INVERSE PROBLEMS WITH PARTIAL DATA FOR A
DIRAC SYSTEM: A CARLEMAN ESTIMATE APPROACH

MIKKO SALO AND LEO TZOU

ABSTRACT. We prove that the material parameters in a Dirac system
with magnetic and electric potentials are uniquely determined by mea-
surements made on a possibly small subset of the boundary. The proof is
based on a combination of Carleman estimates for first and second order
systems, and involves a reduction of the boundary measurements to the
second order case. For this reduction a certain amount of decoupling
is required. To effectively make use of the decoupling, the Carleman
estimates are established for coefficients which may become singular in
the asymptotic limit.

1. INTRODUCTION

This article is concerned with the inverse problem of determining un-
known coefficients in a Dirac system from measurements made on part of
the boundary. A standard problem of this type is the inverse conductivity
problem of Calderén [4], where the purpose is to determine the electrical
conductivity of a body by making voltage to current measurements on the
boundary. In mathematical terms, if v is a smooth positive function in the
closure of a bounded domain 2 C R”, the boundary measurements are given
by the Cauchy data set

Cy = {(uloa, YOuuloq); V- (YVu) =0 in Q, u € H(Q)}.

Here ulgpn and v0,ulgn are the voltage and current, respectively, on 0,
corresponding to a potential u satisfying the conductivity equation in (2
(Oyu denotes the normal derivative). The inverse problem is to determine
the conductivity v from the knowledge of the Cauchy data set C,.

The inverse conductivity problem has been well studied, and major results
include [1], [20], [27] which prove that C. determines v in various settings.
Less is known about the partial data problem, where one is given two sets
'y, 'y C 9 and the boundary measurements are encoded by the set

051,1“2 _ {(U’Fp'yauuhh); V-(yVu)=0in Q, u € Hl(Q)}

There are two main approaches for proving that «y is determined by C}; 112
The first approach, introduced in [3] and [15], uses Carleman estimates with
boundary terms to control solutions on parts of the boundary. The result in
[15] is valid in dimensions n > 3 and for small sets I'y (the shape depending
on the geometry of 0€2), but assumes that I'; has to be relatively large.
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The second approach [10] is based on reflection arguments and is valid when
n > 3 and I'1 = T'9 and I'; may be a small set, but it is limited to the case
where 0€2 \ I'y is part of a hyperplane or a sphere. If n = 2, a result similar
to [10] but without the last restriction was recently proved in [12].

We are interested in inverse problems with partial data for elliptic linear
systems. In the case of full data (that is, I'1 = I'y = 09Q), there is an
extensive literature including uniqueness results for the Maxwell equations
[24], [25], the Dirac system [21], [26], and the elasticity system [8], [22], [23].
However, it seems that partial data results for systems are more difficult
to establish. The reflection approach is in principle more straightforward
to extend to systems, and the recent work [5] gives a partial data result
analogous to [10] for the Maxwell equations. As for the Carleman estimate
approach, there is a fundamental problem since Carleman estimates for first
order systems, such as the ones in [26], seem to have boundary terms which
are not useful in partial data results.

In this paper, we prove a partial data result analogous to [15] for a Dirac
system. To our knowledge this is the first such partial data result for a sys-
tem. The proof is based on Carleman estimates, and it involves a reduction
to boundary measurements for a second order equation. The corresponding
boundary term is handled by a Carleman estimate for second order systems,
designed to take into account the amount of decoupling present in the orig-
inal equation. In the set where one cannot decouple, we need to use the
first order structure as well. The Carleman estimates need to be valid for
coefficients which may blow up in the asymptotic limit, in order to obtain
sufficiently strong estimates for solutions on the boundary.

Let us now state the precise problem. We consider the free Dirac operator
in R3, arising in quantum mechanics and given by the 4 x 4 matrix

p(D):(Uf]D “'0D>, (1.1)

where D = —iV and o = (01,09, 03) is a vector of Pauli matrices with

(01 (0 —i (10
=\ 10/)°%27 Vi o0 )% o -1 )

Let Q C R? be a bounded simply connected domain with C* boundary, let
A € C®(Q;R3?) be a vector field (magnetic potential), and let g+ be two
functions in C*°(Q; R) (electric potentials). We will study a boundary value
problem for the Dirac operator

Ly = P(D)+V, (1.2)

where the potential V' has the form

verwra- (&5 o). (13)

with @ = <q+012 q,olz )
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Let u be a 4-vector u = (4" ) where ut € L?(Q)%. By [21, Section 4], the
boundary value problem

Lyu =0 in €,
uy = f on 01},

is well posed if 0 is in the resolvent set of Ly, and then there is a unique
solution v € H'(Q)* for any f € H'/?(9Q)%. The boundary measurements
are given by the Dirichlet-to-Dirichlet map

Ay : HY2(0Q) — HY2(09), f— u_|sq.

