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ABSTRACT. We describe the range of the attenuated ray transform of a unitary
connection on a simple surface acting on functions and 1-forms. We use this de-
scription to determine the range of the ray transform acting on symmetric tensor
fields.

1. INTRODUCTION

In this paper we consider range characterizations for certain ray transforms. The
most basic example of the kinds of transforms studied in this paper is the X-ray (or
Radon) transform in R?, which encodes the integrals of a function f in the Schwartz
space S(R?) over straight lines:

oo

Rf(s,w):/ f(sw+twh)dt, seR,weS

—0oQ0
Here w' is the rotation of w by 90 degrees counterclockwise. The properties of
this transform are classical and well studied [9]. One of the basic properties is the
characterization of the range of R, which describes all possible functions Rf for
f € S(R?) in terms of smoothness, decay and symmetry properties (most importantly,
moments with respect to s should be homogeneous polynomials in w). We refer to
9] for the precise statement.

The X-ray transform forms the basis for many imaging methods such as CT and
PET in medical imaging. A number of imaging methods involve generalizations of
this transform. One such method is SPECT imaging, which is related to the X-ray
transform with exponential attenuation factors. In seismic and ultrasound imaging
one encounters ray transforms where the measurements are given by integrals over
more general families of curves, often modeled as the geodesics of a Riemannian
metric. Moreover, integrals of vector fields or other tensor fields instead of just
integrals of functions over geodesics may arise, and these transforms are also useful
in rigidity questions in differential geometry. See the survey papers [4], [13], [22] for
more details and background.

The characterization of the range is a basic question for all transforms of this type.
In this paper we examine the range of the attenuated ray transform on a simple
surface when the attenuation is given by a unitary connection. As an application
we describe the range of the ray transform acting on symmetric tensor fields. The
notation of Riemannian geometry will be used throughout the paper.
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Let (M, g) be a compact oriented Riemannian surface with smooth boundary. We
shall assume that (M, g) is simple, that is, its boundary is strictly convex and any
two points are joined by a unique geodesic depending smoothly on the end points.

We wish to consider unitary connections on the trivial vector bundle M x C".
For us a unitary connection means a skew-Hermitian n x n matrix A whose entries
are smooth 1-forms on M. Equivalently, we may regard A as a smooth function
A TM — u(n), where u(n) is the Lie algebra of the unitary group U(n) and A
depends linearly in v € T, M for each x € M. The connection A induces a covariant
derivative d4 acting on sections s € C°(M,C") by das = ds + As. The fact that
A is unitary means that it respects the sesquilinear inner product of sections in the
sense that

d(s1,52) = (das1,s2) + (s1,das2).

We refer to [14] for more background on unitary connections and the related ray
transforms.

Let SM = {(z,v) € TM ; |v| = 1} be the unit tangent bundle. The geodesics going
from OM into M can be parametrized by the set 0. (SM) = {(z,v) € SM; z €
OM, (v,v) < 0} where v is the outer unit normal vector to OM. We also let
0_(SM) := {(xz,v) € SM;z € OM,(v,v) > 0} and denote by X the vector field
associated with the geodesic flow ¢, acting on SM.

Given f € C*(SM,C"™), consider the following transport equation for v : SM —
Ccn,
Xu+Au=—f in SM, wuls_sm) =0.

Here A(x,v) (the restriction of A to SM) acts on functions on SM by multiplication.
(Below we will consider A both as a matrix of 1-forms and as a function on SM,
depending on the situation.) On a fixed geodesic the transport equation becomes a
linear system of ODEs with zero initial condition, and therefore this equation has a
unique solution v = u/.

Definition 1.1. The geodesic ray transform of f € C®(SM,C") with altenuation
determined by A is given by

IAf = uf|a+(5M).

We note that I4 acting on sums of O-forms and 1-forms always has a nontrivial
kernel, since

Ix(Xp+ Ap) =0 for any p € C*°(M,C") with p|sa = 0.

Thus from the ray transform I, f one only expects to recover f up to an element
having this form. In fact, in [14] we proved the following injectivity result:

Theorem 1.2. [14] Let M be a compact simple surface. Assume that f : SM — C™ is
a smooth function of the form F(x)+a;(x)v?, where F : M — C™ is a smooth function
and o is a C*-valued 1-form. Let also A : TM — u(n) be a unitary connection. If
IA(f) =0, then F =0 and o = dp + Ap, where p : M — C" is a smooth function
with plaar = 0.
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Based on this result we shall describe the functions in C*°(9,(SM),C™) which are
in the range of I (14 acting on O-forms) and I} (I4 acting on 1-forms) very much
in the spirit of [17], in which the unattenuated case A = 0 was considered. The
description of the range involves the following boundary data:

(1) the scattering relation « : 04 (SM) — 0_(SM) which maps a starting point
and direction of a geodesic to the end point and direction. If (M, g) is simple,
then knowing « is equivalent to knowing the boundary distance function which
encodes the distances between any pair of boundary points [12]. On two
dimensional simple manifolds, the boundary distance function determines the
metric up to an isometry which fixes the boundary [18];

(2) the scattering data of the connection A (see Section 2);

(3) the fibrewise Hilbert transform at the boundary (see Section 2).

