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Abstract

We consider inverse boundary value problems in R™, n > 3, for operators
which may be written as first order perturbations of the Laplacian. The
purpose is to obtain global uniqueness theorems for such problems when the
coefficients are nonsmooth. We use complex geometrical optics solutions
of Sylvester-Uhlmann type to achieve this. A main tool is an extension
of the Nakamura-Uhlmann intertwining method to operators which have
continuous coefficients.

For the inverse conductivity problem for a C'*¢ conductivity, we con-
struct complex geometrical optics solutions whose properties depend ex-
plicitly on €. This implies the uniqueness result of Paivérinta-Panchenko-
Uhlmann for C3/2 conductivities. For the magnetic Schrodinger equation,
the result is that the Dirichlet-to-Neumann map uniquely determines the
magnetic field corresponding to a Dini continuous magnetic potential in C'!:!
domains. For the steady state heat equation with a convection term, we ob-
tain global uniqueness of Lipschitz continuous convection terms in Lipschitz
domains.
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Chapter 1

Introduction

1.1 Inverse conductivity problem

The inverse conductivity problem has attracted a great deal of interest in the
last 25 years, and both its theoretical and applied aspects have been under
intense study. The problem forms the basis for an imaging method called
electrical impedance tomography. Physically, the idea is to find the electrical
conductivity of a body by making current and voltage measurements at
the boundary. Possible applications include medical imaging, geophysical
prospection, and nondestructive testing of mechanical parts. For references
see the survey Borcea [6].

Mathematically, let £ C R™ be a bounded open set with Lipschitz
boundary, and let o € L*°(£2) be a positive function which represents the
electrical conductivity of the body €. If there are no sources or sinks of
current, the voltage potential u inside the body solves the Dirichlet problem
for the conductivity equation,

div(eVu) =0 in Q,
{ u=Ff on 0f) (1.1)

if the voltage at the boundary is f. This problem has a unique solution
u € H(Q) for any f € H'/?(09).

On the boundary, one can measure the outgoing current flux for a
given boundary voltage. Thus the boundary measurements are given by
the Dirichlet-to-Neumann map

ou

Ay — .
fHUay o0

The map A, may be defined in a weak sense using the equation (1.1), so
that it becomes a bounded linear map H/2(9Q) — H~/2(5Q).

The inverse conductivity problem is to recover the electrical conductivity
o from the boundary measurements A,. To ensure the possibility of unique
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recovery, one should have a global uniqueness result stating that whenever
o1, o9 are two conductivities with A,, = As,, then necessarily o1 = o3.

Global uniqueness results have been obtained for different classes of con-
ductivities using the complex geometrical optics solutions of Sylvester and
Uhlmann [43]. These are solutions of the conductivity equation which have
the form e”*(o~1/24+w), where p € C" is a complex parameter with p-p = 0.
Here w is an error term which should be small when p is large, so when
|p| — oo the solution looks like a harmonic exponential multiplied by o—1/2.
Inserting these solutions in a suitable integral identity and letting |p| — oo
gives the global uniqueness result. This applies in the case n > 3 which is
the only case considered here.

The contribution of this work to the inverse conductivity problem is
Theorem 1.2 below, which is a slight improvement of a result in Péivérinta-
Panchenko-Uhlmann [34]. The theorem shows that complex geometrical
optics solutions to the conductivity equation exist and that their behaviour
is explicitly controlled by the regularity of the conductivity. The proof is
based on estimates for the inhomogeneous problem for a related operator,
which are important enough to be stated as Theorem 1.1.

We need some notation before stating the theorems. If £k € N then
C*(R™) is the space of k times continuously differentiable functions on R,
and if s = k+ v with 0 < v < 1 then C*(R"™) consists of those functions
in C* whose kth partial derivatives are Holder continuous with exponent .
The space C means the functions in C* which have compact support. We
denote by L?(R™) where § € R the weighted L? space with norm

s = ([a+aPrisapar) "

Then H é“, k € N, is the space of functions in Lg whose derivatives up to
order k are in L}. The norm is ||f||H§ = Z|a|§k||0o‘f||L§. If s > 0 then H§
is defined by real interpolation (Bergh-Lofstrom [5]) using the spaces H. é“.

We will also use the operators A, = A+ 2p-V and V, =V 4+ p, where
p € C" satisfies p-p = 0. These operators arise naturally in the construction
of complex geometrical optics solutions. One may define the inverse of A,
on the Fourier side as A;lf = ﬂ_l{Wﬂf)}. The following norm
estimates are fundamental.

Proposition 1.1. [43], [8] Let —1 < § < 0. The operator A,! is a bounded
map from L§+1 to Hg and satisfies

C
-1 0
”Ap "L§+1—>L§ = m7
1AZ Iz, —m1 < Co

where Cy = Cy(n, 9).
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We now state our results concerning the inverse conductivity problem.
The first one is a general norm estimate, the second ensures the existence of
complex geometrical optics solutions, and the third is a uniqueness result.

Theorem 1.1. Suppose a € C1(R") and let —1 < § < 0. If p € C" with
p-p=0and |p| is large enough, then for any f € L} ,(R") the equation

(A, +Va-V,)u=f

has a unique solution u € A;ng 41 (R™). The solution satisfies

2 ?
5+1

C
ullre < —||f
lullzp < A7l

s < Cllflzz,,

where C' is independent of p and f.

Theorem 1.2. Let 0 € C'T¢(R") with 0 < £ < 1, so that ¢ > 0 in R"
and o = 1 outside a large ball. Let p € C" with p-p = 0 and let |p| be
sufficiently large. Then the equation

div(eVu) =0
has a solution u = u(z, p) of the form
u=el"(c7Y? 4 w),
where w = w(z, p) € H}(R") and

lim [lw(-, p)|[az = 0.
p|—o00
Using this result we can give a shorter proof of the following uniqueness
result from [34].

Theorem 1.3. Let 2 C R be a bounded domain with Lipschitz boundary,
and assume n > 3. Then if o; € C3/2(Q) are such that 0 < ¢ < 0; < C in
Q(j =1,2), then A,, = A, implies o1 = o2 in Q.

We remark that Theorems 1.1 and 1.3 and most of Theorem 1.2 are
contained in [34], and Theorem 1.3 has been improved so that it holds for
W3/2:2n+¢ conductivities in Brown-Torres [10]. The results are included here
because of the method of proof. The lack of regularity of the coefficient is
handled by approximation similarly as in [34], but the proof of the norm es-
timates is more straightforward and combines two basic ideas: the reduction
of a smooth elliptic equation into a Schrédinger equation, and a perturbation
argument. The main subject of this thesis is the extension of this procedure
to more general inverse problems which are considered below.
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1.2 Norm estimates for general operators

Complex geometrical optics solutions have shown their usefulness in ques-
tions related to the inverse conductivity problem. In this section we want
to consider constructing these solutions for more general equations. More
precisely, we will consider equations of the form

(A4+W -V+q@u=0 in (1.2)

where W is a nonsmooth vector field and ¢ is a bounded measurable function
in a domain ). We assume that W and ¢ are complex valued in this section.
A complex geometrical optics solution to (1.2) is a solution u = u(z, p)

of the form
u=e""(wp +w) (1.3)

where p € C" is a complex parameter with p - p = 0, wg depends on the
equation, and w is an error term which is small in suitable norms when p is
large. Inserting (1.3) into (1.2) gives the equation

A+ W -Vy+quw=f inQ (1.4)

where f = —(A, + W -V, 4+ ¢)wp. Thus, with a suitable choice of wy, we
see that constructing complex geometrical optics solutions only needs norm
estimates like the ones in Theorem 1.1 for the equation (1.4).

The required norm estimates are provided in a quite general setting by
the following theorem.

Theorem 1.4. Let Q C R™ be a bounded open set, let W € C(Q; C") and
let ¢ € L>(;C). If p € C" with p- p =0 and |p| is large enough, then for
any f € L?(Q) the equation

(Ap+W -V, +qu=f inQ (1.5)

has a solution u € H'(2) which satisfies

C
ull L2 ) < meHp(Q),

ull ) < Clfllzz)
where C' is independent of p and f.

This result was proved for C'*° vector fields W in the fundamental pa-
per of Nakamura and Uhlmann [31], where they introduced an intertwining
method which used pseudodifferential operators depending on a complex
parameter to remove the first order term in (1.5). This method was ex-
tended to C2/3+¢ vector fields in Tolmasky [46] using symbol smoothing and
paradifferential calculus. We obtain the result above for just continuous
vector fields by combining the ideas in the proof of Theorem 1.1 with the
Nakamura-Uhlmann pseudodifferential intertwining method.
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1.3 Applications to inverse problems

Our aim is to use the norm estimates given above to prove uniqueness results
for inverse problems. The inverse problems which we will consider are the
Schrodinger equation in a magnetic field and the steady state heat equation
with a convection term. The first problem is selfadjoint while the other is
not, but their analysis may be carried out using similar arguments. Thus we
first consider an auxiliary inverse problem and collect the required arguments
there. The results are then used to study the other problems.

An auxiliary inverse problem

Let Q2 C R™ be a bounded open set. If W € L>®(Q; C") and ¢ € L>®(Q; C)
consider the operator

"1 9 2
LW,q:;(iaijer) +q

Assume for the moment that 0 is not a Dirichlet eigenvalue of Ly, and that
01 is Lipschitz. Then the Dirichlet problem

{ Lwqu =0 in €,

u=f on 0. (1.6)

has a unique solution v € H*(Q) for any f € HY/2(09Q). We may then define
a Dirichlet-to-Neumann map formally by

ou
Awg: [ %‘m +i(W V) f. (1.7)

This map has a natural weak formulation which gives that Ay, is a bounded
map from HY2(9Q) to H~Y/2(0Q).

If © does not have Lipschitz boundary we may do as in Astala-Paivarinta
[4] and define the trace space of H'(Q) abstractly as H'(Q)/H}(Q). If
u € HYQ) solves Ly,u = 0 in Q then we may use the equation and
define (%% + (W - v)u)|pq in a natural way as an element of the dual
(HY(Q)/HL(2)). This defines the Dirichlet-to-Neumann map also when
no regularity is assumed of 9€), but it is still required that 0 is not a Dirich-
let eigenvalue of Lyy4. To remove this extraneous assumption we introduce
the Cauchy data set

Ou
ov
With natural interpretations Cy,, € H(Q)/H}(Q) x (HY(Q)/H(Q)). If
{2 has Lipschitz boundary and 0 is not a Dirichlet eigenvalue of Ly, then
Cw,q is just the graph of Ay, on HY2(09).

Cw.q = {(uloq, (5= + (W -v)u)|sq); u € HI(Q) and Ly u =0 in Q}.
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Now given W and ¢, the set Cyy4 represents our boundary measurements,
and the inverse problem is to determine W and ¢ from Cyy,,. Similarly as in
Sun [41] there is an obstruction to uniqueness given by gauge equivalence:
if p € WH(Q) satisfies plag = 0, then Cywyvp g = Cw,g. Thus one can only
hope to recover the curl of W, which is defined distributionally in by

oWy,  OW;
curl W = Z oz, — Tm)dmj A dxy,.
1<j<k<n

The curl may indeed be recovered under certain assumptions on W, ¢ and
o), as has been shown for n > 3 in [41], [28], [46], [35]. The following
uniqueness theorem improves earlier results in several directions, the most
important being that one has uniqueness in the class C? of Dini continuous
vector fields (see Section 4.2) instead of C! as in Tolmasky [46].

Theorem 1.5. Let 2 C R"™ be a bounded open set where n > 3, and assume
that Wy, Wy € C4(Q;C") and q1,q2 € L®(Q;C). If Cw, 4, = Cwigp and
Wilaa = Walaq, then curl Wi = curl W5 and ¢ = g2 in .

The proof uses an idea from Panchenko [35]: by gauge equivalence we
can reduce questions concerning general vector fields to questions for diver-
gence free fields. More precisely, if W € C%(Q;C") we use a Helmholtz
decomposition W = E + Vp where div E = 0 in the sense of distributions.
The Dini continuity of W ensures that E is continuous.

Now Lg, = —A —2¢E -V + G is a nondivergence form operator with
continuous coefficients in the first order part, so we may use the norm es-
timates of Theorem 1.4 to construct complex geometrical optics solutions
to Lgqu = 0. Gauge equivalence gives similar solutions to Ly qu = 0, and
these solutions yield the uniqueness result by the arguments in [41].

Schrodinger equation in a magnetic field

The Schrodinger operator with magnetic and electric potentials is given by

Z 0
Hiwa =2 Caxj £5) g (18)

=

where W € L*(Q;R") and ¢ € L>®(;R) are the magnetic and electric
potentials, respectively, and €2 C R"™ is a bounded Lipschitz domain. Note
that this is exactly the operator Ly, considered above, but W and ¢ are
now assumed to be real. With this assumption Hyy,, is selfadjoint.
Assuming that 0 is not a Dirichlet eigenvalue of Hyy,, for any f €
H'Y2(9Q) there is a unique solution u € H'(2) to the Dirichlet problem

Hwyqu =0 in €,
u=Ff on 0f2.
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The boundary measurements are given by the Dirichlet-to-Neumann map
Aw, defined formally by (1.7), and a weak formulation gives that Ay, is a
bounded map from HY/2(0Q) — H~/2(0Q).

The inverse problem considered in [41], [28], [46], [35] is to determine
W and ¢ from the knowledge of Ay,. One has here the same obstruction
to uniqueness as in the auxiliary problem, so that if p € W1°°(Q) with
plag = 0, then AW+Vp,q = AW7q. The map

W— W+ Vp

transforms the magnetic potential into a gauge equivalent potential but
preserves the induced magnetic field, which is given by the rotation curl W.
The magnetic field is the physically observable quantity, so it is natural from
this point of view to expect to recover curl W and ¢ from Ayy,.

We improve known results for this problem to less regular coefficients
and less regular domains. The first theorem is a boundary determination
result which states that Ay, uniquely determines the tangential components
of W on 0€). This is the best one can hope for since gauge transformations
may alter the normal component.

Theorem 1.6. Let  C R” be a bounded open set with C''! boundary,
and let W € C(; R") and ¢ € L*®(Q; R). Suppose that 0 is not a Dirichlet
eigenvalue of Hyy,. Then Ay, uniquely determines the tangential compo-
nents of W on 0f).

The assumption on §2 means that €2 is locally the region above the graph
of a Cb! function. Our result is in fact more precise: if W € L>®(Q; R") is
continuous at z € €2 in a certain sense, then the local Dirichlet-to-Neumann
map near z uniquely determines the tangential components of W (z). There
is also a formula which gives the tangential components. The method we use
is due to Brown [9] in the case of the conductivity equation, and it employs
oscillating solutions which concentrate near a boundary point.

The following global uniqueness theorem for Dini continuous vector fields
now follows from Theorem 1.5.

Theorem 1.7. Let © C R” be a bounded open set with C1'! boundary,
n >3, let Wi, Wy € CHQ;R"), and let ¢1,¢2 € L®°(Q;R). Suppose that
0 is not a Dirichlet eigenvalue of Hyy, 4, or Hy, 4,. Then Aw, ¢, = Aw, g0
implies curl W7 = curl W5 and ¢; = ¢2 in 2.

The boundary result, Theorem 1.6, was proved for C*°(2) coefficients
and C*° domains in Nakamura-Sun-Uhlmann [28]. There is an error in
the corresponding theorem in this article, but this is not difficult to fix.
The global uniqueness result, Theorem 1.7, was known for C' vector fields
vanishing near the boundary and is found in Tolmasky [46].
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Finally, we mention that this inverse problem has applications to the
inverse scattering problem for Hy, at a fixed energy. It is known that
for compactly supported potentials the two problems are equivalent. For
the inverse scattering problem for noncompactly supported potentials, see
Novikov-Khenkin [33] and Eskin-Ralston [17].

Steady state heat equation with a convection term

Consider the problem of heat conduction in a body € C R™, which is a
bounded open set with Lipschitz boundary. Assume that the heat diffusion
coefficient in €2 is constant and equal to one, and that there is a Lipschitz
continuous velocity field —W in ) with represents convection of heat and is
not affected by the warming of the body. Let f be a stationary temperature
distribution at the boundary 92, and suppose 0f2 is kept at temperature f.
Then the temperature distribution u(-,t) in  at time ¢ satisfies the heat
equation
{ u = Au+ W -Vu in €, (1.9)
u=Ff on 0f2.

After the system has stabilized, the steady state temperature u solves the
Dirichlet problem

{(A—I—W-V)uzo in €, (1.10)

u=Ff on 0.

The problem (1.10) has a unique solution v € H'(Q) for any f € HY/2(0Q).

The quantity which is measured at the boundary is the steady state
heat flow on 9€2. Thus the measurements are described by the Dirichlet-to-
Neumann map

A weak formulation gives that Ay is bounded from H/2(9Q) to H~1/2(9Q).
The inverse problem is to determine the convection term W from the bound-
ary measurements Ayy.

This inverse problem in the case n > 3 was studied in Cheng-Nakamura-
Somersalo [13], where it was shown that Ay uniquely determines a C*°
vector field W in a domain with C°° boundary. They used ideas from [41]
and [28] where the related problem of the Schrédinger equation in a magnetic
field was considered. The main point was again the construction of complex
geometrical optics solutions to (1.10).