It is known that the map Ay is preserved under a gauge transformation
where A is replaced by A+ Vp where p|sq = 0. Such a transformation does
not change the magnetic field V x A, and the inverse problem is to recover
the quantities V x A and ¢+ from the boundary measurements.

We are interested in the inverse problem with partial data, where the
boundary information is the map Ay restricted to a subset I' C 9€2. More
generally, we can consider boundary measurements given by the restricted
Cauchy data set

CY = {(uy o, u_|r); u € HY(Q)* is a solution of Lyu = 0 in Q}.

If 0 is in the resolvent set of Ly, then CL = {(f, Ay f|r); f € HY/2(00Q)?}.
Again, the set C‘l; is preserved when A is replaced by A+ Vp where plgpn = 0,
so the inverse problem is to determine V x A and ¢+ fromﬁC‘F,.

We will prove the following partial data result. Let ch(£2) be the convex
hull of Q, and if zyp € R? define the front face of 99 by

F(xg) = {x € 0Q; (x — xo) - v(z) < 0}
If I' C 09, we write I'® = 9Q2 . T" for the complement in 0f2.

Theorem 1.1. Let  C R3 be a bounded simply connected domain with
connected C* boundary, let A;, Ay € C®(Q;R3), and let ¢ 4,q2+ €
C>®(Q;R). Let T' be any neighborhood of F(z) in 92, where x¢ ¢ ch(€),

and assume the boundary conditions
Al = A2 on 8@,

q1,+ = g2+ and 0,q1,+ = O,q2,+ on 0L,
q,— #0 onl*“

If C"l;l = C’%;Q, then V x A1 =V x Ay and ¢1 + = ¢2,+ in Q.

In the full data case (when I" = 92), the inverse boundary problem for the
Dirac system and the related fixed frequency inverse scattering problem have
been considered in [9], [11], [18], [21], [26], [28]. In particular, Theorem 1.1
for full data was proved in [21] for smooth coefficients and in [26] for Lipschitz
continuous coefficients. For I' = 92 the boundary conditions (1.4)—(1.6) are
not required, but for partial data results based on Carleman estimates as in
[3], [15] such conditions are usually needed at least on the inaccessible part
I'¢. By suitable boundary determination results and gauge transformations
as in [26], we expect that it would be enough to assume (1.4) only for the
tangential components of A; and As on I'“ and (1.5) only on T'“.
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The most interesting condition is (1.6), which allows to decouple the Dirac
system at least on some neighborhood of the inaccessible part I'. This
decoupling is required for the reduction from boundary measurements for
Dirac to boundary measurements for a second order system, and also in
patching the Carleman estimates for first and second order systems together
to obtain decay for solutions on part of the boundary.

Let us outline the structure of the proof. In Section 2, it is shown that the
assumption C‘l;l = 0‘1;2 along with (1.4)—(1.6) implies the integral identity

1
/ Uy(Vi = Vo)Ur dax = —/ —U;,0,U dS (1.7)
Q2 re q1,— 7

where U; and Us are any 4 x4 matrix solutions of Evj U; = 0in Q, and further
U = U, —U, where U, is a solution of Ly, Us = 01in Q with UQ,+|8Q = Ui +|o0-
The normal derivative d,U; corresponds to boundary measurements for a
second order equation.

The matrices Uy and U will be complex geometrical optics solutions to the
Dirac equation, depending on a small parameter A and having logarithmic
Carleman weights as phase functions. Such solutions were constructed for
the Schrédinger equation in [15] and for the Dirac equation in [26]. The
construction relevant to this paper is presented in Section 3.

The recovery of coefficients is given in Section 4, and proceeds by inserting
the complex geometrical optics solutions U; and Us into (1.7) and by letting
h — 0. With suitable choices, on the left hand side one obtains (nonlinear)
two-plane transforms of the parameters involved, and microlocal analytic
methods allow to determine the coefficients. The argument is an analog for
the Dirac operator of results in [7], and also involves ideas from [21], [26].

The remaining issue, and also the main contribution of this paper, is
the analysis in terms of decay in h of different parts of the boundary term
in (1.7). This is done in Section 5. By a Carleman estimate, we may
estimate J,U; by a second order operator applied to U;.. We will apply an
h-dependent decomposition of €2 into a set where g — is not too small (so
one can decouple) and where go _ is small, and the second order operator
will be chosen accordingly. The coefficients of this operator will typically
blow up when h becomes very small.