For a precise description see Theorem 3.2 below. A caveat is in order for the case of
I: there is an additional finite dimensional space originated by the possible existence
of A-harmonic 1-forms. This space (which is trivial if A = 0) can also be expressed
in terms of a boundary value problem for a suitable Cauchy-Riemann operator with
totally real boundary conditions (see Section 6).

One of the main motivations for considering the range of I9 is to describe in turn
the range of the (unattenuated) ray transform acting on symmetric tensor fields. The
invertibility of this transform on simple surfaces was recently proved in [15], which
includes more details on the following facts. Given a symmetric (covariant) m-tensor
field f = fi i, do" @ ---® da'™ on M, we define the corresponding function on SM
by

flz,v) = fi,0, 0 0™,

The ray transform of f is defined by

(z,v)
If(z,0) = / (@l 0))dt,  (2.0) € 0, (SM),

where 7(z, v) is the exit time of the geodesic determined by (x,v). If h is a symmetric
(m — 1)-tensor field, its inner derivative dh is a symmetric m-tensor field defined by
dh = oV h, where o denotes symmetrization and V is the Levi-Civita connection. It
is easy to see that
dh(z,v) = Xh(z,v).

If additionally h|sy = 0, then clearly I(dh) = 0. The transform I is said to be
s-injective if these are the only elements in the kernel. The terminology arises from
the fact that any tensor field f may be written uniquely as f = f* + dh, where f* is
a symmetric m-tensor with zero divergence and h is an (m — 1)-tensor with h|gy = 0
(cf. [21]). The tensor fields f* and dh are called respectively the solenoidal and
potential parts of f. Saying that I is s-injective is saying precisely that I is injective
on the set of solenoidal tensors.

In [15] we proved that when (M, g) is a simple surface, then [ is s-injective for any
m. The main idea for one of the two proofs presented in [15] consists in reducing the
problem to the case of an attenuated ray transform I of a suitable unitary connection
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A with n =1 (scalar case). Using this idea we describe the range of I on symmetric
m-tensors using the following data. Since a simple surface is topologically a disk
and inherits a complex structure from the metric we can choose a smooth nowhere
vanishing section & of the canonical line bundle. As we shall explain in Section 4
this section & together with the metric g determine naturally a unitary connection
A¢ g with n = 1. The range of I will be described by the scattering relation «, the
scattering data of A¢, and the fibrewise Hilbert transform at the boundary. For a
precise statement see Theorem 4.2 below.

A brief description of the contents of this paper is as follows. In Section 2 we
establish some preliminaries and background. Section 3 states carefully the main
theorem in this paper which is Theorem 3.2. The application to symmetric tensors is
discussed in Section 4. Section 5 deals with adjoints of the attenuated ray transform
and surjectivity properties. Finally Section 6 contains the proof of Theorem 3.2.

Acknowledgements. M.S. was supported in part by the Academy of Finland and
an ERC starting grant, and G.U. was partly supported by NSF and a Walker Family
Endowed Professorship. G.P.P. thanks the University of Washington and the Univer-
sity of Jyvaskyla for hospitality while this work was being carried out.

2. PRELIMINARIES

In this section we collect various facts which will be used later on. We also introduce
the scattering data of a unitary connection and we review a regularity result for the
transport equation obtained in [14]. See [14], [15] for further details. In what follows
(M, g) is a compact orientable simple surface and A is a unitary connection as defined
in the Introduction.

2.1. Scattering data of a unitary connection. As before, X denotes the vector
field associated with the geodesic flow ¢, acting on SM and we look at the unique
solution Uy : SM — U(n) of

(1)

The scattering data of the connection A is the map Cy : 0_(SM) — U(n) defined as
Ca = Ualo_(sm)- It is easy to check that the scattering data has the following gauge
invariance: if G : M — U(n) is a smooth map such that G|sy = Id, then the unitary
connection G~'dG + G~ AG has the same scattering data as A. The scattering data
C4 determines A up this gauge equivalence [14].

Similarly, we can consider the unique matrix solution of

XWa+ A(z,0)Wa =0, (x,v) € SM
Wala_(sary = 1d

XUp+ A(z,0)Us =0, (z,v) € SM
UA|8+(SM) = Id.

and this gives a corresponding scattering map Dy : 0, (SM) — U(n) defined as
Dy := Wals,(sm). However, it is straightforward to check that C4 and D, are
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related by the scattering relation a of the metric g:
Cgl o = DA.

Recall that o may be extended as a C*° diffeomorphism of 9(SM) [18].
Using the fundamental solution Uy, it is possible to give an integral representation
for I4 acting on functions f € C*°(SM,C"). To make this more transparent consider

first the case n = 1. By solving explicitly the transport equation along the geodesic
determined by (z,v) € 0,(SM),

U+ Aldi(,0))u = = f(¢(2,v))
with u(7(z,v)) = 0 we find that

L) = u0) = | " ot 0)exp [ / Alu(e0) ds} dt.