We improve the results of [13] to the case where W is Lipschitz con-
tinuous and 2 has Lipschitz boundary. The first step is a boundary deter-
mination result, and for this we use the method of singular solutions due
to Alessandrini [3]. The idea is to construct solutions with a high order



CHAPTER 1. INTRODUCTION 10

singularity near a boundary point, and such solutions are provided by the
following theorem. To make the notation simpler we will use the summation
convention whenever convenient.

Theorem 1.8. Let L be an operator in Bygr = B(0,4R) C R", n > 3, with

where aji,b; € C*(B4r), ¢j,d € L®(Bur), (ajr) > M, aj, = ayj, and
one of the conditions d — 9;,0; > 0, d — 0z;¢; > 0, holds. Assume also that
a;j(0) = 6. Then for every spherical harmonic S, of degree m = 0,1,2,.. .,
there exists u € C’llo’cﬁ(BR ~ {0}) such that

Lu =0 in Bgr~ {0},

and furthermore
T

) s (2

)+ wia),
where w satisfies

jw(@)| + [2]|[Vew(z)| < Cla*""™ 7 in Br ~ {0},
143 [Vw(z) = Vw(y)|

sup

3 < Cr¥ Mt for 0 < r < R/2.
r<lz|,ly|<2r |$ - y|

T

Here ( is any number with 0 < 8 < a.

This extends the results of [3] to operators with lower order terms and
less regular coefficients. The boundary determination result is obtained by
using suitable solutions of this type in an integral identity.

Theorem 1.9. Let 2 C R"™ be a bounded open set with Lipschitz boundary,
and n > 3. If Wy, Wy € C%(Q; R™) for some v > 0, then Ay, = Ay, implies
W1 = W2 on 0f).

The global uniqueness theorem follows from the boundary result com-
bined with Theorem 1.5. Here we have to assume that the vector fields are
Lipschitz continuous.

Theorem 1.10. Let Q C R” be a bounded open set with Lipschitz bound-
ary, and suppose n > 3. If W; and W5 are two Lipschitz continuous vector
fields in €2, then Ay, = Ay, implies Wi = W in Q.

1.4 Bibliographical notes

In this section we discuss in greater detail some earlier results on the prob-
lems considered in this thesis. We will mostly cover uniqueness results in
dimensions n > 3.
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Inverse conductivity problem

We start by discussing different aspects of this problem. A fundamen-
tal question is that of uniqueness, where one wishes to know whether A,
uniquely determines o in a given class of conductivities. For practical pur-
poses it is important to have algorithms for reconstructing o from A,. Next
one could ask for stability: even though the problem is ill-posed so that
o does not depend continuously on A, there are estimates which show,
given some a priori information on o, that two conductivities are close if the
corresponding Dirichlet-to-Neumann maps are.

The pioneer contribution to the inverse conductivity problem was the ar-
ticle of Calderdn [12] where a uniqueness result was obtained for a lineariza-
tion of the problem at constant conductivities. This paper also contained an
approximate reconstruction procedure for conductivities close to constant.
Kohn and Vogelius [23], [24] proved that A, determines the Taylor series of
o at the boundary, which gives global uniqueness for real analytic o.

The major breakthrough in the uniqueness question is due to Sylvester
and Uhlmann [43], who showed global uniqueness for C*° conductivities
when n > 3. The first step was to convert the conductivity equation into a
zero order perturbation of A by an intertwining formula, and then construct
complex geometrical optics solutions, which as described above are solutions
depending on a complex parameter p and look like harmonic exponentials
when p is large. The uniqueness result follows by inserting these solutions
in an integral identity and letting |p| — oo. The method breaks down for
n = 2, which may be explained by the fact that the problem is formally
overdetermined for n > 3 and formally determined for n = 2.

The global uniqueness result of Sylvester-Uhlmann has been improved
to less regular conductivities. Nachman-Sylvester-Uhlmann [27] proved the
result for o € W2, Brown [8] for o € C3/2*¢ using singular zero order per-
turbations of A, Paivirinta-Panchenko-Uhlmann [34] for o € C3/2 by convo-
lution approximation, and Brown-Torres [10] for o € W3/2:2nt  Uniqueness
for C1*¢ conormal conductivities was shown in Greenleaf-Lassas-Uhlmann
[19]. A reconstruction algorithm for n > 3 was given by Nachman [25], and
stability estimates were proved by Alessandrini [2]. All these developments
use complex geometrical optics solutions.

For n = 2, the global uniqueness result was proved by Nachman [26]
for W2P (p > 1), conductivities, and improved to WP (p > 2) conductivi-
ties by Brown-Uhlmann [11]. Recently, the question was solved completely
by Astala-Péivérinta [4], who showed using quasiconformal maps that the
Dirichlet-to-Neumann map uniquely determines a L°° conductivity, thus
proving the original conjecture of Calderén in two dimensions. The sharp
results for n = 2 rely on complex analytic methods, and attempts to extend
the methods to higher dimensions have not been successful so far.
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Besides global uniqueness, also the question of uniqueness at the bound-
ary has been studied. A typical result shows that A, determines the values
of o and its derivatives at the boundary. This question is usually easier than
that of global uniqueness, the methods work in any dimension and allow for
more general conductivities, and in fact most global uniqueness results for
n > 3 use a boundary determination result at some stage. Also, a boundary
determination result immediately implies global uniqueness in the class of
piecewise analytic conductivities, as shown in [24].

The first boundary uniqueness results were the ones of Kohn and Vogelius
[23], who considered a C*° conductivity and domain. Sylvester and Uhlmann
[44] gave a different proof of this result, based on the fact that A, is a
pseudodifferential operator, and the Taylor series of o may be read off from
the symbol of A,. Their method is very flexible and has been adapted to
a various number of other situations. They also proved boundary stability
results, and showed how these may be used to obtain boundary uniqueness
for nonsmooth conductivities in C°*° domains.

For nonsmooth domains, Alessandrini [3] used solutions with singulari-
ties of arbitrary order at a given point to obtain boundary uniqueness of o
and its derivatives in a Lipschitz domain. Nachman [26] and Brown [9] also
have results for Lipschitz domains, now using solutions with highly oscilla-
tory boundary data. More recent results are Nakamura-Tanuma [29], [30]
and Kang-Yun [22], which extend the method of Brown to work for higher
derivatives of o and also for the anisotropic problem, where o is a matrix.

Schrodinger equation in a magnetic field

The inverse problem of determining the magnetic field curl W and electric
potential ¢ from Ay, was first considered by Sun [41] in the case n > 3. As
noted above, one may not recover the full vector field W because of gauge
equivalence. He showed that Ay, uniquely determines curl W and ¢ when
W e W2, ¢ge L*, and curl W is small in the L> norm.

The proof in [41] is based on the Sylvester-Uhlmann result [43] for the
conductivity equation, with a few notable exceptions. First of all, in this
case there is no simple identity to intertwine the equation into a zero order
perturbation of A. Therefore, the construction of complex geometrical optics
solutions is more difficult, and the smallness assumption for curl W was
required to achieve this.

Once the complex geometrical optics have been constructed, they are
inserted in an integral identity, and one lets |p| — oo. For the conductivity
equation this is enough for uniqueness, but for the magnetic Schrodinger
equation one gets an identity which involves the coefficients in a nonlinear
way. Sun gave a nontrivial argument which showed that this identity implies
uniqueness.
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The Schrédinger operator with a magnetic potential is in fact a general
selfadjoint first order perturbation of A. That such operators can indeed
be intertwined to zero order perturbations of A was shown by Nakamura
and Uhlmann [31] (see also [32]). The method involves pseudodifferential
operators depending on the parameter p. Using the Nakamura-Uhlmann
result combined with the argument in [41], it was shown in Nakamura-Sun-
Uhlmann [28] that Aw,, uniquely determines curl W and ¢ if W € C*,
q € L*>®, and W = 0 near the boundary. The main point is the absence of
smallness assumptions.

Tolmasky [46], using symbol smoothing and paradifferential type esti-
mates for pseudodifferential operators depending on p, extended the result
of [28] to C! vector fields. Recently, Panchenko [35] gave results for less
regular W but had to assume a smallness condition. The result for lower
regularity was made possible by an effective use of the gauge equivalence of
the equation. All these results rely on Sylvester-Uhlmann type arguments,
and only work for n > 3.

For n = 2, the problem has been considered in Sun [42]. The related
problem for the Pauli Hamiltonian is studied in Kang-Uhlmann [21].

Boundary uniqueness results for this problem were given in [28]. The
method there was to show that when everything is C*°, Ay, is a pseudod-
ifferential operator, and its symbol determines the Taylor series of W and ¢
at the boundary. There is a small mistake in Theorem D in this paper: as
described in Section 1.3, one can only determine the tangential components
of W, and the proof when corrected gives this result.

Steady state heat equation with a convection term

This problem differs from the earlier ones in that the operator considered is
not selfadjoint. The only reference for n > 3 that we are aware of is Cheng-
Nakamura-Somersalo [13]. In this article, it is proved that Ay uniquely
determines W if the vector field and domain are C*°. It should be noted
that there is no gauge equivalence in this problem, and the full vector field
W may indeed be recovered.

In the uniqueness proof in [13], one first passes from Ay to an operator
of the form Ay, proves a uniqueness result for Ay, as in [41] and [28],
and uses this to get uniqueness for W. The method is based on complex
geometrical optics solutions, constructed as in [28]. A boundary uniqueness
result is also given, using the fact that Ay is a pseudodifferential operator.

For n = 2 the uniqueness question has been studied in Cheng-Yamamoto
[14], [15]. In this case the problem is handled by similar methods as in [11]
and falls within the framework of pseudoanalytic functions, and one has
uniqueness for LP coeflicients, p > 2. Reconstruction algorithms are given
in Tamasan [45] and Tong-Cheng-Yamamoto [47].



Chapter 2

Inverse conductivity problem

In this chapter we prove Theorems 1.1 to 1.3. The setup is the following.
Let 2 C R™ be a bounded open set with Lipschitz boundary, and assume
o € CY(Q) is a conductivity with o > ¢ > 0 in Q. Extend o to a function in
C'(R™) so that o = 1 outside a large ball. Then the conductivity equation
div(cVu) = 0 in R™ may be written equivalently as

(A+Va-V)u=0 (2.1)

where a = log o € C}(R™). Thus, if the conductivity has one derivative, the
conductivity equation may be written in terms of a first order perturbation
of the Laplace operator.
We look for complex geometrical optics solutions to (2.1). These are
solutions of the form
u= e’)'x(e—%“ +w) (2.2)

where p € C" satisfies p- p = 0, and w — 0 in a suitable norm as |p| —
0o. Note that e~ 29 = o71/2 50 these solutions are the same as the ones
introduced in Section 1.1. Substituting (2.2) to (2.1) gives that w must

satisfy
(Ap+Va-Vyw=f (2.3)

where A, = e 7*A(e’*.) = A+2p-Vand V, = e P*V(e!*) =V +p
are operators depending on the parameter p, and f = —(A,+ Va- Vp)e_%a.
Since f may be singular if @ has only one derivative, in practice one has to
use a smooth approximation of a in the construction.

We have reduced the problem of finding complex geometrical optics so-
lutions to having estimates for the inhomogeneous problem (2.3). These
estimates are proved in the next section. The construction of complex geo-
metrical optics solutions is given in Section 2.2, and the final section shows
how to give a short proof of a lemma in [34], from which global uniqueness
follows as in [34].

14
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2.1 Estimates for the inhomogeneous problem

Motivated by the discussion above, we want to show existence, uniqueness,
and norm estimates for solutions of

(A, +Va-Vy)w=Ff inR", (2.4)

where a € CZ(R™) and f is in the weighted space L}, ; (R") with —1 < § < 0.
Recall that Afjl is well defined on L% 4+1(R™) and satisfies the estimates of
Proposition 1.1. We look for a solution to (2.4) which has the form w = Aglv
where v € L}, (R™), so that (2.4) reads T,(a)v = f where

Ty(a) =1+ Va VA"

Proposition 1.1 implies that Tj(a) is bounded on L} ,(R™), and we need
to show that it is invertible. There are two methods for inverting 7),(a) in
certain cases.

1. If a € C2(R™) then one may use the intertwining identity
(A, +Va- Vp)e_%“ = e_%a(Ap —q)

where ¢ = Aia. This is just the usual method of converting the
conductivity gauation to a Schrodinger equation, which involves a zero
order perturbation of A,. The point is that I — qA;l is invertible on
L2 4 for large p by Proposition 1.1, so one obtains that also T}(a) is

invertible, regardless of the size of a.

2. If a € W2 has small Lipschitz norm (i.e. ||Va|ze is small) then
T,(a) is just a small perturbation of the identity on L2 41, hence in-
vertible.

Now if a € C! and ||Val|p = is large, we may combine the two methods
and write a = af + a® where a! is a smooth approximation and |Va®| e~ is
small. A similar argument was used in [34], [35]. Then

T,(a) =1+ Va*-V,A"

where I = I + Va’ - V, is close to the identity. One may now apply the
intertwining idea to this operator, using the fact that af is smooth. If af
is chosen in a suitable way so that the approximation improves as p grows,
this method will show that 7),(a) is invertible on L2 +1- Theorem 1.1 follows
immediately from this argument.

We first set up the approximation procedure. Let ¢ € C°(R™) with
0 < ¢ <1, ¢radial, [¢(z)dz =1, ¢ =1 for |z] < 1/2, and ¢ = 0 for
|z| > 1. For f € LL _(R") define f* = o(D/r)f = r¢(r-)  f. We have the
following basic estimates.
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Lemma 2.1. (a) If f € C¥(R") then

10% ¥l oo < |1 f ko for |a| < k,
18 f¥]| Lo = o(r1*1=F) for |a| > k,
0%(f — fﬁ)”Loo =o(1) for |a| =k,

as r — oo.
(b) If f € C*5(R") where 0 < e < 1, then
10% f¥]| 12 = o(rl®I=F=%) for |a| > k,
10°(f = )l 2 = o(r~°) for |o| = k
as r — oo.

Proof. (a) It is enough to give the proof for £ = 0. The first estimate is
immediate. If o # 0 then

0% f(z) = rle! / MR G(r(z — y) f(y) dy = r'® / 0%4(y) f (x — r~1y) dy
=l [0roy) (1~ 71y) - Fla) dy

since [90%p(y)dy = 0. We obtain the second estimate by using uniform
continuity. Also,

(f - ) /¢ — fla—r ) dy

and uniform continuity gives the last estimate.
(b) Assume again that £ = 0. Let a # 0 and write

rlobe 9% | L = 1ot e G ) fll o = lg(e/m)IEIE e

where g(z) = |z|7°2%¢(2) is continuous and bounded. Lemma 2.2 implies
1€ F 1l 2 < C||fllc=- Since g(0) = 0, we may apply dominated convergence
to obtain that r~1®%2||0* 4| 2 — 0 as r — cc.

Further, we have

rolf = Follee = oIl = $(E/r) flle = g (€/r)IEl* 2

where g(z) = |2|7¢(1 — ¢(2)) is continuous and bounded with g(0) = 0. Use
Lemma 2.2 and dominated convergence to end the proof. O

Lemma 2.2. If f € C**¢(R") and 0 < & < 1, then ||f|| g+ < C|fllcrte,
where C' depends on n, k and the support of f.
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Proof. Let x € C(R"™) satisfy x = 1 on the support of f, and define
T : f +— xf. Then clearly |Tf|lg: < C(x,n,0)||f|lwte for I € N. If

0 < ¢ < 1 then || fllyue < ||fllgite, and interpolating these estimates for
l=kand [l =k + 1 results in

1T fll ppre=ce < OO K) [ fll e

Taking the limit as ¢ — 0 gives the claim. O

Next we prove the invertibility of T),(a) if a € C}(R"™) and |p| is suffi-
ciently large.

