medium are described by a function ¢ : U — R, which
is thought of as the sound speed of the medium. If U is homogeneous,
the sound speed is constant (c¢(z) = 1 for each x € U), but if U is
inhomogeneous then the sound speed varies from point to point.

Consider now a C! curve ~y : [0,1] — U. The tangent vector (¢)
of this curve is thought to be a vector at the point 7(¢). If the sound
speed is constant (¢ = 1), the length of the tangent vector is just the
Euclidean length:

n 1/2
(0l 1= [ij<t>2] .

In the case of a general sound speed ¢ : U — R, one can think that at
points where c is large the curve moves very quickly and consequently
has short length. Thus we may define the length of §(¢) with respect
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to the sound speed ¢ by

n 1/2
. L 1 < 2

It is useful to generalize the above setup in two directions. First,

in addition to measuring lengths of tangent vectors we would also like
to measure angles between tangent vectors (in particular we want to
know when two tangent vectors are orthogonal). Second, if the sound
speed is a scalar function on U, then the length of a tangent vector
is independent of its direction (the medium is isotropic). We wish to
allow the medium to be anisotropic, which will mean that the sound
speed may depend on direction and should be a matrix valued function.

In order to measures lengths and angles of tangent vectors, it is
enough to introduce an inner product on the space of tangent vectors
at each point. The tangent space is defined as follows:

DEFINITION. If U C R™ is open and x € U, the tangent space at x
is defined as
T, U :={z} x R".
The tangent bundle of U is the set
TU = | T.U.

zelU

Of course, each T, U can be identified with R" (and we will often
do s0), and a vector v € T,U is written in terms of its coordinates as
v = (vl,...,v"). Now if (-, ) is any inner product on R", there is
some positive definite symmetric matrix A = (a;;)%,—, such that

(v,w) = Av - w, v,w e R".
EXERCISE 2.14. Prove the above statement.

The next definition introduces an inner product on the space of
tangent vectors at each point:

DEFINITION. A Riemannian metric on U is a matrix-valued func-
tion g = (gjx)}r=; such that each g;; is in C*(U), and (g;x(z)) is a
positive definite symmetric matrix for each x € U. The corresponding
inner product on T,U is defined by

(v, w), = gjx(z)v/w", v,w e T,U.
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The length of a tangent vector is

], = (v,v>;/2 = (gjk(ac)vjvk)l/Q, veT,U.

The angle between two tangent vectors v,w € T,U is the number
b,(v, w) € [0, 7] defined by

(v, w>g

cos 0,(v, w) = oLl
g9lWlg

We will often drop the subscript and write (-, -) or | - | if the metric
g is fixed. To connect the above definition to the discussion about sound
speeds, a scalar sound speed ¢(x) corresponds to the Riemannian metric

gir(x) = 0(—310)25%‘

EXAMPLE. (a) (Euclidean metric) If U C R™ is open, the most
standard Riemannian metric that one can put on U is the
Fuclidean metric given by

g]k(l') = Ojk, T € U.

This is clearly a smooth positive definite symmetric matrix
function on U. If x € U and v,w € T,U, the inner product
(v,w), is the dot product v - w and the length |v|, is the Eu-
clidean length of v. The set U equipped with this metric is
homogeneous and flat (its Riemann curvature tensor is = 0),
and geodesics are straight lines.

(b) (Sphere) Let S™ = {x € R"*! : || = 1} be the n-sphere with
north pole e,.1. As we will see later, the Euclidean metric
on R™™! induces a standard Riemannian metric on the hyper-
surface S™ called the round metric. The sphere S™ with this
metric has constant sectional curvature +1, and the geodesics
are the great circles. Let ® be the stereographic projection

§

1- Tn+1

O :S"\{ent1} > R, P&, x041) =
This is a bijective map. If we equip R™ with the metric

4
gix(x) = W

then the stereographic projection becomes an isometry (i.e.

(5jk7

distance-preserving map) from S™\ {e, 1} with the round met-
ric to (R", g).
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(c) (Hyperbolic space) Consider U = R} = {z € R" : x,, > 0}
with the metric

1
giu(T) = x_zdjk‘

The space (U, g) is one of the standard models of hyperbolic
space (the model space with constant sectional curvature —1).
Another equivalent model for hyperbolic space is (B, h) where
B C R" is the unit ball and

4
k) = e

Finally, we introduce some notation that will be very useful.

NoTATION. If g = (gji) is a Riemannian metric on U, we write

n 1

(gjk)j,kzl =9
for the inverse matrix of (g;x)};—;, and
9| = det(g)
for the determinant of the matrix (g;x)% -

In particular, we note that g;.g" = 5; for any 5,1 =1,...,n, where
5; denotes the Kronecker symbol.

2.5. Geodesics

Lengths of curves. Consider an open set U that is equipped with
a Riemannian metric g. As we saw above, one can measure lengths of
tangent vectors with respect to ¢, and this makes it possible to measure
lengths of curves as well.

DEFINITION. A smooth map v : [a,b] — U whose tangent vector

4(t) is always nonzero is called a regular curve. The length of ~ is
defined by

b
L) = [ Bl

The length of a piecewise regular curve is defined as the sum of lengths
of the regular parts. The Riemannian distance between two points
p,q € U is defined by
d(p,q) == inf{L(y); v : [a,b] — U is a piecewise regular curve with
v(a) = p and y(b) = q}.
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EXERCISE 2.15. Show that L(7) is independent of the way the curve
v is parametrized, and that we may always parametrize v by arc length
so that |§(t)| = 1 for all t.

The previous exercise shows that we can always reparametrize a
piecewise regular curve by arc length, so that one will have |¥(¢)| = 1.
A curve satisfying |¥(t)| = 1 is called a unit speed curve (similarly a
curve with |¥(¢)| = const is called a constant speed curve).

EXERCISE 2.16. Show that d is a metric distance function on U,
and that (U,d) is a metric space whose topology is the same as the
Fuclidean topology on U.

Geodesic equation. We now wish to show that any length mini-
mizing curve satisfies a certain ordinary differential equation.

THEOREM 2.12. (Length minimizing curves are geodesics) Suppose
U C R™ is open, let g be a Riemannian metric on U, and let v : [a,b] —
U be a piecewise reqular unit speed curve. Assume that v minimizes
the distance between its endpoints, in the sense that

L(v) < L(n) for any piecewise reqular curve n from y(a) to v(b).

Then v 1s a reqular curve, and it satisfies the geodesic equation

A1)+ T () (0)3*(t) =0, 1<1<mn,
where ng are the Christoffel symbols of the metric g:
1 .
(2.6) [y = §glm(ajgkm + OkGjm — Omgix), 1 < j k1 <n.

EXAMPLE. If g is the Euclidean metric on U, so that g;x(z) = d;x,
then all the Christoffel symbols sz are zero. The geodesic equation
becomes just

Ft)y=0, 1<1<n.
Solving this equation shows that
v(t) =tv +w

for some vectors v,w € R™ Thus Theorem 2.12 recovers the classi-
cal fact that any length minimizing curve in Euclidean space is a line
segment.
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Any smooth curve that satisfies the geodesic equation is called a
geodesic, and the conclusion of Theorem 2.12 can be rephrased so that
any length minimizing curve is a geodesic. The fact that length min-
imizing curves satisfy the geodesic equation gives powerful tools for
studying these curves. For instance, one can show that

e any geodesic has constant speed and is therefore regular

e given any x € U and v € T,U, there is a unique geodesic
starting at point x in direction v

e any geodesic minimizes length at least locally (but not always
globally)

e a set U with Riemannian metric g is geodesically complete,
meaning that every geodesic is defined for all ¢ € R, if and
only if the metric space (U, d,) is complete (this is the Hopf-
Rinow theorem).

The rest of this section is occupied with the proof of Theorem 2.12.
See [Lel, Chapter 6] for more details on these facts.

Variations of curves. Let 7 : [a,b] — U be a piecewise regular
length minimizing curve. We will prove Theorem 2.12 by considering
families of curves (v;) where s € (—¢,¢) and 79 = 7, and all curves
start at y(a) and end at y(b). Such a family is called a variation (or a
fized-endpoint variation) of 7. By the length minimizing property,

L(v) < L(~s) for s € (—¢,¢),

so if the dependence on s is at least C' we obtain that - L(,) ‘s:O = 0.
This fact, applied to many different families (7), will imply that v is
smooth and solves the geodesic equation.

If (7,) is a family or curves with vy = 7, we think of V(¢) :=
%’ys(t) ‘S:O as the “infinitesimal variation” of the curve « that leads to
the family (). The vector V (t) should be thought of as an element
of T,;yU. The next result shows that one can reverse this process, and
obtain a variation of v from any given infinitesimal variation V.

In this result and below, we assume that the piecewise regular curve
7 is fixed and that there is a subdivision of [a, b],

a=ty <t <...<ty<tyy1 =0,

such that 7v|q, +,,,) is regular for each j with 0 < j < N.
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LEMMA 2.13. (Variations of curves) If V : [a,b] — R™ is a contin-
uous map such that V|, .,y is C* for each j and V(a) = V(b) = 0,
then there exists € > 0 and a continuous map

I':(—¢,e) X [a,b] = U

such that the curves s : [a,b] — U,~vs(t) := I'(s,t) satisfy the following:

(1) each v is a piecewise reqular curve with endpoints y(a) and

Y(b), and Ys,,.1) is Tegular for each j,
(2) Yo =7,
(3) s+ 7s(t) is C* and %%(t){szo = V(t) for each t € [a,b].
PROOF. Define
[':(—¢,e) x[a,b] > U, T(s,t):=~(t)+sV(t)

where ¢ is so small that I' takes values in U. The properties (1)—(3)
follow immediately from the definition. 0

We can now compute the derivative < L () ‘8:0 that was mentioned
above. In classical terminology, this is called the first variation of the
length functional.

LEMMA 2.14. (First variation formula) Let v be a piecewise reqular
unit speed curve, and let (ys) be a variation of v associated with V' as
in Lemma 2.13. Then

d LI AN

L0 == [ D0 Vo) dt - > (8i(6). Vi)

j=0 “ti j=1
where Dy7y(t) is the element of T,U defined by
(D ()" = 4'(t) + T (v()37 (3" (1), 1 <1<,
and AY(t;) == Y(t;+) — Y(t;—) is the jump of §(t) at t;.
REMARK. We will later give an invariant meaning to D;5(¢) and in-
terpret is as the covariant derivative of 4(t) along the curve . However,

at this point it is enough to think of Dy¥(t) just as some expression
that comes out when we compute the derivative %L(%)‘SZO.

PROOF. Define
N

I(s) := L(vs) = Z/tjﬂ [0 (s (D)2 (1)32(D)]'/* dt.

j=0 Yl
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To prepare for computing the derivative I'(0), define two vector fields

T(t) := Orys(t)|s=0 = 7(t),  V(t) := 9s7s(t)]s=0
Using that |§0(t)| = |T°(t)] = 1 and (g,x) is symmetric, we have
1 XLt .
FO =53 [ @an OV OT T + 200 (0) VP OT0) .
=07t
Integrating by parts in the last term, this shows that
N tit1 [ .
0 =Y [ 30T - 0T < g1 vt
j=0 7t

+ ) [V (), T(t0)) = (V (1), T(t))] -

7=0
Using that V(tg) = V(ty+1) = 0 and that V is continuous, the bound-

ary term becomes — Z?;MA% i), V(t;)) as required. For the integrals,
we use that

1
Onra (VT T = S(0ea() + (7)) T T
which gives

—(DeA(1), V(1)) = =grg((T* + THTITH)V

—9rd(NT* = = 039k + Okgsr — Opgse) TVTH)V"

2
. 1
= =9ra(N(T" + 50:9pg(NT'T? = Omgrg (T TV
This proves the result. O

PROOF OF THEOREM 2.12. Let v : [a,b] — U be a piecewise reg-
ular unit speed curve that minimizes the length between its endpoints.
If V' is any vector field as in Lemma 2.13 and () is the corresponding
variation of 7, we must have

L(v) < L(7s)

for s € (—e,¢). Therefore %L(%)‘s:o = 0. But the first variation
formula (Lemma 2.14) shows that

21 X [ TDA® V) i+ i) V() =0

for any such V.
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We first show that 7 solves the geodesic equation on each interval
(tj,tj+1). Fix j € {0,..., N} and choose V such that

V() == @) Dy (1)
where ¢ is any function in C2°((¢;,t;41)). This V is an admissible
choice in Lemma 2.14, and then (2.7) implies that

tj+1
| Ipswpea=o
tj
for any ¢ € C((t;,t;+1)). Varying ¢ shows that we must have
Dyy(t)|t;,t;4.) = 0 for each j.
We next show that v has no corners and is a C' curve in [a,b].

Going back to (2.7), we have

N

(A5(t;), V(t;)) =0

j=1
for any V with V(a) = V(b) = 0. Now, if A¥(t;) # 0 for some j, we
can choose V with V(¢;) = AY(t;) and V(tx) = 0 for k # j. This
would imply that

A4t =0

which contradicts the assumption A¥(¢;) # 0. This shows that we
must have A¥(t;) = 0 for each j, and it follows that v is in fact a C"!
curve in [a, b].

Finally, since 7/ solves the geodesic equation for each j and

tjstj+1)
since v is C! near each ¢;, the existence and uniqueness theorem for
ODE implies that 7|, .,

solution |, ). Thus in fact 7 solves the geodesic equation and is

) is the unique smooth continuation of the

C* near each ¢;, and v is a regular curve solving the geodesic equation

on [a,b]. O

The previous proof shows actually more than stated in the theorem.
We say that a piecewise regular curve 7 is a critical point of the length
functional L if %L(fys) |S:0 = 0 for any fixed-endpoint variation of v as

in Lemma 2.13.

THEOREM 2.15. The critical points of L are exactly the geodesic
curves.

PRrOOF. The proof of Theorem 2.12 shows that any critical point
of L is a geodesic curve. To see the converse, let v be a geodesic curve
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so that v is C* and D;¥(t) = 0 in [a, b]. By the first variation formula
(Lemma 2.14) any such curve satisfies < L(~,) |s:0 = 0, so any geodesic
must be a critical point of L. O

REMARK. Let us give a more geometric interpretation of the proof
of Theorem 2.12. Suppose that v is a piecewise regular curve which is
smooth in (¢;,¢;41) for 0 < j < N. The preceding proof shows that
N

:_Z/“my VD) dt = D (A1), V(1)

j=1

d
— L(,
ds (7s)

where (7s) is a variation of v related to V' as in Lemma 2.14. Choosing

V() == (t) Dri(t)

where ¢ is a nonnegative function supported in (¢;,¢;41) shows that

d tir1
—L(v)| =- )| Dy ()] dt < 0.
FH00] == [ ewipawra s

Thus if Dy7(t) # 0 somewhere in (¢;,%,41), the derivative can be made
strictly negative. This means we can always make the curve v shorter
by deforming it in the direction of D,5(t).

Assume now that v solves the geodesic equation in each segment
(tj,tj+1) where it is smooth. If one has Aj(t;) # 0 and if we choose V/
so that V (t;) = A%(t;) and V (¢;) = 0 for k # j, then

d o
L] = —IAd <.

This shows that a “broken geodesic” with corner at ¢; can always be
made shorter by deforming it in the direction of A¥(¢;). This argument
of “rounding the corner” was the key point in showing that length
minimizing curves are C'*°.

2.6. Integration and inner products

This section will largely consist of definitions. We explain a natural
way of integrating functions with respect to a Riemannian metric g,
given by the volume form dV,. This leads to an L? inner product
first for scalar functions and then for vector fields and tensor fields.
Finally we discuss the codifferential operator ¢, which is the adjoint
of the exterior derivative of d with respect to the L? inner product on
differential forms. On 1-forms § can be interpreted as a Riemannian
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divergence operator. The operator ¢ will be used in the next section
to define the Laplace operator.

Integration. Let U be an open set, and let g be a Riemannian
metric on U. If f is a function in (say) C.(U), we wish to consider the
integral of f over U with respect to the metric g. The idea is that the
metric g gives a way of measuring infinitesimal volumes, in the same
way that it allows to measure lengths and angles of tangent vectors.

MOTIVATION. Since in this chapter we are restricting ourselves to
using Cartesian coordinates, the integral of f over U should be approx-
imately given by

2.8) / Py dVoly(x) = 3 F(;)Vol,(Q5)

Jj=1

where {Q1,...,Qn} are very small congruent cubes whose sides are
parallel to the Cartesian coordinate axes such that the cubes approxi-
mately tile U, and z; is the center of ();. Now if ); has sidelength h,
one should have

Voly(Q;) = Voly(heils,, - ., henls;)

where Vol,(vy,...,v,) is the Riemannian volume of the parallelepiped
generated by the v; (this is the set {J°7_, tjv;; t; € [0,1]}).

The volume should have the following properties if the v; have very
small (infinitesimal) length:

(a) If vy, ..., v, are orthogonal with respect to g, one should have
Vol (v1, ..., v,) & |v1]g -+ |vnlg-

(b) If A is a matrix with Av; = A\jv;, j = 1,...,n, one should
have Voly(Avy, ..., Av,) = Ay - - A, Volg(v1, ..., vp).

(¢) More generally if A is any n X n matrix, then one should have
Vol,(Avy, ..., Av,) = det(A)Voly (v, ..., vy).

Fix now a point x € U, write G = (g;x())};-,, and note that the set
{G'%¢,,...,G7'/%¢,} is an g-orthonormal basis of T,U:

(G, G Pey) g = gpq(x)(G2e))P (G e;)"
= G(G™?¢;) - (G V%) = GTV2GG ¢ - ¢

:ej-ek:5jk.
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Thus the volume of an infinitesimal parallelepiped should be
Voly(heils, - - -, henls) = B"Voly (GG 2e))|,, ..., GY2(G72e,)|.)
~ i lgla)| 2

where |g(z)| = det(gjx(x)). Going back to (2.8), this would give

N

/Uf(m) dVoly(z) =~ Zf(ffj)|g($j)|l/2h” - /Uf($)|g<m)|l/2 do.

j=1
The above discussion motivates the following definitions:

DEFINITION. Let U C R”™ be open, and let g be a Riemannian
metric on U. If f € C.(U), we define the integral of f by

[ @) @) = [ rago)? d.
U U
The Riemannian volume of a measurable set £ C U is

Vol (E) = /E 1g(2)] 2 de

If 1 <p< oo, the LP norm of f is

1/p
| fll e .av,) = </U|f|p dVg> ,

The space LP(U,dV,) is the completion of C.(U) in the LP norm.
It follows that LP(U,dV}) is a Banach space whenever 1 < p < oo.

REMARK. The quantity dVj is usually called the volume form of
the Riemannian manifold (U, g). To justify this terminology, one should
interpret dV, as the differential n-form (element of Q2*(U)) given by

dvy, = |g|"*dz" A .. A da”.

One can equivalently think of dV} as a measure, i.e. (using the Riesz
representation theorem for measures) as a linear operator acting on
functions in C.(U) by

fn—>/deV;,.

In the present setting where U C R”, this measure is absolutely con-
tinuous with respect to Lebesgue measure (dV,(z) = |g(x)|*/? dz).
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Inner products. The most important case of LP spaces during
this course is p = 2. In fact, L*(U,dV,) is a Hilbert space with the
following inner product.

DEFINITION. If u,v € L*(U,dV,) we define

(u,v)2 ::/uvdVg.
U

We now wish to define an L? inner product for vector fields and
tensor fields on U as well. The case of vector fields comes naturally: if

F,G € C.(U,R") are two vector fields, so that F(x),G(z) € T,U for
each x € U, the g-inner product of F(x) and G(z) is

(2.9) (F(x),G(2))g = gjn(a) F (x)G"(x).
The L? inner product of F' and G is then defined by

(F,G)p2 = / (F(x), G(x)), dVi (z)

- / 052(2) 9 (2) G* () g ()| V2 d.

Next consider the case of 1-forms. Let o and 8 be two 1-forms in
U whose coordinate functions are in C.(U), meaning that o = a; da?
and 8 = By dz* where o, B € C.(U). If a(x) denotes the expression
a;(z)dz?, in analogy with (2.9) it seems natural to define the g-inner
product

(2.10) (a(2), B(x))g = ¢’ (x)a;(x) Bu().

Recall that (g7%) is the inverse matrix of (g;). The L? inner product
of two compactly supported 1-forms a and [ is defined by

(a, B)p2 := /U((x(x),ﬁ(x»gd‘/;(x)
@2.11) - [ #@ai@s@lgto) " o

Motivated by (2.10), one can define the L? inner product of two
tensor fields with components in C,(U). In particular, this gives an L?
inner product on differential forms since k-forms can be identified with
certain (alternating) k-tensor fields by Theorem 2.8.
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DEFINITION. Let u = (uj,...j,)% =1 and v = (Vkybp )iy pi=1
be two tensor fields such that each w;,..;, and vy, ..k, is in C.(U). The
L? inner product of u and v is

(0 0)in = [ G ) P @t ()00, ) 0] o
U

If a and § are differential k-forms whose component functions are in
C.(U), we denote by

(a7 B)L2 = (d7 B)L2

the inner product of the corresponding tensor fields as in Theorem 2.8.

EXERCISE 2.17. Show that the L? inner product of tensor fields
defined above is indeed an inner product.