In the scalar case n = 1 we also see that if (z,v) € 9, (SM), then

Uatorteo)) = e |- [ Alu(e0) i) e st~ v,

In general (n > 2) a simple calculation shows that the following integral formula
holds:

7(z,0)
@) Iafao) = [ UR Gla o)) .

2.2. Geometry of SM and the fibrewise Hilbert transform. Since M is as-
sumed oriented there is a circle action on the fibers of SM with infinitesimal gen-
erator V' called the vertical vector field. It is possible to complete the pair X,V to
a global frame of T'(SM) by considering the vector field X, := [X, V], where [, ]
stands for the Lie bracket or commutator of two vector fields. There are two addi-
tional structure equations given by X = [V, X ] and [X,X,] = —KV where K is
the Gaussian curvature of the surface. Using this frame we can define a Riemannian
metric on SM by declaring {X, X, V} to be an orthonormal basis and the volume
form of this metric will be denoted by dX3 and referred to as the usual volume form
on SM. The fact that {X, X, V} are orthonormal together with the commutator
formulas implies that the Lie derivative of d¥3 along the three vector fields vanishes,
and consequently these vector fields are volume preserving.
Given functions u,v : SM — C" we consider the inner product

(u,v) = / (u, v)cn dX°.
SM
The space L?(SM,C") decomposes orthogonally as a direct sum
*(SM,C") = €P Hy

keZ
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where —iV" acts as kId on Hy. Let Q := C>*°(SM,C") N Hx. A smooth function
u: SM — C" has a Fourier series expansion

k=—o00

Following Guillemin and Kazhdan in [8] we introduce the following first order el-
liptic operators

Ny, n- : C*(SM,C") — C*(SM,C")

given by

ne =X +iX1)/2, n-=(X—-iX}1)/2
Clearly X = 1, +n_. The commutation relations [—iV,n,| = ny and [—iV,n_] = —n_
imply that

Nyt — Qeyr, et Qe — Qg
These operators will be useful in Section 6.

The description of the range of 14 makes use of the fibrewise Hilbert transform H.
This can be introduced in various ways (cf. [18, 20]), but here we simply indicate that
it acts fibrewise and for uy € Q,

H(ug) = —sgn(k) iug

where we use the convention sgn(0) = 0. Moreover, H(u) = Y, H(ug). Observe that

(Id+ iH)u=ug+2 )y,
k=1

-1
(Id—iH)u=ug+2 Y

k=—0o0

The following bracket relation (cf. [14]) extends the bracket in [18]:

(3) [H, X + AJu = (X1 +%A)(u0) + {(XL +*A4)(u)}o,

where x denotes the Hodge star operator of the metric g.

2.3. Regularity results for the transport equation. Given a smoothw € C*(0,.(SM),C")
consider the unique solution w* : SM — C" to the transport equation:

X(w*) + Aw* = 0,
{ w o, (sar) = w.
Observe that
w(z,v) = Un(z, v)w(a o (x,v))
where ¢(2,v) := ¢, (2, v) (recall that ¢, is the geodesic flow and 7(x,v) is the time
it takes the geodesic determined by (z,v) to exit M). If we introduce the operator

Q : C(04(SM),C™) — C(d(SM),C")
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by setting
| w(z,v) if (z,v) € 0.(SM)
Quiz,v) = { Cale, v)(wo a)(w,v) if (x,0) € D_(SM),
then
wp(sar) = Qu.
Define

S®(0,(SM),C") := {w € C®(d,(SM),C") : w* € C®(SM,C")}.
We have

Lemma 2.1 ([14]). The set of those smooth w such that w* is smooth is given by
S*(0L(SM),C™") = {w € C*®(0.(SM),C") : Qw € C*(I(SM),C")}.

3. DESCRIPTION OF THE RANGE

In this section we describe the main result of this paper (Theorem 3.2 below). Let
(M, g) be a simple surface and A a unitary connection. We shall consider [4 acting
on O-forms and 1-forms separately and for this we shall use the notation 1 and I}
respectively (as in the Introduction).

Suppose f = (X +A)g for some smooth function g. Then clearly X (u/+g)+ A(u’ +
g) = 0, where u/ solves Xu + Au = —f with uls_(sary = 0. Since (uf + g)|s_(sar) =
glo_(sary we deduce that (uf + )]s, (sar) = (C1'g) o . In other words

(4) L4((X + A)g) = [(Cy'9) o & = gllo, sna).
Motivated by this we introduce the operator
B:C(0(SM),C") — C(0+(SM),C")
defined by
Bg = [(Cy'g) o a — glla,(su)
so we can write (4) as
(5) Ii((X +A)g) = Bg®, ¢° = glogsm)-

Let Hyu := Huy, where uy (resp. u_) denotes the even (resp. odd) part of v with
respect to the v variable. In terms of Fourier coefficients, u, consists of the Fourier
components of u having even degree and u_ of the components having odd degree.