The second order Carleman estimate is given for a phase function which
is convexified by a parameter ¢ as in [7] and [15], but there is the new feature
that € needs to depend on h in a precise manner related to the decomposition
of  to obtain sufficiently strong control of constants in the estimate. In
the set where go _ is small, we also use a Carleman estimate for the Dirac
operator to obtain the final bounds.

More precisely, the proof of Theorem 1.1 proceeds in several steps. Noting
that (1.7) is an identity for 4 x 4 matrices, the proof begins by looking at
the upper right 2 x 2 blocks in (1.7) and by showing that V x A1 = V x A,.
After a gauge transformation one may assume that A; = As, and then from
the upper left and right 2 x 2 blocks of (1.7) one obtains that ¢; - = g2 _,
and also ¢1 + = ¢o,+ at all points where g; _ is nonzero. The coefficients g
would be recovered from the lower right 2 x 2 block of the integral identity,
but the estimates for this block in the boundary term seem to be difficult.
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However, at this point one has enough information on the coefficients to go
back to the Dirac equation and use unique continuation, so that the partial
data problem can be reduced to the full data problem. Then the result of
[21] shows that ¢1 4 = g2+ everywhere, which ends the proof.

Finally, we remark that there is a large literature on Carleman estimates
and unique continuation, also involving logarithmic weights. We refer to [2],
[13], [19] for such results for Dirac operators. Inverse problems for Dirac
operators in time domain are discussed in [17].

2. INTEGRAL IDENTITY

The following integral identity will be used to determine the coefficients.
We write (ulv) = [, v*udz, ||lul|* = (ulu), and (u|v)y = [y v*udS where u

and v are vectors or matrices in §2, and X is a subset of 0f2.

Lemma 2.1. Assuming the conditions in Theorem 1.1, one has the identity

1
(Vi = Va)urlug) = —(75VU+|U2,+)FC

for any solutions u; € H'(Q)? of (P(D)+ V;)u; = 0 in Q, where u = uj — 1y
is a function in (H% N H(Q))? x HY(Q)? satisfying d,uy|r = 0, and g €
H(Q)* is a solution of (P(D) + Va)fia = 0 in Q with g 1|90 = u1 +|sn and
Uo,—|r = u1,—|r.

Proof. Note that the existence of 1o with the stated properties is ensured
by the condition C’F1 = C"l;g. We first show that

(Vi = V2)uruz) = i((0 - v)(ur,— — Uo,—)|ug, 1 )re (2.1)
Since (P(D)w;|w2) = (w1|P(D)ws) + %(P(l/)wﬂwg)ag and V5 = Va, we
have
(Vi = Vo)uiug) = —(P(D)ur|uz) + (u1|P(D)uz)

uz) — (P(D)iz|uz)
— (t2|Vauz)

Now u € HY(Q)* with —Au = P(D)(=Viuy + Vi) € L*(Q)%, and since
ut € HE(Q)? we obtain uy € H%(Q)? by elliptic regularity. It remains to
show that

iq1,—(0-v)u_ = —0yus on ON. (2.2)
Since u; and iy are solutions, we have

o (D+Aur s +q—u— =0,

o (D + Ag)lig 4 + g2, -tz — = 0.
This shows that

q,-ui,— —q2 Uz = —0-Duy —(0-Ap)uyq + (0 - Ag)lia + in Q.
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Restricting to 02 and using the boundary conditions on the coefficients, and
writing Duy = —i(9yu4)v + (Dug )tan on the boundary, where Aty is the
tangential component of a vector field A, we obtain

qi,—u— = —0-Duy =i(0-v)0yus — 0 - (Dug)tan on 0.

Since u4 = 0 on 92 we have (Duy )tan = 0 on 99, and (2.2) follows upon
multiplying the last identity by i(o - v). O

3. CONSTRUCTION OF SOLUTIONS

The recovery of coefficients will proceed by inserting complex geometrical
optics solutions u; and wo into the identity in Lemma 2.1. These solutions
depend on a small parameter h > 0, and have the form u = e ?/"m where
p is a complex phase function and m has an explicit form when h — 0.

For second order elliptic equations, complex geometrical optics solutions
go back to [4], [27] in the case where p is a linear function, and they have been
used extensively in inverse problems for different equations (see the surveys
[29], [30]). A more general construction was presented in [15], allowing phase
functions p = ¢ + i) where @ is a so called limiting Carleman weight and
1 solves a related eikonal equation. See [6] for a characterization of the
limiting weights. In [15], the logarithmic weights ¢(z) = log|z — x| were
used to obtain results in the inverse conductivity problem with partial data.