Recall that if o = a;dx! is a k-form, Theorem 2.8 identifies o with
the k-tensor a defined by

. 0, (71, ---,Jk) contains a repeated index,

Gdk T g ARG, %) contai ted ind
TRCiik QR Gngi)s (J15-- - Jk) contains no repeated index,

where R(j1,...,5k) = (Jo(1): - - - » Jo(k)) Where o is the unique permuta-

tion of {1,...,k} such that j; < jo < ... < jx (thus R puts the indices
in increasing order), and ¢j,...;, = (—1)%().

Notice that if o and g are 1-forms, this inner product is equal to
(2.11).

ExXAMPLE. Let U C R™ be open and let g be the Euclidean metric,
s0 gjx = 0;x. Then |g(z)] = 1 and ¢’ = %, If o = «a;dz? and
B = By dx* are two 1-forms with o, B € Co(U), and if @ = (o, ..., )
and 3 = (b1, ..., Bn) are the corresponding vector fields, then

(047/3)L2=/U2n:%5jd$=/l]67'5d$-
P

1 — n — n
Moreover, if u = (uj,..;,,)% i —1 and v = (Vgyky )3y g, =1 A€ TWO
tensor fields with components in C.(U), then

n
(u, v)r2 _/ d WiV A
U

j17-~~7.jm:1
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Codifferential. Our next purpose is to consider the exterior deriv-
ative d : Q¥(U) — QFFL(U) and to compute its formal adjoint operator
in the L? inner product on forms. Below, we write Q¥(U) for the set
of compactly supported k-forms in U (thus o = ardz! is in QF(U) if
ay € CX(U) for each I).

THEOREM 2.16. (Codifferential) Let U C R™ be open and let g be
a Riemannian metric on U. For each k with 0 < k < n, there is a
unique linear operator

§:QFU) = QFYU)
having the property
(2.12) (da, B)pe = (@, 68) 2,  a € QFYU), BeQFU).

The operator § satisfies 6 06 = 0 and S|qoy = 0. It is a linear first
order differential operator acting on component functions, and on 1-
forms it is given by

(213)  08:=—lgI"'?0;(lg|'"*¢"* k), B = Brda" € QN(U).

The proof is based on the integration by parts formula

/Uu(ajv)da::—/((?ju)vda:, ueCU), veC(U).

U

PROOF. We begin with the case k = 1. Let 3 = Bda* € QY(U).
To compute 63 satisfying (2.12), we take a € Q%(U) = C>*(U) and
compute

(da, B) 12 :/(da,@gd\/g:/gjké)jaﬁk|g|1/2da:
U U
- / algl~20,(1g1 2 y) Vi,
U

Thus (2.12) will be satisfied for & = 1 if we define § : Q1(U) — Q°(U)
by (2.13).

Let us now show that for any k, there is an operator § : Q¥(U) —
QM 1(U) such that (2.12) holds. Let a € QF1(U) and B € QF(U).
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Using the definitions and integration by parts, we obtain

(da, B) 12 = /U (0,1 dx* A d’, By da”, dV,
= /[](aial)ﬁj<dxi Adzt dz?),|g|"? dx
= — /Uaf\g\_lﬂ@- [|g|1/2<d:ri Adz! dz”),B;] dVy.
Write v/ := —|g|7/29; [|g|"/*(da’ A da’, dx”),5,]. Tt follows that

(das, B) 12 = / ary! dv,,
U

We wish to find 7y = ypdat € Q¥1(U) such that ay! = (a,7),.

This can be done by lowering indices. First let & = (d&,..,_,) and

7 = (§1%-1) be the alternating tensor fields corresponding to a; and
1

v, so for instance 71 1= W&t“"'ik—lfyR(ilf"vik—l). Let

5 — g ... VS R
Malg—1 = Glia 9l _1ig—17 !

and let v = v; dz” be the (k — 1)-form corresponding to 4. Then

(@, 7)g = (@ 7)g

N ST S T S N /A - S . ~P1Phk—1
=g g Qg vig_q [gllpl Gle_1pk—17Y }

1

— dil"'ik,lﬁ/ilmikil — MQR(M-~-z‘k,1)7R(i1mik71)

I
= oy .

Combining the above arguments, we have proved that

(dOé, B)L2 = (Oé, 7>L2

for all @ € QF1(U). Here v € Q*71(U) is determined uniquely by this
identity, thus setting 68 := 7 satisfies (2.12). Inspecting the above
argument shows that 3 = v, dz’ where for L = (I1,...,l;_1)

(2.14) L = —Giir - I_vira gl
0; [|g|**(da’ A da™ A ... Ada™ da’) By]
Thus ¢ is a first order operator acting on the component functions ;.

It is clear that d|go() = 0, and the condition d 0§ = 0 follows from
(2.12) and the fact that d o d = 0. O
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EXERCISE 2.18. Let U C R? and let g be the Euclidean metric. Use
the property (2.12) directly to find a formula for ¢ acting on Q(U) and
on Q3(U).

EXERCISE 2.19. If 3 € Q%(U), use (2.14) to show that 63 = 7 da!
where
;%Lnik—l(x) - _glr(arﬁlilnikq - F??“/Bjilmik—l)
where T are the Christoffel symbols in (2.6).

If U C R™ is an open set, in Section 2.3 we studied the sequence
(2.15) Q) -5 Q' (U) L L o) =5 o)

where d o d = 0. This sequence does not depend on any Riemannian
metric on U. However, if we introduce a Riemannian metric g on U,
then Theorem 2.16 shows that there is another sequence

(2.16) QU - QNU) <L o) <& o)

where d 00 = 0. As we will explain later, the sequences (2.15) and
(2.16) and the corresponding cohomology groups turn out to be dual
to each other: this is related to Poincaré duality.

2.7. Laplace-Beltrami operator

Definition. In this section we will see that on any open set equipped
with a Riemannian metric there is a canonical second order elliptic op-
erator, called the Laplace-Beltrami operator, which is an analogue of
the usual Laplacian in R".

MOTIVATION. Let first U be a bounded domain in R™ with smooth
boundary, and consider the Laplace operator

n 2
(2.17) AL

Solutions of the equation Au = 0 are called harmonic functions, and by
standard results for elliptic PDE [Ev, Chapter 6], for any f € H'(U)
there is a unique solution u € H'(U) of the Dirichlet problem

{ —-Au=0 inU,

(2.18) u=f  onJU.
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The last line means that u — f € H}(U). Recall from [Ev, Chapter 5]
that H'(U) and H}(U) denote the Sobolev spaces

HYU) :={u e L*(U) : 9;u € L*(U) for 1 < j <n},
Hy(U) := closure of C°(U) in H'(U),

where d;u denotes the weak derivative. Both H'(U) and Hj(U) are
Hilbert spaces, and H}(U) can be thought of as the set of those u €
H'(U) that vanish on U (in the trace sense).

One way to produce the solution of (2.18) is based on variational
methods and Dirichlet’s principle [Ev, Chapter 2|. We define the
Dirichlet energy

1

E(v) = B

/\Vvﬁdx, ve HY(U).
U
If we define the admissible class

Ap={ve H(U); v= f on 0U},

then the solution of (2.18) is the unique function v € A; which mini-
mizes the Dirichlet energy:

E(u) < E(v) forall ve Ay

The heuristic idea is that the solution of (2.18) represents a physical
system in equilibrium, and therefore should minimize a suitable energy
functional. The point is that one can start from the energy functional
E(-) and conclude that any minimizer v must satisfy Au = 0, which
gives another way to define the Laplace operator.

From this point on, let U C R™ be open and let g be a Riemannian
metric on U. Although there is no immediately obvious analogue of
(2.17) that would take into account the metric g, there is a natural
analogue of the Dirichlet energy. It is given by

1
B(v) = §/U\dwdv, ve H'(U).

Here |dv| = |dv|, is the Riemannian length of the 1-form dv, and dV =
dV, is the volume form.

We wish to find a differential equation which is satisfied by min-
imizers of E(-). Suppose v € H'(U) is a minimizer which satisfies
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E(u) < E(u+ty) for all t € R and all ¢ € C°(U). We have

E(u+tp) = % /U(d(u +tp), d(u+tp)) dV

=FE(u)+t /U(du, dp) dV + t*E ().

Since I,(t) :== E(u+ty) is a smooth function of ¢ for fixed ¢, and since
1,(0) < I(t) for [¢| small, we must have I/,(0) = 0. This shows that if
u is a minimizer, then

(2.19) / (du,dp)dV =0

for any choice of p € C°(U). Moreover, if one has u € C*(U) (which
is the case by elliptic regularity), then by the properties of the codif-
ferential ¢, one also has

/ (0du)pdV =0
U
for all ¢ € C°(U). Thus any minimizer u has to satisfy the equation
d0du =0 in U.
We have arrived at the definition of the Laplace-Beltrami operator.
DEFINITION. The Laplace-Beltrami operator on (U, g) is defined by
Agu := —odu.

The next result implies, in particular, that in Euclidean space A,
is just the usual Laplacian.

LEMMA 2.17. The Laplace-Beltrami operator has the expression
Agu = |g|728;(|9|" g D)
where, as before, |g| = det(g;x) is the determinant of g.

PROOF. Follows from the coordinate expression for 9. O

REMARK. There are differing sign conventions for the Laplace-
Beltrami operator. Honoring the title of this course (“Analysis on
manifolds”), we have chosen the convention which is perhaps most
common in analysis and makes the Laplace-Beltrami operator for Eu-
clidean metric equal to 2?21 %2?.
ometry define the Laplace-Beltrami operator with the opposite sign,

However, it is very common in ge-
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which has the benefit that the operator becomes positive. Moreover,
in probability theory a factor of % is often included in the definition. In
this course we will stick to the analysts’ convention so that A, = —dd.

The existence of a canonical Laplace operator associated to a Rie-

mannian metric implies that one has analogues of the classical linear
PDE:

o Ayu =0 (Laplace)

o Jyu— Ayju =0 (heat)

o Jlu— Ayu=0 (wave)

o i0u+ Ayu =0 (Schrodinger)
Therefore in physical terms, any Riemannian manifold will support
a theory for electrostatics, heat flow, acoustic wave propagation, and
quantum mechanics. Note also that the theory of geodesics leads to a
version of classical mechanics, and there are many relations between
the classical and quantum picture (i.e. between the geodesic flow and
the Laplace-Beltrami operator).

EXERCISE 2.20. Show that Ay (uv) = (Ayu)v+2(du, dv),+u(A,v)
for u,v € C*(U).

EXERCISE 2.21. If U C R" is a bounded open set with C'* boundary,
and if u € C?(U) satisfies Aju = 0 in U and u|gy = 0, show that u = 0.

EXERCISE 2.22. Let U = {z € R" : z,, > 0} and let gj(x) =
20, be the hyperbolic metric. Compute A,, and show that

1
(A, — Z(n — 1)*)u, w)r2wav,) > 0 for any u € C(U).

(This implies that the spectrum of the hyperbolic Laplacian is in the
interval [1(n — 1)%,00).)

2.8. Solutions of the Laplace equation

In this section we make the standing assumption that U C R" is
a bounded open set with C* boundary, and U is equipped with a
Riemannian metric g which extends in a C*® way to U. We will now
give the basic properties related to solutions of the Laplace-Beltrami
(or Laplace) equation

—Ayju=0inU.
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This is a second order elliptic equation with C'*° coefficients, and hence
these basic properties follow from [Ev, Chapter 6]. However, we give
a presentation that will easily generalize to the case of manifolds.

We will define a new Sobolev norm involving g:

”uH%ﬂ(U,dVg) : HUH%%U,dvg) + HduH%Q(U,dVg)‘

In the Riemannian setting it is more natural to work with H'(U, dV}).
However, by the next exercise, for U C R™ we can equivalently work
with H'(U) at the expense of changing certain constants in the norm
estimates.

EXERCISE 2.23. Show that there are ¢, C' > 0 such that

cllull 2wy < ull2w.av,y < Cllullz2wy,
cllull iy < lullmwavy) < Cllullmw)-
Use this to prove that L*(U) = L*(U,dV,) and H'(U) = HY(U,dV,)

both as sets and as topological spaces.

First we show that the Dirichlet problem always has a unique weak
solution. Motivated by (2.19), we say that u € H'(U) is a weak solution
of —Agu=01in U if

(du,do)r2w.av,) =0
for all p € C°(U), or equivalently for all ¢ € H}(U). More generally,
we will consider the equation —Agju = F in U. Recall the Sobolev
space

H'(U) := (Hy(U))* = {bounded linear functionals F : Hy(U) — R}.
EXERCISE 2.24. State the natural definitions for H}(U,dV,) and

H=Y(U,dV,), and show that as sets one has Hg(U,dV,) = H(U) and
H-\U.dV,) = HY(U).

THEOREM 2.18 (Dirichlet problem). Given any F € H-*(U) and
f e HY(U), there is a unique weak solution v € H(U) of the problem

—Aju=F in U,
(2.20) { u=f on OU.

Here we say that w € H'(U) is a weak solution of (2.20) iff
(du, dv)2rav,) = F(v) for all v e Hy(U), u— fe HyU).
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One has the norm estimate

vl zr 0y < CUF -1y + | fll 2 @)
where C' s independent of F' and f.

The following result states that if the data F' and f are more regular,
then also the solution u will be more regular. Here we use the Sobolev
space

H*(U) :={u € L*(U) : 0“u € L*(U) for all || < k}.

THEOREM 2.19 (Higher regularity). Assume the conditions in The-
orem 2.18. If F € H*(U) and f € H*2(U) for some k > 0, then
u € H**2(U) and

[ull ey < CUE ey + 1 [mm2@))
where C' 1s independent of F' and f.

Finally, we state the weak maximum principle for solutions in H*(U).
Here we say that u < C'in U (resp. u < C on 9U) if (u—C); =0
(resp. (u — C), € HY(U)), where

u4 := max {u, 0}.

We also say that u > ¢ in U (resp. u > c on 9U) if —u < —cin U
(resp. —u < —c on OU).

THEOREM 2.20 (Weak maximum principle). Let u € H'(U) solve
—Agu=01inU.

If u < C on OU, then u < C in U. Similarly, if u > ¢ on U, then
u>cinU.

We proceed to the proofs of the above results.

Dirichlet problem. The solvability of the Dirichlet problem will
follow from Hilbert space theory and the following simple inequality.

THEOREM 2.21 (Poincaré inequality). There is C > 0 so that

ullz2@,avy) < Clldul|L2wav,), ue Hy(U).
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PROOF. By density it is enough to prove the inequality for any
u € CX(U). Since U C R™ is bounded, one has U C {a < z,, < b} for
some a < b. Note that for any 2/ € R""! and z,, € [a, b], one has

w(@' x,) = u(a', x,) —u(a'a) = / n Onu(z',t) dt.

The Cauchy-Schwarz inequality gives that

Tn, Zn 1/2
(2, z,)] < / 1-|Opu(a’ )| dt < (x,—a)'? {/ |Opu(a’,t)]? dt} :

This implies

b
lu(z’, 2,)? < (2 — a)/ |Opu(a’, t)|? dt.
Integrating over R"~! x (a,b), and using that supp(u) C U, gives

1
lullZzw) < 50 = a)lldullzz -

Finally, by Exercise 2.23 one can change the L?(U) norms to L*(U, dV,)
norms at the expense of increasing the constant. O

PRrROOF OF THEOREM 2.18. We first consider the case f = 0. De-
fine B(u,v) := (du, dv) r2w,av,) for u,v € Hg(U). We need to show that
there is u € HJ(U) satisfying

(2.21) B(u,v) = F(v) for all v € H}(U).
We claim that B is an inner product on Hj(U). Clearly B is a sym-

metric bilinear form. By the Poincaré inequality in Theorem 2.21 we
have

B(u,u) = [ldullf>wav,) > cllullzwav,)-
Thus B(u,u) = 0 implies u = 0, so B is positive definite and hence it
is indeed an inner product on H}(U). Moreover, the norm induced by
B is equivalent to the standard one on Hj(U) in the sense that

B(u,u) < ||u||%11(U,dVg) < CH“H%P(U)»

B(u,u) = %B(u, u) + %B(u,u)

1
> (c+ 5)(|Iu||%2(U,dVg) + ||du||%2(U,dVg)) = C/Hu”%{l(U)'

This shows that H} (U) equipped with the inner product B has the same
convergent sequences and Cauchy sequences as the standard H}(U). In
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particular, (H}(U), B) = H;(U) as topological spaces, and (H;(U), B)
is a Hilbert space since H}(U) is.

Now, since F is a bounded linear functional on H}(U) = (H}(U), B),
the Riesz representation theorem for Hilbert spaces shows that there is
a unique u € H}(U) satisfying (2.21). The same theorem also entails
that u satisfies the norm estimate ||ul| g1y < C||F||g-1(). This proves
the theorem for f = 0. The general case follows from this by the next
exercise. U

EXERCISE 2.25. Prove the previous theorem for any F' € H~(U)
and f € HY(U) by looking for a solution v = f + @ with suitable
e H(U).

Maximum principle. We will next prove the maximum principle.
The proof hinges on the fact, proved in the following exercises, that
uy € HY(U) whenever u € H'(U).

EXERCISE 2.26. Let f € C'(R) with f/ € L*(R). If u € H'(U),
show that f(u) € H*(U) and that the weak derivatives satisfy 9;(f(u)) =

f'(u)0;u.

EXERCISE 2.27. If u € H'(U), use the previous exercise to show
that u, € H'(U) and that the weak derivatives satisfy

d;u  when u > 0,
ajU+ =
0 when u < 0.

(Hint: consider f(t) = (¢2 4+ t?)Y/2 — ¢ when t > 0, f(t) = 0 when
t<0.)

PROOF OF THEOREM 2.20. Let u € H*(U) solve —Aju =0 in U.
We will show that

u<0onodU — u<0inU.

The other statements follow easily from this. Now, since u is a weak
solution, we have

(du, dv)r2(vav,) = 0 for all v € Hy(U).

Since u < 0 on 9U, by definition we have u, € Hj(U) and we may
take v = uy above. We also write u_ = (—u)y, so that u = uy —u_.
It follows that

(du+7 du+)L2(U,dVg) - (du_7 du+)L2(UvdVg) =0.
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However, by Exercise 2.27 we have du;, = 0 on {u < 0} and du_ =0
on {u > 0}, which shows that the second term is zero. Thus

||du+||%2(U,dVg) = 0.

Since u;, € HJ(U), the Poincaré inequality gives u, = 0. This shows
that v < 01in U. O

Higher regularity. We will now prove wnterior regularity, stating
that if F is locally H* in U, then the solution u is locally H**2 in U.
We refer to [Ev, Chapter 6] for the proof of the boundary regularity
part of Theorem 2.19. Interior regularity is a purely local affair and
it is enough to consider solutions in sufficiently small open balls in U.
More generally, we consider operators of the form

(2.22) Pu = a*0ju + b 0;u + cu

where a’*, 1, c € C*(U) and a’* satisfies for some A > 0 the ellipticity
condition

a'jk(x)fjgk Z /\|€|27 HAS Ua g € R™.
Consider the local Sobolev space

HE (U) = {u : uly € H*(V) for any V cc U},

where V' CC U means that V is open and V is a compact subset of U.
We aim to prove the following result.

PROPOSITION 2.22 (Interior regularity). If u € HL (U) is a weak
solution of Pu=F in U and F € HE_(U), then w € HFT*(U). More-

loc loc

over, if Uy CC Uy CC U, then there is C = Cpy v, v, such that

(2.23) [ullzzee2) < Clllullmws) + [1Fllxws))-

REMARK 2.23. Since g, € C*(U), the operator A, can be equiva-
lently written in the form (2.22) (so called nondivergence form). Weak
H (U) solutions of —Aju = F correspond to H._(U) solutions in the
sense of distributions of the nondivergence form operator (2.22). The
following arguments can be justified using either notion of the solutions
(we will ignore the details).

We begin with an a prior: estimate that is valid for test functions

ue CxU).
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LEMMA 2.24. Let K C R™ be compact. There are C,rg > 0 such
that whenever xy € K and 0 < r <rq, one has B(zg,r) C U and

[ullzz < Cllullar + [ Pullr2),  w e CZ(B(xo, 7).

Proor. We do the proof under the simplifying assumptions that
a’*(zg) = /% and ¥ = ¢ = 0. Then Pu = a’*0;u. First assume
that ro < dist(K,0U). Then B(xzg,7) C U for r < ry, and for any
u € CX(B(xg,r)) we can perform the following integration by parts:

n n

> (O, Ou) = > (D551, Opr) = [|a?* (w0) D72

Ji:k=1 j,k=1

= [[Pu— (a* — @’ (w0))jnul[ -

Since a’* € C>®(U), we have |a’*(x) — a’*(x0)| < M|z — 0| where

M = max; || Va?*|| (). Using that supp(u) C B(zg,r), we have

D lNogwullie < 201 Pul® +2(Mr)* Y [[0jullZ.

Ji.k=1 j.k=1

Choosing ry so that 2(Mrg)? < 1/2, we can absorb the last term of the
right to the left hand side. This implies that

> lopullze < 4f| Pul®.

k=1
The desired estimate follows by adding HuH%Il(U) on both sides. O
EXERCISE 2.28. Prove Lemma 2.24 in the general case.