Definition 3.1. Let Py : S®(0.(SM),C") — C*®(0,+(SM),C") be the operators
defined by P = BH.Q.

Note that the operators P, are completely determined by the scattering data
(o, Cy) and the metric at the boundary.

The connection A induces an operator d4 acting on C"-valued smooth differential
forms on M by the formula dyo = da+ A N a. We let d% be its natural adjoint
with respect to the usual L? inner product of forms. We have d% = — x dax. We
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let $4 denote the space of all 1-forms a with dqa = d%a = 0 and j*a = 0 where
j : OM — M is the inclusion map. We call these forms A-harmonic. This is a
finite dimensional space since we are dealing with an elliptic system with a regular
boundary condition (cf. [23, Section 5.11]). Here is our main result:

Theorem 3.2. Let (M, g) be a simple surface and A a unitary connection. Then
(1) A function u € C®(9,(SM),C") belongs to the range of I3 if and only if
u= P_w forwe S8®0,(SM),C").
(2) A function u € C*(0,(SM),C") belongs to the range of I} if and only if
u=P,w+ TI}(n) forwe S®(0.(SM),C") andn € Ha.

When A = 0 we have $4 = 0 since M is a disk. We will show below that £ 4 may
also be expressed in terms of a suitable Cauchy-Riemann operator with totally real
boundary conditions.

4. RANGE OF THE RAY TRANSFORM ACTING ON SYMMETRIC TENSORS

In this section we apply Theorem 3.2 to obtain a description of the range of the
ray transform acting on symmetric tensors.

Let (M, g) be a simple surface. The metric ¢g induces a complex structure on M
and let xk be the canonical line bundle (which we may identify with 7*M). Recall
that H,, (m € Z) is the set of functions in f € L?*(SM,C) such that V f = imf.
The set Q,, = H,, N C*>°(SM,C) can be identified with the set I'(M, k¥™) of smooth
sections of m-th tensor power of the canonical line bundle k. This identification
depends on the metric and is explained in detail in [16, Section 2|, but let us give a
brief description of it. Given a section & € I'(M, k®™) we can obtain a function on
2, simply by restriction to SM: ¢ determines the function SM 3 (z,v) — &, (v¥™)
and this gives a 1-1 correspondence.

Since M is a disk, there is £ € I'(M, k) which is nowhere vanishing. Having picked
this section we may define a function h : SM — S by setting h(z,v) = &.(v)/|&(v)].
By construction h € €2;. Our description of the range will be based on this choice of
h. Define

Agg=A:=—h"'Xh.
Observe that since h € €y, then h™' = h € Q_;. Also Xh =n,h+n_h € Qy © Q
which implies that A € Q; @& Q_;. It follows that A is the restriction to SM of a
purely imaginary 1-form on M. Hence we have a unitary connection for the scalar
case n = 1.
First we will describe the range of the geodesic ray transform I restricted to €2,,:

Ly =1, : Oy — C(0L(SM),C).

Observe that if u solves the transport equation Xu = —f with u|s_(sary = 0, then
h~"u solves (X — mA)(h™™u) = —h™™f and h™™ulsp_(smy = 0. Also note that
h=™f € Q. Thus

(6) L2, a(h7f) = (B "o, (sary) L(f)-
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But the range of the left hand side of (6) was described in Theorem 3.2. We can be
a bit more explicit in the scalar case. We have

w(x,v) if (x,v) € 04(SM)
Qmuw(z,v) = { (e=m I35 =" A dty) o oz, v) if (a,v) € _(SM)
and
Byg = e AU (g 0 0) — gllo, sur.
In other words:

| w(z,v) if (z,v) € 0.(SM)
Qmw(x,v) - { (e—mll(A)w) o a({E?’U) if (.CE,U) c 8—E(SM)
and
Bpng = [e" (g0 a) = gllo, (san)-

As before we set
Pm,— = BmH—Qm-
Directly from (6) and Theorem 3.2 we derive:

Theorem 4.1. Let (M, g) be a simple surface. Then a function u € C*(94(SM),C)
belongs to the range of I, if and only if u = (W™|o, (sar)) Prn,—w forw € 82 (04(SM),C),
where this last space denotes the set of all smooth w such that Q,w is smooth.

Suppose now F'is a complex-valued symmetric tensor of order m and we denote its
restriction to SM by f. Recall from [15, Section 2] that there is a 1-1 correspondence
between complex-valued symmetric tensors of order m and functions in SM of the
form f =" fr where f € Q) and f, = 0 for all k odd (resp. even) if m is even
(resp. odd).

Since
m

I(f)= > L(f)

k=—m

we deduce directly from Theorem 4.1 the following.