Proposition 2.1. Suppose a € C}(R") where a = 0 for |z| > R, and let
—1 < § < 0. Then there exist constants C; = C1(d,n,a,R) and Cy =
C3(d,n,a, R) so that whenever p € C™ with p- p =0 and

o] > Cy, (2.5)
then the operator
T,=1+Va-V,A" (2.6)
is invertible on L3, (R"), and the inverse satisfies
||T,;_1||L§HHL§+1 < (. (2.7)

Proof. Let af = r"¢(r-) * a, where 7 = r(p), and let a” = a — a*. Notice that

1

(A, +Vat - V,)e 2% = e 2% (A, — ¢f) (2.8)

1.
where ¢f = Ae;au = 1Aad* + 1|Va#|%. This implies that

e

T,=1+Va* V,A7' +Va - V,A ! (2.9)
= 37 (A, — ez AT £ V- V,A (2.10)

We write T, = A — B where A = eféaﬁApe%aﬁAgl and B = qﬁAlgl —Va -
VpAgl. Now T}, A and B are bounded operators on Lg 41 and A is invertible
with inverse

A = Ay A e
= (Ap(e2%))A, ez 12V (e 39) VA s e 3% A, A s
1 1 lgt a1 gt “lgt a1 Llgt
=1+ (—iAati + Z|Vaﬁ|2)e 29 Aple2“ —(p-Va)e 2 Aple2a

1 1
— (3_5“uVati . VA;leiau.
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Write (z) = (1 4 |#|?)"/2. The norm of A~! on L3, satisfies

1

_ 1t 1.t 1 1 Co
JATH < 1+ fle”2% | poo €2 HL@@(H<JE>(—§ACLti + Z\VGW)HLOO*

p|
gy Co ,
+ |pll{x) Va || Lo — + [[{(x) Va#|| L= Co)

|
Aat|| e 12| oo
< Oy(1 +e||a||Loo(||<x> a*|lz “|’p‘||<$>|va “llz + ||<l,>vali”Loo))
Adt| oo Val|?|| o
< (1 4+ 1270 Tp\‘H = | |vat) ) (2.11)

where Cy = C3(d,n, R,a) and Cy is as in Proposition 1.1. We have used that
af = 0 when |z| > R+ 1. Here |Va®||p~ < ||[Val|r~ and ||Ad*| = = o(r)
by Lemma 2.1. The choice r = |p|® for any a with 0 < o < 1 then ensures
that |[A~Y| < C9(8,n, a, R) when |p| > C1(6,n, ¢, a, R, a).
To invert T, we write T, = A(I — A~'B) and note that
lg*A, ) < ||<5E>qﬁ“L°°@ < (1+ R*)V2(|Ad|| = + ||Vaﬁ||%oo)@ — o)
ol el el

and

IVa” -V, 8,1 < (1 + R%)'2(|V(a - @) 1=2Cp = o(1)
by Proposition 1.1 and Lemma 2.1. Again, the choice r = |p|* for 0 < a < 1
ensures that ||B| < ﬁ for [p| > C1. Then I — A71B is invertible with

(I — A7'B)7!|| < 2, so also T, is invertible with ||T,!|| < Cq, for a new
Cs. O

It is now easy to prove Theorem 1.1. We give a slightly more precise
result.

Proposition 2.2. Suppose a € CL(R") with a = 0 for |#| > R, and let
—1 < § < 0. Then there exist constants C; = C1(0,n,a,R) and Cy =
C3(d,n,a, R) so that whenever p € C™ with p- p =0 and

lp| > Cy, (2.12)
then for any f € L§+1(R”) the equation
(A, +Va-Vyu=f (2.13)

has a unique solution u € A;ng +1(R"). The solution u has the form
u = A;lv where v € L3 | (R") satisfies

el e, < Callfllsz.,.

(2.14)
Proof. We obtain a solution by setting u = Aflep_lf, and then v = Tp_lf
satisfies the desired estimate by Proposition 2.1. If u,us are two solutions
in A;1L§+1 then u; — ug = Ap_lw for some w € Lgﬂ. Then w satisfies

T,w = 0, and the invertibility of 7}, shows that w = 0, or u; = us. O
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2.2 Complex geometrical optics solutions

We will now construct complex geometrical optics solutions to the conduc-
tivity equation div(cVu) = 0, or the equivalent equation (2.1). Since this
will be done for conductivities having only one derivative, the first result
shows the existence of solutions of the form (2.2) but where a is replaced by
a smooth approximation.

Proposition 2.3. Let a € C1*(R") where 0 < e < 1, and let —1 < § < 0.
Let a? = ¢(D/r)a € C°(R™) be an approximation to a, where r = r(p).
Finally, suppose p € C™ satisfies p- p = 0 and assume that |p| is sufficiently
large. Then the equation

(A+Va-V)u=0 (2.15)
has a unique solution
U = e”'x(wo + wl) (2.16)
where wy = e~ 2% and w; € A;ILEH. Further, if r(p) = |p| then w; satisfies
lim [jw;|/gg = 0. (2.17)
lpl—o00

Proof. We use Proposition 2.2 and let w; € AglL?s 41 solve
(Ap+Va-Vyw = fo (2.18)
where
Jfo=—(A,+Va-V,)wy
= —(A, +Vd* - V,)e 2% —Va’ - V,e 2%

1
= qﬁe_%“u —Vad - (—§Vaﬁ + p)e_%aﬁ.
We have written ¢* = 1Aaf + 1|Vaf|? and @’ = a — af. Since a and o* are
supported in some ball B(0, R), one has

Lt oo
Ifollrz,, < C(R, 8)ezl I (| Aa?|| 2+ V| T oo +[ V|| 2 (| Va? || Lo+ p])).
From Lemma 2.1 we obtain

Ifollzz,, = o(r'=%) + lplo(r=).

5+1
The choice r = |p| gives the smallest growth in |p| for this expression. We
obtain from (2.18), Proposition 2.2 and Proposition 1.1 (by interpolation)
that

C
leonll 5 < W“fOHLg_H =o(1)
as |p| — oo. This shows (2.17). The function u given by (2.16) is a solution
to (2.15) by the choice of w;, and uniqueness follows immediately from the

uniqueness part of Proposition 2.2. O
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The solutions (2.16) are in fact complex geometrical optics solutions of
the form (2.2). To see this we need the following simple lemma.

Lemma 2.3. If a € C1*¢(R™) where 0 < ¢ < 1 and if af = ¢(D/r)a is as
above, then X X
le™2% — 72| ;= (™) (2.19)

as r — OQ.

Proof. Write F(t) = e~2! and g = F(a) — F(af). Using the fact that
laf|| o < ||a||ze, the mean value theorem gives

lglze < sup  |[F'(®)] - fla - a2 < Cell [la — o .
[t|<llall oo

For the derivatives one has
Gy, = F'(a)ag, — F'(a*)ak,
= F'(a)(aq, — db, ) + d’, (F'(a) — F'(d"))

Tk

so again by the mean value theorem

lgallze < sup  [F'@t)] - [8k(a— @) g2 + [IVal e -
ltI<lall oo

sup |F"(0)] - lla - afl| 2 < Cealle (1 4[| Val 1) @ — ]| 1.
[t|<llall oo

By Lemma 2.1 we have |la — a¥|| 1 = o(r~°), which proves the lemma. [

We may now prove our main theorem about complex geometrical optics
solutions to the conductivity equation.

Proof. (of Theorem 1.2) Noting that 073 = e 3% where a = log o, the
solution u in Proposition 2.3 may be written as

1
u=e""(072 +w),
lgt 1 .
where w = e 2% — e72% 4+ w; belongs to H(} and satisfies

lim HwHHg =0
lpl—00

by Proposition 2.3 and Lemma 2.3. 0
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2.3 Uniqueness in the inverse conductivity prob-
lem

The global uniqueness result, Theorem 1.3, is proved by inserting the com-
plex geometrical optics solutions of Theorem 1.2 in an appropriate integral
identity involving the Dirichlet-to-Neumann maps and the unknown con-
ductivities. In [34], a new such integral identity was used to obtain the
uniqueness result. We will not repeat here the arguments of [34], but will
only give a short proof of the following key lemma, Lemma 3.4 in [34], using
Theorem 1.2.

Lemma 2.4. Let o € C%2(R™) be strictly positive and equal to 1 outside
a large ball. If w; is as in Proposition 2.3 and £ € R", then

lim o1/ Vwy dr = 0.
lpl—o0 JRn

Proof. Since Vo'/2 = 0 outside a large ball and o € C%/? we have
‘/n PR v R v/ dx‘ < ”‘fivaalp”Hi{fval”(Hi{f)/ < C'||W1HH§/2

by an easy duality argument. The claim follows from (2.17). O

Theorem 1.3 is now proved as in [34].



Chapter 3

Norm estimates for general
operators

This section is devoted to the proof of Theorem 1.4. The main tool is the
Nakamura-Uhlmann intertwining method, which transforms a first order
perturbation of the Laplacian to a lower order perturbation. This will be
achieved using pseudodifferential operators depending on a parameter, so
we will first discuss these. The proof of the theorem is outlined in Section
3.2, and the two remaining sections contain the details for the construction
of the intertwining operators and the solutions.

3.1 Pseudodifferential operators depending on a
parameter

The operators A, and V, in Chapter 2 are examples of differential operators
depending on a parameter. Taking Fourier transforms we have

A, () = 2m)" / ¢, (€) () de

where p,(£) = —|€|? 4 2ip - £ is the symbol of A,. This is a second order
polynomial in £ and p. We will define a class of pseudodifferential symbols
modelled after degree m polynomials of the variables £ and p, so that £ and
p are equally important in the growth estimates but no smoothness in p is
assumed (hence p is the parameter).

Pseudodifferential operators depending on a parameter were considered
in Shubin [37], where they were used to study the spectral theory of elliptic
operators. In inverse problems such operators were introduced by Naka-
mura and Uhlmann in [31] as a tool to construct complex geometrical optics
solutions to first order perturbations of the Laplacian.

22
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We proceed to give the basic definitions related to pseudodifferential op-
erators depending on a parameter. For details we refer to [37] (the parameter
space in [37] is a subset of C instead of C", but the proofs are identical).

Definition. (a) Let Z = {p € C"; p-p = 0,|p| > 1} be the space of

(b)

complex parameters that we will use.

Let m € Rand 0 < 7,6 < 1. The class S)% = S/ (R"™, Z) of pseudodif-
ferential symbols depending on a paramet’er, of order m and type (r,9),
is defined as follows: a = a(z,§, p) isin S)% if a(-, -, p) € C°(R" xR")
for any p € Z, and if for any compact set K CR"and forall a, 3 € N"
there exists Cx o3 > 0 so that

sup|900a(a, €, p)| < Crcn (1 +[€] + ol 171
e

We will slightly abuse notation and write a, both for the function
a(-,-,p) : R?» — C where p is fixed and for a : R?" x Z — C.

Let 57 =(1,,er S/ (this is independent of r, §).

If a, € )y define an operator A4, = Op(a,) for f € CZ°(R") by

A,f (@) = (2m) / ¢ a, (z,€) F(€) de.

RTL
We write Op S)"% for the set of operators corresponding to e

The class of smoothing operators depending on a parameter is the set
U= = U~°(R", Z) of all operators with an integral kernel K,(z,y)
in C*°(R?") where p € Z, so that for any N € N, any compact set
K C R?" and any multi-indices «, 3, there is CN,K,a,3 > 0 so that

sup 0900 Kp(z,y)| < Oniaplol™
(zy)eK

for p € Z.

Define the full class ¥ = W7"s(R", Z) of pseudodifferential operators
depending on a parameter as the set Op U o S

Let A, € U5 have integral kernel K,(z,y). We say that A, is (uni-
formly) properly supported if there is a closed set L C R™ x R" so
that supp(K,) C L for any p, and the projections of L to the first
and second components are proper (the preimages of compact sets are
compact).
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()

An operator B, € Op S is called elliptic if the symbol satisfies the
following: for any compact set K C R"™ there is ¢ = ¢(K) > 0 so that

1bp(, &) = e(1 + €] + |p))™

whenever z € K and [£] + |p| > e L.

Some elementary properties are collected in the following remarks.

Remarks. (i) The symbols we have introduced are indeed pseudodiffer-

(vii)

(viii)

ential symbols depending on a parameter: if a, € S)"5 and p is fixed,
then a, is a symbol in the usual (local) Hérmander class STs(R™).
The additional requirement is that when p varies, the growth of the
symbol must also be controlled by p.

" is a vector space which decreases if m increases, r increases, or §
decreases. If a, € 5[y and b, € SZ%, then a,b, € S:%er’. If a, € 5’1975
and F € C*(C) then F(a,) € S%.

For p fixed, A, € Op S/ is the usual pseudodifferential operator cor-
responding to the symbol a,. Hence A, is a map C°(R") — C*°(R").

As with classical pseudodifferential operators, most computations can
only be done modulo smoothing terms. In this situation the smoothing
terms are given by the set ¥™°°. If p is fixed, then R, € V"> is a
smoothing operator in the classical sense and R, : &’(R") — C*(R").

There is a one-to-one correspondence between operators in Op Sff(; and
symbols in S, hence in this class we have ”exact symbols”. In the
class W we have given up this requirement. Two operators in W}
which differ by a smoothing operator should be considered equal, and

in this class we only work modulo smoothing.

If A, € Op S5 then A, has an integral kernel K)(z,y) which is a
distribution in R?", so that formally A,f(z) = [ K,(z,y)f(y)dy for
f e Cg°. Here K, is C*° outside the diagonal of R" x R", and for any
N, a,  and compact K there is Cn ka3 so that |8§8?Kp(x,y)| <
Cnkaplpl ™z —y|™ forz € K and [z —y| > 1. If A, € OpS~>
then K, € C*(R?").

If A, € Op Sy and 1,02 € CZ° with 2 = 1 near supp(¢1), then
P14p(1 —p2) €OpS™>. If A, € U then p14,(1 — p) € U,

It A, € U} is properly supported, then for any compact K C R" there
is a compact set K1 C R" so that supp(f) C K implies supp(A,f) C
K1. The same holds for the adjoint operator A, and consequently
properly supported operators map C° to C° and C* to C°.
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(ix) One may compose pseudodifferential operators depending on a param-
eter, provided that all but one are properly supported. The composi-
tion is initially a map C° — C™.

As mentioned above the basic examples of pseudodifferential operators
depending on a parameter are the differential operators, in particular we
have A, € Op Sfo and V, € Op Sll’o.

Proposition 3.1. Let r > 4.

(a) Let agj) € S ' for j > 0 where m; \, —0co0 as j — oo. Then there
exists a, Wlth
e .
a, ~ Z aff),
j=0

which means that a, € Sy and a, — ZJ —0 ag) € SF for any k > 1.
Such a symbol a, is unique modulo S™°°.

(b) If A, € U and B, € \Ilm/ and at least one operator is properly
supported, then A,B, € \IJerm One has A,B, = C, + V~°°, where
C, € Op S:?m and its symbol satisfies

NZO apD b

(c) If A, € Op S then 9, A, € Op S/ and 8, A, = A,0,, +op(3“P)
(d) If B, € Op Sy is elliptic, then there exists C), € Op S;g”, elliptic and

properly supported, so that

B,C,=1+R,

where R, is in W™,
(e) Suppose 4, € ¥y where m < 0. Then for any ¢1,¢2 € CZ°(R") one

has ¢14,p2 : L>(R™) — L?(R"™) with

le1Appafll2 < Clo|™ (| f 22
where C' does not depend on p or f.

(f) Let A, € Op S~ and ¢ € C(R"). If a € R then pA, : L2(R") —
L?(R™), and for any N > 0 there is Cy with

leApfllzz < Cnlpl™MIfIlz
where C' does not depend on p or f.

Proof. Parts (a) to (e) are contained in [37], and (f) follows easily by writing
the operator in terms of its integral kernel. O
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3.2 The main theorem

We repeat the statement of the main theorem.

Theorem 1.4. Let  C R" be a bounded open set, let W € C(Q; C") and
let ¢ € L>(Q;C). If p € C" with p- p =0 and |p| is large enough, then for
any f € L?(Q) the equation

(Ap+W-V,+qu=f inQ
has a solution u € H' () which satisfies
@

||
ull 7o) < Clfllz2)

lullz2) < 1220

where C' is independent of p and f.

Proof. First extend W to a vector field in C.(R"; C") and ¢ and f by zero
to R™, and consider the equation in R™. The proof is given in three steps.
Step 1: Decomposition of W

The lack of smoothness in W is handled by approximation. We make the
p-dependent decomposition

_ b
W =W+ W,

where Wg =W x ¢, with ¢,(x) = r"¢(rx) the usual mollifier, and where we
make the specific choice

r=r(p) = |’
for some fixed § with 0 < § < 1/2. Then Wg is a C°° vector field and
Lemma 2.1 gives the estimates
J0°WE 1o < Calpl®t, (3.1)
IWpllze = o(1) as o] — cc. (3.2)

Then the operator becomes
Ap+WE-V,+W) -V, +q.

By the norm estimates, the third term Wg -V, may be considered to be a
small perturbation of A, (in the sense that pr : VpA;1 has small norm on
L?(Q) for p large), and the same holds for the term ¢q. The real problem is
the smooth first order term Wg -V,. We handle this by converting the term
into a lower order term by pseudodifferential intertwining.
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Step 2: Intertwining for the smooth part

Let 0 be as in Step 1. We will construct elliptic operators A,, B, € Op 5’?75 5
and an operator (), € Op Sfim so that

(A, +WE-V,)A, = B,A, + Q).

This is the Nakamura-Uhlmann intertwining method, adapted to the present
situation. Note that since § < 1/2 one has 26 < 1 and so @), has order less
than one. The construction of the intertwining operators A, and B, is given
in Proposition 3.2 below.

Step &: Construction of the solutions

The details of how to use the result in Step 2 to construct the solutions are
given in Section 3.4. O

3.3 Construction of intertwining operators

We begin with some remarks on the operator A,. If p € Z we will write
p = n+ik where n,k € R"™. Then p-p = 0 means that |n| = |k| and n-k =0,
ol
7
Let p,(&) = —|€|? +2ip- € be the symbol of A,. With the above notation

pp(&) = —|€|? — 2k - £+ 2in - £, so the characteristic set of A, is the (n — 2)-
dimensional sphere

and we write s = |n| = |k| =

P, (0) ={£€R";n-£=0,|¢+ k| = |K]}.

There are zeros of p, for arbitrarily large £ and p, so A, is not elliptic as an
operator depending on a parameter.