Now, if u € H! solves Pu = F where F' € L?, we would like to apply
Lemma 2.24 to xu where x € C2°(R") is a suitable cutoff function. This
would at least morally show that u is H? near x,. However, since u
is only H! we cannot apply the a priori estimate directly to u. We

will instead apply the estimate to convolution approximations u. of u,
defined as

wimuso= [ u- )i p) = e/,

where p € C°(R") satisfies 0 < ¢ < 1 and [, ¢ dz = 1. The following
exercise contains the basic properties of convolutions of L? functions.
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EXERCISE 2.29. If v € L*(R"), show that u. € C*(R"), 0%u. =
u x 0%p. for any multi-index a, and u. — u in L*(R™). Moreover, if
u € H*(R"), show that 0“*Pu, = 9%u * 9%, for any multi-indices «, 3
with |a| < k, and that 0%u. — 9%u in L*(R") whenever |o| < k.

The following result will allow us to take limits as ¢ — 0.

LEMMA 2.25 (Friedrichs’ lemma). Let uw € HY(U) be compactly
supported in U, and let Pu € L*(U). Then

P(u.) — Pu in L*(U) as ¢ — 0.

PrOOF. Let K C U be compact and let v € H' be supported in
K. We have Vd;u. + cu. — 0 in L*(U) by Exercise 2.29. It is thus
enough to consider the case where Pu = a/*0;;u. We write T.(u) =
(Pu) * . — P(u*p.) and use Exercise 2.29 together with the definition
of weak derivatives to observe that

7.(0)(e) = [(Pu)(o = oely) = P( [ ule = p)e.l) dy)
= [l — )0 (@~ y)e)dy — [ @00t — ko) dy

a /<aﬂ“(w’ —y) — a’(2))dju(r — y)Orp:(y)) — /(@c@jk(ft —y))9u(z —y)pe(y) dy.

Since a’* is Lipschitz continuous, there is M > 0 such that

Toula)) <1 [ [9uta o) dy
where g:(y) = [yl[Vee(y)| + ¢:(y). Since ge(y) = e "g1(y/e), this is
another convolution approximation and it satisfies
(2.24) | Teul| 2 < Cl|Vul|Lz

where the constant C' is independent of u (with support in K') and e.
Finally, we note that if v € C®(U), then (Pv) * ¢. — Pv and
P(v*¢.) — Pvin L*(U). Thus

(2.25) T.(v) — 0 in L*(U) for any v € C°(U).

Now if u € HY(U) is compactly supported and v € C>*(U), we use
(2.24) to observe that

I Teullzz < I Tevll 2 + | Te(u = )|z < (| Tev][z2 + Cllu = vl

where C' depends on the fixed compact set containing the supports
of w and v. We can make [[u — v||z arbitrarily small by choosing
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v = uy for § small, and then by (2.25) we can make ||7T.v||z2 small by
choosing e small. This proves that T.(u) — 0 in L?*(U) when € — 0 as
required. O

PROOF OF PROPOSITION 2.22. We first prove the case k£ = 0.
Suppose that U, U, are as above, and let ry be as in Lemma 2.24
with K = U;. Let xy € C(B(0,7))) satisfy y = 1 for |z| < ry/2, and
write ., () = x(x — xo). We also note that in the weak sense

P(Xaot) = XaoPu + [P, XapJu
where [P, Xzo] = P 0 Xzo — Xap © P is a first order operator with smooth
coefficients. In particular, since u € H'(U) and Pu € L*(U), we have
P(xzu) € L2(U).

Now given any xy € K, we apply Lemma 2.24 to (Xzo%)s — (Xao®)s
with £, > 0 small:

’(XIOU)E - (Xﬂﬁou)5|’H2
< C(l[(Xagwe = (Xaow)sll it + [[P((Xao)e) = P((Xao)s) | 22)-

Since u € H' one has (xz,u)e — Xzou in H', and by Lemma 2.25 one
has P((xzot)e) = P(Xzou) in L? as e — 0. Tt follows that (xu,u). is
a Cauchy sequence in H?(U) and hence converges to some v € H*(U).
Since (Xuzot)e — Xzou in HY(U), the uniqueness of limits implies that
v = Xgzou- This proves that x,,u € H*(U) for all z, € K. By compact-
ness one has u € H*(U;), and the estimate 2.23 for k = 0 also follows
(exercise).

We have completed the proof for & = 0. Let now F € H. (U)
and let u € H..(U) solve Pu = F in U. By the case k = 0 we have
u € H?

2e(U). We may now apply 0; to the equation Pu = F:

P(ﬁju) = 8]F - [@,P]u
Here [0;, P] is a second order operator with smooth coefficients, and
hence the right hand side 9;F — [9;, PJu is a function in L2 (U). Since
Oju € HL (U) is a weak solution, using the case k = 0 again we obtain
dju € HE (U). This holds for any j, and thus one has u € H (U) and

loc
one also has the required estimate. The proof for arbitrary k& follows
by iterating this argument. 0

EXERCISE 2.30. Complete the proof that when F' € L _(U), one
has u € H?(U;) and (2.23) holds when k = 0.



CHAPTER 3

Calculus on Riemannian manifolds

In this chapter we will discuss the calculus concepts from Chapter 2
in the more general setting of smooth or Riemannian manifolds. Thus,
instead of working on open sets U C R", we wish to perform calculus
operations on spaces such as

surfaces in R? (spheres, tori, double tori, etc)

n-dimensional, possibly complicated hypersurfaces S C R**
manifolds arising in dynamical systems for ODEs

groups of transformations (GL(n), SO(n), U(n) etc)

phase spaces of dynamical systems on the above examples

Our aim is to present the material briefly, giving the definitions but
omitting the proofs of their basic properties (for proofs see [Le2] and
[Lel]). We hope that the readers will at this point have sufficient
intuition from the R™ picture to appreciate what is going on.

3.1. Smooth manifolds

Manifolds. We recall some basic definitions from the theory of
smooth manifolds. We will consistently also consider manifolds with
boundary.

DEFINITION. A smooth n-dimensional manifold is a topological
space M, assumed to be Hausdorff and second countable, together with
an open cover {U,} and homeomorphisms ¢,, : U, — Ua such that each
U, is an open set in R”, and ¢z 0 ¢ " : 0o (Uy NUz) — 0s(U, N Us) is
a smooth map whenever U, N Uz is nonempty.

Any family {(U,, pa)} as above is called an atlas. Any atlas gives
rise to a maximal atlas, called a smooth structure, which is not strictly
contained in any other atlas. We assume that we are always dealing
with the maximal atlas. The pairs (U,, po) are called charts, and the
maps ¢, are called local coordinate systems (one usually writes x = ¢,
and thus identifies points p € U, with points z(p) € U, in R").

49
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DEFINITION. A smooth n-dimensional manifold with boundary is
a second countable Hausdorff topological space together with an open
cover {U,} and homeomorphisms ¢, : U, — Ua such that each Ua is
an open set in R := {z € R"; z, > 0}, and pgo " : 9o (UsNUz) —
03(Us NUg) is a smooth map whenever U, N Uj is nonempty.

Here, if A C R™ we say that a map F' : A — R" is smooth if
it extends to a smooth map A — R”™ where A is an open set in R"
containing A.

If M is a manifold with boundary we say that p is a boundary point
if p(p) € OR? for some chart ¢, and an interior point if p(p) € int(R"})
for some . We write M for the set of boundary points and M™* for
the set of interior points. Since M is not assumed to be embedded in
any larger space, these definitions may differ from the usual ones in
point set topology.

EXERCISE 3.1. If M is a manifold with boundary, show that the
sets M and OM are always disjoint.

To clarify the relations between the definitions, note that a manifold
is always a manifold with boundary (the boundary being empty), but
a manifold with boundary is a manifold iff the boundary is empty (by
the above exercise). However, we will loosely refer to manifolds both
with and without boundary as 'manifolds’.

We have the following classes of manifolds:

e A closed manifold is compact, connected, and has no boundary
— Examples: the sphere S”, the torus 7" = R"/Z"
e An open manifold has no boundary and no component is com-
pact
— Examples: open subsets of R”, strict open subsets of a
closed manifold
e A compact manifold with boundary is a manifold with bound-
ary which is compact as a topological space
— Examples: the closures of bounded open sets in R™ with
smooth boundary, the closures of open sets with smooth
boundary in closed manifolds

Smooth maps.

DEFINITION. Let f : M — N be a map between two manifolds.
We say that f is smooth near a point p if oo fop™t: p(U) — (V) is
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smooth for some charts (U, ) of M and (V,%) of N such that p € U
and f(U) C V. We say that f is smooth in a set A C M if it is smooth

near any point of A. The set of all maps f : M — N which are smooth
in A is denoted by C*(A, N). If N = R we write C*°(A, N) = C>(A).

EXERCISE 3.2. Verify that the definition of a smooth map does not
depend on the particular choice of coordinate charts.

Tangent bundle. If U C R" is open, we defined the tangent space
T.U = {z} x R"™ to be a copy of R" sitting at . Any v € T,U can
be thought of as an infinitesimal direction where one can move from =,
and there is a corresponding directional derivative

Oy : C°(U) = R, 0yf(z):=v-Vf(x).

Then 0, is a linear operator satisfying 0,(fg) = (0,f)g + f(0»g). Such
an object is called a derivation. It turns out that derivations can be
identified with vectors in the tangent space, and this leads to a defini-
tion of tangent spaces on abstract manifolds.

DEFINITION. Let p € M. A deriation at p is a linear map v :
C>(M) — R which satisfies v(fg) = (vf)g(p) + f(p)(vg). The tangent
space T,M is the vector space consisting of all derivations at p. Its
elements are called tangent vectors.

The tangent space T,M is an n-dimensional vector space when
dim(M) = n. If z is a local coordinate system in a neighborhood
U of p, the coordinate vector fields 0; are defined for any ¢ € U to be
the derivations

0
Oilaf =5 —(foa)w(@), j=1,...n

Then {0;],} is a basis of T,M, and any v € T, M may be written as
v =170;.

EXERCISE 3.3. Prove that T,M is an n-dimensional vector space
spanned by {0;} also when M is a manifold with boundary.

The tangent bundle is the disjoint union
T™ = \/ T,M.
peEM

The tangent bundle has the structure of a 2n-dimensional manifold
defined as follows. For any chart (U,z) of M we represent elements
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of T,M for ¢ € U as v = v/(q)9;l,, and define a map ¢ : TU —
R* &(q,v) = (x(q),v*(q),...,v"(q)). The charts (TU, @) are called
the standard charts of TM and they define a smooth structure on
TM.

Since the tangent bundle is a smooth manifold, the following defi-
nition makes sense:

DEFINITION. A wvector field on M is a smooth map X : M — T M
such that X (p) € T,,M for each p € M.

Cotangent bundle. The dual space of a vector space V' is
V*i={u:V — R; u linear}.

The dual space of T),M is denoted by T M and is called the cotangent
space of M at p. Let = be local coordinates in U, and let 0; be the
coordinate vector fields that span T,M for ¢ € U. We denote by dz’
the elements of the dual basis of Ty M, so that any § € T/ M can be
written as { = §; da’. The dual basis is characterized by

dl‘j (8k) = 0jk-
The cotangent bundle is the disjoint union
M =\/ T; M.
peM
This becomes a 2n-dimensional manifold by defining for any chart

(U, ) of M achart (T*U, ¢) of T*M by ¢(q,&; dz?) = (¢(q), &, - - -, &n)-

DEFINITION. A 1-form on M is a smooth map o : M — T* M such
that a(p) € T, M for each p € M.

Tensor bundles. If V' is a finite dimensional vector space, the
space of (covariant) k-tensors on V' is

TH*(V):={u:V x...x V. — R; u linear in each variable}.
T
copies
The k-tensor bundle on M is the disjoint union
"M = \/ THT,M).
peEM
If z are local coordinates in U and dx/ is the basis for T; M, then each

u € TH(T,M) for q € U can be written as

— Ayt Ik
U= Ujp..; 2" @ ... @ dx
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Here ® is the tensor product
TFV) x T¥(V) = T*(V), (u, ) = u@
where for v € V¥ v/ € V¥ we have
(u@u')(v,v') := u(v)u' (V).

It follows that the elements dz/' ® ... ® dz?* span T*(T,M). Similarly
as above, T"M has the structure of a smooth manifold (of dimension
n + n").
DEFINITION. A k-tensor field on M is a smooth map u : M — T M
such that u(p) € T*(T,,M) for each p € M.
Exterior powers. The space of alternating k-tensors is
AF(VY = {u e TH(V); u(vy, ..., v) = 0 if v; = v; for some i # j5}.
This gives rise to the exterior bundle
AF(M) = \/ AMT,M).
peEM
To describe a basis for A*(T,M), we introduce the wedge product
k K Ktk / o (F+ ) /
AT (V) x AP (V) — A" (V) (w, W) = wAwW = WAIt(w@w),
where Alt : TH(V) — A¥(V) is the projection to alternating tensors,
1
A(T) (v, ..., 0) = Pl Z sgn(0) T (Vo(1), - - - s Vo(k))-
ocESk

We have written Sy for the group of permutations of {1,...,k}, and
sgn(o) for the signature of o € Sy.

The following properties of the wedge product can be checked from
the definition:

LEMMA 3.1. The wedge product is associative, meaning that wy A
(wa Aws) = (w1 Awa) Aws for any alternating tensors. Moreover, if

w1, ...,wy are 1-tensors, then
(3.1) Wo(1) N oo AN Wo (k) = (_1)sgn(a)w1 AN...Nwg, 0ES
and for any vy, ...,vr € V one has

wi(vy) ... wi(vg)
(3.2)  (wi Ao Aw)(ve,. .., v) = det :

wr(v1) ... wr(vg)
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EXERCISE 3.4. Show that Alt maps T%(V) into A¥(V) and that
(Alt)? = Al

EXERCISE 3.5. Prove Lemma 3.1.

If z is a local coordinate system in U, then a basis of A*(T,M) is
given by
{da? AN da b i< << <

Again, AF(M) is a smooth manifold (of dimension n + (})).

DEFINITION. A k-form on M is a smooth map w : M — A¥M such
that w(p) € A*(T,,M) for each p € M.

Smooth sections. The above constructions of the tangent bundle,
cotangent bundle, tensor bundles, and exterior powers are all examples
of vector bundles with base manifold M. We will not need a precise
definition here, but just note that in each case there is a natural vector
space over any point p € M (called the fiber over p). A smooth section
of a vector bundle E over M is a smooth map s : M — E such that
for each p € M, s(p) belongs to the fiber over p. The space of smooth
sections of £ is denoted by C>*(M, E).

We have the following terminology:

o C°(M,TM) is the set of vector fields on M,

o C(M,T*M) is the set of k-tensor fields on M,

e QY(M) =C>®(M, T*M) is the set of 1-forms on M,

o OF(M) = C>(M,\*M) is the set of (differential) k-forms on

M.

Let x be local coordinates in a set U, and let ; and da? be the co-
ordinate vector fields and 1-forms in U which span T;M and T; M,
respectively, for ¢ € U. In these local coordinates,

a vector field X has the expression X = X79;,
a 1-form « has expression o = «a; da?,

a k-tensor field v can be written as

— . dpit Jk
U = Uj,..;dx” @ ... @ da’*,

a k-form w has the form
w = wyda’

where I = (i1,...,i;) and da! = dz™ A ... A dx', with the
sum being over all I such that 1 <1y <19 < ... <14 < n.
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Here, the component functions X7, v, uj,...;,,w; are all smooth real
valued functions in U.

We mention briefly how the local coordinate formula for a k-tensor
field u is obtained. If (U,z) is a local coordinate chart and {0;} are
the associated coordinate vector fields, one can write any v € T, M for
q € U as v = v"9|, for some (v',...,v") € R". Thus by linearity

Uq(v1, - .-, vk) = ug(v1 O lg, - -, v1° 05 lq) = ug(Ojlg, - - Oy la)vi’ -+ - vy
If we define
Wji i, (@) = uq(Ojy lgs - -+, Djilq),
then the above computation and the definition of tensor product imply
ug(vi, ..y vn) = (uj,., (Q)da’ |, @ ... @ da?*|,) (ve, .. ., vp).

This proves that the local coordinate representation of a tensor field u
is obtained just by evaluating u at coordinate vector fields.

EXAMPLE. Some examples of the smooth sections that will be en-
countered in this text are:

e Vector fields: the gradient vector field grad(f) for f € C*>°(M),
coordinate vector fields 0; in a chart U

e One-forms: the exterior derivative df for f € C*°(M)

e 2-tensor fields: Riemannian metrics g, Hessians Hess(f) for
f € C>(M), Ricci curvature Ry,

e 4-tensor fields: Riemann curvature tensor Rgpeq

e k-forms: the volume form dV in Riemannian manifold (M, g)

(then k = n)

Changes of coordinates. We next consider the transformation
laws for vector and tensor fields under changes of coordinates. It is
convenient to phrase these in terms of more general pullbacks or push-
forwards by smooth maps between manifolds. We begin with pushfor-
wards of tangent vectors.

DEFINITION. Let F': M — N be a smooth map. The pushforward
by F'is the map acting on T),M for any p € M by

F.: T,M = TpepyN, Fo(f)=wv(foF)for f e C*(N).

The map F, is also called the derivative or tangent map of F', and it is
also denoted by DF.

We compute how F, transforms vector fields in local coordinates.
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LEMMA 3.2. Let F : M — N be a smooth map and let X be a
vector field in M. If (U,y) and (V,z) are coordinate charts near p in
M and near F(p) in N, respectively, and if Y and Z are corresponding
coordinate representations of X and F,X so that

X(q) =Y/ (y(0))0yslg:  FuX(r) = Z"(2(r)) 0k,
then
Z*(2(F(q)) = 0 F* ()Y (y(0))
where F = zo Foy™!.

PRrROOF. Given ¢ € U with F(q) € V, the tangent vector F,.X|r(
is a derivation acting on f € C*°(N) and by the definitions

FX|rof = X|o(f o F) =Y (y(@)dyly(fo 27 o Foy)
=Y (y(0))0,i ((f 0 z71) o F)(y(q))
= Y7 (y()) 04 (f © 2" (2(F())) 9 F*(y(q))
= 0 F*(y(9))Y? (y(4))0:t | p(o) /- O
REMARK. Applying Lemma 3.2 in the case where F' is the identity
map F' =1 : M — M shows that the representations Y and Z of a

vector field X in two coordinate charts (U, y) and (V, z) with UNV # ()
are related by

(3.3) Z¥2(q)) = 0y (z oy ) (@)Y (y(g)), qeUNV.

This provides an alternative way to define vector fields on a manifold:
if to each coordinate chart (U,y) on M one associates a vector field Y
in y(U) C R", and if the vector fields Y and Z for any two coordinate
charts (U,y) and (V,z) with U NV # () satisfy (3.3), then there is
a vector field X in M whose coordinate representation in any chart
(U,y) is Y. If (3.3) holds, we say that the coordinate representations
Y transform as a vector field in M.

We now move to tensor fields. If F': M — N is any smooth map,
we can associate to a tensor field u € C*°(N,T"N) a corresponding
tensor field F*u € C(M,T*M) in the following way.

DEFINITION. If F: M — N is a smooth map, the pullback by F
acting on k-tensor fields is the map F™* : C®°(N, T*N) — C>*(M,T*M),

(F*u)p(v1, ..., v) = upp)(Fior, ..., Fuog)
where vq,...,v, € T,N.
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It is easy to check that F*u is indeed a tensor field on M, and that
F* has the following properties:

LEMMA 3.3. (Properties of F*) Let F': M — N be a smooth map,
let f € C°(N), let u and v’ be tensor fields in N, and let w and ' be
differential forms in N.

o [*(fu)=(foF)F*u

o [Muu)=Fu® F*u

o ™ preserves alternating tensors and thus induces a map on
differential forms,

F*QF(N) = Q5(M), 0<k<n
o [M(wAW)=F‘wAF*W
EXERCISE 3.6. Prove Lemma 3.3.
In terms of local coordinates, the pullback acts by

o [*f = foFif fisasmooth function (=0-form)
o [*(ajdi?) = (ajo F)d(z? o F) = (ajo F)dFJ if o is a 1-form

and it has the following expression for higher order tensors:

LEMMA 3.4. Let FF: M — N be a smooth map and let u be a k-
tensor field in N. If (U,y) and (V,z) are coordinate charts near p in
M and near F(p) in N, respectively, and if (yi,...,) and (2;,..;.) are
corresponding coordinate representations of F*u and u so that

F*u(q) = Yiyoi, (W) dy™* @ - - - @ dy™*|,

U(T) = Zj1--jk (Z(r)) dz"" Q- dzjklrv

then

yi1---ik’y(q) = (ayilel) T (ayik ij)(zjl"'jk ° F)’y(q)
where F = zo Foy™!.
PROOF. Given q € U with F(q) € V, we compute
Yirin (U(@)) = Fulg(Oyir s -, Oyin))

= u|p(q)(FOyir, - - ., Fi0yi.)
= U‘F(q) (8y1'1 Fjl (y(Q))azhv s 7ayik ij (y(Q))azﬂk>
= 0y F7 (y(q)) -+ Oy F* (y(0)) 2y (2(F(q)). O
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REMARK. We have defined F, acting on vector fields and F™* acting
on k-tensor fields. If F': M — N is a diffeomorphism, one can define in
general F, = (F~1)* and F* = (F'),, and thus for a diffeomorphism
I the pushforward and pullback are defined both on vector and tensor
fields.