Theorem 4.2. Let (M,g) be a simple surface. If m = 2l is even, a function u €
C*®(0.(SM),C) belongs to the range of the ray transform acting on complex-valued
symmetric m-tensors if and only if there are wor, € SSp(0+(SM),C) such that

I
u = Z (h**|a, (sar)) Pog,—wag.

k=-1

Similarly, if m = 2l+1 is odd, a function u € C*(0(SM),C) belongs to the range of
the ray transform acting on complex-valued symmetric m-tensors if and only if there
are Wop1 € Sopy1(04(SM),C) such that

l

u = Z (R*"* o, (s01)) Potet1,— Wk
———
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Remark 4.3. The idea of reducing the study of the (unattenuated) ray transform
on m-tensors to the study of a suitable attenuated transform on functions was first
employed in [15] to solve the tensor tomography problem on surfaces. The same idea
can be used to study the attenuated ray transform on higher order tensors. The order
of the tensor can be lowered by adding a suitable attenuation. With this idea one
could in particular give a description of the range of I} using just the range of I% and
a section £ as above. This allows a new formulation of the second item in Theorem
3.2 which does not involve A-harmonic functions. We leave the details of this to the
interested reader.

5. ADJOINTS AND SURJECTIVITY PROPERTIES

Let d¥? be the usual volume form in SM and let d¥? be the volume form on
d(SM). When we write L2(94(SM),C") we mean that we are considering the Her-

mitian inner product of functions (sections) with respect to the measure du(z,v) =
(v,v(z))dX?(z,v).

Lemma 5.1. The operator I, extends to a bounded operator
Iy: L*(SM,C") — L2(0+(SM),C").

Proof. 1t is easy to see using compactness of SM and (2) that there exists a constant
¢ independent of f such that

7(z,v)
1La(F) (@, )20 < / 1 £ (a0, 0)) |2 it

for all (z,v) € 04(SM). Then

HfA(f)Hi:/8 o 4 (f) (@, v)llen dpa(z, v)

7(x,v)
< C/ </ 1f (612, v))[1En dt) du(z, v)
0+ (SM) 0

e / 112 d=?
SM

by Santalo’s formula (cf. [2, Appendix A.4]).
0]

5.1. Adjoint of I,. Consider the dual I} : L>(04(SM),C") — L*(SM,C") of I,.
We wish to find an expression for it. For this consider h € L?(9,(SM),C") and let
hy be the function defined on SM as follows:

hy(x,v) =hoao,

where 1) is as before. In other words h, is defined as being constant on the orbits
of the geodesic flow and equal to h on 0, (SM). Now we compute using Santalo’s
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formula:

T(x,v)
(La(f). b ( / Ur (du(, 0)) f (S, v)) dt, bz, v))en dp(z,v)

I
S—

04 (SM)

7(z,v)
| / (U (12, 0)) £ (1, 0)) dt, b1z, 0))) o dlt dp, )

I
S—

dy(SM

(UM, hy)en d5°

M

(f, (UL hy)en dX°
M

, Ugl)*hw)p.

I
—

~ wn

= (
It follows that
Ii(h) = (Ug") " hy.
Note that if A is unitary this simplifies to
I (h) = Ushy, = b

5.2. Adjoints on H,,. Suppose we now want to consider the attenuated ray trans-
form acting on special subspaces of L?(SM,C") like H,,. Let i,, : H,, — L*(SM,C")
be the inclusion and

Im,A = IA ¢} ’lm

Since the adjoint of i,, is orthogonal projection over H,, we deduce that

ma(h) = ((Ug") h)m

and in the unitary case we have
(7) Ly, a(h) = (W)

Remark 5.2. The space Hy may be identified with L?(M,C"). The identification
produces a factor of 27 which accounts for additional (innocuous) integration in the
fibre direction. Thus strictly speaking (I%)* = 2mlj 4. A similar remark applies to
I = I 4 + I_1 4 and the identification between 1-forms and Q_; @ €; produces a
factor of 7. Hence in the unitary case (I3)*|gn = w(h* | + ht).

5.3. The operator Ny = I4I4. Consider Ny := I414: L*(SM,C") — L?*(SM,C").
Using the expressions derived above for 14 and I} one obtains:

7(x,v)

Na(Paw) = U3 (e0) [ U3 e o) F ) dr

—7(z,—v)
Note that if A is unitary this expression simplifies to

7(z,v)

Na(le0) = Uaw) [ U3 el o)) f(0u(a ).

—7(z,—v)
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If we now let Ny, a4 := I}, gl a, then Ny, 4 =7, Naim and therefore

7(x,v)

N a(f)(,0) = ((Uzl)*(x,v)/ Uf(@(%@))f(@(%ﬂ))dt)

—7(z,—v) m
In particular
7(z,0)
Noa(f)(z) = %/ (U (z,v) (/ . )U;l(qbt(x,v))f(ﬂo gbt(x,v))dt> dS,.

The key property for Ny 4 is:
Lemma 5.3. Ny 4 is an elliptic classical VDO of order —1 in the interior of M.