In the construction of the intertwining operators we will need to deal
separately with the cases where one is near or away from the characteristic
set, so we introduce a neighborhood of p;l(()) by

Up(e) ={€ € R"; (1—e)[k| <[§+k| < (1+e) [k, [(€+k,n/In|)] <el¢+K[}.

(3.3)
With e > 0 given take 11,12 € C°(R) with supp(¢1) C {1—¢ < [t| < 1+€},
supp(¢2) C (—¢,¢), and Y1 = 1 near £1, 1) = 1 near 0. Define

§+k n

V(&) =1 (s HE+ k|)¢2(<m7 3

))- (3.4)

Then ,(§) € C(R™) and supp(y,) € U,(e) with ¥, = 1 near p;l(()).
Also one has 1), € S?,o~
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Proposition 3.2. There exist elliptic operators A,, B, € Op 5(1)_5’5 and an
operator @, € Op Sfié,é so that

(A + Wﬁ V) Ap = ByAp+ Q. (3.5)

One may choose the symbols of A,, B,, and @, to be

ap = e_%wpa (36)
1-— .

by = ap + ml(ﬂg(g)[(lf +p) - Whay, (3.7)

dp = Azap + Wg : vxap (3.8)

where ), is as in (3.4), with & chosen small enough, and w, € S)_ 5.6 1s given
by

1 1
2718 Jr2 Y1 + iy

n E+k
S

)] dy1 dyo.
(3.9)

U ()€ + p) - Wh(z — ya(

Wp ) — ya(

Proof. Suppose a, is any symbol of order 0 and A, = Op(a,). If we commute
A, to the left of A, in the left hand side of (3.5), we obtain

(A, +WE-V,)A, = AN, (3.10)
+Op(2(i€ + p) - Vaay + (i€ + p) - Wila,) + Op(Asa, + W - Vaay).

The first and third terms are of the same form as in the right hand side
of (3.5), but the second term is of order 1 and we would like its symbol to
vanish. Setting a, = e_%wp, this gives the equation

(i€ + p) - Vow, = (i€ + p) - W}, (3.11)

Here i€ +p =n+i(§+ k). On p;l(O), nLl&+kand|n = |+ k| so
(i€ + p) - V looks like s(0z, + 10y,) near the characteristic variety. In fact,
when 7 and & + k are not collinear we may change variables in (3.11) and
reduce to a @ equation. Using the fundamental solution of & and changing
back to the original coordinates, we obtain a solution of (3.11) of the form
) = 5= | (i ) Wi = () =S

)] dyy dys.

(3.12)
The problem is that w, defined by (3.12) may not behave like a pseudodif-
ferential symbol away from the characteristic variety p;l(O). Thus we will
only work in a sufficiently small neighborhood U,(e) of p;*(0) and introduce
the cutoff ¢,(§) as in (3.4). Precisely, we will define w, by (3.9). Lemma 3.1
below will show that one may choose ¢ small enough so that w, will then
be a symbol in 5?7575.
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We may now define a, = e_%w”, so that a, € S?—M and a, is elliptic.
By direct differentiation we verify that a, satisfies

2(i& + p) - Vaap + () [(i€ + p) - Wﬁ(ﬁ)]% =0.

We also define b, by (3.7) and g, by (3.8). One sees that % is in Sig S0
we have b, = a, + Sl__lw, which implies that b, is in S?—M and is elliptic.
Clearly g, € S 5 ;. Taking (3.10) into account we obtain

(Ap+ W,E(w) Vp)Ap = BpyA,+Qp
and the proposition is proved modulo Lemma 3.1. ]

Lemma 3.1. One may choose ¢ > 0 small enough so that w, € 5975,5’
where w, is defined by (3.9), i.e.

E+k

[ O W - (D) - e

= — dy; dys.
wp= g | O ) dy dy

(3.13)

Proof. Take R > 0 so that Wg has support contained in the ball B(0, R),
for any p € Z. Then the integration in (3.13) is over the compact set

E+k

K(2,6 ) = {(,12) € RZ; 2 — (1) — u(>—) € B(0, R)}.

s
Note that the cutoff ¢,(£) in (3.13) forces £ € Uy(e) by (3.4). We make the
following claim.

Lemma 3.2. If ¢ is small enough then there is R’ > 0, independent of
z, £ and p, so that whenever ¢ € U,(e) then K(z,&,p) € B(z,R'), where
z = z(x,§, p) is continuous in x.

Assuming this we complete the proof. Clearly w, given by (3.13) is a
smooth function of x and £. If £ € Uy(e) then £ < |+ k| + k] < (24 ¢)s,
so we have

sTH< Co(1+ €]+ [pD) (3.14)

On the other hand we have s <1+ [£] 4 |p|, so we only need to obtain esti-
mates in s to obtain the S 5.5 estimates for w,. Now taking x-derivatives of
w, just corresponds to taking x-derivatives of T/V,t,1 in (3.13). In the presence
of &-derivatives one has to differentiate ¢, (&), Zﬁ:p, and Wg(az—ylg —Ys 5? ),
where the first two are symbols in 5’?70 when & € Upy(e), so the worst be-

haviour in ¢ and p occurs when all the £-derivatives fall on the W£ part. In
(9?8? w, this worst term is

1 1 ' 181 k
21 Jge W¢p(£)[l£jp'(_f> agwwg(x_yl(g)_m(&i )] dyr dys.
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Taking absolute values gives

0200w, (x,€)] < O~ o2 BWH| o /K( g )Iy\'ﬂ'*ldyl dys.
T80

Suppose z € K with K compact. Using Lemma 3.2, K(z,&, p) C B where B
is a large ball depending on K, and the integral is < fB|y| BI=1 dyy dyy = Ck.
The estimates (3.1) imply |03 TP WE| L < Cs%leBl All in all we obtain

!8?6511},;(3:,{)\ < s~ (1=9)BI+dlal
when = € K, and (3.14) shows that w, satisfies the correct estimates. [

Proof. (of Lemma 3.2) For any £ € R™, p € Z so that n and £ + k are

. . proj, 1 (§+k)
not collinear, define vi(&§,p) = 7 = L, v2(§,p) = m’ and take
v3(&, p), - .., vn(§, p) to be any vectors so that {v1, ..., v,} forms an orthonor-
mal basis of R™. Let

CO(fvp):(Ul vn)
so that Cj is an orthogonal matrix for any £ and p, and let
Clep) = (v S5 vy o ow,).

. . Etk proj, 1 (€+F)
ThenC—CO+EWhereE—(0 s —m 0o ... 0) Onthe
other hand, one has

(yb y?) € K(ZE, ga 10) <~ C(yla Y2, O)t €T+ B(07 R)
& (y1,42,0) € C7 'z + C71B(0, R). (3.15)

We want that C~! has bounded norm when ¢ € U,(¢), which will follow
if F is small. This is achieved by (3.3) and some elementary estimates.
Write p = proj, 1 (§ + k). Then

E+k p 1 -~ lpl—sp
. ol $(£+k p) + ol (3.16)
Here
[§+k—pl =&+ mil = [{§+ k7| <el¢+ k| (3.17)

by (3.3). Using the triangle inequality in (3.17) gives (1 —¢)|{ + k| < |p| <
(1+¢)|€ + k|, and using (3.3) again gives

(1—¢e)?s<|p| < (1+e)s. (3.18)
Also, (3.17) and (3.3) give

|E+k—pl<e(l+e)s. (3.19)
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Now combining (3.16), (3.18) and (3.19) yields
‘5 +k

s ol

Finally, consider M,(R) with the norm [[A| = sup,—; |Az|. Then

‘<El+€)+(1+€)2—125(3+28). (3.20)

E+Ek p 1
5" Bl < I Bl < [*7 - 2] < 5

if e < {5, by (3.20). Then C = Co(I + Cy ' E) is invertible and HC”1|| < 2.
Considering (3.15) let m{, m} be the first two row vectors of C~1, so that
(y1,y2) € K(z,¢&, p) implies that y; = m x + m]w for some w € B(0, R).
Here [miw| < |C~ lw| < 2R, and setting zj(x &, p) = m;(&, p)tz we obtain

y € B(2,2v/2R) whenever y € K(x,&,p). This concludes the proof. O

3.4 Construction of solutions
We now solve
(Ap+W-Vp+q)u:f

near ). Using the decomposition for W and the intertwining operators of
Proposition 3.2, we look for u of the form u = A,v where v satisfies

(BoAp+Qp+ Wﬁ VoA, +qApv=f

near (). Since B, was elliptic, we can find C, € Op S(l)—é s, elliptic and
properly supported, so that

B,C,=1+R,
where R, € ¥7°°. We now try a solution v of the form
v =2, 3Cpaw

for some w € L2(R™). Here p; € C°(R") (j = 1,2, 3,4) are cutoff functions
so that ¢ = 1 near © and ¢;41 = 1 near supp(y;). Inserting this to the
equation gives

(BpAp+Qp + pr “Vpdp+qAp)v =
(Ips + Rppa — By(1 = 03)Cpipa — BpAp(1 — 02) A p3C,04
+ QpSOQA;ISOiSCpSDZL + Z pr?jApaxj SOZAp_ISOSCpSO4
J

Z 802A Y03Copa + Y W) ipiAppals, osCopa
J

+q 02, o3G0 w
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We call the last expression D,w, and so we want to solve D,w = f near €2,
or p1D,w = f in R".
To get something invertible on L?(R™) we look at a related operator

Tp:I+ZEk

where

Ei = p1Ryp4, Eo = —p1B,(1 — ¢3)Chpa,
B3 = —01B,A (1 — 02) AT 03Cpps, By = 01Qp02, " 03C, 04,

:Z%W iA400x, 020, p3C s,

da
Eg = Z%W Op(8 2)pa A, p3Cppa,
E?—Z<P1 0 iPiApp2 ) Lo3Chpu,

Eg = solquszp ©3C)p¢p4.

We wish to show that each Ej; is an operator L?(R") — L*(R") with || E;|| =
| Ej|| L2 12 small when |p| is large.

First, E; and F> contain a W~°° operator with cutoffs on either side,
so ||E1|| and [|E2|| are small for large |p| by Proposition 3.1 (e). Also,
E3 contains the operator ¢1B,A,(1 — ¢2) € Op S™*° which has norm <
Cn.alp|™ from L2 to L? by Proposition 3.1 (f), for any o and N. Using
the fact that A;lgpg has norm < C,|p|~! from L? to L2 with —1 < a < 0,
we obtain that || Fs|| is small for |p| large.

For E; we insert an additional cutoff using ¢; = ;@41 so

B4l < ler@p2ll llos A, sl I Coepall.

We need to estimate [|¢1Q,p2|. Using the explicit formula (3.9) for w,,

the proof of Lemma 3.1 gives that |p|~°0,,w,, \p\*%a%j w, € S?—M' Conse-
quently

’Pr(sawjapa !p!*% 5 Gp> lp|™ 2 ap € Sl 568° (3.21)

Then Proposition 3.1 (e) gives |[p1Q,p2| < C|p|?. Since s, s3]l <
C|p|~! and & < 1/2, we see that || Ey| is small for large |p|.

For Es note that [|0,,02A, 13| < C independently of p, and |W b]”Loo
is small as |p| — oo. For Eg we have Hcngp( )<p3|| o2 A tps]| < Clp|o1
by (3.21). Finally, E7 has small norm for large p since [[pjpad; 3] < C
and [[IV2 ]|z — 0 as |p] — oo, and || By || < Clo| ™.
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All this gives that T}, is an invertible operator on L?(R™) for |p| large,
and we may assume HTp_lH < 2. Set

w:Tglf.

Since T, = D, +1(1—¢4) — (1 —1)(D, — Ip4) we have T,w = D,w in 2, so
that D,w = f in €). Chasing back the steps we see that v = gpgA;lcngp(mw
satisfies

(ByAp+Qp+ W) -V,A,+qA)v=f inQ,
so u = Apv satisfies (A, +W-V,+q)u = f in Q. The solution has therefore
the form

u= Ay N psCrpu T f.

One obtains [[ul|z2(q) < %HfHLZ(Q) immediately. We have

Oa,

O

J

Oyt = A0, 02N 03Cou T, f + Op(2) 02 A L psCopa T, f,

and since [|0,; 022, o3| < C, H(plOp(%)gogA;l@gH < C|p|°~!, we have
J
10z, ull 22y < CIlfllL2()- This ends the proof.



Chapter 4

An auxiliary inverse problem

In this chapter we discuss the auxiliary inverse problem considered in Section
1.3. The main objective is to prove the uniqueness result, Theorem 1.5,
following the argument in Sun [41]. In the first section we set up the inverse
problem and discuss some of its basic properties. The next section contains
a proof of the Helmholtz decomposition for Dini continuous vector fields,
which will be used to decompose a vector field into divergence free and curl
free parts.

In Section 4.3 we construct complex geometrical optics solutions for this
problem, and use these to obtain an identity for two vector fields assuming
that their Cauchy data sets coincide. Finally in Section 4.4 we give the rest
of the details of the proof of Theorem 1.5.

4.1 Preliminaries

Let © C R"™ be a bounded open set, and assume W € L*°(Q;C") and
q € L>®(9;C). Consider the operator

" /10 2
Lw,qzjz_;(iaxjﬂLWj) +a

If W and ¢ are real then this is the selfadjoint Schrédinger operator in (1.8).

Complex coefficients are needed later when we study the inverse problem
for the steady state heat equation. In nondivergence form one has

Lwg=—A—2iW . -V+(W-W—i(V-W)+q). (4.1)

The bilinear form associated with Ly, is

(Lw,qu,v) = /Q(Vu Vo +iW - (uVo —oVu) + (W - W + qJuv) dx (4.2)

34
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which makes sense if u,v € H(Q). One sees easily that (L u,v) =
(u, Ly zv). We define the set of solutions

Mg ={u € H'(Q); Lwqu =0 in Q}.

This set is always nontrivial by the Fredholm alternative.

We next want to define the Cauchy data set. First one has the abstract
trace space H'(Q2)/HE(Q) where the trace map T : HY(Q) — HY(Q)/H(Q)
is just the quotient map. If u € My, is a solution one may define Ny ,u =
%bg +i(W - v)u|sn weakly as an element of the dual (H(Q)/H(Q))" by

(NW,quvU) = (LW,quvv)'
It follows that Ny, is a bounded linear map My, — (H'(Q)/H} (). The
Cauchy data set is the set
Cw,q = {(Tu, Nwqu); u € Mw,q}.

If € is a Lipschitz domain and 0 is not a Dirichlet eigenvalue of Ly, then
the Cauchy data set is the graph of the Dirichlet-to-Neumann map Ay,
defined by a natural weak formulation of (1.7) as in Section 5.1.

As noted in Chapter 1 there is gauge equivalence in this problem.

Lemma 4.1. If Q, W, and q are as above and p € Wh*°(Q), then
L ivpg =€ PLw,e?, (4.3)
Mwivpg =€ P My,

If additionally p|gg = 0 then

Cw1vpq = Cwg- (4.5)
Proof. If p € W1°(Q) then u +— e Pu is a bounded map H'(Q) — H(Q)
and HE(Q) — HY(Q). A direct computation shows (4.3), and (4.4) follows
immediately. If p|gq = 0 then e~y = u as elements of H(Q)/HZ(Q). We
have (Nwivpq(e”Pu),v) = (Nwivpg(e”Pu), e~ Pv) = (Nw,qu, v) and
Cw4vpq = {(Tv, Nw1vp,qv) s v € Mw1vpq}
= {(T(e""Pu), Ny yvpq(e Pu); u € My} = Cyy. O

Next we discuss a reduction which allows us to replace the domain by a
larger one if the coefficients coincide outside the smaller domain.

Lemma 4.2. Let 2, C R" be bounded open sets with Q C /. If
Wi, Wa € L>®(Q;C") and q1,q2 € L>(Y; C), let Cy, 4, and C{,Vj7qj be the
Cauchy data sets for Ly, .| In 2 and Ly, 4; in Q. respectively. If

W1 = W2 and q1 = q2 in Q/ AN Q, (4.6)

. . . ! _ !
then CW1,q1 - CW27CI2 lmphes CW1,q1 - CW27‘J2'
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Proof. Let Ly, g,u/ = 0 in €' and let u = «/|g. Then u € H*(Q) satisfies
Lw, u=0in Q, so from Cyy, 4, € Cw, 4, We know that there is vy € H(Q)
with Ly, ¢,v0 = 0 in  and Twg = T'u, Ny, gv0 = Nw, g v in . This
implies that vg = u + ¢ where ¢ € H}(Q), and we define

U/:u,+80

so that v/ € HY(Q) and v/ = vg in ©, v/ = v/ in @'\ Q. Now for v’ € H' ()
we have

(LW2,Q2v/vw,)Q’ = (LW2,Q2v0’w/)Q + (LW27Q2ulvw/)Q’\Q
= (LW1,(I1U’ w/)ﬂ + (LW17Q1UI’ w,)Q’\Q = (LW1,(I1U/7 w,)Q’

where we have used Ny, 4,00 = Ny, g, v in ©Q and (4.6), and the subscript
indicates the integration set. This shows that Ly, 4t = 0 in ' and
Nw,,q,0" = Ny 0. Since also Tv' = T’ in ' we obtain Cyy, € Cfy,, .
The other direction is analogous and we get Cyy, . = Cy, .