Exterior derivative. The exterior derivative d is a first order dif-
ferential operator mapping differential k-forms to k + 1-forms. It can
be defined first on O-forms (that is, smooth functions f) by the local
coordinate expression

_ 9f
df = axjdx.

In general, if w = w;dx! is a k-form we define
dw := dw; A dx’.

LEMMA 3.5. The definition of d is independent of the choice of
coordinates, and d : Q*(M) — Q¥L(M) is a linear map for 0 < k < n.
The operator d has the properties

e d’=0
o dwAW) =dwAw' + (=1)*wAdw for a k-form w, k' -form '
o F*dw =dF*w

EXERCISE 3.7. Prove Lemma 3.5.

Partition of unity. A major reason for including the condition
of second countability in the definition of manifolds is to ensure the
existence of partitions of unity. These make it possible to make con-
structions in local coordinates and then glue them together to obtain
a global construction.

LEMMA 3.6. Let M be a manifold and let {U,} be an open cover.
There exists a family of C* functions {x.} on M such that0 < x, < 1,
supp(xa) C U,, any point of M has a neighborhood which intersects
only finitely many of the sets supp(xa), and further

d Xa=1 in M.
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Integration on manifolds. The natural objects that can be inte-
grated on an n-dimensional manifold are the differential n-forms. This
is due to the transformation law for n-forms in R™ under smooth dif-
feomorphisms F' in R". If f € C*°(R"), one has

F*(fdx' A---ANda") = (fo FYdF* A--- AdF™
= (fo F)(0;,F")---(0;, F™)dx™ A --- Ada’m
= (fo F)(det DF)dx' A --- A dx™.

This is almost the same as the transformation law for integrals in R™
under changes of variables, the only difference being that in the latter
the factor |det DF'| instead det DF appears. To define an invariant
integral, we therefore need to make sure that all changes of coordinates
have positive Jacobian.

DEFINITION. If M admits a smooth nowhere vanishing n-form we
say that M is orientable. An oriented manifold is a manifold together
with a given nowhere vanishing n-form.

If M is oriented with a given n-form 2, a basis {v1,...,v,} of T,M
is called positive if Q(vq,...,v,) > 0. There are many n-forms on
an oriented manifold which give the same positive bases; we call any
such n-form an orientation form. If (U,¢) is a connected coordinate
chart, we say that this chart is positive if the coordinate vector fields
{01,...,0,} form a positive basis of T,M for all ¢ € M.

A map F': M — N between two oriented manifolds is said to be
orientation preserving if it pulls back an orientation form on N to an
orientation form of M. In terms of local coordinates given by positive
charts, one can see that a map is orientation preserving iff its Jacobian
determinant is positive.

ExAMPLE. The standard orientation of R" is given by the n-form
dx' A --- A dx™, where x are the Cartesian coordinates.

If w is a compactly supported n-form in R”, we may write w =
fdzt A -+ A da™ for some smooth compactly supported function f.
Then the integral of w is defined by

/ W= f(z)dx*--- da"™
n R™

If w is a smooth n-form in a manifold M whose support is compactly
contained in U for some positive chart (U, ), then the integral of w
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/Mw . /sow)(@l)*w

Finally, if w is a compactly supported n-form in a manifold M, the

over M is defined by

integral of w over M is defined by

[ms e

where {U;} is some open cover of supp(w) by positive charts, and {x;}
is a partition of unity subordinate to the cover {U;}.

EXERCISE 3.8. Prove that the definition of the integral is indepen-
dent of the choice of positive charts and the partition of unity.

The following result is a basic integration by parts formula which
implies the usual theorems of Gauss and Green.

THEOREM 3.7. (Stokes theorem) If M is an oriented manifold with
boundary and if w is a compactly supported (n — 1)-form on M, then

/dw:/ 7w
M OM

where i : OM — M is the natural inclusion.

Here, if M is an oriented manifold with boundary, then OM has a
natural orientation defined as follows: for any point p € OM, a basis
{E1,...,Eyn_1} of T,(OM) is defined to be positive if {N,, Ey, ..., E,_1}
is a positive basis of T,M where N is some outward pointing vector
field near OM (that is, there is a smooth curve 7 : [0,6) — M with

7(0) = p and §(0) = —NV,.).

EXERCISE 3.9. Prove that any manifold with boundary has an out-
ward pointing vector field, and show that the above definition gives a
valid orientation on OM.

3.2. Riemannian manifolds

Riemannian metrics. If u is a 2-tensor field on M, we say that
w is symmetric if u(v,w) = u(w,v) for any tangent vectors v, w, and
that w is positive definite if u(v,v) > 0 unless v = 0.
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DEFINITION. Let M be a manifold. A Riemannian metric is a
symmetric positive definite 2-tensor field g on M. The pair (M, g) is
called a Riemannian manifold.

If g is a Riemannian metric on M, then g, : T,M x T,M — R is an
inner product on T,M for any p € M. We will write

(v,w) == g(v,w), [v| := (v, v)1/2.

In local coordinates, a Riemannian metric is just a positive definite
symmetric matrix. To see this, let (U,z) be a chart of M, and write
v,w € T,M for ¢ € U in terms of the coordinate vector fields 9, as
v =179;, w=wl9;. Then

g9(v,w) = g(9;, &)o' w",
This shows that g has the local coordinate expression
g = gpdr’ @ da*
where g;x 1= g(9;,0x) and the matrix (g;x)},—, is symmetric and pos-

itive definite. We will also write (¢/*)%,_, for the inverse matrix of
(gjx), and |g| := det(gjx) for the determinant.

EXAMPLE. Some examples of Riemannian manifolds:

1. (Euclidean space) If U is a bounded open set in R", then (U, e¢)
is a Riemannian manifold if e is the Fuclidean metric for which
e(v,w) = v - w is the Euclidean inner product of v,w € T,U ~ R™.
In Cartesian coordinates, e is just the identity matrix.

2. If U is as above, then more generally (U, g) is a Riemannian manifold
if g(z) = (gu())} 4=, is any family of positive definite symmetric
matrices whose elements depend smoothly on x € U.

3. If U is a bounded open set in R™ with smooth boundary, then (U, g)
is a compact Riemannian manifold with boundary if g(z) is a family
of positive definite symmetric matrices depending smoothly on x €
U.

4. (Hypersurfaces) Let S be a smooth hypersurface in R™ such that
S = f71(0) for some smooth function f : R" — R which satisfies
Vf # 0 when f = 0. Then S is a smooth manifold of dimension
n — 1, and the tangent space 7,5 for any p € S can be identified
with {v € R™; v-V f(p) = 0}. Using this identification, we define an
inner product g, (v, w) on 7,5 by taking the Euclidean inner product
of v and w interpreted as vectors in R”. Then (.5, ¢) is a Riemannian
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manifold, and g is called the induced Riemannian metric on S (this
metric being induced by the Euclidean metric in R™).

5. (Model spaces) The model spaces of Riemannian geometry are the
Euclidean space (R",e), the sphere (S™,¢) where S™ is the unit
sphere in R"*! and ¢ is the induced Riemannian metric, and the
hyperbolic space (H", g) which may be realized by taking H™ to be
the unit ball in R" with metric g;;(z) = Wéjk'

The Riemannian metric allows to measure lengths and angles of
tangent vectors on a manifold, the length of a vector v € T,M being
|v| and the angle between two vectors v,w € T,M being the number
0(v,w) € [0, 7] which satisfies

(v, w)

(3.4) cos (v, w) : ol
Physically, one may think of a Riemannian metric g as the resistivity
of a conducting medium (the conductivity matrix (77%) of the medium
corresponds formally to (|g|'/2¢’%)), or as the inverse of sound speed
squared in a medium where acoustic waves propagate (if a medium
U C R™ has scalar sound speed ¢(z) then a natural Riemannian metric
is gjr(x) = c(x)72d;;). In the latter case, regions where g is large
(resp. small) correspond to low velocity regions (resp. high velocity
regions). We will later define geodesics, which are length minimizing
curves on a Riemannian manifold, and these tend to avoid low velocity
regions as one would expect.

EXERCISE 3.10. Use a partition of unity to prove that any smooth
manifold M admits a Riemannian metric.

Isometries and conformal maps. Let (M, g) and (V, k) be Rie-
mannian manifolds. We say that a map F': M — N is a local isometry
from (M, g) to (N, h) if F*h = g, or more precisely

gp(v, w) = hpp) (Fov, Fuw), v,w e T,M.

We say that F' is an isometry if it is additionally a diffeomorphism
from M to N. Being isometric is an equivalence relation in the class of
Riemannian manifolds, and one thinks of isometric manifolds as being
identical in terms of their Riemannian structure.

In a similar way, we say that a map F from (M, g) to (N,h) is
conformal if F*h = cg for some positive function ¢ € C*°(M). In this
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case one has
C(p)gp(va ’LU) = hF(p)(F*U7 F*U}), v,W € TpM

We say that F'is an conformal equivalence if it is additionally a diffeo-
morphism from M to N.

A map F is a local isometry iff it preserves the lengths and angles of
tangent vectors in the sense that |F,v|, = |v|, and cos 6, (Fiv, Fiw) =
cos 0,(v, w). Similarly, a conformal map preserves the angles, but then

the lengths are scaled according to |F,vl, = ¢/2|v],.

Raising and lowering of indices. On a Riemannian manifold
(M, g) there is a canonical way of converting tangent vectors into cotan-
gent, vectors and vice versa. We define a map

T,M — T M, v’
by requiring that v”(w) = (v, w). This map (called the 'flat’ operator)
is an isomorphism, which is given in local coordinates by
(v10;)" = v;da?,  where v; == gjv*.
We say that ¢” is the cotangent vector obtained from v by lowering
indices. The inverse of this map is the 'sharp’ operator
T:M — T,M, &~ ¢
given in local coordinates by
(& da?)? = fjﬁj, where & = ¢/*¢,.
We say that % is obtained from & by raising indices with respect to
the metric g.

A standard example of this construction is the metric gradient. If
f € C°°(M), the metric gradient of f is the vector field

grad(f) = (df)".

In local coordinates, grad(f) = ¢7*(9; f)Ok.
Inner products of tensors. If (M, g) is a Riemannian manifold,
we can use the Riemannian metric g to define inner products of tensors

in a canonical way. The inner product of cotangent vectors is defined
via the sharp operator by

(a, B) = (o, F%).

In local coordinates one has {(«, ) = ¢/*a; ), and ¢’% = (dz7, dz*).
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More generally, if v and v are k-tensors with local coordinate rep-
resentations u = u;,..;, dz" @ -+ @ da'*, v = v AT Q@ -+ @ da'k,
we define

(35) <u’ U> = giljl . glkjku“%vﬂ]k

This definition turns out to be independent of the choice of coordinates,
and it gives a valid inner product on k-tensors. This inner product is
natural in the sense that for any diffeomorphism F' onto M,

F*((u,v),) = (F*u, F*0) py.

Orthonormal frames. If U is an open subset of M, we say that
aset {Fy,...,E,} of vector fields in U is a local orthonormal frame if
{E1(q), ..., En(q)} forms an orthonormal basis of T, M for any ¢ € U.

LEMMA 3.8. (Local orthonormal frame) If (M, g) is a Riemannian
mamnifold, then for any point p € M there is a local orthonormal frame
in some neighborhood of p.

If {E;} is a local orthonormal frame, the dual frame {7} which is
characterized by &’(FE})) = d;; gives an orthonormal basis of T; M for
any ¢ near p. The inner product in (3.5) is the unique inner product
on k-tensor fields such that {¢* ®---®¢e"} gives an orthonormal basis
of T*(T,M) for q near p whenever {€/} is a local orthonormal frame of
1-forms near p.

EXERCISE 3.11. Prove the lemma by applying the Gram-Schmidt
orthonormalization procedure to a basis {0, } of coordinate vector fields,
and prove the statements after the lemma.

Volume form, integration, and Sobolev spaces. From this
point on, all Riemannian manifolds will be assumed to be oriented in
order for the volume form to be defined. Clearly near any point p
in (M, g) there is a positive local orthonormal frame (that is, a local
orthonormal frame {£;} which gives a positive orthonormal basis of
T,M for q near p).

LEMMA 3.9. (Volume form) Let (M, g) be a Riemannian manifold.
There is a unique n-form on M, denoted by dVy and called the volume
form, such that dV,(Er, ..., E,) =1 for any positive local orthonormal
frame {E;}. In local coordinates

AV, = |g|"*dz* A ... A da™.
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The volume form is natural in the sense that F*(dV,) = dVi-, for any
orientation preserving diffeomorphism F.

EXERCISE 3.12. Prove this lemma.

If fis a function on (M, g), we can use the volume form to obtain
an n-form fdV. The integral of f over M is then defined to be the
integral of the n-form fdV. Thus, on a Riemannian manifold there is
a canonical way to integrate functions (instead of just n-forms).

If u,v € C°(M) are real valued functions, we define the LP norm
for 1 < p < oo and L? inner product by

1/p
||| e == </ updV) ,
M
(u,v) 2 ::/ uv dV.
M

The completion of C*°(M) with respect to the L” norm is a Banach
space denoted by LP(M) or LP(M,dV'). It consists of LP-integrable
functions defined almost everywhere on M with respect to the measure
dV. The space L*(M) becomes a Hilbert space.

We now wish to define Sobolev spaces W#*?(M). This is possible
on any oriented smooth manifold; we will assume compactness to avoid
conditions at infinity.

REMARK. One could ask whether Sobolev or even LP spaces can
be defined without assuming an orientation. If M is not oriented,
there is an intrinsic L] (M) space but its elements are not functions
but rather 1/p-densities. However, if M is orientable and if one fixes
an orientation, then the elements of the intrinsic L? = space can be
identified with functions on M.

DEFINITION. Let M be a compact oriented smooth manifold, let
k>0and 1 <p<oo. Let also (Uy, pa)aca be an open cover of M by
positive coordinate charts, and let (x,) be a subordinate partition of
unity. We define the norm

ullpes =D 1(a)e(Xatt) lwrs@ey, u e C®(M).
a€cA

The space W*P(M) is the completion of C*°(M) under this norm. If
p =2 we write H*(M) := W"2(M).
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EXERCISE 3.13. Show that W*?(M) is a Banach space, and this
space and its topology are independent of the choice of charts and of
the partition of unity. (The crucial point is that W"P? spaces on open
subsets of R™ behave well under changes of coordinates.)

EXERCISE 3.14. Show that H*(M) is a Hilbert space.

EXERCISE 3.15. If M is a compact oriented manifold and g is a
Riemannian metric on M, show that W% (M) = LF(M,dV,).

Let now (M, g) be a compact oriented Riemannian manifold. We
may define LP spaces of k-forms or k-tensor fields, denoted by LP(M, A* M)
or LP(M,T*M), by using the norm

1/p
lullze == (/ (u, u)?/? dV) .
M

If p = 2, we define the L? inner product of tensor fields
(u,v)p2 ::/ (u,v)dV, wu,v € L*(M,T*M).
M

Sobolev spaces WHP(M,T'M) and W*P(M, A'M) of I-tensor fields or
[-forms can be defined via the norm

||u||kaP(M,TlM) = ZH(‘Poc)*(XaU)||ka(Rn,Tan)
acA
where (Uy, ©a)aca is an open cover of M by positive coordinate charts,
and (x,) is a subordinate partition of unity. If p = 2 we write H* =
Wk2 as before.
Finally we observe that the W1?(M) spaces of scalar functions on
an oriented Riemannian manifold can be defined in an invariant way.

EXERCISE 3.16. Let (M,g) be a compact oriented Riemannian
manifold. Show that

[ullwioan = (HUHIEP(M,dVg) + HduHip(M,dVg))l/p

gives an equivalent norm on W'?(M) (p < oo). Show also that the
Hilbert structure of H'(M) is given by the inner product

(u,v) g1 = (u,v) 2 + (du, dv) 2.
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REMARK. Also the W*P(M) spaces can be defined invariantly in
terms of the Riemannian metric, via the norm

k 1/p
ullwary = (Z!\V§u||2p<M,TjM)>
j=0

where V, is the total covariant derivative induced by the Levi-Civita
connection on (M, g).

Codifferential. Using the inner product on k-forms, we can define
the codifferential operator ¢ as the adjoint of the exterior derivative via
the relation

(0u,v) = (u,dv)
where u € C*(M, A¥) and v € C°(M, A¥71) (with v|sas = 0 if M has
nonempty boundary). Applying Theorem 3.10 in coordinate neigh-
borhoods covering M and using a partition of unity, we obtain the
following;:

THEOREM 3.10. (Codifferential) Let (M,g) be an n-dimensional
Riemannian manifold with or without boundary. For each k with 0 <
k <n, there is a unique linear operator

5 QF(M) — QM)
having the property
(3.6) (du,v)r2 = (u,6v)2, we QN M), ve (M),
where additionally v]|gyr = 0 if M has nonempty boundary. The op-
erator ¢ satisfies 0 0o 6 = 0 and d|lgoary = 0. In any local coordinates

(U, x) it is a linear first order differential operator acting on component
functions, and on a 1-form B = 3; dx? it is given by

(3.7) 08 = —|g|7"?0;(1g]'"*¢"* Br), B = Brda® € QYU).

It follows that da is related to the divergence of vector fields by
da = —div,(af), where the divergence is defined in local coordinates
by

div, (X) = g, (1g]"/*X).

EXERCISE 3.17. If X is a vector field with divy(X) = 0, show that
for any u,v € C°(M™) one has

/M(Xu)vdvg,: —/ u(Xv)dV,.

M
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(If you wish, it is enough to do this exercise when M is an open subset
of R™. Recall that (Xu)(z) = X7(z)0;u(x) in this case.)

Laplace-Beltrami operator. On any Riemannian manifold there
is a canonical second order elliptic operator, called the Laplace-Beltrami
operator, which is an analogue of the usual Laplacian in R™. As in Sec-
tion 2.7, we can start from the Dirichlet energy functional

1
E(v) = 5/M|dv|2dv, ve HY (M).

Since E(v) = 1(dv,dv)2, the same argument as in Section 2.7 shows
that any minimizer u of the Dirichlet energy satisfies the equation

odu = 0.

We have arrived at the definition of the Laplace-Beltrami operator.

DEFINITION. If (M, g) is a compact Riemannian manifold (with or
without boundary), the Laplace-Beltrami operator is defined by

Agu = —odu.
The next result is clear from Section 2.7:

LEMMA 3.11. In local coordinates
Agu = 9|72, (|g[" g7 Du)
where, as before, |g| = det(g;x) is the determinant of g.
EXERCISE 3.18. Show that Agju = div,(grad,(u)).

EXERCISE 3.19. Let (M, g1) and (Ms, g2) be two Riemannian man-
ifolds, and consider the product manifold (N, h) where N = M; x M,

and h = g1 @ ¢o is the product metric that satisfies
h((v1, v2), (w1, w2)) = g1(v1, w1) + Ga(v2, w2)
for vi,w; € T, My and vy, ws € T,,M,. Show that h is indeed a

Riemannian metric in V.

EXERCISE 3.20. Let (N,h) be as in the previous exercise. Show
that if x; are local coordinates in M; and x, are local coordinates in
M, then in the (x1, z5) coordinates the metric h looks like

h(zy,z9) = ( (gjkéxl)) (hpq(()mz)) ) '
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EXERCISE 3.21. Let (N, h) be as in the previous exercises. If u =
u(zy,z2) € C°(N), show that Apu = Ay u+ Agu in the sense that

(Apu) (w1, 29) = Ay, (u( -, m2))(71) + Ag, (u(z1, -))(22).

(If you wish, it is enough to do this exercise when M; are replaced by
open sets in R” and h has the matrix form in the previous exercise.)

3.3. Solutions of the Laplace equation

We now discuss properties of solutions of the Laplace-Beltrami
equation —Ayu = F in M, where (M, g) is a compact connected ori-
ented Riemannian manifold. The results will be different for manifolds
with or without boundary, and they will involve the following Sobolev
spaces.

DEFINITION. If (M, g) is a closed manifold (i.e. compact without
boundary), we define

H~*(M) := {continuous linear functionals on H*(M)}.
If (M, g) is a compact manifold with smooth boundary, we also define
H} (M) := closure of C°(M™) in H'(M),
H~*(M) := {continuous linear functionals on Hy(M)}.

Manifolds with boundary. Let (M, g) be a compact connected
oriented Riemannian manifold with nonempty smooth boundary. We
consider the Dirichlet problem for the Laplacian in (M, g). The results
will be completely analogous to the case of bounded domains in R"
with smooth boundary discussed in Section 2.8.

THEOREM 3.12 (Dirichlet problem). Given any F € H (M) and
f € HY(M), there is a unique weak solution u € H*(M) of the problem

—Agju =F m M,
u=f on OM.

Here we say that uw € H*(M) is a weak solution of (3.8) iff
(du,dv) 2 = F(v) for allv € Hy(M), u— f e Hy(M).

(3.8)

One has the norm estimate

[ullerory < CUFNa-@n) + [1f 112 ar))
where C' 1s independent of F' and f.
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THEOREM 3.13 (Higher regularity). Assume the conditions in The-
orem 2.18. If F € H¥(M) and f € H*"2(M) for some k > 0, then
u € H*2(M) and

[ull grrzary < CUIF | axary + 1 f vz an)
where C' is independent of F' and f.