Proof. The proof of this claim for n = 1 is provided in [5, Proposition 2] for a more
general type of ray transforms and the arguments used there can be extended to this
case. Another way to prove the proposition is to use that Iy 4 is a Fourier integral
operator [7] acting on vector bundles. Since the manifold is simple then the Bolker
condition is satisfied [6] and Ny 4 is an elliptic pseudodifferential system of order —1.
A similar argument applies to N, 4. We remark that this argument is valid on any
open simple manifold containing M. O

5.4. Surjectivity results for the adjoint. We will need the following analogue of
[18, Theorem 1.4] concerning the surjectivity of I§ ,:

Theorem 5.4. Given b € C®°(M,C") there exists w € S®(0+(SM),C") such that

Proof. Given Lemma 5.3, the proof of this theorem is identical to the proof of Theorem
1.4 in [18] and is therefore omitted. The key result needed is injectivity of Iy 4 on
functions which follows from Theorem 1.2 in the Introduction: let f : M — C" be a
smooth function with Iy 4(f) = 0. Then f = 0.

O

We will also need the analogue of [17, Theorem 4.2] and its improvement in [1,
Theorem 2.1]:

Theorem 5.5. Given a smooth C"-valued 1-form [ with da x 3 = 0, there exists
w € 8®(0(SM),C") such that (I})*(w) = .

This theorem (whose proof is also omitted) is based on the following result which is
also contained in Theorem 1.2: let a be a smooth C"-valued 1-form with I'}(a) = 0,
then there is a smooth function p : M — C"™ with p|syy = 0 and @ = dap. From
this we see that the image of (7})* must be contained in the orthogonal complement
to the set of 1-forms of the form dap with plgps = 0. This is precisely the set of
1-forms 3 with d%3 = 0. As in the proof of Theorem 5.4 one uses that (I})*I} is
an elliptic pseudodifferential operator of order —1 which ensures closed range of a
suitable extension. Thus the injectivity result for I gives the desired surjectivity for

(T2)".
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6. PROOF OF THEOREM 3.2
The first step is to show the following lemma:

Lemma 6.1. Let (M, g) be a Riemannian disk and let A be a unitary connection.

(1) Let o be a smooth C™-valued 1-form. Then there are functions a,p € C*°(M,C")
and n € H4 such that plapy = 0 and dap + *xdsa +1n = «.

(2) Given b € C*(M,C") there is a smooth C"-valued I1-form [ with *da3 = b
and dap* 3 = 0.

We defer the proof of this lemma to the end of the section. Assuming Lemma 6.1,
the next step in the proof of Theorem 3.2 is to apply the bracket formula (3) to any
smooth solution w* of the transport equation (X + A)w* = 0 to obtain

—(X + AYHwh = (X1 + %A) (wh) + {(X1 +*4) () }o.

If feQp, then X, f = xdf and therefore

(X1 4 %A) (wh) = *da(w}).
For the other term, since X, = i(n_ —n;) and *(A; + A1) = i(A_; — A;) we have

{(X 1+ %A) (wh) o = i(n-(w]) = 14 (w?)) +i(Ayw] — Aywly)

= i (w}) — py(wiy)),
where p4 =14 + Ay;. The last expression may be simplified as follows:
Lemma 6.2. For any C"-valued 1-form a = oy + a_1 we have

*daa = 2i(p-(ar) — py(a-1)).

Proof. This is just a calculation. Let v € T, M be a unit vector and let iv € T, M
be the unique unit vector such that {v, v} is an oriented orthonormal basis of T,,M.
First we check that

do(v,iv) = X (o) — X (*«)
and
*(ANa), = (AN a)(v,iv) = —As (V) * @, (V) + %Az (V) (v).
Hence
*dqo = (X +*A)(a) — (X + A)(xa).
Now observe that ay; = (e +ixa)/2 and similarly for A. Finally, using the definition
of pu4 one checks the identity of the lemma. 0J

Putting everything together and using the formulas for the adjoint of the ray trans-
form in Remark 5.2, we have

—2m(X + AYHw! = 27 % da(wh) + 7+ da(wh +wh )
= *da(I3)" (w) +*da(I3)" (w).
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Splitting into even and odd parts, we obtain
—27(X 4+ AYH_w* = *do(I})*(w),
—21(X 4+ AYH w® = %do(1%)*(w).

If we now apply I4 to both sides of these identities and recall the definitions of Py
and @, together with the fact that I,((X + A)g) = B(glasa)), we have proved the
following result.

Proposition 6.3. The following equalities hold:
—2nP_ = I % ds(I})",
—2 Py = I xds(I%)".

From these factorization identities the proof of Theorem 3.2 easily follows when
combined with Lemma 6.1 and the surjectivity results in Section 5.

Proof of Theorem 3.2. Let us prove the first claim. Suppose that © = P_w, then the
first identity in Proposition 6.3 shows that u belongs to the range of I9. Conversely,
if u belongs to the range of 19, then u = I9(b) for some b € C*°(M,C"). By item (2)
in Lemma 6.1 we can find a smooth 1-form 3 such that xd43 = b and dq4x (3 = 0. By
Theorem 5.5 we can find w € §®(9,(SM),C") such that (I})*(w) = 3. Using again
the first identity in Proposition 6.3 we see that « = —27P_w as desired.