For the Dirac system considered in this article, a construction of complex
geometrical optics solutions was given in [26]. This construction, special-
ized to logarithmic Carleman weights, will be reviewed here. Let A, g+ be
coefficients in C°°(£2). Instead of 4-vector solutions we will use 4 x 4 matrix
solutions U (so that every column of U is a solution) to LyU = 0 in €,
having the form

U = e ?/"(Cy+ hCy + h*R). (3.1)

Here h is a small parameter, p = ¢+ is a complex phase function satisfying
the eikonal equation (Vp)? = 0, Cy and C; are smooth matrices with explicit
form, and R is a correction term.

We move to the specific choices of p and Cj, following [7] and [26]. Fix

a point zg € R3 \ ch(Q), where ch(Q) is the convex hull of €, and let
o(x) = log |x — xo|. We choose

P(x) = distge (:U_xo w) ,

|z — o’

where w € S? is chosen so that 1 is smooth near . Then p = @+i1) satisfies
(Vp)? = 0 near Q.

It will be convenient to make a change of coordinates as in [7]. Choose
coordinates so that zg = 0, w = e1, and Q C {x3 > 0}. Write x = (x1, re?)
where r > 0 and 6 € (0, 7), and introduce the complex variable z = x1 4 ir.
Also write e, = (0,cos6,sinf) and ( = e; + ie,. In these coordinates one
has

p=logz, Vp=1( Ap=-25.
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As in [26, Section 3], the matrices Cy and Cy will be chosen to satisfy
transport equations involving the Cauchy operator ¢ - D. We will also use a

function ¢ € C*°(Q) solving
¢-(Vop+A)=0 in Q.

A particular solution ¢ is obtained by extending A smoothly into R3 as a
compactly supported vector field, and by letting ¢ = ((-V) ™1 (—(- A) where
the Cauchy transform is defined by

C-V)Hf(z) = 217T/R2 ” Jiz.wf(m —y1Re ¢ — y2Im () dy1 dyo.

Below, we will always understand that ¢ is this solution. The extension of
A outside € will not play any role in the final results.

The following proposition gives the existence and required properties for
complex geometrical optics solutions. We use the notation introduced above,
and the notation

Q; = ( q+12 > _ ( q-1I> )
q-1I2 ), qil2 )

We also write A < B to denote that A < C'B where C' is a constant which
does not depend on h.

Proposition 3.1. Let a € C*°(Q) satisfy ((-V)a =0 in 2. Then for h > 0
sufficiently small, there exists a solution to LyU = 0 in € of the form (3.1)
where p = log z,
1 .
Co = ~P(C)r~2e'q
z
with (- (V¢ + A) =01in Q, and

O = %(P(D +A) — Q) (r %e%a) + %P(C)CZ

with HC’lHWl,oo(Q) < 1. Further, we have
IRl o) S 1.

Proof. To obtain the H!(2) estimate for R, in fact we need to compute more
terms in the asymptotic expansion in terms of A and look for a solution of
the form

U = e ?/"(Cy+ hCy + h2Ca + h3C3 + B> Ry).
With the choices of smooth matrices C; given below, Proposition 3.1 in [26]
implies the existence of such a solution with [|Cj [y <1 and || Ral|p2(q) +
RV Ryl 12(q) < 1if h is small enough. We then obtain the required solution
(3.1) upon taking R = Cy + hC3 + hRy.
The conditions for C} in [26, Proposition 3.1} are
CO = P(Vp)éo, MAC'() = 0,
Cy = XP(D+A)—Qr)Co+ P(Vp)C1, MaCy =iHawCo,
Cy = %(P(D +A) - Q])él + P(Vp)éz, MACQ = Z'HA,WCNH,
Cs = %(P(D + A) — Q)Cs.
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Here My and Haw are the transport and Schrodinger operators

Ma=(2Vp- (D +A)+ 1Ap)L4,

_ 2 o (VxA)—qyq-1I> —0 - Dqy
Haw = (D+4) I4+< —o-Dq_ 0 (VxA)—qiq-I)"
Also, é’j are smooth matrices in  solving the transport equations.
Let ¢ and a be as stated. Using the special coordinates, we have
1 1
Myg=-(2¢-(D+A)+ - | L4
z r
Then Cy = r~1/2ei®ql, solves MaCy = 0 in 2, and Cp has the desired
form. Now one can solve the transport equations Cs and Cs by the Cauchy
transform for instance, and this shows that also C] is as required. O

Remark. It is possible to perform the above construction of solutions with
p replaced by —p or p, since these functions also solve the eikonal equation.
The corresponding forms for the solutions are, respectively,

U = e/t [ - 113(()7’_1/2(2“7%1 + %(P(D + A) — Qp)(r %)

z

~Mpoe+om)

)

U= [Lp@ e 1 " (P(D + 4) - @) 2ea)

+

ST~

P)Cy+0(h?)],

where (- (V¢p+ A) =0and (- Va=01in Q, and Hél”wl,oo(ﬂ) S 1.