Finally, we state the weak maximum principle for solutions in H*(M).
Here we say that v < C' in M (resp. u < C on OM) if (u —C)y =0
(resp. (u— C); € HJ(M)), where

uy := max {u, 0}.

We also say that w > ¢ in M (resp. u > ¢ on M) if —u < —cin M
(resp. —u < —c on OM).

THEOREM 3.14 (Weak maximum principle). Let u € H*(M) solve
—Agu =0 1in M.

If u < C on OM, then u < C in M. Similarly, if uw > ¢ on OM, then
u>cinM.

The proof of Theorem 3.12 is the same as that of Theorem 2.18,
except that we need to use a version of the Poincaré inequality that is
valid on compact manifolds with boundary.

THEOREM 3.15 (Poincaré inequality). Let (M, g) be compact with
smooth boundary. There is C' > 0 so that

||u||L2(M) < C’||du||L2(M), u € H&(M)

There are different ways of proving this inequality. In the case
where 2 C R” is bounded, we used the fact that Q C {a < z,, < b} for
some a,b and that any u € C2°(Q) satisfies

w@', z,) = u(@', x,) —u(x',a) = / ' Opu(x’' t)dt.

The Cauchy-Schwarz inequality, together with the fact that integration
over {a < x, < b} can be divided into integration over 2’ € R"~! and
Zp € (a,b), then implied the result.

One can follow a similar strategy for a compact manifold with
boundary, if one considers unit speed geodesics v,(t) in (M, g) starting
at points z € OM and going in the inward normal direction (then the
set OM replaces the set {x, = a} above). See [KKL, Section 2.1.16] for
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the following facts on normal geodesics. One can define the boundary
exponential map

exporr - {(2,t) : 2 € OM and t € [0,7om(2))} = M, (2,t) = 7.(1)

where Tyy/(2) is the unique time for which v, ([0, ¢]) is the shortest curve
between OM and ~,(t) for ¢t < Tsp(z), but it is no longer the shortest
when ¢ > T9p/(2). Then the map expy,, is a diffemorphism onto M \ w,
where w is the boundary cut locus

w=A{7(rem(2)) : z € OM}.

The set w has zero measure, and hence integrals of smooth functions
over M may be evaluated by using the (z,t) coordinates. This leads to
a proof of Theorem 3.15.

EXERCISE 3.22. Let B be the unit ball in R™. Use polar coordinates
and the approach outlined above to prove the Poincaré inequality

/\u!zdw§0/]Vu]2d:U
B B

for any u € C'(B) with ulgp = 0.

Another proof can be given based on a version of the compact
Sobolev embedding theorem (also known as the Rellich-Kondrachov
theorem). This is an extremely important result in its own right. For
a proof see [Ta, Sections 4.3 and 4.4].

THEOREM 3.16. Let (M, g) be a compact Riemannian manifold with
or without boundary. Then the natural inclusion map i : H' (M) —
L3(M) is a compact linear operator.

PrOOF OF THEOREM 3.15. We argue by contradiction and assume
that the result is not true. Then for any k > 1 there is u, € H} (M)
satisfying

lukllz2ary > Kl du|| L2 ary-

After replacing uy by ug/||uk||r2, we may assume that ||ug|zz = 1.
Then it follows that
1
||dukHL2(M) < E

In particular, (u) is a bounded sequence in Hg(M). By Theorem 3.16
it has a subsequence, still denoted by (uy), which converges in L?(M)
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to some u € L*(M). Then we have
lunllez =1, flduwll2 < £

Taking k — oo, we see that (uy) converges in H} (M) to a function with
||u|lrz = 1 and du = 0 in M. Thus u is constant in the connected set
M, and one must have u = 0 since u € H}(M). This is a contradiction
with ||ul|2 = 1. O

Given the Poincaré inequality, the proof of Theorem 3.15 proceeds
by using the same Hilbert space argument as in the case of domains in
R™. The higher regularity result, Theorem 3.13, is of a local nature and
reduces to the corresponding result in R™. The proof of the maximum
principle in Theorem 3.14 is also essentially the same as that in R".

Manifolds without boundary. Let (M, g) now be a closed man-
ifold, i.e. a compact connected oriented Riemannian manifold with no
boundary. We consider solutions of

—Agju=Fin M.

Now there are no boundary conditions, and there are two immediate
differences to the boundary case.

e Solutions are not unique: if u is a solution, then u 4+ C is a
solution for any constant C'.

e Solutions do not exist for all F': indeed, if u is a smooth enough
solution, then necessarily

(F, 1)L2 = (5du, 1)L2 = (du,d(l))L2 = 0.

One also observes that the only global harmonic functions in a
closed manifold are the constants:

LEMMA 3.17. If (M, g) is a closed manifold and v € C?(M) satisfies
Agu =0 1in M, then u = const.

PROOF. One has 0 = (—Ayu, u)r2 = (ddu,u)r2 = (du, du) 2, show-
ing that du = 0 and hence u = const. U

It turns out that these are the only obstructions for having unique
solutions to the Laplace equation in a closed manifold. Below we write
(u)ps for the average

.
Uy = ——— udV,.
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THEOREM 3.18 (Dirichlet problem). Given any F € H (M) sat-
isfying F(1) = 0, there is a weak solution uw € HY (M), unique up to
adding a constant, of the problem
(3.9) —Agu=F in M.

Here we say that u € H' (M) is a weak solution of (3.9) iff
(du,dv)> = F(v) for allv e H'(M).

One has the norm estimate

lu = (Wmllar oy < CIF|[-1n)
where C' s independent of F'.

THEOREM 3.19 (Higher regularity). Assume the conditions in The-
orem 3.18. If '€ H*(M) for some k >0, then u € H**2(M) and

lw — (w)arl| mrer2ary < CNF || ey

where C' s independent of F'.

If (M, g) is a closed manifold, the maximum principle in M does not
make sense (since there is no boundary, and the only global harmonic
functions are constants). However, the maximum principle in Theorem
3.14 can still be applied to solutions of Aju = 0 in U whenever U is
any open set in M such that U has smooth boundary.

As in the case of manifolds with boundary, the only real difference
in the proofs of the above results as compared to the proofs in R"
is the fact that one needs to use a different Poincaré inequality. This
inequality now applies to any function v € H'(M), but one has u—(u)
on the left hand side.

THEOREM 3.20 (Poincaré inequality). Let (M, g) be a closed man-
ifold. There 1s C' > 0 so that

lu = @arllzzny < Clidullizon, — we HY(M).
This theorem can be proved as in the boundary case, by using a
contradiction argument based on the compact Sobolev embedding.
EXERCISE 3.23. Give a proof of Theorem 3.20.
The proof of Theorem 3.18 is then completed by the standard

Hilbert space argument but now considering solutions in the space

HY (M) :={u e H"(M) : (u)y = 0}.

<o
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The higher regularity result, Theorem 3.19, follows again from the cor-
responding Euclidean result.

EXERCISE 3.24. Let (M, g) be a closed manifold. We say that a
number A € R is an eigenvalue of —A, if there is ¢ € H'(M), p # 0,
satisfying —Ag¢p = Ap. The function ¢ is then called an eigenfunction
corresponding to eigenvalue \.

(a) Show that 0 is always an eigenvalue.

(b) Show that any other eigenvalue besides 0 is positive.

(c) Show that any eigenfunction is in C*°(M).

(d) Show that if ¢ and 1) are eigenfunctions corresponding to two
distinct eigenvalues, then (¢,v)r2(a) = 0.



CHAPTER 4

Riemann surfaces

In this section we discuss the fact that on an oriented 2-manifold
M, a Riemannian metric g induces a complex structure and thus (M, g)
becomes a Riemann surface (that is, a complex manifold with complex
dimension one). We will also discuss the fundamental uniformization
theorem which classifies the possible geometries, or conformal struc-
tures, on a given Riemann surface.

4.1. Generalities
We begin with some generalities.

DEFINITION (Complex manifold). An N-dimensional complex man-
ifold is a 2N-dimensional smooth (real) manifold with an open cover
U, and charts o, : U, — C¥ such that ¢g o ¢! is holomorphic
0o(Us NUR) — CV. The charts ¢, are called compler or holomor-
phic coordinates. The atlas {(U,, ¢a) ta is called a complex atlas. Two
complex atlases are called equivalent if their union is a complex atlas.
A complex structure is an equivalence class of complex atlases.

DEFINITION (Surface). A one-dimensional complex manifold is called
a Riemann surface (or just surface).

DEFINITION (Almost complex structure). If M is a differentiable
manifold, an almost complex structure on M is a (1,1) tensor field J
such that the restriction J, : T,M — T,M satisfies Jg = —Id for any p
in M. If g is a Riemannian metric on M, we say that J is compatible
with ¢ if g(Jv, Jw) = g(v,w) for all v,w € T,M.

If M is a complex manifold, let z = (z1,...,2zy) be a holomorphic
chart U, — C", and write z; = x; +iy; with z; and y; real. There is a
canonical almost complex structure J on M, defined for holomorphic

0 0 0 0
J(ﬁ_%)a_w’ J(@)‘a—n

75

charts by
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Conversely, if M is a differentiable manifold equipped with an almost
complex structure J (so it is necessarily even dimensional and ori-
entable), then by the Newlander-Nirenberg theorem M has the struc-
ture of a complex manifold, having J as its canonical almost complex
structure, if J satisfies an additional integrability condition.

DEFINITION (Holomorphic functions). If M is a complex manifold
with complex charts ¢, : U, — CV, a C* function f : M — C is called
holomorphic (resp. antiholomorphic) if f o o' is holomorphic (resp.
antiholomorphic) from ¢, (U,) C CY to C for any a.

It is clear that all local properties of holomorphic functions in do-
mains of CV are valid also for holomorphic functions on complex man-

ifolds.

4.2. Isothermal coordinates

Let now (M, g) be a two-dimensional oriented (real) manifold with
Riemannian metric g. In this case everything becomes very simple.
In particular, the almost complex structures correspond to rotation by
90°.

DEFINITION (Rotation by 90°). For any v € T, M, let v+ € T,M
be the unique vector (the rotation of v by 90° counterclockwise) such
that

lvt], = |v],, (v,v) =0,
and (v,v') is a positively oriented basis of T, M when v # 0.

EXERCISE 4.1. Show that in local coordinates, if g(z) = (g;x(z))
and v = (vy,v9)?, the vector v is given by

vt = g(2) 2 (—(g(2)?0)2, (g(2) o))’

where * denotes transpose and A'/? is the square root of a positive
definite matrix A.

LEMMA 4.1 (Almost complex structures). If (M, g) is an oriented
two-dimensional manifold, then J is an almost complex structure com-
patible with g iff

J(v) = %o, veTM.
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PRrROOF. Let J be an almost complex structure compatible with g.
Given p € M and v € T, M, the fact that J is compatible with g implies
that |Jv| = |v|. Moreover, one has

(Jv,v) = —(Jv, J*v) = —(v, Jv)

which implies that (Jv,v) = 0. Thus Jv is orthogonal to v and has
the same length as v. Since T, M is two-dimensional, one must have
Jv = +v*. Conversely, Jv = vt clearly satisfies J?> = —Id and
(Jv, Jw) = (v,w). O

We wish to find a complex structure on M associated with J(v) =
vt. The following fundamental result, proved by Gauss in 1822 in
the real-analytic case, will yield complex local coordinates that are
compatible with J. The uniformization theorem that will be proved
later can be viewed as a global version of this result.

THEOREM 4.2 (Isothermal coordinates). Let (M, g) be an oriented
two-dimensional manifold. Near any point of M there are positively
oriented local coordinates x = (x1,x3), called isothermal coordinates,
so that the metric has the form

gi(x) = 4
where X is a smooth real-valued function.

Given the existence of isothermal coordinates, it is easy to show
that any 2D Riemannian manifold has a complex structure. The proof
uses the basic complex analysis fact proved in the next exercise that a
smooth bijective map ¢ between open subsets of R? is holomorphic iff it
is conformal and orientation preserving. Recall that ¢ being conformal
means that

©*h =ch
for some smooth positive function ¢ where h is the Euclidean metric
on R?.

EXERCISE 4.2. Let f: Q — R? be a smooth map, where Q C R? is
open, and let D f(2) = (9xf;(2))3 =1 be the Jacobi matrix of f.

(a) Show that f is conformal, i.e. f*h = ch where h is the Eu-
clidean metric, if and only if (Df(2))'Df(z) = ¢(2)Id.
(b) Show that f is holomorphic in © if and only if

(Df(2))'Df(z) = c(2)Id, det Df(z) >0 in Q,
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for some smooth positive function ¢(z) in 2. (Hint: identify
vectors in R? with complex numbers and use complex notation
to write v - w = Re(vw), Df(z)v = (0f)v + (0f)v, det Df =
|0f|2—|0f|?, where Of = %(81f—|—i82f) and 0f = %(81f—z'82f).
Also use that f satisfies the Cauchy-Riemann equations if and

only if 0f = 0.)

THEOREM 4.3 (Complex structure induced by g). Let (M,g) be
an oriented 2D manifold, and let (U,) be an open cover of M so that
there are isothermal coordinate charts p, : Uy — R2. Then gp;l 0Py 1S
holomorphic ©,(Uy,NUg) — R? whenever U,NUg # 0. Thus the charts
(Ua, pa) induce a complex structure on M corresponding to J(v) = vt.
This complex structure is independent of the choice of the isothermal

coordinate charts, and hence it is uniquely determined by g.

PROOF. The fact that gj.(x) = €*@§;;, in isothermal coordinates
can be rewritten as
(0a')7g = e h
where £ is the Euclidean metric in R?. Suppose that U, N Us # () and
let ® = g o' Then ® is a smooth map from an open set of R? to
R2, and one has

O*h = (p,) oph = (93 1) (€7 g) = PRam® A,

Since h is the Euclidean metric, the identity ®*h = ch, where ¢ =
e2(Aa=®"Xs) i5 a positive smooth function, means that ® is a conformal
bijective map between open sets in R2. Since isothermal coordinate
charts are positively oriented, ® is orientation preserving. Thus ® must
be holomorphic. This proves that any atlas consisting of isothermal
coordinate charts is a complex atlas. It is also clear from this argument
that if one uses different isothermal coordinate charts, then one obtains
an equivalent atlas.

It remains to show that the almost complex structure .J given by
isothermal coordinates satisfies J(v) = v*. But in isothermal coordi-
nates J(0y,) = Op, = (04,)* and J(0,,) = —0yy, = (0,,)F, s0 one must
have J(v) = vt. O

If (M,g) is a two-dimensional oriented Riemannian manifold, we
will always use the complex structure induced by g on M. In fact the
complex structure only depends on the conformal class

[9] = {cg; c € C®(M) positive},
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and conversely any complex structure on M arises from some conformal
class.

THEOREM 4.4 (Complex structures vs conformal classes). Let M be
an oriented two-dimensional manifold. There is a 1 —1 correspondence
between conformal classes of Riemannian metrics on M and complex
structures on M.

PROOF. Isothermal coordinates for a metric g are also isother-
mal for cg: if (p71)*g = e*h with h the Euclidean metric, then
(¢ 1)*(cg) = e*h for = A+ 1log((¢~")*c). Thus the complex struc-
ture on M obtained in Theorem 4.3 is the same for g and cg.

Conversely, suppose that M is equipped with a complex structure.
We wish to produce a metric g which induces this structure. Such a
metric can be defined locally: if p € M and if (U, ) is a complex
coordinate chart near p, we can define g = ¢*h in U where h is the
Euclidean metric in o(U) C R% More generally, if M is covered by
complex coordinate charts (U,, ¢,) and if (x,) is a locally finite parti-
tion of unity subordinate to the cover (U,), we can define

g = Z XOL(')OZh"

Then ¢ is a Riemannian metric on M. The complex coordinate charts
(Ua, pa) above are isothermal for g, since

(ea)g =) (s ) xs) (a0 a ) h=> ((¢5")Xp)cash = ch
B B

for some positive smooth functions c,g and c. Here we used that g o
¢! is holomorphic, hence conformal, and thus satisfies (pgo @, )*h =
coph. This shows that the complex structure on M induced by g is the
same as the original one. 0

It remains to prove Theorem 4.2. It is convenient to consider rota-
tions on 1™ M instead of T'M.

DEFINITION (Hodge star). For any & € T M let x€ € T M be the
rotation of £ by 90° counterclockwise, i.e.

& = (€9,

where £, b are the musical isomorphisms associated with g.
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EXERCISE 4.3. If x = (z!, 2?) are local coordinates and & = &; dz'+
& dx?, show that *& = 1y do' + 1, do? where

7= g"*(—(g7V2€)s, (g7V/%)1)

with the notation € = (&1, &)t 7= (n1,m2)", g = (gj1), and where A'/2
denotes the square root of a positive definite symmetric matrix A.

Clearly ¢ is the unique covector so that |«{|, = |£],, (§,%€) = 0,
and (&%) is a positively oriented basis of TM when £ # 0. The
operator * is just the Hodge star operator specialized to 1-forms on a
two-dimensional manifold. We can identify the almost complex struc-
ture J(v) = vt with the operator x.

PROOF OF THEOREM 4.2. Let p € M. We wish to show that there
are smooth functions u and v near p so that

(4.1) |du|, = |dv|, > 0, (du,dv) =0 near p.

Since du and dv are linearly independent at p, the inverse function
theorem shows that choosing z1 = u, 2 = v and A = —log |du|, yields
the required coordinate system near p.

The equations (4.1) state that du and dv should be orthogonal
and have the same (positive) length. Since M is two-dimensional, it
follows that dv must be the rotation of du by 90° (either clockwise or
counterclockwise). Thus, given u with du|, # 0, it would be enough to
find v such that

(4.2) dv = xdu

where * is the Hodge star operator in Definition 4.2.
Now if the metric were Euclidean, the equations (4.2) would read

Opu = Oyv, Oyu = —0,v.

These are exactly the Cauchy-Riemann equations for an analytic func-
tion f = uw + v in the complex plane. In particular, v and v would
necessarily be harmonic. The same is true in the general case: by
Exercise 4.5 below, on a two-dimensional oriented manifold one has

d*du = (Ayu)dV,.

Since d* = 0, it follows from (4.2) that « and v have to be harmonic.
We use Lemma 4.6 below which shows that there is a harmonic
function w near p with dul, # 0. Then *du is a closed 1-form (since
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d(xdu) = *Aju = 0), and the Poincaré lemma shows that in any small
ball near p one can find a smooth function v satisfying (4.2). Since
dul, # 0, one has (4.1) in some neighborhood of p which proves the
theorem. U

EXERCISE 4.4. Prove the formula d * du = (Agju) dV, used in the
proof of Theorem 4.2 in the case where M C R"™ and g is the Euclidean
metric.

EXERCISE 4.5. Prove the formula d * du = (A,u) dV, on a general
Riemannian manifold (M, g).

We formulate part of the above proof as a lemma:

LEMMA 4.5 (Harmonic conjugate). Let (M, g) be a simply connected
oriented 2-manifold. Given any u € C>(M) satisfying Ayu =0 in M,
there is v € C*°(M) satisfying

dv = xdu in M.

The function v, called a harmonic conjugate of w, is harmonic and
unique up to an additive constant. The function f = u-+iv is holomor-
phic in the complex structure induced by g. Conversely, the real and
imaginary parts of any holomorphic function are harmonic.

LEMMA 4.6. Let (M, g) be a Riemannian n-manifold and letp € M.
There is a harmonic function u near p with dul, # 0.

Proor. We will work in normal coordinates at p. Writing out the
local coordinate formula for Ay, it follows that

Ayju= A+ Qu, Qu = a’*0ju + b*Opu,

where A, is the Euclidean Laplacian and a’*, b* are smooth functions
near 0. Since in normal coordinates one has g;;,(0) = d;; and 9;g(0) =
0, it follows that

a?®(0) = b*(0) = 0.

We will look for w in the ball B, = B,(0), where r > 0 is small, in

the form

u(x) ==z + w(x).
The idea is that if r is small, then Ajz; ~ 0 in B, (since A, is close to
A, and A.z; = 0), so there should be a solution of Aju = 0 close to
z1. We choose w as the solution of

Ayw = —=Ayx; in By, wlsp, = 0.



82 4. RIEMANN SURFACES
Clearly Aju = 0 in B,. In order to estimate w, note that w solves
A.w = —Qu in B,, wlsp, = 0.

Writing w,.(z) = w(rz) ete, we can rescale the previous equation to the
unit ball:

Aw, = —T2(QU)T in By, wylop, = 0.

For any m > 0, we may use elliptic regularity for the Dirichlet problem
to get that

||w7“||Hm+2(B1) N 7”2||(Qu)r||Hm(Bl)

with the implied constant independent of 7. Now a/*(0) = b*(0) = 0
and u = x; + w, so a short computation gives that

P Q)| rmsy S 72+ rllwp | msa sy
If r is small enough, combining the last two equations gives
lwp |l mez(m) S re.