The proof of the second claim in Theorem 3.2 is similar. Suppose that ©v = P,w +
I} (n) with n € $H4. Then the second identity in Proposition 6.3 shows that u belongs
to the range of I'y. Conversely, if u belongs to the range of Iy, then u = I'}(a) for
some « € A'(M). By item (1) in Lemma 6.1 we can find smooth functions a and p
in M and n € $H4 such that o = dap + xdaa + n with plopr = 0. By Theorem 5.4
there is w € S®(9,(SM),C") such that (I)*(w) = a. Since I'}(dsp) = 0 we see that
I (a) = Ii(n) + Iy (*d4a). Using the second identity in Proposition 6.3 we conclude
that u = I} () = I'}(n) — 27 Pyw and Theorem 3.2 is proved. O

It remains to prove Lemma 6.1. The first part of the lemma is closely related
to a Hodge decomposition. Consider the operator d4 + d% acting on sections of
the bundle (AM)™ of C"-valued differential forms. We will use Sobolev spaces with
relative boundary condition corresponding to this first order operator,

Hp(M, (AM)") = {u € H*(M, (AM)"); tu = 0}
where s > 1 and ¢t = j* is the tangential trace with j : M — M the natural inclusion.

Lemma 6.4. If (M, g) is a compact oriented manifold with boundary and if s > 1,
the operator

da+dy - Hy(M, (AM)"™) — H* Y (M, (AM)"™)

has a finite dimensional kernel (independent of s) contained in C*°(M, (AM)™). The
range of this operator is the intersection of H*=*(M, (AM)™) and the L?-orthocomple-
ment of its kernel.
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Proof. We first note that the boundary value problem
(da+dy)u=f, tu=g

is elliptic. In fact, the ellipticity only depends on the principal symbols of the operator
da + d% and the operator in the boundary condition [10, Section 20.1]. This reduces
the statement to the ellipticity of the boundary value problem for the Hodge Dirac
d + d* with relative boundary conditions, which is well known [23, Exercise 5.11.9].
It now follows from [10, Theorem 20.1.2] that for any s > 1 the map

H* (M, (AM)") — H*Y(M, (AM)™) @ H*Y2(0M, (A(OM))"™),
ur— ((da + dy)u, tu)

is Fredholm, hence has finite dimensional kernel denoted by K, and by [10, Theorem
20.1.8] the elements in K are C™.
If ue HL(M, (AM)™), we have

(da +d5)u=0<= ((da + d%)u,v)2 =0 for all v € Hp(M, (AM)™)
<= (u, (dg + d%)v)2 = 0 for all v € Hy(M, (AM)™).

Thus K is the L?-orthocomplement of the range of d4 + d% on HL(M, (AM)™), and
since the range is closed the range is equal to K+. If now u is in the range of d4 + d%
acting on H§(M, (AM)™) then clearly u € H*=Y(M, (AM)")N K+. Conversely, if u is
in this set then u = (d4 + d%)w for some w € Hi(M, (AM)™), and elliptic regularity
[10, Theorem 20.1.7] implies that w € Hj (M, (AM)™). O

Notice that d4 + d% maps even degree forms to odd degree forms and vice versa,
and thus the kernel of this operator also splits into even and odd degrees. If (M, g)
is two-dimensional, the set of 1-forms in the kernel of d4 + d7 is precisely the set $4
of A-harmonic 1-forms considered earlier.

Proof of Lemma 6.1 item (1). Given a smooth C" valued 1-form «, write o =  + 7
where 7 is the L2-projection of o to $4. Then 3 is orthogonal to the kernel of
da + d%, and by Lemma 6.4 there is u € HL(M, (AM)") with (da + d%y)u = 3. By
elliptic regularity we have that u is smooth, and writing « in terms of its O-form and
2-form parts, u = u® + u?, we see that

dau’ + dhu® +n = a.
It is enough to take p = u° and @ = — % u?, where the boundary condition tu = 0

reduces to play = 0. O

In what follows we will elaborate a bit more on the content of item (1) in Lemma 6.1.
We shall see that the triviality of $,4 is equivalent to a solvability result for a suitable
Cauchy-Riemann operator with boundary conditions on a totally real subbundle with
zero Maslov index. Observe that by Lemma 6.4 the claim $4 = 0 is equivalent to the
claim that the operator

D : C®(M,C") @ C™®(M,C") — C®(M,(A'M)™), D(p,a) = dap+ *d,a

is surjective, when the boundary condition p|gy = 0 is imposed.
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Recall that given a connection A we may use the complex structure on M (via the
x operator) to introduce a 04 operator acting on sections as 94 = (da — i x d4)/2.
Equivalently 94 = 0 + A%, where A% = (A —ix A)/2. We also have 94 = (d4 +
ixda)/2 =0+ A", where A"? = (A +i* A)/2. Consider the unitary connection in