As the last fact which will be done without any further regularity as-
sumptions on W, we derive an integral identity which will be used in the
uniqueness proof.

Lemma 4.3. Let 2 C R" be a bounded open set, and suppose W1, Wy €

L>*(Q; C") and q1,92 € L*(Q; C). If Cw, 4, = Cw,,q, then one has

/(Z(Wl — Wg) . (UVTJ — @Vu) + (Wl Wy —We - Wo4q1 — QQ)U@) dr =20
Q

for any u € MW1,q1 and v € MVVQ,@Q'

Proof. If v and v are as stated then Cy, 4, = Cy, 4, implies that there is
vo € Myy,,q, With Tvg = Tu, Ny, ¢,00 = Nw, g v. Then

(Nwy 16, v) = (Nwy,goV0,0) = (UQ,NV‘VQ@QU) = (u,NV—V%qzv) = (Nwy g, v)

and the identity follows from the definition of Nyy,. O

4.2 Helmholtz decomposition

In this section we discuss the Helmholtz decomposition of a vector field W
as W = E + Vp, where F is a divergence free vector field and Vp is curl
free. The motivation comes from the construction of complex geometrical
optics solutions for Lyy,. The tool for doing this, Theorem 1.4, requires a
nondivergence form operator A + Wi - V + ¢; where W is continuous and
q1 is L. From (4.1) we see that Ly, is of this form if W € C(Q; C™) and
V-W e L*(Q;C).
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For more general W with V- W ¢ L* we may do as in [35] and use
the gauge equivalence of Lyy,. Lemma 4.1 shows that if W = E + Vp with
p € W then solutions to Ly qu = 0 are easily obtained from solutions
to Lgqu = 0. Here we want that F is in C(Q; C") and is divergence free,
so that Lg 4 is of the desired form.

If W e LP(Q;C™) with 1 < p < oo and  has smooth boundary, then
one has Helmholtz decompositions W = E + Vp where E € LP(Q; C") is
divergence free and p € W1P(Q) (Schwarz [36]). This fails for p = co. In
our situation we need a condition for W which ensures that E € C(Q; C"),
and the right condition turns out to be Dini continuity. It is interesting
that this is also the right condition for the L* decomposition to exist: we
give an example of a uniformly continuous vector field W which is not Dini
continuous, for which there is no decomposition W = E+ Vp where E would
be in Ly and divergence free.

We begin with some elementary remarks. Let 2 be a bounded open
subset of R™. Then every function in C(Q) is uniformly continuous in 2, and
conversely any uniformly continuous function in €2 has a unique extension
into a function in C(€Q).

We call a function w : [0,00) — [0,00) a modulus of continuity if w
is continuous, nondecreasing, and w(0) = 0. A function f : Q@ — C is
continuous with modulus w if |f(z) — f(y)| < w(]x — y|) for z,y € Q. The
same condition is valid for x,y € Q if f is replaced with the unique extension
in C(Q). For any f € C(), the function w(t) = sup{|f(z) — f(y)|; =,y €
Q, |z —y| < t} is a modulus of continuity for f and is the smallest such
modulus. Since €2 is bounded also w is bounded.

We will consider moduli of continuity w which satisfy the Dini condition
€ dt
/ w(t) 5 < for some € > 0, (4.7)
0

and the minor technical condition

w(tr)  wit2)
t1 —  t9

when t; < to. (48)

If f € C(Q) is continuous with some modulus w satisfying (4.7) and (4.8), we
say that f is Dini continuous and write f € C4(Q). Examples of admissible
moduli are w(t) = t* with 0 < @ < 1 (so Holder continuous functions are
included) and w(t) = |logt|~'= for a > 0.

We will need an extension result, which is the only place where the
condition (4.8) is used.

Lemma 4.4. Let 2 C R" be a bounded open set and let f € C4(Q2). Then
there is an extension F of f so that F € C4(R™).

Proof. The Whitney extension procedure, [39], gives the desired result. [J
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The Helmholtz decomposition will be a consequence of the following
estimates for the generalized Newtonian potential of a vector field F. We
write I'(z) = —c,|2[>™™ for the fundamental solution of A in R™, n > 3.
This lemma is similar to [18, Chapter 4] and [7].

Lemma 4.5. Let 2 C R™ be a bounded open set, where n > 3, and let
F € CHQ;C"). Fix some ball Qy with Q C Qp, and extend F to a vector
field in C%(Qp; C"). When x € Q define

w(z) = A Ol (@ — y) Fi(y) dy. (4.9)
0
Then w € C*(Q) and 0,,w = w;, where

wj(z) = A 00kl (z —y)[Fi(y) — Fi(x)] dy — Fi.(x) - KhI(z —y)v; dS(y).
’ ’ (4.10)

Proof. First note that (4.9) and (4.10) are well defined for x € Q. For (4.10)
this follows from

w@l <o [ Sy Pl [ ool as)

o lz—yl" a0

R
gC(/O w(t)cit—i—rl_n/cm dS) < o0
0

where R = diam(Qg) and r = dist(Q, 0Qp).

Let n € C*°(R") with 0 < n <1, n =0 for || < 1/2, and n = 1 for
|z| > 1. Define n.(x) = n(z/e), so that [0%n.| < Cue~l?l. Now € and |z — y|
are comparable on supp(9°n.(z — -)) for |a| > 1, and

0% (& = y)| < Calz —y| 71l (4.11)
For x € Q define
wi(z) = | 0@ = y)ne(z = y) Frly) dy.

0

Then w® — w uniformly in € since
w(a) = (@) = [ 0T =)o = 9) ~ DA o,

0

and the integral is bounded by C||F || f|z‘<€\z|1_” dz.

The function w® is C*°. If x € ) we obtain by differentiating and
integrating by parts that

O, () — wy(x) = /Q O, (T (& — y) (- — y) — 1)) [Fuly) — Fila)] dy

— Fy(x) I (z —y)(ne(z —y) — 1)v; dS(y).
0Qo
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Since |z — y| > r for y € 9Qy the boundary integral vanishes for small .
Using the Leibniz rule in the first integrand gives terms which are bounded
by Clz —y| ™ "w(|z —y|) by (4.11), and the support of each term is contained
in |z — y| < e. This shows that §,;w® — w; uniformly in €, which implies
that w € C'(Q) and 9,;w = wj. O

Proposition 4.1. Let Q C R" be a bounded open set and W € C4(Q; C").
Then there is a decomposition

W=FE+Vp
where E € C(Q; C") is divergence free and p € C1(€Q).

Proof. Extend W to C4(R"; C") and fix a ball Qg with supp(W) C Q. Let
p € CY(Q) be the generalized Newtonian potential given by (4.9). Then
p =T xdiviW and Ap = divW since W is compactly supported, and
E =W — Vp has the desired properties. ]

Remark. If Q has C? boundary then a modification of Lemma 4.5, where
I'(z — y) is replaced by the Green function G(x,y) for A in €, gives a
unique decomposition in Proposition 4.1 if one requires p|spg = 0. This uses
estimates for the Green function as in [20].

We conclude the section with a counterexample from [18, Problem 4.9],
which shows that Dini continuity is required for Proposition 4.1.

Let P(z) = 22 — 23 be a homogeneous harmonic polynomial of degree 2
in R™. Note that 92, P # 0. Let n € C2°(R"™), 0 < n < 1, with n = 1 near
|z| < 1 and supp(n) C {|z| < 2}, let tx = 2%, and let (c) be a sequence
of positive real numbers with ¢ — 0 as k — oo, and >~ ¢ divergent.
Define

o0
f@) = cxA(P)(trx).
k=0
Now supp(A(nP)(txz)) € {27% < |z| < 27F*1} 50 f is C* in R™ ~ {0}.
Since f(0) = 0 and |f(z)| < ci||A(MP)|| = for 27F < |z| < 2751 we see

that f is continuous at 0 and uniformly continuous in R™.
One has

[e.e]

f@) =) ety 2A((nP)(tz))

k=0
with convergence in the sense of distributions, and we obtain

o0

D f(z) = enty n(trr) P(trr) = P(x) > cunltyz).

k=0 k=0
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This is C* in R™ \ {0}. Writing I' x f = Pg, we have for x # 0
02, (T % f)(x) = 29(z) + 4210y, 9(x) + (27 — 23)07, g(x).

By a similar argument as above we see that the last two terms are continuous
functions in R™ with value 0 at = 0. But g(z) > > ;" ¢ for 0 < |z| <
27 50 02 (I x f) is not bounded near 0.

Let now Q = B(0,2) and W = (f,0,...,0) € C(Q;R"™). Then py =
Oz, (I * f) solves Apg = div W in Q, but 0;,po is not bounded near 0. Now
if W = E+ Vp is a decomposition of W where E is divergence free, then
Ap =divIWW in £, so that p = pg + v where v is a harmonic function. This
shows that 0;,p can not be bounded near 0, and the same is true for E.

4.3 Complex geometrical optics solutions

The next step is to construct complex geometrical optics solutions to the
equation Ly 4u = 0, where W is a Dini continuous vector field. For this we
first need a simple result concerning a first order equation. Let { = v1 +i7y2
be a vector with v; € R™, |v;| = 1, and 71 L 72. Then N = ¢ -V is the 9
operator in different coordinates, so that there is an inverse operator defined

by
1 1

" 21 Jreyi +iys
The proof of the following lemma is immediate (see also [41]).

Lemma 4.6. Let f € WFH®(R"), k > 0, with supp(f) € B(0,R). Then
¢ = Nc_lf € Wk (R") solves N¢p = f in R", and satisfies

[@llwree < Cllfllwnee (4.12)
where C' = C(R). If f € C.(R") then ¢ € C(R").

If p € C™ satisfies p- p = 0 we will write p = s(, where ( is of the above
1ol With this notation we have the following proposition.

5
Proposition 4.2. Assume {3 C R" is a bounded open set, W € CQ; Cn),
and ¢ € L®(;C). Let W be any C¢(R";C") extension of W. Then
for p € C™ satisfying p- p = 0 and |p| large enough, there exist complex

NS f(@ = y171 — y272) dyr dyo.

form and s =

geometrical optics solutions
u = e’"m(e(Zﬁm +w) (4.13)
to the equation Ly ,u = 0 in 2, where ¢* € C*(R™) converges uniformly in
R" to Nc_l(—iC W) as s — oo, and
6 lw<(@y = ollol'2), (4.14)
[wllz2(0) = o(1), (4.15)
[wll () = o(lpl) (4.16)
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as |p| — oc.

Proof. We first assume W = E is any divergence free C'(£2; C™) vector field,

and look for a solution v = e’”ﬂ(ed’iJ + wg). Note that Lgpqv = 0 in § is
equivalent with
(A+2E-V+Guv=0 inQ

where G = —E - E — q € L>(;C). Let E € C.(R";C") be any extension
of E/, and decompose E as

TR
E=E +E,
where E~2 = Ex¢, is a smooth approximation to E so that r = r(p) = |p|/2.
Then by Lemma 2.1 we have the estimates
IE} lwe = ollpl'/?),
1ES w2 = ollpl), (4.17)
IE) || = o(1)
as |p| — oo.
Writing p = s we choose
o = do(a,C,5) = NT(—i - BE), (4.18)

so that p - ngﬁE =—ip- Ef;. Now wg must satisfy
(Ap+2iE-V,+G)wg=f inQ
where f = —(A, +2iE-V,+ G)ed’uE. But one has (2p-V + 22‘E£ : p)ed’uE =
2(p - ng% +ip - Eg)ed’gﬂ = 0 by the choice of gi)ﬁE, and we have
f=—(A+2E-V+2E, p+ G)e’s
— —(AGh, + Vo, - Vb + 2E - Ve + 2E) - p+ G)efb.

Since €2 is bounded we get the estimate

1l 2 < C(H&EHWQ,OO&) + HﬁbﬁE”%{/lm(Q) " ||¢ﬁEHW1,OO(Q)
+ ‘p‘HEE)”LOO(Q) + 1)6H¢§E“L°°(Q>

where C' depends on Q and E, q. From (4.12) and (4.17) we have 1220 =
o(|p|). Using Theorem 1.4 gives the desired estimates for wg.

Now assume W € C%(Q;C"), and W is a given C4(R"; C") extension
of W. Let Qg be a ball with Q C €, and use the Helmholtz decomposition
of Proposition 4.1 in Qg to write W = E + Vj where E € C(Q; C") is
divergence free and p € C1(€). Choose any C}(R™) extension of p, and
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define E = W — Vj outside Qy. We then have a complex geometrical optics
solution v = ep'“(e‘b% +wpg) of Lgqv =0 in Q, with qb% given by (4.18).

Write w = e”Pv. Lemma 4.1 implies that Lywqu = 0in €, and u is of
the form (4.13) with

¢ = ol —ip = N (—iC - (B, + Vp)) (4.19)

and w = e*ipwE.~ Obviously ¢f € CY(R"), and (4.12), (4.17) show that
P — Ngl(—iC - W) uniformly in R™ as s — co. We have (4.14) by (4.17),
and (4.15), (4.16) follow from the corresponding estimates for wg. O

Remark. For fur~ther use we note that the result is~also valid with the choice
Pt = Ngl(—ig-(E§<+v;5)) +1(¢-x) — N (=i - W) +t(¢-x), where t € R.

Heading toward the uniqueness result for the inverse problem, the fol-
lowing proposition shows what is obtained when the complex geometrical
optics solutions are used in the identity of Lemma 4.3.

Proposition 4.3. Let 2 C R” be a bounded open set where n > 3, let
Wy, Wy € Cd(Q;Cn), and let q1,q2 € LOO(Q;C). Then CW17111 = CW27q2
implies
/ M etOtO (L (W — Wh))da =0
Q
for any k € R™ and ( = 1 +ivy2 where k,v1, 72 € R™ are mutually orthogonal
with |y1| = |y2| = 1, and ¢;(-, () € C(R") are defined by
¢1 = N (=i¢ - Wh), (4.20)
¢o = N1 (i¢ - Wa) (4.21)

where W; are any C%¢(R"; C") extensions of W;.
Proof. Let Wj = Ej + Vp; be Helmholtz decompositions in a larger ball
2 given by Proposition 4.1, choose a C}(R™) extension of pj, and define
E; = W; — Vp;. From Proposition 4.2 we know that there are complex
geometrical optics solutions to Ly, g u = 0 and Ly, z,v = 0 in §2, which
have the form
:

u = e’ (e?l 4+ wi), (4.22)

v = epQ“(e‘z’g + wy). (4.23)
We have done some relabeling, so that p; = s(; € C" are any large vectors
with pj-p; =0, ¢} = N (=i (B} . + V1)) and ¢ = N (iGa- (B} ., +
Vp2)), and w; satisfy (4.15), (4.16). Now

Vo = pge"’Q'””(e‘z’g +ws) + eﬂ?'x(e¢3v¢§ + Vws),

Vu = plepl'm(e‘bg +w1) + epl'x(e‘ﬁulngS’i + Vwi)
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and assuming p; + p2 = ik with k£ € R™,
: Y
uVT — VU = (py — pp)eketoites
: f f
+ (p2 — p1)e* T (ePrwy + 2w + wiws)
; f oy o f f
+ et (119 (V(ﬁﬂz - ng)’i) + e?1Vwy — €22V,
f f
+ %2 V(buzwl — e ngjiwg + w1Vwy —weVwy)

Now inserting the solutions u and v in the identity of Lemma 4.3 gives

A+B+C+D=0 (4.24)
where
A z/ eik.x+¢'i+¢§<(p2 —p1) - (W, — Wy)) da,
Q
B—i ik-x & &
=i | e ((p2 —p1) - (W1 — Wa))(e®1wa + €®2wy + wyws) d,
Q
C=i / eRT(Wy — Wa) - (9149 (Vo — Vol ) + e Vs — e Vi,
Q

f #
+ %2 ng)gwl —eh V(;Sliwg + w1Vwy —weVwy) dz,
; f # # #
b= /(Wl Wi — Wy - Wa + g1 — go)e’™ (P19 4 ey + ey
Q
+ wiws) d.

Let k, 71 and ~2 be three mutually orthogonal vectors in R™ with |y1| =
|72| =1, and let s > |k|/2. We make the specific choice

k |k|2
p1 = 871 + 2(5 +s — @’}/2), (4.25)

= +'(E g kP ) (4.26)
p2 = —SY1T1 5 S 45272 . .
. . 2
Then p1 - p1 = pa-p2 = 0, p1 + p2 = ik and py — p2 = 2s(71 +iy/1 — Eap).

We will multiply the equation (4.24) by % and let s — oo. We first note
that qzbji is of the form

R U A WY S A T
Sw)= 5 /R i i + /1= )

- _ k k|2
(B + V5) &~ — 12+ /1= L 0))] oy iy
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where E% o — 1 uniformly in R" as s — oo. Dominated convergence
shows that as s — oo this converges pointwise in R™ to

1 1 ~
- —i¢ - (By + Vi) (@ — yiy1 — dy, d
$1(2,¢) = 5 /R2 " Z.yQ[ i€+ (By + Vp) (@ — y1m1 — y272)] dy1 dys
where ( = 1 + i72. Now ¢ = N{l(—ig - W1). Similarly qﬁg — ¢9 in R™ as
s — 00, where ¢y = N (i¢-Wa). Since 651 20w 2y 115 | oe 2y 15 e ) <
C with C independent of p and since HV(ZSg'HLoo(Q) = 0(s'/?), the estimates
(4.15), (4.16) and dominated convergence imply that

1 .
lim LA — Z/ ket ortéa(_oc (W — Wy)) da,
Q

§—00 §

lim 1B = lim 1C’: lim 1D =0.