Choosing m+2 > n/2+1, the Sobolev embedding gives || Vw, ||t (5,) S
r3, which yields

VW poes,) S 77

If we choose r small enough, it follows that du|y = dz1|o+dw|y # 0. O

4.3. The uniformization theorem

We will next prove the existence of global isothermal coordinates
on compact simply connected surfaces with boundary. This is part of
the uniformization theorem for Riemann surfaces, and reduces to the
following result. (Recall that D denotes the unit disk in R?.)

THEOREM 4.7 (Uniformization theorem in the boundary case). Let
(M, g) be a compact oriented simply connected 2-manifold with smooth
boundary and let p € M™. There is a bijective holomorphic map

oM™ D
with ®(p) = 0 which extends smoothly as a diffeomorphism M — D.

The result can be reformulated as follows:
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THEOREM 4.8 (Global isothermal coordinates). If (M, g) is a com-
pact oriented simply connected 2-manifold with smooth boundary, then
there are global coordinates (x1,x2) in M so that in these coordinates

gi(x) = @4
where X is a smooth real-valued function.

We will begin by giving a proof for a version of the standard Rie-
mann mapping theorem. This proof is based on constructing a Green
function for the Laplace operator. We will then indicate how to extend
this argument to prove Theorem 4.7.

THEOREM 4.9 (Riemann mapping theorem). Let Q@ C C? be a
bounded simply connected domain with smooth boundary and let zy € €.
There is a bijective holomorphic map

P:Q0—D
with ®(z) = 0 which extends smoothly as a diffeomorphism Q — D.

PRrROOF. After a translation, we may assume that z; = 0. We look
for ® in the form ® = ¥ where W is holomorphic in €\ {0}. Write
U = u + iv where u = Re(¥) and v = Im (V). The condition ®(0) =0
means that W should behave roughly like log 2z near 0, and the condition
®(0€2) = 0D means that u should vanish on 0. The condition that
U is holomorphic implies that u and v should be harmonic in Q \ {0}.

Noting that Re(log z) = log |z| is harmonic in © \ {0}, we look for
u in the form

u=log|z| +h
where h solves the equation
Ah =0in ©, hloa = —(log |z])|aq-

The Dirichlet data is in C*°(0f2) since 0 ¢ 0f2, and hence there is a
unique solution h € C*(Q). We mention that the function u thus
obtained is a multiple of the Green function for the Laplacian in §2 (it
satisfies —Au = 27dy in  with u|sg = 0).

We turn to finding the imaginary part v. Since ¥ should be holo-
morphic, v should be a harmonic conjugate of u. It is enough to choose

some harmonic conjugate hy € C*°(2) of h in Q (this is possible by
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Lemma 4.5 using the assumption that €2 is simply connected). We then
define

v = Im(log z) + hy in Q.

The function Im(log z) is multivalued (it is well defined modulo 277Z),
but e is well defined in 2\ {0} since e?™* = 1 for any k € Z. We then
define in 2\ {0}

(43) P = ¥t — 610g z+h+ih1 _ Zeh—th-

Since h + ih; € C*(£2) is holomorphic in €, it follows that ® extends
as a holomorphic function to 2 and satisfies

d € C™(Q), (0) =0, |®(2)| =1 for z € ID.
The maximum modulus principle then implies that |®| < 1 in D, i.e.
that ® maps (2 into D.

It remains to show that ® is bijective Q@ — D. Given any ¢ € D,
the argument principle in complex analysis states that the number of
points z € Q satisfying ®(z) = ¢, counting multiplicity, is equal to the
winding number of the curve ® oy around ¢, where  is the boundary
curve of Q. Using the formula (4.3) for ®, we see that there is precisely
one z €  with ®(z) = 0 and this point is z = 0. Thus the winding
number of ® oy around 0 is 1. Since the winding number of ® o v is
constant in ), it follows that the winding number around any ¢ € D is
1. This proves that

® : 2 — D is bijective.

The fact that ® is bijective 02 — 9D follows since ® o« has winding
number 1 and since ®|yn has nowhere vanishing derivative (see [Ta,
Section 8.4] for the details). O

We next indicate how the proof above can be modified in order to
prove Theorem 4.7.

PROOF OF THEOREM 4.7. We look for the desired function ® with
®(p) = 0 in the form ® = e¥, where ¥ = u + iv is holomorphic in
M™\ {p} and satisfies u|gps = 0. Choose a complex coordinate chart
r = (2',2%) in a neighborhood U of p and write z = x! + iz?. We look
for w in the form

u=xlog|z|+h
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where y € C°(U) satisfies 0 < x < 1 and x = 1 near p, and where h
solves

Agh = —=Ay(xlog|z|) in M, hloam = 0.

The right hand side function looks like it might have a singularity
at z = 0 (i.e. at p), but since log |z| is harmonic in U \ {p} the right
hand side actually vanishes in a neigborhood of p and can be continued
smoothly by zero across p. It follows that there is a unique real valued
solution h € C*°(M). This completes the construction of the Green
function wu.

To construct the (multivalued) harmonic conjugate v, we start with
the function

vo = x Im(log 2) + by

where h; is the solution of
Ayhy = —Ay(xIm(log 2)) in M, hilam = 0.

As before, the right hand side is a function in C*°(M) vanishing near p,
and hence hy € C*°(M). Then both u and vy are harmonic in M \ {p},
but they are not necessarily harmonic conjugates. To rectify this we
will look for v in the form v = vy + v; where v should satisfy dv = xdu
(the equation for harmonic conjugates). In other words, we wish to
find v, satisfying

dv; = xdu — dvy.

One can check that the right hand side is a closed smooth 1-form in
M that vanishes near p. Then by the Poincaré lemma (i.e. the fact
that Hiz (M) = {0}) there is indeed a function v; € C°°(M) with this
property. Then ® = e+ is the required bijective holomorphic map
by an argument similar to that in the end of proof of Theorem 4.9. [J

We now proceed to the full uniformization theorem. There are
several possible ways to state this theorem, and one of them is the
following.

THEOREM 4.10 (Uniformization theorem, first version). Let (X, g)
be a Riemann surface with no boundary. Assume that X is simply con-
nected, or that Hig(X) = {0}. Then (X,g) is conformally equivalent
either with the sphere S?, the plane C, or the open unit disk ID.
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We sketch one possible proof following [Hu]. Suppose first that X
is noncompact and p € X. Then one can construct an exhaustion of
X via a sequence of open subsets (X;)%2,, i.e.

X=JX;, X;cX,
j=1

where each X is compact, simply connected (or at least Hlp(X) =
{0}), has smooth boundary, and p € X;. By Theorem 4.7 there are
conformal bijective maps ®; : X; — D with ®;(p) = 0. If we fix
v € T,X and apply scalings and rotations, we obtain new conformal
bijective maps ¢; : X; — B(0,r;) that satisty ¢;(p) = 0 and (¢;).(v) =
e1. These maps form a normal family in complex analysis, and hence
some subsequence of (¢;) converges uniformly on compact subsets to a
conformal bijective map ¢ : X — B(0, R) where R = supr; € (0, 00].
This map ¢ is the required conformal equivalence with C if R = oo,
and with D otherwise.

Now suppose that X is compact and p € X. One can show that
then Hz (X \ {p}) = {0}, and the argument above shows that X \ {p}
is conformally equivalent with C or ID. But it is not hard to see that
X \ {p} cannot be conformally equivalent with . Hence X \ {p}
must be conformally equivalent with C, and X must be conformally
equivalent with S2.

We now state a version of the uniformization theorem that applies
to closed manifolds.

THEOREM 4.11 (Uniformization theorem, second version). Let (M, g)
be a closed connected oriented 2-manifold. Then there is a conformal
metric on M that has constant Gaussian curvature +1, 0, or —1.

The proof is based on the fact that the universal cover X of such a
manifold M is a simply connected Riemann surface with no boundary.
By Theorem 4.10, X is conformally equivalent to S2, C or D and each
of these has a constant curvature metric. Since M is the quotient of X
by its fundamental group, also M has a constant curvature metric.
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Hodge theory

Let (M,g) be a compact oriented Riemannian manifold with no
boundary, having dimension dim(A/) = n. In this section we introduce
a Laplace operator acting on differential forms in M, prove the Hodge
decomposition for differential forms that generalizes the Helmholtz de-
composition for vector fields, and study the topology of M by identi-
fying the de Rham cohomology groups with spaces of harmonic differ-
ential forms.

MOTIVATION. Recall that we defined the Laplace-Beltrami opera-
tor A, acting on scalar functions in M by looking at minimisers of the
Dirichlet energy functional

E(u) = / \dul?dV = (du,du)r2, w€ H'(M).
M

One has the trivial inequality
lullir o < Bw) + llullz2, e H (M).

This shows that F(u) “controls all derivatives of v”, which leads to the
fact that A, is an elliptic operator.

Now if u is a k-form in M with k£ > 1, we have seen two types of
derivatives of u: the exterior derivative du € QFf1(M) and also the
codifferential ju € Q*~1(M). We could introduce an energy functional

E®(u) = (du, du) 2 + (6w, 6u) 2, we H (M, A*M).

The following result shows that this energy functional controls all first
order derivatives of the k-form u. We refer to [Ta, Proposition 8.1] for
a proof.

THEOREM 5.1. (Gaffney’s inequality) There is C' > 0 such that
[ullgr < C([lullrz + ||dul| g2 + [[0u]| 22)

whenever u € H* (M, A*M) and 0 < k < n.
87
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EXAMPLE. Let us look at this inequality in a simple case. If u is
a compactly supported 1-form in R? so that u = F;dz/ where F =
(Fy, Fy, F3) € C°(R3 R?), then an analogue of Gaffney’s inequality
would be
3

Y N E e < CUIFl + IV X Fllgz + [V - Fll2).

j=1
Integration by parts gives
IV X Fl22+ V- Fl3. = (VX (VX F)=V(V-F),F)p.

But Vx (VxF)—V(V-F)=(-AF,—AF,, —AF3) (this is quickly
seen on the Fourier side), so another integration by parts gives

3
D IVEIZ =1V x Fli. + V- Fl..

j=1

This implies the required inequality.

Now, if u is a minimiser of E*) in H*(M, A*M), then for any o €
HY(M, A*M) we have

d
0= —E®(u+tp)

ar =0
_ %( E® (u) + 2t [(du, dg) + (Su, 5¢)] + 2 E®) ()

= ((dd + 6d)u, p).
This is true for any ¢, so a minimizer u must satisfy (dé 4+ dd)u = 0.

DEFINITION. If 0 < k < n, we define the Hodge Laplacian to be
the map A : QF(M) — QF(M) satisfying

—A =dé + dd.

EXAMPLE. If U C R? is an open set and u = u; da? is a 1-form in
U, the computation in the previous example implies that

(d6 + dd)u =V x (V x @) — V(V - @) = (—Auy) da’.

A similar (but much longer) computation shows that if U C R™ is open
and if u = u;dz! is a k-form in U, then

Au = (Aup) dz’
where Auy is the Euclidean Laplacian of u; € C*(U).
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Next we study the solvability of the equation —Au = f on k-forms.

DEFINITION. Let H~1(M, A*M) be the dual space of H'(M, Ak M)
(i.e. the space of bounded linear functionals on H*(M, A*M)). Given
f e H Y (M,A*M), we say that u € HY(M,A*M) is a weak solution of

—Au=fin M
if
(du, dv) 2 + (6u,6v) 2 = f(v) for all v € H* (M, A*M).

The next theorem gives a detailed account of the existence, unique-
ness and regularity of weak solutions to —Au = f; we postpone the
proof until the end of the section.

THEOREM 5.2. Fiz k with 0 < k < n.
1. (Weak solutions) There is a countable set {\;}32; C R with

such that whenever A € C\ {1, A\a, ...}, the equation
(A= Au~=f

has a unique weak solutionu € HY(M, N*M) for any f € H=*(M,A*M).
2. (Kernel of —A) The space

Hy == Ker(Algiaran) = {u € H' (M, A*M); Au = 0}

15 finite dimensional and its elements are C'°.
3. (Elliptic reqularity) There is a bounded linear map

G : L*(M,N*M) — H*(M, A\*M)
such that
~AGu = (I — P)u, wue€ L*(M,A*M)

where Py, is the orthogonal projection from L*(M,AN*M) onto Hy.
For j >0, G is a bounded map H'(M,AN*M) — HI*2(M, AkM).

The finite dimensional space H; is called the space of harmonic
k-forms, and it has the following characterization:

THEOREM 5.3. One has

Hy, = {u € Q°(M) ; du = du = 0}.
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One has
Ho ={u e C®(M); u is constant on each component of M}

and thus dim(Hg) is the number of connected components of M.

PRrooOF. If u € Hy, so that (dd + dd)u = 0, then using u as a test
function gives

0 = ((d6 + 0d)u,u) 2 = (du,du)r> + (6u, 0u)re = ||dul[32 + [|0ul|-

which implies du = du = 0. Conversely, if u € QF(M) satisfies du =
du = 0, then clearly (dd + dd)u = 0 so u € Hy.
If £ = 0 one has

Ho={ue C®M); du=0}

and clearly this consists of the functions that are constant on each
connected component. O

The next result is a powerful generalization of the Helmholtz de-
composition, which allows to decompose a vector field F' in R" into
curl-free and divergence-free components, i.e.

F=Vp+W

where p is a scalar function and V - W = 0. The Helmholtz decompo-
sition corresponds to the next theorem in the case of 1-forms.

THEOREM 5.4. (Hodge decomposition) Any u € L*(M,A*M) has
the decomposition

u = doGu + 0dGu + Pyu

where the three components are L*-orthogonal.

REMARK. The Hodge decomposition of u € L*(M, A¥M) can also
be written as

u=da+00+~y
where a = 0Gu € HY(M,A*'M) and 8 = dGu € H*(M,AN*1M),

and where v = Pyu € Hy, is a harmonic k-form (and hence C'™).

PROOF OF THEOREM 5.4. Let u € L?*(M, A*M). By Theorem 5.2
we have

—A(Gu) = (I — Py)u.
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The decomposition follows by using that —A = dd + dd. The orthogo-
nality follows since

(da,68) 2 = (d*a, B)2 = 0

and since any harmonic form ~ is L?-orthogonal to any do or 3 using
that dy = dvy = 0. U

Let now M be a compact smooth manifold. We define the de Rham
cohomology groups for 0 < k <n by

HﬁR(M) = Ker(d|Qk(M))/Im(d|Qk—1(M))-

These are actually vector spaces. If F': M — N is a diffeomorphism
between two compact smooth manifolds, the property dF™* = F*d im-
mediately implies that F™* induces an isomorphism between the vector
spaces HY:(N) and HY;(M). Thus the de Rham cohomology groups
are diffeomorphism invariants; it is not too hard to show that they are
actually topological and even homotopy invariants (and thus do not
depend on the particular smooth structure that M has).

The next theorem due to Hodge shows that if one assigns a Rie-
mannian metric g on M, then H¥; (M) can be identified with the space
of harmonic k-forms. This shows, in particular, that the dimension of
‘H;. is independent of g and in fact is a topological invariant.

THEOREM 5.5. (Hodge isomorphism) If 0 < k < n, then any equiv-
alence class in HY, (M) has a unique harmonic representative. The
map

Jk : 'Hk — HgR(M), U +—> [u]
s an isomorphism.

PROOF. Let w € QF(M) satisfy dw = 0, and let [w] € HY; (M) be

the corresponding equivalence class. We need to show that [w] = [u] for

a unique u € Hy. To show existence, write the Hodge decomposition
for w:

w = dOGw + ddGw + P,w.

But since dw = 0, we have (w,da) = 0 for all «, and in particular
0 = (w, 6dGw) = (d6Gw + §dGw + Pyw, §dGw) = ||6dGw||?.
Thus 0dGw = 0, which implies that
w=u+ doGw
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where v = Pyw is harmonic. This shows that [w] = [u] for some
harmonic u. To show uniqueness we note that if [ui] = [ug] with wu;
harmonic then u; — us = da for some «, but then

|ur — us||* = (u1 — ug, dov) = (6(uy — ug), ) =0
showing that u; = wus. The fact that Jy is an isomorphism follows
immediately from the above facts. 0

We record an immediate consequence:

COROLLARY 5.6. (Betti numbers) Let M be a compact oriented
smooth manifold. The de Rham cohomology groups of M are finite
dimensional vector spaces, and their dimensions are given by

be(M) = dim(Hg (M) = dim(Ker(A, s )
where g is any Riemannian metric on M.

Next we discuss Poincaré duality, which states that there is a natu-
ral isomorphism between H¥; (M) and Hiy " (M) whenever 0 < k < n.
In terms of Betti numbers, this implies that bg(M) = b,_x(M). The
isomorphism is given by the following operator.

THEOREM 5.7. (Hodge star operator) Let (M,g) be an oriented
Riemannian manifold of dimensionn. There is a unique linear operator
(called the Hodge star operator)

QM) — Q" F(M)
which satisfies the following identity for u,v € QF(M):
(5.1) u A xv = {u,v)dV.

It has the following properties:

(1) %% = (=)= on k-forms

(2) *1 =dV

(3) *#(e* AL AER) = ML A LA™ whenever (g1,...,e") is a
positive local orthonormal frame on T* M

(4) The codifferential has the expression

6= (—D)E VOB~ dx  on k-forms.

Before the proof, we give two examples.
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EXAMPLE. Let dim(M) = 2 and u € QY(M). If (¢},£?) is a local
orthonormal frame of 1-forms, we may write u = uje! + use?. Then
the property (3) in the theorem implies that

*(ure! + uge?) = —uge! + ure’.

Consequently

sl = Jul, (u, ) = 0.
Thus on 2D manifolds the Hodge star on 1-forms corresponds to rota-
tion by 90° counterclockwise.

EXAMPLE. Let dim(M) = 3 and v € QY(M), so we may write
uw = u;e’ if (', €%, &%) is a local orthonormal frame of 1-forms. Property
(3) in the theorem implies that

T — gy d
*(ue’) = uje
where et =2 N3, 2 =3 ANel, 3 =l A2

PROOF OF THEOREM 5.7. Let us first show that if two linear op-
erators x and * satisfy (5.1), then x = %. In fact, in this case one
has

u ()0 —%v) =0
for any u,v € QF(M). If U is a coordinate neighborhood and if
{e',...,e"} is an orthonormal frame of T*U, we may write *v — %v|y =
wye’ where the sum is over J € Z,,_j. Choosing u = ye! above where
X € CX(U) and I € Iy, and varying x and [ imply that w; = 0 in U
for all J. Thus *v = %v in U, and varying U shows that x = %.

Let us next construct a linear operator * satisfying (5.1). It is
enough to define * : A*(T,M) — A" *(T,M) for q in a coordinate
neighborhood U. If (g!,...,&") is a positive orthonormal frame of
T*U, then A*(T,M) has an orthonormal basis {e’}cz,. We define

#(eM AL NER) =g A LA g

where the indices are chosen so that (¢, ..., &) is a positive orthonor-
mal frame. This gives a well-defined operator acting on basis elements,
and we extend it as a linear operator acting on A*(T,M). It is easy to
check that for any I, .J € Zy,

el Nxel = av, I=J
0, I#J



94 5. HODGE THEORY

If u,v € Q¥(M) have local expressions u = uze!,v = vye’/, then

u A xv = upvsel Axe?d = E uyvrdV
I

and

(u,v) dV = ugvy{e’, e’y dV = Zuw; av
I

since the e/ are orthonormal. Thus our operator satisfies (5.1). We
have seen that this defines * uniquely, so we have an invariantly defined
operator * : Q¥(M) — Q" *(M) satisfying (5.1).

The properties (1)—(3) follow from the definition of * in terms of
the ¢/. To prove (4), we let u € Q*1(M), v € QF(M) and compute

(du, v) g2 — /M (du, v) dV = /M du A v
- /M [du A xv) — (—1)Fu A (d % v)]

_ (—1)k(—1><nk+1><kl>/ WA (e d %)
M

= / (u, (=1)E=DO=R=1 g5 ) dV
M

= (u, (=1)* D=1y 5 ) o

We used the definitions, the formula for d(u A xv), and the Stokes
theorem. This shows (4). O

THEOREM b5.8. (Poincaré duality) If (M, g) is a compact oriented
Riemannian manifold and 0 < k < n, there is an isomorphism

Hig (M) ~ Hig"(M).

PRrROOF. Consider the Hodge star operator acting on harmonic k-
forms,
*: Hp — ank(M)
If u € Hy, the formulas xx = +1 and 6 = &+ * dx (the precise sign does
not matter here) imply that d(xu) = 4 * *d(*u) = + % du = 0 and
d(xu) = £ *d(x*u) = £ * du = 0. Thus

E /Hk — Hn—k‘

But since xx = 41, the above map is invertible and hence is a vector
space isomorphism. Now H}; (M) is isomorphic to Hj, by Theorem 5.5,
so the result follows. U
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Since HgR( M) 18 the number of connected components of M, we have
the following corollary.

COROLLARY 5.9. If (M,g) is a compact connected oriented Rie-
mannian manifold without boundary, then

dim(Hy (M) = dim(Hjy (M) = 1.

We remark that the Hodge star operator also explains the duality
between the sequences (2.15) and (2.16) in Section 2.6. If

Hj (M) = Ker(d|qrary) /Tm(d| gr-1(ar)),
H§ (M) := Ker(8|ox(ar) /Tm(8] ge+1(ar)),
it is easy to check that * : Q¥(M) — Q"~*(M) induces an isomorphism
between HY(M) and Hy "(M).
To end this section we will sketch the proof of Theorem 5.2. We
assume throughout that (M, g) is a compact oriented n-dimensional
Riemannian manifold with no boundary, and 0 < k£ < n. We begin

with a simple result that only uses Gaffney’s inequality and elementary
Hilbert space methods.