C" & C™ given by
~ A0

Define FF C C" & C™ as the set of all (z,w) € C* @& C" such that z +w = 0. The
subspace F' is totally real in the sense that FNiF = {0}. Given a € C(M, (A'M)")
consider the following boundary value problem for u : M — C" & C™:

dzu = (a®' al9),
(®) { u(@M)(E F. )

This problem fits the setting of the boundary value Riemann-Roch theorem, see
Theorem C.1.10 in [11]. In our case the subspace F' has zero Maslov index and
hence the real Fredholm index of 05 is 2n. Assume that u is a solution to (8) and let
uw=(f,g). Then O f = o' and 079 = a0 with (f+g)|sas = 0. Since A% = AL we
have 949 = o, If we now set p := (f+g)/2 and a :=i(g— f)/2, an easy calculation
shows that dap + xdaa = « and plgpr = 0. It is easy to reverse the process: given p
and a with dap + xdaa = o and p|gps = 0 one checks that u = (p + ia, p + ia) solves
(8). Hence the solvability of (8) is equivalent to the surjectivity of D which in turn
is equivalent to $4 = 0. The space $H4 then depends exclusively on the holomorphic
data determined by the connection and the metric.

We now move to the proof of the second part of Lemma 6.1. In this case one does
not need to prescribe boundary values of the 1-form 3, and it is enough to use a
semiglobal solvability result. As above, consider the operator dy, its adjoint d%, and
the corresponding Laplacian

—Ay = dhda + dady.
This operator acts on C"-valued graded forms, and it maps k-forms to k-forms. We

will employ the following solvability result.

Lemma 6.5. Let (M,g) be a compact subdomain of a closed oriented surface (S, g)
such that global isothermal coordinates exist mear M, and let ) be a first order
differential operator with smooth coefficients acting on C*°(M,(AM)"™). Given any
feC®(M,(AM)"), the equation

(—Aa+Qu=f
has a solution u € C°(M,(AM)").

Proof. Since —A 4 + ) has diagonal principal part which is of real principal type,
this should follow from semiglobal solvability results [10, Section 26.1 and references
therein]. However, we can also do this directly. Note first that

_AA + Q = _A[nxn + QI
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where A is the usual Hodge Laplacian on graded differential forms and @’ is another
first order operator. We extend )’ and f smoothly to S. The assumption allows to
find global isothermal coordinates in an open set U containing M so that g = ce in
U where ¢ is a positive function and e is the Euclidean metric. We think of U as a
bounded open set in R?, and the Hodge Laplacian satisfies

A, =c'A 4+ Q"

for some first order operator @Q”. To prove the lemma, it is enough to solve the
equation

TM(_Ae]an + Q)U - Cf
for u € C*°(S, (AS)"), where @ is a first order operator and ), is the restriction to
M.
Consider the operator
T =ry(—Acdpxn + Q) : C(S, (AS)") — C(M, (AM)").
This is a continuous linear operator with adjoint

T" = (=Aclpxn + Q%)|py, : Dy (S, (AS)") — D'(S, (AS)")

where D', denotes distributions in .S with support in M. To show that 7" is surjective,
it is enough to check that T* is injective and has weakx closed range [24, Theorem
37.2]. But if T*u = 0, then u € C*(S, (AS)") and supp(u) C M by elliptic regularity.
Now we can exploit a global Carleman estimate for A > 0 small, for instance

(9) ]| L2y < C’hHeS"/h(—Aefnxn + Q*)e’w/thLz(U), v e CX(U, (AU)Y),

where ¢(z) = x1 + hx?/(2¢) for suitable fixed € > 0. To obtain this estimate, we use
the result of [19, Lemma 2.1] which says that for h < ¢ < 1,

vl 2@y + bl V|| L2y < C’h\/EHe@/h(—Aelnxn)e’WhvHLQ(U), ve CXU, (AU)).

(Note that the Hodge Laplacian with Euclidean metric is just the usual Laplacian
acting on each component of the forms.) The estimate (9) is a consequence of the
above inequality if ¢ > 0 is chosen small enough. Applying (9) to v = e?/My shows
that u = 0, proving the injectivity of T™*. Since T™ is the restriction of an elliptic
pseudodifferential operator, also the closed range condition follows as in [3, proof of
Theorem 6.3.1]. This shows surjectivity of T'. O

The next result immediately implies the second part in Lemma 6.1.

Lemma 6.6. Given f € C*(M,C") there is a smooth C"-valued 1-form [ with
A6 = f and daf = 0.

Proof. Look for 3 in the form 8 = du® + d*u?® for some smooth forms u°, u?. Then
we need that

didau’ + (Fy)*u? = f,
dAdZ’LLQ + FAUO = 0,
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where Fy = dyods = dA+ AN A is the curvature of dy. Writing u = u® + u?, these
equations are equivalent with

—Aju+ Qu=f
for some operator () of order 0. Lemma 6.5 implies the existence of a smooth solution
u, which gives the required (. ([l
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