§—00 § §—00 8 §—00 §

This gives the claim. O

The conclusion in Proposition 4.3 is not strong enough to give the unique-
ness result. The following improvement is needed.

Proposition 4.4. In the situation of Proposition 4.3, one has for |t| < 1
/Q ka1t eatt(Ca) (¢ (W — Wh))da = 0 (4.27)
for the appropriate k, (. Consequently
[t - W)€ ) do =0 (4.28)

for such &, and any integer m > 0.

Proof. In the proof of the Proposition 4.3, replace gbti by ¢§ +1t(¢1-x) and ¢
by ¢1 +t(¢-x). This is possible because of the remark after Proposition 4.2.
The proof then yields (4.27), and (4.28) follows by differentiating (4.27) m
times with respect to ¢ and by evaluating at 0. ]

Remark. The methods in this section, as well as in the following section,
are mostly due to Sun [41] except for some modifications required because
of the nonsmooth situation. The construction of complex geometrical optics
solutions using a Helmholtz decomposition and convolution approximation
is similar to Panchenko [35]. The existence of complex geometrical optics
solutions for Dini continuous vector fields is a new result, and was made
possible by the norm estimates of Theorem 1.4. Also the proof of (4.28) is
new and avoids an additional argument in [41].
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4.4 A uniqueness result

In this section we will prove Theorem 1.5. The main difficulty is to show
that Cw, .1 = Cwy,q implies curl(W; — Wy) = 0. This will follow from
Proposition 4.4 and a sequence of lemmas. The first is an elementary result
on integration by parts which is needed in the arguments below.

Lemma 4.7. Let 2 C R” be a bounded open set with smooth boundary,
let f € C(R™) and ¢ € C", and suppose - Vf € L'(Q2). Then one has

/(-Vfd:r: f(¢-v)dsS.
Q o0

Proof. This follows by approximation from the corresponding result for
smooth functions. O

The next two lemmas consider characterizations for curl W = 0.

Lemma 4.8. Let Q = B(0,R) € R" be a ball, and let W € C(Q;C").
Then curl W = 0 if
¢- / R TW (x) dz = 0
Q

whenever ( = 1 + iy2 and k,y1,72 € R™ where |y;| = 1, and {k, v1,72} is
orthogonal.

Proof. The given condition implies that - (xoW) (£) = 0 whenever v L &.
Assume £ # 0 and let v, (&) = &er — Erej for j # k. Then v;,(€) L € and
S0

§i(xaWi) (&) — &(xaW;) (€) = 0.
Consequently 0; W}, — 0 W; = 0 in § for j # k. O
Lemma 4.9. Let Q and W be as in Lemma 4.8, let W be any C.(R"™; C")
extension of W, and define

U= NH¢-W).
Then curl W =0 in Q if

/ (C-vr)¥dS =0 (4.29)
oaNT

whenever ¢ = 7 + iy with |y;| = 1 and v; L 72, and whenever T is a
two-dimensional plane parallel to v; and v2. Here vy = (v-vy1)y1 + (v - 72)72
and dS is the surface measure of 9Q N T.
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Proof. Fix y1,v2 with |v;| =1 and 71 L 2. Extend these two vectors into
a positive orthonormal basis {~v1,...,7,} of R". Then any k orthogonal to
v1 and 72 has the form k= )", k;7;, and for such k one has

j=3
C'/Qeik'“;W(x) dx:/Qeik'x(C-V\I/)dx
:/C.V(ei’f‘f\p)dx:/ e v dS
Q o0

using ¢ - k = 0 and Lemma 4.7. Writing x = A\171 + . . . + Anyn and splitting
the integral over X' = (A1, A2) and X' = (A3,..., \,) gives

/ e*T(C. V)T dS = k"N / (C-v)TdS(N)dN'
o0 Rn—2 3QOT/\//

where k" = (ks,...,ky) and Ty = Z;?:?) Ajvj + Tp where T is the two-
dimensional plane spanned by 71 and ;. Here (-v = (-vr,,,, and using the
inverse Fourier transform gives the claim. O

Now we assume Cyy, 4, = Cw, 4, and start working toward the condition
of Lemma, 4.9. The next lemma is a restatement of Proposition 4.4.

Lemma 4.10. Let Q = B(0,R) C R" be a ball, and let n > 3. Assume
W1, Wa € C4Q; C™) and q1, g2 € L=(Q; C). Suppose that Cwigi = CWago-
Then

/ (C-vr)(¢-ar)me” dS =0 (4.30)
oanT

whenever ¢ = 1 + ivy2 with |y;| =1 and 1 L 72, and whenever T is a two-
dimensional plane parallel to v; and ~,. Here zp = (2 - 1)y + (2 - 72)72,
and

U= NN (=i - (W — W) (4.31)

where W; are any C¢(R"; C") extensions of W;.

Proof. This follows from Proposition 4.4 similarly as Lemma 4.9. Note that
U = ¢1 + ¢2 where ¢; are defined by (4.20), (4.21). O

The next lemma, is the main step in the proof of Theorem 1.5, and shows
how the condition (4.30), which depends nonlinearly on ¥, may be used to
obtain the condition (4.29). The assumptions that € is a ball and W; and
Wy vanish near 0f) are removed later.

Lemma 4.11. Let Q = B(0, R) C R" with n > 3, let W1, Wy € C4(Q; C"),
and let q,q2 € L>®(Q; C). Suppose that Cyw, ¢, = Cw,,q,- Then curl Wy =
curl Wy in .
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Proof. We let W; be the C4(R™; C") extension of W; which is zero outside
2, and define ¥ by (4.31). Then we are in the situation of Lemma 4.10.

Fix 71,72 with |v;| = 1 and 1 L 72, and let T = T + 4" be a two-
dimensional plane parallel to Ty = span(~1,v2) with 4" L Ty and 90QNT # (.
Note that 9Q N T is a circle with center at the origin and some radius 7.
Let f(z1,72) = ¥(rz1y1 + raeye +9"), so that f is continuous in R? and
f restricted to the unit disc D corresponds to ¥|gnp. In the coordinates
(x1,22) on 0D we have zp = rxy1y; + raxeye and vp = zp/R, so (- xp =
R(¢ - vr) = r(x1 +ix2). Now (4.30) may be written as

2 .
/ im0, 1) g9 _
0

for any integer m > 0. This shows that the negative Fourier coefficients of
ef|op are all zero.
On the other hand, one has in the sense of distributions

,
Of (w1, w2) = 5C- VU (raim + ragye + 7"

r < <
= _EC - (Wy = Wa)(raiyr + raaye + ’Y”)

which shows that f = 0 for |x| > 1. Thus f is holomorphic in {|z| > 1} and
bounded and continuous in {|z| > 1}, so the same holds for ¢/ and we obtain
that the positive Fourier coefficients of el |ap must be zero. This shows that
el is constant on 0D and then f is also constant there. Consequently we

have
2 ) R
0= / el f(e)do = = (C-vp)WdS
0 r JoonT
which is (4.29). It follows from Lemma 4.9 that curl(—:(W; — W3)) = 0 and
curl Wy = curl Wy in Q. ]

The proof of Theorem 1.5 follows easily using Lemma 4.11.

Theorem 1.5. Let 2 C R" be a bounded open set where n > 3, and assume
that Wy, Wy € C4(Q;C") and q1,q2 € L®(Q;C). If Cw, .y = Cwgp and
Wiloa = Walaq, then curl Wi = curl Wy and ¢; = g2 in €.

Proof. First extend W to a vector field in C4(R™; C") using Lemma 4.4.
The fact that W7 = Wy on 0 ensures that Wa, defined for x ¢ Q by
Wa(z) = Wi(x), will also be in C¢(R"™; C"). Let Q' = B(0, R) be a ball so
that € and the supports of Wy and W5 are contained in €, and extend ¢
and ¢z to ' so that they are zero outside Q. Since Cyy, 4, = Cwy g, in §,
we obtain from Lemma 4.2 that Cyy, 4, = Cw, 4, in .
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Now Lemma 4.11 gives that curl W = curl W5 in €. Since ' has trivial
cohomology we have Wy — W1 = Vp, where p is in fact given by

1
p(.%) = /0 (Wg - Wl)(ta:) - xdt.

This defines a function in C'(R") with Vp = 0 near 9, so by substracting
a constant we may assume that p € C! (Q,) and p|agy = 0. Thus p determines
a gauge transformation which preserves Cauchy data sets, and we obtain

. /
CW1,!11 = CWz,QQ = CW1+VPJI2 = CW17Q2 in

by Lemma 4.1.
Since Cw, ¢ = Cw, 4, in ', Lemma 4.3 gives

/l((h — )uvdz =0 (1.32)

for any u,v € HY(Y) satisfying Ly, s,u = 0 and Ly, 5,0 = 0 in Q. Fix
k € R™ and let 1, 72 be any unit vectors with {k, y1, 72} orthogonal. Choose
u, v to be the complex geometrical optics solutions in € given by (4.22),
(4.23), where p; and py are given by (4.25), (4.26) and ¢f — N (—i¢ - W),
¢h — NZ(i¢ - W) in R” as s — cc.

Plugging v and v in (1.32) gives

; i gl ; : i
/ eth-rt+@1+é, (1 — q2)de = — / elk'w(ql — QQ)<€¢1CU2 + €¢2W1 + wiws) dx.
Letting s — oo this becomes

// eik'x(ql —q2)dr =0

using that gb’i + qbg — 0 and ||lwjllr2) — 0. Thus (xar(q1 — g2))” = 0, which
implies g1 = ¢o in . O



Chapter 5

Applications to inverse
problems

We proceed to give uniqueness results for the two inverse problems con-
sidered in the introduction. In fact global uniqueness will follow almost
immediately from Theorem 1.5, as soon as one knows that the Dirichlet to
Neumann map determines the boundary values of the coefficients in some
sense. Therefore, most of this chapter is devoted to boundary determination
results.

For the magnetic Schrodinger equation, we adapt the method of Brown
[9], originally used for the conductivity equation, to obtain that the Dirichlet
to Neumann map uniquely determines the tangential components of the
magnetic potential at the boundary. The argument requires a C*!' domain.
In the case of the steady state heat equation with a convection term, the
method of singular solutions due to Alessandrini [3] gives a sharper result in
terms of boundary regularity, and we are able to handle Lipschitz domains.

5.1 Schrodinger equation in a magnetic field

Let 2 C R™ be a bounded open set with Lipschitz boundary, and suppose
W e L*(Q;R") and ¢ € L*°(Q; R). Define the Schrédinger operator

=3 (1 +15) 4o

=

The operator Hyy,, is selfadjoint. We assume that 0 is not a Dirichlet eigen-
value of Hyy,, so that the problem

Hyqu =0 in €,
u=Ff on 0f)

has a unique solution v € H'(Q) for any f € HY/2(99).

49
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We may define a Dirichlet to Neumann map formally by

ou .
AWq:f'_)%aQ+Z(W'V)f-

More precisely, Ay, is defined by the equivalent weak formulations
(Awqf,9) = /Q(Vuf Veg +iW - (uyVey — e,Vuy) + (W[ + q)uséy) do
= / (Ves - Vig +iW - (efVig — ugVer) + (W + q)esiy) dx
Q

where uj, € H'(Q) is the solution to Hy4u, = 0 in Q with u, = h on 99,
and ey, is any H'(Q) function with e, = h on Q. Then A, is a bounded
map HY2(0Q) — H~/2(0Q).

In the notation of Section 4.1, one has Hy,, = Lwg4, and the Cauchy
data set is Cwy = {(f,Awgyf); f € HY?(0Q)}. In particular one has
gauge equivalence as in Lemma 4.1, so that Ay v,, = Aw, whenever
p € Whe°(Q; R) with p|aq = 0.

We want to discuss the determination of boundary values of W from
Aw,4. Because of gauge equivalence, we see that only the tangential com-
ponents of W on the boundary may be determined from Ay 4. This follows
since even if W and Vp are continuous in ), the tangential components of
Vp are zero but the normal component may be nonzero.

We will prove boundary identifiability of tangential components in a C'*+!
domain. To be able to speak of boundary values of a L vector field, we
introduce the following definition.

Definition. We say that W € L*°(Q; R") is continuous at z € 992 if there
exists n € R™ so that

©ss SuprQﬂB(z,r)‘W(x) - 77‘ —0 (51)
as r — 0.

Note that if W is continuous at z, then the vector 7 is unique and given
by lim, m fQﬂB(Z W (x) dz, and we will define W (z) = 7.
The boundary result we intend to prove is the following.

Proposition 5.1. Let QO C R™ be a bounded open set with C1'! boundary,
and let W € L*°(Q;R") and ¢ € L>®(2;R). Assume 0 is not a Dirichlet
eigenvalue of Hyy,4, and suppose z € 02 is a boundary point so that W

is continuous at z. Then for any o € T,(09) with |a| = 1, there exists a
sequence (fy) C HY?(9Q) so that
Jim ((Awg = Roo) v, fv) = Wi(z) - o (5.2)

The sequence is independent of W and ¢g. Furthermore, if U is any neigh-
borhood of z in 9f2, one may assume that supp(fy) C U for all N.
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Remarks. (a) If W, ¢, and the domain are C*°, then Ay, is a pseudodif-
ferential operator of order one on 9€) and its symbol may be explicitly
computed ([28]). The principal symbol of Ay, is independent of W
and q. Therefore, we consider the order 0 operator Ay,4 — Ag o, whose
principal symbol contains the tangential components of W. Then (5.2)
corresponds to the fact that the principal symbol of a pseudodifferen-
tial operator may be obtained by testing against highly oscillatory
functions.

(b) The result also holds under a slightly weaker condition than (5.1),
which is similar to the condition (H1) in [9].

(¢) The result is completely local. If U is any neighborhood of z in 09,
then one may determine the tangential components of W (z) from the
knowledge of (Aw,f,g) for all f,g € H'/2(98) which are supported
inU.

The proof is based on the following identity, which is a direct consequence
of the definition of Ayy,.

Lemma 5.1. Let Q C R" be a bounded open set with Lipschitz boundary,
let W e L>®(Q;R") and ¢ € L*®(Q;R"™). Suppose 0 is not a Dirichlet
eigenvalue of Hyy 4. Then one has

(Mg — Aoo) . f) = /Q(iW-(qu—vVu) + (WP + quv) da

for any f € H'Y/2(9Q), where u,v € H'(Q) satisfy Hyq,u = 0 in © and
ulpao = f, and Av =0 in Q and v|gg = f.

We will use oscillatory solutions v and v which concentrate near a bound-
ary point z. The construction is easier to do when (2 is flat near z, so we
need to discuss a transformation which achieves this. The first step is to fix
a convenient coordinate system at z.

From the definition of a C*! domain, we know that there exist > 0 and
a coordinate system (z/,x,) in R"™, isometric to the usual one, so that z is 0
in these coordinates, and one has QN B(0,r) = {z, > ¢(z')} N B(0,r) where
¢ is a C&! function R"! — R. Furthermore, we may assume V¢(0) =0,
which follows since the inverse function theorem gives a C'! local inverse
when the original function is C1:'. Then T3(99) = R"~! x {0}.

With the coordinate system (2, x,) where z is the origin, define a bilip-
schitz homeomorphism F of R"™ by F(2/,x,) = (2/,¢(z') + x,). Note

that DF(2/, x,) = (?) = (qul(x/) ?), which shows that det DF' = 1 and
L

DF(0) = I. We let Q@ = F~1(Q) be the domain corresponding to  in the
(2, 1,) coordinates. Then € is a bilipschitz image of a bounded C1! domain
and is flat near the boundary point 0.



CHAPTER 5. APPLICATIONS TO INVERSE PROBLEMS 52

~Forue Ll .(Q) define @ € Ll .(Q) by @ =wuoF. One has (Hw,qu,v)o =
(Hw,qti, )¢, where Hyy, is the operator in €2 corresponding to Hyy,q in the

transformation F', and is given by
ﬁw,q’ft == —8%. (ajkaxkﬂ + bj’ft) - bj(‘)xjﬂ + cu

where A(z') = (aj;) = (DF)"Y(DF)™, b(z/,2,,) = (b;) = i(DF)~'W, and
¢ = |W|[?+G. Then aj is W and b and ¢ are L™ in Q, and 0 is not a
Dirichlet eigenvalue of I:IWq since it was not one for Hyy,. Also, Hpg = —A
becomes ﬁog =—-A= —0z, (a0, ) in these coordinates.

Let n € C°(R) be a function with 0 <7 <1, n =1 for |z| < 1/2, and
n =0 for |z| > 1. Let « = (¢/,0) € R™ be a unit vector tangent to 9 at 0.
For N € Z, we define an approximate solution

on(2) = n(NY2z1) - (N 2g,)eNlo—en)

so that vy is C*° in R™ and localized near 0 when N is large. We write
vy = ¢YE where ¢(z) = n(N'2zy)---n(N'?z,) and E(z) = eNla—en)=,
Note that if Ly = div(A(0)V) = A is the operator A with coefficients frozen
at 0, then LogFE = 0. The scalings are chosen so that FZ dominates the cutoff
1 for large N, so vy is indeed an approximate solution for the operator Ly
and then also for ﬁW,q and ﬁo,o when N is large.