LEMMA 5.10. For any positive real number ., the equation
(—A+pu=f
has a unique solution uw € HY (M, A*M) for any f € H=*(M,A*M).
PROOF. Define the bilinear form
B, (u,v) = (du,dv) 2 + (du, 0v) 2 + p(u,v) g2, u,v € H'(M,A*M).

This is a symmetric bilinear form, and Gaffney’s inequality implies that
it satisfies for some ¢, > 0

B, (u,u) > cullullin,  we H' (M, A*M).

We also have |B,(u,v)| < C|lu||g||v||g:. Consequently B, (-, -) is
an inner product on H'(M,A*M) that induces a norm equivalent to
the usual norm on H' (hence also the usual topology). Then for any
f € H*(M,A*M), the Riesz representation theorem shows that there
is a unique u € H'(M, A¥M) satisfying

By(u,0) = f(v), v € HY(M,A*M).
This proves the theorem. O
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The previous result can be considerable improved if one observes
that the inverse of —A + p is a compact operator and applies the
spectral theorem for compact operators. The basic underlying result is
the compact Sobolev embedding theorem [Ta, Proposition 4.3.4].

THEOREM 5.11. (Rellich-Kondrachov compact embedding theorem)
The inclusion H*(M,A*M) — L*(M,A*M) is compact, meaning that
any bounded sequence in H'(M, A* M) has a convergent subsequence in
L2(M, AFM).

For the proof of Theorem 5.2 we also need the following elliptic
regularity result [Ta, Theorem 5.1.3].

THEOREM 5.12. (Elliptic regularity) If u € HY (M, A*M) is a weak
solution of —Au = f where f € HI(M,A*M) for some j > 0, then
u € HP2(M,A*M) and

[ull e < CUfllms + )

where C' is independent of u and f.

PROOF OF THEOREM 5.2 PART 1. We fix p > 0 and let
T=(-A4p) HY (M, A*M) — H' (M, A*M)
be the solution operator from Lemma 5.10. By compact embedding,
we have that T : L2(M,A*M) — L*(M,A*M) is compact. It is also
self-adjoint and positive semidefinite, since for f,h € L? (with u = T'f)
(Tf,h) = (u,(—A+ p)Th) = (du,dTh) + (éu, 6Th) + pu(u, Th)
(Tf, )= Tf,(=A+p)Tf)=dTf,dl'f)+ (6Tf,6Tf)+ T f,Tf)
> 0.
By the spectral theorem for compact operators [Ta|, there exist p; >

o > ... with p; — 0 and ¢ € L?(M, A*M) with T'¢y = ;¢ such that
{¢}°, is an orthonormal basis of L?(M, A*M) and

(5.2) Ker(T — yy) is finite dimensional for each .

Note that 0 is not in the spectrum of 7', since T'f = 0 implies f = 0.
Defining

)\l:——,u
H
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gives that
{¢}7°, is an orthonormal basis of L*(M, A*M) and —A¢; = Ny
If A # )\ for all [ then for u € HY(M,A*M) and f € H-Y(M, A*M),

(—A—Nu=f o u=T(+O\+pu) & (—— T)u:ﬁTf.

A+u_
Since ﬁ # p for all [, Fluld —T is invertible and we see that —A — \
is bijective and bounded H' — H~!, therefore an isomorphism. O
PROOF OF THEOREM 5.2 PART 2. If 0 is an eigenvalue of —A (i.e.

A1 = 0), then 1/p is an eigenvalue of T'. The equivalence

1
—Au=0< Tu=—u
i

and (5.2) show that Ker(—A) is finite-dimensional. On the other hand,
if 0 is not an eigenvalue of —A, then Ker(—A) = {0}. By elliptic

regularity, elements of Ker(—A) are C°. O
PROOF OF THEOREM 5.2 PART 3. Let dim(Ker(—A)) = m > 0,
SO A\ =...= A\, =0and \,,; > 0. Using the notation above, we
define
) L 2 k
Gu = l;rl/\—l(u,gzﬁl)p@, we L*(M,A*M).

The sum converges in L? by orthogonality and G becomes a bounded
operator on L?. Since —A¢; = \;¢y, it is not hard to check that

~AGu= Y (u,¢)r20 = (I - Po)u.
I=m+1
A short argument using elliptic regularity shows that G is a bounded
operator from L? to H?, and also from H? to H'*2 for j > 0. O






CHAPTER 6

Curvature

6.1. Background

Curvature of curves. Let v : (a,b) — R? be a regular smooth
curve, so ¥(t) # 0 for ¢t € (a,b). We can always reparametrize v by arc
length, and in the new parametrisation one has |¥(t)| = 1 (such a curve
is called a unit speed curve). Differentiating the identity |§(¢)]* = 1
shows that

3(t) -4(t) = 0.
Thus for unit speed curves the acceleration vector 4(t) is orthogonal to
the tangent vector. The vector §(t) measures how quickly the curve de-
viates from its tangent line at y(¢), and leads to the notions of curvature
and the osculating circle which is a good second order approximation
of .

LEMMA 6.1. (Osculating circle) Let v : (a,b) — R3 be a smooth
unit speed curve. Given ty € (a,b), there is a unique unit speed circle
n:[to— 7Rty + mR] — R3 (called the osculating circle for v at y(to))
that satisfies

n(to) = (to),  7(to) = F(to), ii(te) = (ko).
If 4(to) = 0 then n is a tangent line of vy, and if 5(to) # 0 then n is
a circle with radius R = =+ lying in the two-plane spanned by *(to)

1% (to)l
and %(to) (called the osculating plane).

PrROOF. We normalise matters so that ¢y = 0. If §(0) = 0, then n
is given by n(t) = v(0) + t4(0). Assume now that §(0) # 0. We look
for 1 in the form

n(t) = xo + R(cos(t/R)q + sin(t/R)qs)

where 2o € R®, R > 0, and the unit vectors ¢i,q € R? are to be
determined. The equations for n and v at ¢ = 0 imply that
. 1 .
zo+ R =7(0), g2 =7(0), RN = 5(0).

99
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Taking absolute values in the last equation gives R = Wlo)p and then
the last two equations give ¢ = —% and ¢ = 4(0). The first

equation implies g = 7(0) — Rq, and this determines 7 uniquely. [

The number R = R(s) above is called the radius of curvature of
at y(s), and its reciprocal

is called the curvature at y(s). If (s) # 0 and if we choose a normal

vector N(s) = i\z& to v in the osculating plane, we can also define

the signed curvature

kn(t) :=4(t) - N(t).

Curvature of surfaces in R*. Let now M be a smooth hyper-
surface in R3, equipped with the Riemannian metric induced by the
Euclidean metric in R?. We assume for simplicity that M = f~1(0)
where f:R?> — R is a smooth function with Vf # 0 on M.

For a fixed point p € M, we can study the curvature of M at p by
computing the signed curvatures x(v) with respect to a normal N(p)
of curves 7,, where v € T,M is a unit tangent vector and -, is a unit
speed curve on M with 7,(0) = p and 4,(0) = v. We will use the
choice N := =V f/|Vf|, so N is a smooth unit normal vector field on
M (to see this, observe that if v € T,M and if v, is as above, then
0= Gf(w®)]_o=VIip) - v).

The curvatures x(v) depend on the point p and on the direction v
(but not on the particular choice of +,, as shown by the next proof).
The curvatures x(v) are conveniently described by the shape operator.

LEMMA 6.2. (Shape operator) There is a smooth map S : TM —
TM, called the shape operator of S, such that S|r,a is a linear map
on T,M for each p and k(v) = (S(v),v) for any unit tangent vector
veTM. The map S is characterised by

/")

(S(v),w) = (
IVp)l
PROOF. The last identity defines a symmetric linear map S on
T,M. It is enough to check that x(v) = (S(v),v) for any unit tangent
vector v € T,M. If v is a unit speed curve on M with v(0) = p and

v,w), peM, v,weT,M.
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4(0) = v, it follows that f(y(t)) = 0. Thus

0= L1 = 1w v+ Y 6)-3(0)

It follows that

t

w{0) = Np) 5(0) =~ 1) 500) = oo

which proves the result. U

DEFINITION. The principal curvatures of M at p are the eigenvalues
k1 and Ky (with k1 < Ky) of the linear map S|z, considered as a
symmetric 2 x 2 matrix. The Gaussian curvature (or total curvature)
of M is
K = kiky = det(S|z,um)

and the mean curvature of M is

1 1
H = 5(%] + I{Q) = 5tr(S|TPM).

ExAMPLE. Consider two hypersurfaces M and M in R3, defined by
M={zeR’;25=0, 0<axy <7},
M={zecR zi+a22=1, 23>0}

The map F : M — M, (21, %2,0) — (21, cos xy,sinz,) is an isometry

between M and M (equipped with the metric induced by the Euclidean
metric in R3), since the vectors

F.01|F(2,20,0) = (1,0,0),
F.05|p(ay 20,00 = (0, — sin xy, cos x2)
give an orthonormal basis at each point and consequently
Fou-Faw=v-w, v,w e T,M.
The principal curvatures ; and &; of M and M are
K1 = kg = 0, k1 =0, Ry =1.

(We use the normal vector on M pointing downward, and the corre-
sponding vector on M)

The previous example shows that the principal curvatures and mean
curvature are not invariant under isometries. However, both M and M
have the same Gaussian curvature. The Gaussian curvature turns out
to be invariant under isometries in general:
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THEOREM 6.3. (Gauss’s Theorema Egregium, 1827) The Gaussian
curvature is intrinsic, in the sense that it only depends on the structure
of (M, g) as a Riemannian manifold (and not in its embedding in R?)
and is invariant under isometries.

The above theorem means that the Gaussian curvature of a 2D hy-
persurface M can be measured by inhabitants of M, whereas measuring
the principal or mean curvatures would require information about the
particular embedding in R3. Also in this direction, the Gaussian curva-
ture is uniquely determined by the perimeters of small geodesic balls:

THEOREM 6.4. (Bertrand, Puiseuz) If (M, g) is a 2D hypersurface
inR* and if B(p,e) = {q € M ; dy(p,q) < e}, then B(p, ) is a smooth
curve for e > 0 small and

L,(0B(p, €)) = 2me — %K(p)g?’ +o(s®) ase— 0.

Since the Gaussian curvature K is invariant under isometries, any
hypersurface that is isometric to a piece of the flat plane {z3 = 0}
satisfies K = 0. The converse also holds: if (M, g) is a hypersurface
and if K = 0 near p, then some neighborhood of p is isometric to a piece
of {x3 = 0}. This shows that the Gaussian curvature is a sufficiently
powerful invariant to characterize local flatness.

The arguments above suggest that the Gaussian curvature can be
defined for any 2D Riemannian manifold, not just for hypersurfaces.
An important (and nontrivial) related theorem is the Gauss-Bonnet
theorem:

THEOREM 6.5. (Gauss-Bonnet) Let (M, g) be a compact oriented
smooth Riemannian manifold with dim(M) = 2. Then

/ K dV, = 2my (M)
M
where x(M) is the Euler characteristic of M.

Since x(M) is a topological invariant, the theorem implies among
other things that the topology of M puts strong constraints on the kinds
of Riemannian metrics that M admits. In particular, if M admits a

K >0 X(M) >0
metric with ¢ K =0 everywhere, then ¢ y(M) =0
K <0 x(M) < 0.
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Curvature in higher dimensions. The Habilitation lecture of
Riemann in 1854 is a landmark in geometry. In this lecture, Riemann

e considered (not so rigorously) the notion of an abstract smooth
manifold

e suggested that the geometry of such a space could be described
by a length element (i.e. a Riemannian metric)

e introduced a higher dimensional generalization of Gaussian
curvature.

There are many different approaches to understanding curvature.
We describe some of these informally.

1. Riemann’s approach. Riemann’s idea for measuring curvature in
higher dimensions was to look at certain second order coefficients
Rijiy in the Taylor expansion of the Riemannian metric in normal
coordinates (i.e. coordinates obtained by following geodesics starting
at a fixed point).

2. Sectional curvature approach. If (M, g) is a Riemannian mani-
fold and p € M, consider a 2-plane II in 7,,M. Following geodesics
in M starting at p with initial direction in II, one obtains a 2-
dimensional Riemannian manifold M. By the Theorema Egregium,
the total curvature K (IT) of My only depends on the metric struc-
ture. The numbers K (IT), called the sectional curvatures of M at p,
for different 2-planes II C T,M can be used to measure the curva-
ture of (M, g). Knowing K (II) for each II is equivalent to knowing
the numbers R;jp;.

3. Parallel transport approach. On any Riemannian manifold, if
7 is a smooth regular curve from p to ¢ and if v € T),M, there is a
unique way of transporting v along v to a vector Pyv € T, M. Let
X and Y be two vector fields near p that commute ([X,Y] = 0),
and let Px(t) be the parallel transport for time ¢ along the flow of
X. Given v € T,M, let

Qxyy(s,t)v = Py(—t)Px(—S)Py(t)Px(S)’U.

Since X and Y commute, Qx y(t) is a linear map T, M — T, M that
corresponds to parallel translating v along a small quadrilateral with
sidelength ¢ determined by X and Y. It turns out that

0 0

Qai,aj (57 t)ak, al>

Riju = 554
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Thus, curvature measures how tangent vectors are changed under
parallel translation along small loops.

4. Connection approach. On any Riemannian manifold, there is a
natural way of differentiating a vector field Y in the direction of
another vector field X to produce a new vector field VxY. The
operator V is called the Levi-Civita connection, Riemannian con-
nection, or covariant derivative. Curvature measures the extent to
which second order covariant derivatives commute:

Rijr = ((Vo,Va, — Vo, V,)0k, Or).

These constructions are equivalent and they give a complete set
{Riji} of isometry invariants, in the sense that the vanishing of all
these invariants near p is equivalent with local flatness (i.e. a neigh-
bourhood of p being isometric to a piece of R"). The functions R;jx
are the component functions of the coordinate representation a certain
4-tensor field on (M, g), called the Riemann curvature tensor.

At this point it is convenient to pause the geometric discussion, in
order to develop some abstract machinery that could be used to

e compute curvatures
e prove some basic properties of curvature.

We will begin by discussing geodesics.

6.2. Geodesics and the Riemannian connection

Lengths of curves and the distance function d, can be defined on
any Riemannian manifold (M, g) in the same way as we did in open
sets in R™. In that setting, recall that if v is a curve that minimizes
length between its endpoints, we showed that v satisfies the geodesic
equation by computing

d

b
S = [ gt a

where () was a variation of 4. This computation involved inserting
the local coordinate expression of (§5(%), ¥s(f)) and taking its derivative.
The geodesic equation and Christoffel symbols then came out from this
local coordinate computation.

It will be very useful to be able to do computations like this in an
invariant way, without resorting to local coordinates. For this purpose
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we want to be able to take derivatives of vector fields in a way which
is compatible with the Riemannian inner product (-, - ).

We first recall the commutator of vector fields. Any vector field
X € C™(M,TM) gives rise to a first order differential operator X :
C®(M) — C*(M) by

If X and Y are vector fields, their commutator [X, Y] is the differential
operator acting on smooth functions by

(X, Y= XY ) = Y(X])

The commutator of two vector fields is itself a vector field, and any
coordinate vector fields satisfy [0;,0;] = 0 (both results follow by the
equality of mixed partial derivatives in R").

The next result is sometimes called the fundamental lemma of Rie-
mannian geometry.

THEOREM 6.6. (Riemannian connection) On any Riemannian man-
ifold (M, g) there is a unique R-bilinear map

V : (M, TM) x C®(M,TM) — C=(M,TM),
(X7 Y) = VXY7

which satisfies

(1) VixY = fVyxY (linearity)
(2) Vx(fY)=fVxY +(Xf)Y (Leibniz rule)
(3) VxY —VyX =[XY] (symmetry)

(4) X(Y,Z)=(VxY,Z)+(Y,VxZ) (metric connection).
Here XY, Z are vector fields and f is a smooth function on M.

Proor. If V satisfies (1)—(4), it is possible to derive the following
identity known as Koszul’s formula:
(6.1) AVxY,Z)=X{Y,Z2)+Y(X,Z) - Z(X,Y)

It turns out that this identity defines a unique bilinear map satisfying

(1)—(4). See [Lel] for the details. O
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The map V is called the Riemannian connection or Levi-Civita
connection of (M, g). The vector field VxY is called the covariant
deriwative of the vector field Y in direction X.

EXAMPLE. In (R™, e) the Levi-Civita connection is given by
VxY = X7 (0;,Y*)0,.
This is just the natural derivative of Y in direction X.

EXAMPLE. On a general Riemannian manifold (M, g), applying
Koszul’s formula (6.1) to coordinate vector fields gives that

2(V,0k, O1) = 0j(Ok, O1) + 0k(0;,01) — 01(0;, O)
= 09 + Orgji — 019
It follows that
Vo,0k = I'.0)
where Fék are the Christoffel symbols

L im
Fé‘k = 5gl (9iGkm + OkGjm — OmGik)-

For any two vector fields X = X79; and Y = Y*9, one has
VxY = X7 (9;Y")0, + X7Y'T,.0,.

Covariant derivative of tensors. At this point we will define the
connection and covariant derivatives also for other tensor fields. Let X
be a vector field on M. The covariant derivative of 0-tensor fields is
given by

\Y% Xf =X f

For k-tensor fields u, the covariant derivative is defined by
k
Vxu(Ya, ..., Yi) =X, . Y:) = > u(Vi,...,VxYj,...,Yk).
j=1

EXERCISE 6.1. Show that these formulas give a well defined covari-
ant derivative

Vx : C®(M, T*M) — C>®(M,T*M).

EXAMPLE. An example of the above construction is the covariant
derivative of 1-forms, which is uniquely specified by the identity

Vi, da* = —F?l da'.
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By using Vx on tensors, it is possible to define the total covariant
deriwative as the map

V:C®(M, T*M) — C>°(M, T* M),
VU(X,YL N ,Yk) = VXU(YL ce ,Yk)

EXAMPLE. On O-forms V f = df.

ExaAMPLE. If f is a smooth function, then the covariant Hessian
of fis
Hess(f) := V2f.

In local coordinates it is given by
VA = O = Djuf) do? @ da*.

Finally, we mention that the total covariant derivative can be used
to define higher order Sobolev spaces invariantly on a Riemannian man-

ifold.

DEFINITION. If £ > 0, consider the inner product on C*°(M) given

by
k
(w, V) e (ary = Z(Vju, VjU)Lz(M).
5=0

Here the L? norm is the natural one using the inner product on tensors.
The Sobolev space H*(M) is defined to be the completion of C>(M)
with respect to this inner product. This coincides with the earlier
definition which was based on local coordinates.

The next result says that the Riemannian connection is invariant
under isometries. In particular, this will imply that the curvature ten-
sors constructed via V will also be invariant under isometries.

LEMMA 6.7. If F' is a diffeomorphism, then if T is any tensor or
vector field one has

F*(V,T) = Vg F*T.

Geodesics. Let us return to length minimizing curves. If v :
la,b] — M is a curve and X : [a,b] — TM is a smooth vector field
along v (meaning that X (t) € T, M), we define the derivative of X
along v by

ViX = VX
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where X is any vector field defined in a neighborhood of +([a, b]) such
that Xv(t) = X,(). It is easy to see that this does not depend on the
choice of X. The relation to geodesics now comes from the fact that
in local coordinates, if (t) corresponds to x(t),

Vi = Vo, (2*0;)
= (& + T (x)i’i*)0.

Thus the geodesic equation is satisfied iff V44 = 0. We now give the
precise definition of a geodesic.

DEFINITION. A regular curve v is called a geodesic if V5% = 0.

The arguments above give evidence to the following result. The
first statement follows from Theorem 2.12 and the second statement is
proved for instance in [Lel].

THEOREM 6.8. (Length minimizing curves) If v is a piecewise regu-
lar length minimizing curve from p to q, then v is reqular and Vs = 0.
Conversely, if v is a reqular curve and Vs = 0, then v minimizes
length at least locally.

We next list some basic properties of geodesics.

LEMMA 6.9. (Properties of geodesics) Let (M, g) be a Riemannian
manifold without boundary. Then

(1) for any p € M and v € T,M, there is an open interval I
containing 0 and a geodesic 7, : I — M with v,(0) = p and
W(0) = v,

(2) any two geodesics with v1(0) = 72(0) and 41(0) = 42(0) agree
in their common domain,

(3) any geodesic satisfies |(t)| = const,

(4) if M is compact then any geodesic vy can be uniquely extended
as a geodesic defined on all of R.

EXERCISE 6.2. Prove this theorem by using the existence and unique-
ness of solutions to ordinary differential equations.

By (3) in the theorem, we may (and will) always assume that
geodesics are parametrized by arc length and satisfy |y| = 1. Part
(4) says that the maximal domain of any geodesic on a closed manifold
is R, where the maximal domain is the largest interval to which the
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geodesic can be extended. We will always assume that the geodesics
are defined on their maximal domain.