Since vy has an explicit form one obtains the following estimates. We
write 8(z) = dist(x, Q) for x € , so that §(x) = z,, for  close to 0.

Lemma 5.2. One has in

lowllze = ONTT), [Vonllp2 = ON'T),

5—n —1—n

lovn ]z = O(NTT), [[6Von|r2 =ON"T"),

as N — oo.

Proof. We begin by computing

o0 o0
/ 7](N1/2$n)2€_2an dl’n —_ / 6—2]\7:6” d.%'n—
0 0

/ (1 - n(Nl/an)Z)e—Zan dx, = %N—l + O(e_%Nl/ZN_l)
0
and

° o0
/ :E%n(Nl/an)Qe*QNx" dxy, = / wie*2N1n dxy, + O(e*%Nl/QN*i'*)
0 0

=N 3+ 0(e 2N’ N-3)
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where cg is an absolute constant. We obtain
1
/~|UN|2 dr = / n(N'2z)% - 77(N1/2a:n_1)2(5N*1 + o(N*l)) dz’
Q Rn—l

_ ;(/Rn(t)Q dt)n_lelzfn +o(N7zH).

This gives the estimate for ||vy| 12, and the case for ||[dvy] 72 is similar. For
the derivatives we note that 0, (Y E) = NY2y,E + N(iaj — 6jn) 0 E where

1j is of the same form as 1), so the same computations as for vy and dvy
-1

give |[Vuy|zz = O(N"T*) and [|6Vuy| 2 = O(N —1). 0

We then want to move from the approximate solutions vy to solutions @
and v which solve ﬁwqﬂ =0and f[o o0 = 0in Q whose boundary values on
Q are vy. These solutions are given by & = vy +wy, 0 =vN + wN, where
Wy, w'y are the HO(Q) solutions to HquN = —HquN and Hoowly =
—Ho oun-

Several times below we will need Hardy’s inequality. It is typically ap-
plied in the form ‘fQ fcpdx’ N6zl el e < CISFllz2lI Vel 2 when
p € Hi ().

Lemma 5.3. Let Q C R" be a bilipschitz i image of a bounded open set with
Lipschitz boundary. Then for any ¢ € H} (Q) one has

lol?

dm<C/V<p2dw
02 Vel

Proof. For sets with Lipschitz boundary see Davies [16]. The result follows
for bilipschitz images of such sets by a change of coordinates. O

The next three lemmas are concerned with estimating the remainder
terms wy and w). The objective is to show that they are in a suitable sense
smaller than vy, which will then be the dominating part in the solutions.
The gradient L? estimates are obtained from standard estimates for weak
solutions.

Lemma 5.4. One has ||VwN||L2(Q), ||Vw§v||L2(m = O(Ng%n) as N — oo.

Proof. Since 0 is not a Dirichlet eigenvalue of Hyy,, or 151070 in €, the equa-
tions for wy and w’; above have unique solutions in H¢ (), and ||[Vwy|| L2(5)
and vaﬁf”m(ﬁ) will be bounded by a constant times the H~'(Q) norm of
the right hand sides. Thus it will be enough to show that || Hw,qun || -1 =

0(N¥) as N — oo, and W = ¢ = 0 will be a special case of this.
We have

Hy un = —Lo(¥E) — div(A — A(0)) V(Y E) — Oz, (bjon) — bjOz,uN + cun



CHAPTER 5. APPLICATIONS TO INVERSE PROBLEMS 54

where Ly = div A(0)V = A. Note that Lo(E) = (Loy) E+ 2V - VE since
LoE = 0. If p € C°(Q) then in the distribution pairing we have

(ugow.o) = [

9)
+(A—A0)V(WE) - Vo +un(b-Ve)—(b- Vun)p + chgo) dx

(= (Lov)Bp = 2N (VY - (i = e)) Bep

We split this into a sum of six integrals as <ﬁquvN,go> = 2521 I; and
estimate each integral.

First, (Lot))E = NwjE where 1); are of the same form as 1. Conse-
quently Hardy’s inequality and the computation in Lemma 5.2 give |I;| <
CN |0y E| p2|lellgr = O(N 717”)Hg0HH1. A similar argument shows that
L] < CN320(N~T)||¢|lgr = O(N"T9)||¢|| 1. Lemma 5.2 and Hardy’s
inequality also give |I;| = O(N 14_n)H<pHH1 for j =4,5,6.

It remains to estimate I3. One has V(Y E) = NY/2(¢;)E+ N (ia—en )V E
where 9; have the same form as 1. Again the computation of Lemma 5.2
gives

| [(4=A@)N20,E - Vioda] < C\\A\|LooN1/2||ij|rLzusoum

= 0N el

Finally,

| [(4= A@)N(ia =~ e.)vE - Voda| < ONI(A = AO)6E |2l lm

This is O(N%)ngHHl by the Continuity of A at 0 and by Lemma 5.2. We
obtain || Hy,qun|| ;-1 @) = o(N 7) as desired. O

Next we need L? estimates. These are easier to prove for w'y since on the
) side everything reduces to the following properties of harmonic functions.

Lemma 5.5. Let 2 C R” be a bounded open set, and let u be a harmonic
function in 2.

(a) If u € L*(Q) then [|6Vul 2(0) < Cllul|r2(q)
(b) If uw € H'(€2) and 02 is C11, then |Jul|2(q) < Clluloall ;- 1/2(90)-

Proof. (a) If x € Q and B = B(x,d(x)/2) then the mean-value property
implies

V)| < ey ) = utedy < 50 (o [ luldy + fute)))
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with C = C(n). Thus 6|Vu| < C(M(xqu) + |u|) where M is the Hardy-
Littlewood maximal function in R"™. By the mapping properties of this
function, see Stein [39], we obtain (a).

(b) The proof is by duality. Let ¢ € L?(£2) and let v be the HE(Q2) solu-
tion to Av = ¢ in Q. By [18, 9.6], v € H*(Q) with [[v]| g2y < Cllell 120

Then 9
/uapdx:/uAvd:c: w2l qs — /Vu Vo dz.
) [} BV

Since u is harmonic the last integral is zero, and
up dx U _ .
4 > o0 1/2(6Q) v 1/2(6Q)

Here Hay”Hl/?(aQ) < Ol a2y < Cllellr2(q), which shows (b). O

We remark that Lemma 5.5 (b) is the only place where extra regularity
of 00 is needed, in the sense that all other parts of the argument work
for Lipschitz domains with small modifications. The estimate in part (b) is
probably false for Lipschitz domains. The author would like to thank Carlos
Kenig for clarifying this point.

The following estimates will be the last ones needed for the proof of
Proposition 5.1.

Lemma 5.6. If 9Q is C'*! then [|wlyl| (). 10VW |2 = ON T 7).

Proof. It is enough to prove this for v = vy + wy, since vy satisfies these
estimates by Lemma 5.2. Furthermore, since F' is bilipschitz, we may con-
sider vo F~! € H'(Q) instead of v. Now v o F~! is a harmonic function in
Q) with boundary values vy o F~! on 9Q. We have

lon o F 120 < Cllow (@, 0) 121y

Let f(z') = vn(2',0) = 9o(N/22")eN"*" Then

1

Ifllz2 = CN 7" (5.3)

Choose j,1 < j <n—1, with a; # 0. We have 0, f = NY2f) +iNa;f and
Or; f1 = N1/2f, 4 iNajf1, where fi and fo have the same form as f and
satisfy (5.3). Then

‘/fsodw’

We obtain from (5.3) that || f|lg-1 = O(Ningn), and interpolation gives
—1—n
1Al g2 = O(N

(N U Nzzlleller + N2 fill 2 el + N7 fell 2l 22)-

). The result now follows from Lemma 5.5. O
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Proof. (of Proposition 5.1) We choose the coordinate system (2/,x,) as
above and take fy = cyuy o F_l\ag, where ¢y > 0 is a constant to be
determined later. Using Lemma 5.1 we have

((AVV#Z — AQp)fN, fN) = C%\; /Q(ZW . (UV’D — ’DVU) + (’WP + q)u@) dx
— & / (b- (@VF — 3Vit) + ciid) da
Q

where 4 solves Hyy 4t = 0 in 2, ¥ solves Hyov = 0in €2, and & = 0 = vy on
0f). Thus & = vy +wy and ¥ = vy + w?v according to our earlier notation,
and we have

N2 (Mg — Noo) v fv) = /Q b(0) - (s Vi — Ty Voy) da
+ /~ (b—0(0)) - (vnVON — OnVun) do
Q

+/ b-(UNVU_)EV—|—wNV1_)N—|—’£UNV1D§V—Z_}NVwﬁv—IT)NVUN—H)NVU}?V)dx
Q

+ /~ C(UNT)N + UNU??V +wnyon + w]vif)gv) dx. (5.4)
Q

We write the right hand side as I; + Iy 4+ I3 + I and estimate each integral.
Note that vy Viy — iy Voy = —2Niajuy|? and b(0) = iW (), so

1—n

L =2N(W(2) - a) /lewl?dx = ko(W(2) - @)N'2" +o(N'2")

by Lemma 5.2, where ko = ([ n(t)? dt)" 1. The continuity of W at z implies
ess SUP, (0 N,1/2)|b(q:) —b(0)] - 0as N — 0, so that [y = O(N%). We
have

5| < Cllon | [Vwill + 16~ wn | [6Ven | + 167 wn | |6Vl
+ oIVl + 6wy [0V x| + |6~ o] 10V wi )

where all the norms are in L?(€2). We obtain from Lemmas 5.2 to 5.6 that
I; = o(N"2"). Finally,

1Ll < Cllow | + llow | Hlwill + 167 o] [dvwll + 167w | [[dwivl)-

1—n

Since [[ow)y|| < Cljwy ]|, using the lemmas gives Iy = o(N "z ).
Setting ¢y = kgl/zN%, using the estimates for the integrals, and let-
ting N — oo in (5.4), we obtain the desired result. O

We may now prove the theorems from the introduction.
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Theorem 1.6. Let 2 C R" be a bounded open set with C!*! boundary,
and let W € C(; R") and ¢ € L>®(Q; R). Suppose that 0 is not a Dirichlet
eigenvalue of Hyy,. Then Ay, uniquely determines the tangential compo-
nents of W on 0€.

Proof. Follows directly from Proposition 5.1. O

For the proof of the global uniqueness theorem, we need to have a special
gauge transformation which preserves the tangential components of a vector
field but sets the normal component to zero. In the next lemma, ¢.(z') =
e~(=Dgp(2' /e) with ¢ € CP(R™ 1), 0< ¢ <1, ¢ = 1 for |z| < 1/2, and
¢ =0 for |x| > 1.

Lemma 5.7. Let g € C4R"!), and define G(2/,t) = (¢. * g) (') for t > 0,
where € = e(t) = t'/2. Let

p(a, x,) :/ nG(:c’,t) dt.
0

Then p € CH4(R"! x [0,1]) and p|gn-1 = 0, %\an =g.

Proof. Let w be a Dini modulus for g. One has |G(2/,t)| < ||g|lze~, |G(z',t)—
Gy, 1)| < w(la'—y]) and |G(&/, $)~G (', B)] < wlls>—11/2]) < w(|s—1]1/2),
where w(t'/?) is another Dini modulus. We easily see that p is continuous
in R"~! x [0, 1].

We have [0,,G(2,1)] < Ct=1/2, so0 Op;p(a!,xn) = [ 0y, G(a,t) and
clearly 0,,p(2',x,) = G(2',2,). One also has the estimate |9,,G(z',t) —
02,G(y',t)] < Ct~Y2w(|2" — y'|). We obtain that

|0,0(2", 20) — 00, (Y 2n)| < Cw(l2’ —o/)),
|6:v (x/,xn) 8rjp($,7yn)‘ < Clwy — ynll/Qv
|02, p(2, 2n) = O, (Y, )| < w(l2 = y/)),
1020 (@, 20) = 0r, (@ yn)| < wl|n — yal'/?).
This shows that p € CM4(R"! x [0, 1]). O

Lemma 5.8. Let Q2 C R"™ be a bounded open set with C'¢ boundary, and
let W € C4(Q;R"). Then there is p € C14(Q; R) which satisfies p|so = 0
and (W + Vp) - v]aq = 0.

Proof. Letting g = W - v € C499), we need a function p € C14(Q) with
plag = 0 and ——\ag = g. We may construct p locally near a boundary
point and use a suitable partition of unity to get the desired function in ).
Thus, assume 0 is a boundary point, and  is given near 0 by {y, > ¢(v')}
where ¢ € Ccl’d(R"*I), #»(0) = 0. By the inverse function theorem we may
assume Vo(0) = 0.
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We first construct approximate boundary normal coordinates near 0.
Let B be a small ball in R™ with center 0, and let By = BN {z, > 0} and
B_ = Bn{x, < 0}. Define for x € By

F(2' x,) = (2, 9(2))) + /Ozn N(z',t)dt

where N (2/,t) = (¢ * n)(2’) is as in Lemma 5.7, and n(z') = —v(a/, ¢p(2'))
where v is the outer unit normal of 02. By Lemma 5.7 we have F €
CY(By). If z € B_ define

F(o!, ) = (2, $()) — O_xn N, t) dt

so that F € CY¥(B_). Now the two definitions for F' and DF coincide

on R ! so F € Cl,d(ﬁ) and DF(2',0) = (vqf(m,) :;((il,))). In particular

DF(0) = I, so the inverse function theorem shows that F is a C'¢ diffeo-
morphism from U > 0 onto V' 3 0.

Shrink B so that B C U, let § = go F € C4B NR" ), and let
pla xn) = [ G(z',t)dt as in Lemma 5.7. Then p € CY¥(B,) and
Plrn—1 = 0, %]an = §. We define p = po F~! near 0. This gives a
C™4 function in B(0,r) N Q for some r, and p is zero on 9Q. Finally, for
y € B(0,r) N o

% (y) = VB(F () DF(E~ (1) v(y) = — () = ~g(»).

s
This ends the proof. O

Theorem 1.7. Let Q C R” be a bounded open set with C1'! boundary,
n > 3, let Wi, Ws € C4Q;R™), and let q1,q2 € L>®(Q;R). Suppose that
0 is not a Dirichlet eigenvalue of Hyy, 4, or Hy, 4. Then Aw, ¢, = Aw, g0
implies curl W7 = curl W5 and ¢; = ¢2 in 2.

Proof. Theorem 1.6 implies that the tangential components of W7 and Ws
on Jf) coincide. Applying the gauge transformation of Lemma 5.8 to W;
and Wy will preserve the tangential components and will make the normal
components equal to zero. The new Wy and Wy will satisfy the hypotheses
of the theorem, and one has Ay, 4, = Aw, 4, and Wi = W3 on 0Q2. We are
now in the situation of Theorem 1.5, and the result follows. O
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5.2 Steady state heat equation with a convection
term

Let 2 C R™ be a bounded open set with Lipschitz boundary, and let W €
L>(Q;R"™). Consider the Dirichlet problem

(A4+W - -V)u =0 in Q,
u=f on 0.

This problem has a unique solution v € H'(Q) for any f € HY/?(9Q) by
[18, 8.2]. We may define a Dirichlet to Neumann map formally by

ou

Aw : — .
W ch‘?an

More precisely, we define Ay with the equivalent weak formulations
(Aw f,g) = /Q(Vu]c -Veg =W - (Vuy)ey) dx (5.5)
= /(Vef -Vuy, =W - (Vey)vg) dz (5.6)
Q

where uy € H' () solves (A+W-V)ur = 0in Q with us|go = f, vy € H'(Q)
solves the adjoint equation Avy — V- (Wvy) = 0 in Q with vg|spn = g, and
ef, €4 are any functions in H'(Q) with eflgo = f and eglon = g. We have
that Ay is a bounded map from H'/2(9Q) to H~1/2(0%).

We will start heading toward a proof of Theorem 1.9, which shows that
Aw determines the boundary values of a Holder continuous vector field W.
The proof is based on the following integral identity. If Ay, = Ay, then

/Q(W1 — W) - (Vuvda = 0 (5.7)

where u, v are any H'(Q) functions satisfying Au 4+ W7 - Vu = 0 and Av —
V - (Wav) = 0 in Q. The identity follows immediately when one uses (5.5)
for Wy and (5.6) for W5 and chooses ef = u, e = v.

For the determination of boundary values, we use the method of singular
solutions due to Alessandrini [3]. The point is to find solutions u and v so
that the integrand in (5.7) will blow up at a given boundary point z € 92
unless Wi (z) = Wa(z). In [3] such solutions were constructed for second
order divergence form elliptic operators with WP coefficients, p > n, which
have no lower order terms. In our case lower order terms are present and the
construction of [3] needs to be modified. Below we will repeat arguments
from [3] and supply the necessary modifications, extending the results from
WP to Hélder continuous coefficients in the process.
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Consider the divergence form operator

Lu = —0q; (a0, u + bju) + ¢;0z;u + du (5.8)

where
the domain is 2 = Byg = B(0,4R) C R",n > 3, (5.9)
ajr,b; € C*(Q) with 0 < e < 1, ¢j,d € L>(Q), (5.10)
a;jkéi&e > NP for € € R™, and (5.11)
aji = ;. (5.12)

All functions in this section are real valued. We will also need that at least
one of the positivity conditions

d— 8y,b; > 0, (5.13)
d— 8y,¢; > 0, (5.14)

is valid in €. These conditions are understood in the sense of distributions.

If L is as above, then the equation Lu = T in 2 has a unique solution
u € H}(Q) for any T € H1(Q2) by [18, 8.2]. The Green function for L in
2 is the distribution kernel G(z,y) of the solution operator 7" +— wu, and it
satisfies LG(z, -) = d, in § in a suitable sense. Unfortunately we could not
find a reference for the following estimates for G(z,y), and therefore we will
very briefly indicate how to prove the estimates.

Lemma 5.9. Let L satisfy (5.8) - (5.12) and one of (5.13), (5.14). For any
zeQ, Gz, ) € CL¥(Q ~ {z}), and one has

loc
Glay)] < Clo — yP for 2,y € Bun, (5.15)
10, G(z,y)| < Clz — yli" for z,y € Bag. (5.16)

Proof. The estimate (5.15) is in fact valid for L™ coefficients and is found
in Stampacchia [38], provided one assumes d — 9,,b; > co > 0 instead of
(5.13). When the methods of [38] are combined with the maximum principle
and global boundedness and continuity results of [18, Chapter 8], which are
stronger than the corresponding results in [38], one obtains (5.15) under the
weaker assumption (5.13). Since the results of [18] are valid also when (5.13)
is replaced by (5.14), small modifications of the argument give (5.15) also
when (5.14) holds.

The estimates (5.16) follow from (5.15) and interior Holder estimates as
in Lemma 5.10 below, since one has LG(z, -) = 0 in Byr \ {z}. O

We will use the notations
AT1,7"2($U) = {‘T € Rn; m < |$ - xo‘ < 7‘2}, A7'177'2 = A7"177"2(0)7

lullorany = > dNOPul ey + D A0 U,
|B1<k |B|=k
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where d = diam(2) and [u]ca(q) = Sup, yeq S

Lemma 5.10. Let L satisfy (5.8) - (5.12) and assume f € L™(Q), f; €
C*(€2). Suppose u € H' () solves Lu = f + 9, f; in Q. Then u € C'i.’?(Q),
and if B(zg,r9) C Q then one has

lllonagary < Cllulzeag) + 1 1z (an) + 7llfilleaan):

where Ay = Ao, (z0), A2 = A;/24,(70), 47 < 19, and C' is independent of
r, Xo, To-

Proof. This result is from [18, 8.11], except that we have paid closer atten-
tion to constants. O

We may now begin the construction of singular solutions. The following
two lemmas correspond to Lemmas 2.2 and 2.3 in [3].

Lemma 5.11. Let L be asin (5.8) - (5.12), and suppose one of (5.13), (5.14)
holds. Let 2 < s < n, and let f € LS (Br~{0}), f; € C{.(Br~{0}) satisfy

loc

|f(2)] < Alz|™* in Bp ~ {0}, (5.17)
Hfj”loa(Ar,w) < Ar'e for 0 <r < R/2. (5.18)

Then there exists a solution u € CI{)’S(BR ~ {0}) to
Lu = f + 0y, f; in Br ~ {0},
which satisfies

|u(@)| + |2]|Vu(z)| < Cla*™*  in Br~ {0}, (5.19)
[ullgea, ) < Cr2~° for 0<r < R/2. (5.20)

Proof. We begin with some preparations. First extend f and f; to R" ~\ {0}
so that local boundedness and Hélder continuity are preserved, the supports
are contained in Bag, and (5.17), (5.18) are satisfied in Bar with a new A
only depending on the old value of A. Let G(z,y) be the Green function of L
in B4r. The case where only f is present is handled exactly as in Lemma 2.2
of [3], using now the estimate (5.15) and the approximation argument in the
end of this proof, so we may assume f = 0. Also, we make the temporary
assumption f; € L>(Byg).
Define

u(zx) = —/ 8ij(x,y)fj(y) dy. (5.21)
Bar
Then u solves Lu = 0y, f; in Byg. From (5.16) and (5.18) we obtain

u(z)| < Clh + Is + I3]
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where

I =/ |z —y|" "yl 0 dy,
E;

and By = {|y| < |x|/2}, By = {[z[/2 <y < 2[z[}, and B3 = {|y| > 2[z[}.
If |y| < |z|/2 then |z — y| > |z|/2, so that

Bl [y < Claf
ly|<|z|/2
For I we have
I < cyx\l—s/ 17 dy < Claf.
|z| <4z
Finally, when |y| > 2|z| then |z — y| > |y|/2 and

I3<C y* " dy < Claf?.
jul>2le]

Thus u satisfies |u(z)| < C|z|>7%, and (5.19), (5.20) follow from Lemma

5.10.
Next we remove the assumption f; € L°°(Bsr). We define

N when f; > N,
fj7N: fj7 when ’f]‘SNv
—N, when f; < —N.

. =/
Then f;n € C.(Bag ~ {0}) with Hfj7N||’CQ(Q,) < HfJ'H/Cﬂ(Q/) when Q C
Byr ~ {0}, and fjn € L*(Bsg). Let un be the corresponding solution
of Luy = 0y, fjn in Byr \ {0} obtained from (5.21). Then uy satisfies
(5.19), (5.20) with C independent of N, so (uy) is a bounded sequence
in C’llo’ca(B r ~ {0}) and there is a subsequence which converges weakly in
Cllo’?(BR ~ {0}) and strongly in CL (B~ {0}). The limit u satisfies (5.19),
(5.20) and Lu = 0,, f; in B ~ {0}. O
Lemma 5.12. Let s > n be a nonintegral real number, and suppose f €
LY (Br~{0}), fj € C.(Br~{0}) satisfy (5.17), (5.18). Then there exists

loc

a solution u € C-%(Bg ~ {0}) to

loc
Au= f+ 0y, f; in Bg ~\ {0}, (5.22)
which satisfies (5.19), (5.20).

Proof. We make similar preparations as in the proof of Lemma 5.11, assum-
ing f =0 by [3], Lemma 2.3, and f; € L>°(Byg) by the approximation. We
need some properties of Gegenbauer polynomials Cf* from [1] and [40].
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(a) (1 —2zz+2%)72=32,C%x)* fora>0,|z| <1,z <1,
(b) [C ()] < (") for 2] < 1,

(CY(z) = 2aC Tt (z) for k> 1.
By (a) we have I'(z — y) = —cplz — y|>™" = Y52, Hi(z,y) for x # 0 and
ly| < |z|, where

|Z/|k (n—2)/2

y X
Hy(z,y) = —CnWCk ()

lyl el
From [40, Theorem 2.14] we have that for fixed = # 0, H(z, -) is a homoge-

neous harmonic polynomial of degree k. This also shows, upon changing the
roles of z and y and after a computation, that A, Hy(x,y) = 0 for z # 0. By

(b) and (¢) we obtain \C,gn_Q)ﬂ(x)\ < Ck™ 3 and ’(C]gn_2)/2)/(l‘)’ < Cknt
where C only depends on n, and this implies that

ly[F~!

|8yij(fE, y)| S Cknilwm.

(5.23)

Let now v = [s] — n and define I'y(z,y) = I'(z —y) — > p_o Hi(z,y).
Then the function

u@) =~ [ 8, Tula)s ) dy
Bar
solves Au = 0, f; in Byg ~\ {0}. We estimate

lu(z)| < Cllz + I3 + 14 + I]

where I and I3 are as in Lemma 5.11 and are < Clz|?>~%, and

i 1 ly[F—1 1
Iy=) k" / Tyl dy,
= lyl>[al/2 12 ]F 72
> 1 |y|1 1
F= Y e[l dy,
sz:H lyl<lal2 12"

By the choice of v we obtain
v
I < Czknfl‘xpfkfn’x‘k+nfs < C‘x’QiS,
k=0

S 1)..12—k | 2]\ ktn—s 2
<o Y KV —"<7) < Olz|>>.
k=v+1

Thus |u(z)| < C|z|?>~*, and again (5.19), (5.20) follow from Lemma 5.10. [
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We may now give the result, corresponding to Theorem 1.1 of [3], which
ensures the existence of solutions with a singularity of arbitrarily high order
at a given point. The result extends [3] to operators with lower order terms
and also a larger class of coefficients: recall that WP C C1="/P when p > n,
but there are Holder continuous functions which are nowhere differentiable.
The assumption a;,(0) = d;; is just a normalization which may be removed
by introducing a constant matrix in the solution as in [3].

Theorem 1.8. Let L be as in (5.8) - (5.12), and suppose one of (5.13), (5.14)
holds. Assume also that a;;(0) = dj;. Then for every spherical harmonic
Sy of degree m = 0,1,2, ..., there exists u € C2°(Bg ~ {0}) such that

loc
Lu=0 in Br~ {0},

and furthermore

u(e) = o (1) + wie),
where w satisfies
lw(z)| + |z||[Vw(z)] < Clz>~""™F in Bg ~ {0}, (5.24)
||7UH/CL5(AT o) S Cr¥n=mtB for 0 < r < R/2. (5.25)

Here [ is any number with 0 < 3 < «.

Proof. If a is rational, we decrease « so that it is larger than 3 and irrational.
Choose K = [m/a] and let H(z) = |x|2_"_mSm(|i—|), so that AH = 0 in
Bpr ~ {0}. We have

LH = (A =+ L)H = axj((a]k(()) — ajk)amkH — b]H) + cjaer +dH

S0 LH =0y, f; + f, where | (x)| < Cla|' "=, | ()| < Cla[*""™ and

[filoa(a,a) < lajr(0) — ajillLoc(a, ) [On Hlca (A, 00

+ ajrloo (4o 10z, Hl 1oo (4,.) + 105l co(a, o |1 H o (a, 5,y < CPETT™

Thus f, f; satisfy the conditions of Lemma 5.12 with s = n+m —«a. Let wg
be the corresponding solution of Awy = LH which satisfies ||wy H’CLQ(AT,QT) <
Cr2—n—mta Inductively, we define w; for 1 < j < K — 1 as the solution
of Aw; = (A + L)wj—q given by Lemma 5.12. The solutions w; satisfy
lwilloraca, p < Cr¥=n=m+the and then (A+L)wg—_1 = f+0y, f; Where
f, f; satisfy the conditions of Lemma 5.11 with s = n+m — (K + 1)a < n.
Finally, let Wi be the solution to LWg = —(A + L)wg 1 obtained from
Lemma 5.11.
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Set

Then w satisfies (5.24), (5.25) and
K-1 K-1
Lw=> (A+Lw;— > Aw;+ LWk = —LH.
j=0 J=0

This shows that © = H + w is indeed a solution of the desired form. O

We now prove Theorem 1.9. The author gratefully acknowledges the help
of Giovanni Alessandrini in the choice of the singular solutions. We remark
that the restriction to n > 3 in Theorems 1.8 and 1.9 is for convenience only,
and similar results hold also for n = 2.

Theorem 1.9. Let 2 C R" be a bounded open set with Lipschitz boundary,
and n > 3. If Wi, Wy € C%(Q; R™) for some v > 0, then Ay, = Ay, implies
W1 = W5 on 9.

Proof. We argue by contradiction and assume that Wy(zg) # Wa(zy) for
some zg € Jf2. We may choose coordinates so that zg = 0 and for some rq
we have QN B(0,79) = {x, > ¢(2')} N B(0,7r9) where ¢ : R"! - R is a
Lipschitz function. Let n = W;(0) — W3(0); since OS2 is Lipschitz we may
rotate the coordinates slightly so that 7, # 0 in the new coordinates.

We need some more geometric preliminaries. For 0 < e < 1 and z € R"
define the cones

z z

o) =5 (=), > 1= G ={o: (=), <~ -2}
By the Lipschitz condition there is g9 with 0 < g9 < 1 so that C,(0) N
B(0,79) € © and CZ(0) N B(0,79) € R" \ Q. Let 0 > 0 be a small
parameter and define z = z, = (0, —0), so that one may find ¢ = ¢(gp) < 1
with B(z,co) C R™ \ Q for o small. We also have ¢ = g(gg) < 1 so that

Ce(z) N{|x — 2| > 20} C C,,(0).

In fact one may choose € so that this holds for ¢ = 1, and the same ¢ works

for all o by scaling. We also require that for € C.(z) one has

, z—z\ 1 T —z

i (=) | < 5m(E=)

|z — z| |z — z|/n

/12

To obtain this we decrease € so that ¢ < 1 — (M+1)1/2 where M = 42°

nn

This final ¢ will thus depend only on ¢y and 7. As a last remark, we note
that

|Ce(2) NOB(z,7r)| = v|0B(z,1)]
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where |- | is (n — 1)-dimensional surface measure and v = ~y(g) > 0 is fixed.

Now extend W7 and Wy to Holder continuous vector fields in R™, and
choose R so that Q@ C B(0,R/2). We use Theorem 1.8 to find solutions
u=wug+u to Au+W;-Vu =0 in B(z,R) \ {z} and v = vy + v1 to
Av —V - (Wyv) =0 in B(z, R) \ {2z}, so that

uo(2) = |z — 27", Jur(@)] + |z — 2| Vs (2)| < Ol — 2277,
vo(z) = |z — 2| (0~ (z = 2)), Ji(@)| + & = 2|[Vui(2)| < Clz — 2|77

where § > 0. Write W = W; — Wy and use (5.7) with these v and v to
obtain

- / n - (Vug)vg dx = / n- ((Vug)vy + (Vuq)v) do
B(z,r)NQ B(z,r)NQ
+ / (W(x) —W(0)) - (Vu)vdz +/ W - (Vu)vdz. (5.26)
B(z,r)NQ QNB(z,r)

Here r = r(0) = o/2. We write (5.26) as [ = I + I + I3 and want to show
that I blows up as o — 0 at a faster rate than Iy + Iy + I3.
We have

I = (n—2)/ ]ac—z\_%[n-(ac—z)]zdac.
B(z,r)NQ

The integrand is nonnegative so reducing the integration set makes the in-
tegral smaller. We define the set

E,=C.(z)N{20 < |z — 2| <1}

and note that by the considerations above E, is contained in B(z,r) N}
when r is small. For x € E, we have

T—z _ ,‘<x—z)">1 1_
nn(|x—z|)n K |z — 2|/ | — 2|77n|( 2

r—z

\ >

222
2= 2

and

_ 2
z—z "N (x -2 dez/ x—z272”77'x Sl
fo e @) R (1

o

2 o 2 r
> o) | #3108 (z.5)| ds = Cn o) (200 = 27,
20

Using the choice r = ¢/2 this gives I > Co?™™ when o is small.
For the right hand side of (5.26), first we have

L] <C |z — 2|27 P dy < Co* P

co<|z—z|<r
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for o small. For I note |z| < (1+ 2)[z — 2| < Cr on QN B(z,r), so that
|[W(x) — W(0)| = o(1) as 0 — 0 by the continuity of W at 0. Then

|I5] < 0(1)/ |z — 2> dz = 0®""0(1)
co<|z—z|<r
as ¢ — 0. Finally

|I5] < C'/ |z — 22" dx < Co'z".
r<|z—z|<R

Now multiplying (5.26) by 6”2 and letting o — 0 gives a contradiction. [

Again global uniqueness is obtained from the boundary result and The-
orem 1.5.

Theorem 1.10. Let 2 C R" be a bounded open set with Lipschitz bound-
ary, and suppose n > 3. If Wy and Ws are two Lipschitz continuous vector
fields in €2, then Ay, = Ay, implies W1 = W in Q.

Proof. By Theorem 1.9, W; and W have Lipschitz continuous extensions
to a larger ball so that they coincide outside €2, and an analogue of Lemma
4.2 shows that Ay, = Ay, in this ball. Therefore, we may assume that €2
is a ball and W7 = W5 = 0 on 092. ,
It W e Wheo(Q; R") define (W) = W 4 YW Tt follows from (4.1)
that
Ly giqwy)y=—-A-W-V

and

1
(Awy2iqw) fr9) = /Q(Vuf -Veg =W - (Vuy)ey) dr + 5 /BQ(W -v)fgdS
where uy € H'(Q) solves (A + W - V)uy = 0in Q, uy = f on 99, and
ey € H(Q) satisfies e, = g on 9. This shows that

1
Aw i qomyf = Aw f + §(W -v)|oaf.

From AW1 = AW2 and W1|8Q = WQ‘BQ we have AW1/2i,q(W1) = AW2/2i,q(W2)-
Then Theorem 1.5 implies curl W7 = curl Wy in €2, and since €2 is a ball we
have Wy = Wj + Vp where p € W2>°(Q; R™). Here Vp = 0 near 952, so by
substracting a constant we may assume that p = 0 on 0f).

From Theorem 1.5 we also have that the potentials ‘%'2 + % must
be the same. Using Wy = Wj 4+ Vp, this implies that

1
Ap+W1-vp+§\vpy2 =0 inQ.

Since also p|gq = 0, the maximum principle for quasilinear elliptic equations
([18, 10.1]) implies that p = 0. Hence W; = Ws in Q. O
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