Normal coordinates. The following important concept enables
us to parametrize a manifold locally by its tangent space.

DEFINITION. If p € M let &, := {v € T,M ; ~, is defined on [0, 1]},
and define the exponential map

exp, : & — M, exp,(v) = 7,(1).

This is a smooth map and satisfies exp,(tv) = 7,(t). Thus, the
exponential map is obtained by following radial geodesics starting from
the point p. This parametrization also gives rise to a very important
system of coordinates on Riemannian manifolds.

THEOREM 6.10. (Normal coordinates) For any p € M, exp, is a

diffeomorphism from some neighborhood V' of 0 in T,M onto a neigh-
borhood of p in M. If {e1,...,e,} is an orthonormal basis of T,M

and we identify T,M with R™ via v/e; <+ (vt,...,v"), then there is a
coordinate chart (U, @) such that ¢ = exp,' : U — R" and

(1) ¢(p) =0,

(2) if v € T,M then o(7,(t)) = (tv', ..., tv"),

(3) one has

9ix(0) = 65, Og;(0) =0, T%(0) =0.

PROOF. The smoothness of the exponential map follows by express-
ing the geodesics starting near p in terms of the flow of a certain vector
field, called the geodesic vector field, on T'M. Then the fact that exp,
is smooth near 0 follows from the existence and uniqueness theorem for
ODEs. It is a diffeomorphism near 0 since a short computation shows
that the derivative (exp,). : To(T,M) — T,M is just the identity map
under the identification Ty(7,M) = T,M. For details see [Lel]. O

The local coordinates in the theorem are called normal coordinates
at p. In these coordinates geodesics through p correspond to rays
through the origin, and thus these geodesics are called radial geodesics.
Further, by (3) the metric and its first derivatives have a simple form
at 0. This fact is often exploited when proving an identity where both
sides are invariantly defined, and thus it is enough to verify the iden-
tity in some suitable coordinate system. The properties given in (3)
sometimes simplify these local coordinate computations dramatically.
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Finally, we will need the fact that when switching to polar coordi-
nates in a normal coordinate system, the metric has special form in a
full neighborhood of 0 instead of just at the origin.

THEOREM 6.11. (Polar normal coordinates) Let (U, @) be normal
coordinates at p. If (r,0) are the corresponding polar coordinates (thus
r(q) = |o(q)] > 0 and 0(q) is the corresponding direction in S™'), then
the metric has the form

(95%(r,0)) = ( (1) gagg“, 0) ) '

This implies that grad,(r) = d/0r, |0/0r| = 1, (0/0r,0/00) = 0, and
r(q) = d(p,q).

Proor. This is essentially Theorem 6.10 combined with the Gauss
lemma, which states that (0/0r,0/00) = 0. To prove the last state-
ment, one shows that it holds at the origin and the inner product in
question is constant along radial geodesics (this uses the symmetry
of the Riemannian connection and the fact that geodesics have unit
speed). For details see [Lel]. O

6.3. Curvature tensors

It is now possible to give a precise definition of the Riemann cur-
vature tensor described earlier.

DEerINITION. If X, Y, Z, W are vector fields in some open set in M,
the Riemann curvature tensor is defined by

Rm(X, Y, Z, W) = <(Vva - Vva - V[X,y})Z, W>

If p € M and the vector fields are defined near p, one can check
that Rm(X,Y, Z,W)|, only depends on the values of the vector fields
at p. Thus Rm is in fact a smooth 4-tensor field on M. If x are local
coordinates and {0;} are corresponding coordinate vector fields, the
tensor Rm has the coordinate representation

Rm = Ry dr' @ do? ® da* @ da'

where

Rijr = Rm(0;, 05,0k, 01) = ((Vo,Va, — Vo, Va,)0k, Or).
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We also define the Ricci tensor and scalar curvature, which are obtained
from the Riemann tensor by taking traces with respect to certain in-
dices.

DEFINITION. If v,w € T,M, we define the Ricci tensor
RiC(’U, w) = Z R(ejv v, w, ej)
j=1

where {ej,...,e,} is any orthonormal basis of T,,M. We also define
the scalar curvature

S = ZRic(ej,ej).
j=1

It follows that Ric is a smooth 2-tensor field and S is a smooth
function on M. The Ricci tensor has coordinate representation

Ric = Rjpda? ® da*, Ry, = g" Riju,
and the scalar curvature has coordinate representation
S = gijjk.
The Riemann curvature tensor has the following basic symmetries
[Lel, Proposition 7.4]:

(a) Rm(X,Y, Z,W)=—-Rm(Y, X, Z, W)

(b) Rm(X,Y, Z, W)= —-Rm(X,Y, W, Z)

(¢) Rm(X,Y, Z,W)=Rm(Z,W,X,Y)

(d) Rm(X,Y, Z, W)+ Rm(Y,Z, X, W)+ Rm(Z,X,Y,W) =0.
Here (a) is trivial, (b) follows since V is compatible with the metric, (d)
follows since V is symmetric, and (c) follows by combining the other
symmetries. The identity in (d) is called the first Bianchi identity.
These are all the algebraic symmetries of the curvature tensor, since
any 4-tensor satisfying (a)—(d) at a point p can be realised as the cur-
vature tensor at p of some Riemannian metric. There is an additional
differential symmetry called the second Bianchi identity.

The following related notion allows to connect the above abstract
definitions to geometry:

DEFINITION. Let p € M. We define the sectional curvature at p
for any 2-plane II C T, M by

Rm(X,Y,Y, X)
K(II) :=
U= XEyp =)
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where X,Y € T,M are any vectors with II = span{X,Y} (the defini-
tion is independent of the choice of X and Y).

To illustrate the above notions, we give a list of facts (without
proofs) related to curvature tensors.

1. The Riemann curvature tensor at p and the sectional curvatures
{K(I); II C T,M 2-plane} are equivalent information. The proof
is a simple algebraic argument using the symmetries (a)—(d) of the
curvature tensor [Lel, Lemma 8.9].

2. If (M, g) is a 2-dimensional manifold, then any 7,,M is 2-dimensional.
The Gaussian curvature of (M, g) is defined to be the function

K(p) :== K(T,M), pe M.

On 2D manifolds, the Gaussian curvature completely determines the
Riemann, Ricci and scalar curvatures [Lel, Lemma 8.7):

Riji = K(9ag;k — 9irg51),
S =2K.

3. On 3D manifolds, the Ricci tensor completely determines the Rie-
mann curvature tensor:

Rm:(RiC—gg)og—l—l—igog

where o is the Kulkarni-Nomizu product.

4. If (M, g) is any Riemannian manifold, the sectional curvature K (II)
equals the Gaussian curvature of the 2-dimensional manifold My
obtained by following geodesics with initial direction in IT [Lel,
Proposition 8.8].

5. One has Rm = 0 near p (equivalently, all sectional curvatures vanish
near p) if and only if some neighbourhood of p is isometric to a subset
of Euclidean space [Lel, Theorem 7.3].

6. The sphere S := {z € R"™; |z| = R} with its canonical metric
(the metric induced by the Euclidean metric in R"™!) is a Riemann-
ian manifold whose sectional curvatures are all equal to 1/R?.

7. The hyperbolic space H}, = {x € R"; |z| < R} with metric g, =
%@k is a Riemannian manifold with sectional curvatures equal

to —1/R2.
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8. The model spaces R", S%, Hj; and their quotients are the only con-
nected complete Riemannian n-manifolds with constant sectional
curvature [Lel, Corollary 11.13].

6.4. Curvature bounds

The purpose in this section is to indicate how curvature bounds
affect various properties of manifolds. There is a large literature on
this topic, see for instance [Pe] and the references therein. Relevant
bounds include upper and lower bounds for the following quantities:

e sectional curvatures
e Ricci tensor
e scalar curvature
e diameter
e volume
e injectivity radius
Suitable bounds on these quantities put certain restrictions on e.g. the

e topological properties (compactness, fundamental group, Betti
numbers, homeomorphism type)

e metric and geometric properties (diameter, volume growth,
isometry group)

e analytic properties (isoperimetric/Sobolev/Poincaré inequali-
ties, heat kernel estimates)

of the manifold in question.
A few simple ideas to keep in mind in this context:

e sectional curvature bounds are stronger than Ricci curvature
bounds

Ricci curvature bounds are stronger than scalar curvature bounds
positive curvature causes geodesics to converge

negative curvature causes geodesics to spread out

curvature bounds sometimes allow to compare properties of a
manifold to properties of a constant curvature manifold

Here are just a few examples of results with sectional curvature
lower bounds (K > a means that K (II) > a for all 2-planes II C T,,M
for all p € M):

THEOREM 6.12. Let (M, g) be a connected complete n-dimensional
Riemannian manifold.
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(1) (Bonnet-Myers 1935) If K > § > 0, then M is compact and
has finite fundamental group.

(2) (Sphere theorem, Brendle-Schoen 2007) If (M,g) is simply
connected and }l < K <1, then M 1is diffeomorphic to S™.

(3) (Finiteness of Betti numbers, Gromov 1981) If K > 0, then
x(M) < C(n). Moreover, if K > —k* and diam < D, then
x(M) < C(n,D,n).

Here are examples of results where the weaker Ricci curvature lower
bounds are sufficient to obtain some control (Ric > a means that
Ric(v,v) > alv|? for all v € TM):

THEOREM 6.13. Let (M, g) be a connected complete n-dimensional
Riemannian manifold.

(1) (Myers 1941) If Ric > § > 0, then M is compact with finite
fundamental group.

(2) (Hamilton 1982) If (M,g) is a compact simply connected 3-
manifold and if Ric > 0, then M is diffeomorphic to S®.

(3) (Bochner 1948) If (M,g) is compact oriented and Ric > 0,
then by (M) < n.

In the remainder of this text, we focus on lower bounds for Ricci
curvature. In particular, we prove the Bochner vanishing theorem and
Myers’ theorem, and also discuss the important Bishop-Gromov volume
comparison method. The presentation partly follows [Pe] and [Zh].

A basic tool for exploiting Ricci curvature lower bounds is the fol-
lowing identity due to Bochner.

LEMMA 6.14. (Bochner identity) If u € C3(M), then
1
A(§]Vu|2) = |V2ul]* + (V(Au), Vu) + Ric(Vu, Vu).

REMARK. The identity is often applied to harmonic functions (so
Au = 0) or to distance functions (so |Vu|?> = 1): in both cases one
term drops out, the term |V?u|? is nonnegative, and having a bound
for the Ricci term will lead to very useful inequalities.

Proor. We will use the “Ricci calculus” for tensor computations:
vector fields are written as X* and tensor fields as Tj,..;,, covariant
derivatives are written as

ViTj, i = (VT)ijy oy
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We will also raise and lower indices freely via g, and these operations
commute with each V; by the compatibility of V with g. Under these
conventions, we have A = V'V, and the commutation formula for
covariant derivatives acting on 1-forms is

(ViV; = V;V)0e = —Rijub".
We now compute
vivi(%vjuvju) = %vi(vivjuvju + VIuV,;V u)
= |V2ul|* + V'V,;V,uV’u
= |V2ul|* + V;V'V,uViu — Riﬂ,vluvju
= |VZul|? + (V(Au), Vu) + Ric(Vu, Vu). O

We now invoke the Bochner identity applied to a certain harmonic
function to prove that Ric > 0 implies a bound on the first Betti
number.

THEOREM 6.15. (Bochner vanishing theorem) Suppose that (M, g)
is a compact oriented n-manifold. If Ric >0, then by(M) < n. More-
over, if Ric > 0 and Ric|, > 0 at some point p, then by (M) = 0.

Proor. By Hodge theory (Theorem 5.5) we have by (M) = dim H,
so it is enough to study harmonic 1-forms in M. Let w € Hy, so that
w is a 1-form with dw = dw = 0. We claim the Bochner-type identity

(6.2) A(%W) — |Vl + Ric(w,w).

To prove this fix a point ¢ € M, and choose a coordinate neighbourhood
U of ¢ whose image in R" is a ball. Since dw = 0 in U, the Poincaré
lemma (Lemma 2.9) shows that there is u € C*°(U) so that

w = du in U,

and thus Au = —ddu = —déw = 0 in U. Bochner’s identity applied to u
in U implies (6.2) near ¢, but since ¢ was arbitrary we have that (6.2)
holds in M.

We now integrate (6.2) over M. Observing that [,, AfdV = 0 for
any smooth function f!, we obtain

/M(|Vw]2 + Ric(w,w))dV = 0.

Isince [, AfdV = (Af, 1)1z = —(df,6(1))z2 =0
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Since Ric > 0, both terms in the integrand are nonnegative and we get
the following identities in M:

Vw =0, Ric(w,w) = 0.

Writing Y = w” for the vector field corresponding to w, the first
condition means that

VxY =0
for all vector fields X in M. Thus Y is a parallel vector field, and in

particular it is constant along any curve. For any ¢ € M, the vector
field Y is completely determined by its value at ¢, so the map

Jy i Hy — T,M, w— o (q)

is injective. This proves that by (M) < n. If additionally Ric|, > 0 for
some p, then the condition Ric(w,w) = 0 implies that w(p) = 0, so any
harmonic form is = 0 showing that by (M) = 0. O

Next we apply the Bochner identity to an eigenfunction, in order
to control the constant in an L? Poincaré inequality by a Ricci lower

bound.

THEOREM 6.16. (Lichnerowicz 1958) Let (M, g) be a compact ori-
ented n-manifold. If Ric > (n—1)H > 0, then

The constant is optimal, as is shown by the sphere of radius \/LE

We need a simple lemma that will also be useful later:

LEMMA 6.17. If (M, g) is n-dimensional and if u € C*(M), then
(Au)?|,

VQ 2 >
VZul], = n—m

if VZul, has at least m zero eigenvalues where 0 < m < n—1. Equality
holds iff the remaining n — m eigenvalues are all equal.

PRrOOF. Fix geodesic normal coordinates x near p, so the 1-forms
{dx!,... dx"} are orthonormal at p. Then

V|, = ardr! @ do*
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where the matrix A = (a;;)7,—; is symmetric and has eigenvalues
Ay A We may choose Ay = ... = \,;, = 0. Then by Cauchy-
Schwarz

(V2ul?l, = tr(A*A) = A2 + ...+ A2
(Ama1+ ...+ An) _ (r(A)? _ (Au)lp
n—m n—m n—m

with equality iff \,,.1 = ... = \,. ]

>

PROOF OF THEOREM 6.16. Denote by \; the first positive eigen-
value of the Laplace-Beltrami operator —A. We will prove that

63) Ml < [VulZ.,  we H'(M), /udvzo
M

and

The result follows by combining these facts.

We may assume that M is connected (otherwise argue on each
connected component). The spectral theory for the Hodge Laplacian
in Chapter 5, specialized to 0-forms, shows that there is a sequence
{Aj )32, with

O=X <M< <...—>x

and an orthonormal basis {¢;}32, of L?(M) such that
—Ad; = Aj¢;.

Here \g = 0 is a simple eigenvalue and the corresponding eigenfunction
¢o is constant, since M is connected and Ker(—A)) consists of the
locally constant functions by Theorem 5.3. Now, if u € H'(M) satisfies
(u,1)z2 = 0, and if additionally u = Z;.V:O cj¢;, then ¢g = 0 and

N
Vull2: = (du, du) > = —(Au,u) 2 = Z)\ - >\ Zc? = A |ul)3..

Jj=1

Since any u € H*(M) can be approximated in the H' norm by finite
sums of eigenfunctions, we obtain (6.3).
Take now u = ¢; to be an eigenfunction corresponding to A;:

—Au = \u.
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We will prove (6.4) by applying the Bochner identity to u. Indeed, the
Bochner identity gives

1
A(§|Vu|2) = |V?ul* — A\ |Vu|? + Ric(Vu, Vu).
We integrate this identity over M. Since [ yAfdV =0, we get

0:/ (|V?ul? — A\ |Vu|? + Ric(Vu, Vu)) dV.
M

2
1

By Lemma 6.17 (with m = 0) we have |V?u|* > % = 2142, and by

n

assumption Ric(Vu,Vu) > (n — 1)H|Vul? . Thus we get

)\2
0> —1/ u® dv + ((n — 1)H—)\1)/ |Vul?dV.
nJm M
Since
/ IVul?dV = (du, du)p2 = (—Au,u) 2 = )\1/ u?dV,
M M
we obtain (6.4). O

Our final aim is to sketch the proof the Bishop-Gromov volume
comparison results. Along the way, we will also prove Myers’ theorem.

THEOREM 6.18. Let (M, g) be a complete Riemannian n-manifold,
and let Ric > (n — 1)H for some H € R.

1. (Bishop volume comparison)
Vol,(B(p,r)) < Voly(B(r)) for r > 0.

2. (Gromov relative volume comparison,)

Voly(B(p, 7))
Voly (B(r))

is nonincreasing for r > 0.

Here Voly (B(r)) is the volume of a ball of radius  in the model space
with constant curvature H.

To prove this result, we will apply the Bochner identity to distance
functions q — d,(q, p) for fixed p. Let (M, g) be a Riemannian manifold
and p € M. Recall from Theorems 6.10 and 6.11 that geodesic normal
coordinates are defined in some neighbourhood U of p, and if (r, §) are
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corresponding polar normal coordinates then r is smooth in U \ {p}
and Lipschitz in U. One has the following properties:

0
T(Q) - dg(Q)p)7 Vr = E? |VT| - ]-7

9(nf)= ( (1] go(ga 0) ) '

The main tool is the following result.
THEOREM 6.19. (Laplacian comparison) If Ric > (n — 1)H, then
Ar < Agr in U\ {p},

where Ay s the Laplace operator of the model space with constant
curvature H.

PROOF. The Bochner identity applied to w = r in U \ {p} gives
0
|V2r® + 8—(AT) + Ric(Vr,Vr) =0.
T

The form of the metric g(r,d) implies Vg dr = 0 upon computing
Christoffel symbols. Thus for any X

(V*r)(0r, X) = (Vo,dr)(X) =0,

which implies that one eigenvalue of V?r is zero. By Lemma 6.17,

2
|V2T’2 Z (A ) .
n—1
The condition Ric(Vr,Vr) > (n—1)H|Vr|*> = (n — 1)H now implies
(Ar)?2 0
—(A —1)H <0.
n—1+8r< r)+(n—1)H <0

The left hand side contains a Riccati type expression for Ar.

If we had done the computation above for a metric with constant
curvature H, all the inequalities above would have been equalities. This
shows that

(AHT)Q 8
—(A —1)H =0.
n—1 - 8r( ar) +(n=1)
A simple comparison for the two Riccati ODE now implies the required
inequality Ar < Agr. O

At this point we can prove Myers’ theorem.
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THEOREM 6.20. (Myers 1941) Let (M, g) be a connected complete
n-dimensional Riemannian manifold. If Ric > ”R—_zl where R > 0, then
(M, g) has diameter < R, M is compact, and M has finite fundamen-

tal group.

PrROOF. The main point is to prove the diameter estimate. We
argue by contradiction and assume that the diameter is > wR. Since
(M, g) is complete, there are points p,p; € M and a minimizing unit
speed geodesic v : [0, L] — M with v(0) = p, v(L) = p1, and L > wR.
(Here we used the Hopf-Rinow theorem [Pe, Section 5.8].) Letting
r(q) = d4(q,p), the fact that v is minimizing implies that r is smooth
near v((0, 7R]) [Pe, Section 5.9]. Thus

Ar < Agr near y(7R)
where H = 1/R?. But since R > 0, one can compute that
Ayr = (n—1)VH cot VHr

and thus

lim Ar < lim Apxr= —o0.
r—mR— r—mR—

This contradicts the fact that Ar was smooth near (7 R).

We have now proved that the diameter of (M,g) is < 7R. Now
M = exp,(Bzr(0)), so M is compact as the continuous image of a
compact set. To prove the statement about the fundamental group,
observe that the universal cover of M is also complete and satisfies
the same Ricci lower bound, hence has finite diameter and is compact.
There is a bijective map between the fundamental group of M and
the inverse image of any p € M in the universal cover. The last set
is discrete, hence compactness of the universal cover implies that the
fundamental group is finite. O

To conclude, we sketch the proof of the volume comparison results.

PROOF OF THEOREM 6.18. (Sketch) It is possible to derive other
expressions for Ar. For example, writing the volume form in polar
normal coordinates as

dV = A(r,0)dr N df
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where df is the standard volume form on S™~!, one can check (see [Zh]
for the details) that
0, A(r,0)
A(r,0)
Thus the Laplacian comparison result (Theorem 6.19) implies
0, A(r, 0) < Oy Ap(r,0)
A(r,0) — Ag(r,0)

where Ap is the corresponding quantity for a constant curvature H

Ar(r,0) =

metric. The previous inequality can be written as 0, (log ﬁ) <0,
which gives that

A(r, 6
T M is nonincreasing for each 6.
AH (’l“, 9)
In particular, since ﬁ — 1 as r — 0 (the metric becomes Euclidean
as we approach the origin in normal coordinates), we have

A(r,0) < Ag(r,0).

Since A and Ap are infinitesimal volume elements, integrating the
last two inequalities proves the Bishop and Gromov comparison results
(a) and (b) at least for small » > 0. An additional argument, related
to looking at the set where r is not smooth (i.e. the cut locus), proves
(a) and (b) for all » > 0. O
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