4. UNIQUENESS PROOF

In this section, we give the proof of Theorem 1.1 modulo the estimates
for boundary terms which are contained in Section 5. The following simple
algebraic identities, valid for a,b € C?2, will be used many times in the
computations below:

(0-a)(oc-b)+(0-b)(oc-a)=2(a-b)lr, (0-a)®=(a-a)ls,
P(a)P(b) + P(b)P(a) =2(a-b)Iy, P(a)?= (a-a)ly,
P(a)Q = QrP(a).
Since ¢ - ¢ = 0, we also have (o - ()% =0 and P({)? = 0.

The starting point for the recovery of the coefficients is Lemma 2.1, which
implies that

(Vi = VUL [UR) = (== 0.V |V ) (4.1)

)

where U; are 4 x 4 matrix solutions of Ly,U; = 0in Q, U = Uy — Us, and
Us solves Ly,Us = 0 in Q with Uy |gq = 0, U_|p = 0.
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We use Proposition 3.1, or more precisely the remark after it, and choose
solutions U7 and Uy with

Ulzep/h[— 1

*P(C)Tfl/%imal + Rl},

z
1 . 3

Ui =e /P [,azp(or—l/%—“ﬁz + Rg},
z

where (- (V¢; + A;) = 0 and ¢ - Va; = 0 in Q, and where || Ri||g1(q) S b
and ||l 1(0) S

The next result, whose proof is given in the next section, takes care of
part of the boundary term in (4.1).
Lemma 4.1. The upper right 2 x 2 block of ((h%ayU+|U2,+)pc is o(1) as
h — 0.

It is now possible to show that the magnetic field is determined by partial
boundary measurements.

Lemma 4.2. V x A1 =V x Ay in Q.
Proof. Since P(¢)Q;P(¢) = P(¢)P(¢)(Q;)r = 0, the left hand side of (4.1),
with the above choices for U; and Us, becomes
. 6192 g,y
/ Us(Vi = W)Urdz = —/ P(Q)P(Ar - Az)P(C)T dz + O(h).
Q Q
The identity P(¢)P(A) = —P(A)P(¢) + 2(¢ - A)Iy implies

i(p1—2)
/QU;(Vl -~ W)U dx = —2/ P(O)(C- (A — Ag))w

A o dx + O(h).

Taking the limit as h — 0 in the upper right 2 x 2 block of (4.1), gives
by Lemma 4.1 that

/ 6i(¢>1*¢2)(0 SO)(C- (A1 — Ag))ajasz2r T dx = 0.
Q

We choose a1(z,0) = 22g(2)b(#) and az(z,0) = 1, where g(z) is a holomor-
phic and smooth function in the closure of Qy = {z € C; (z1,7e?) € Q},
and b(f) is any smooth function. Note that ¢ = ((#). Moving to polar
coordinates in the x’ variables and by varying b(#), we obtain that for all 6

(o) / e91792) (A} — Ay) - (ey +iey)g(z) dz Adz = 0.
Qg
Since o - ¢ is not zero for any 0, it follows that
/ e 91792) (A — Ay) - (e1 +iey)g(z)dz Adz = 0.
Qg

The last expression is related to a (nonlinear) two-plane transform of
V x (A1 — Asg) over a set of two-planes. We may now apply the arguments
in [7, Section 5] (see also [16, Section 7], where the last identity is the same
as formula (40)). One first shows by complex analytic methods that the
identity remains true with e?(?1=%2) and g replaced by 1. It follows that

5‘(A1*A2)d§/\d,z:0
Qg
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whenever £ is in the two-plane spanned by e; and e,. Varying x¢ and w in
the construction of solutions slightly, this implies that

/ £ (A; — Ay)dS =0
PNQ

for all two-planes P such that the distance between the tangent space T'(P)
and the point (0, e1) is small. Finally, an argument involving the microlocal
Helgason support theorem and the microlocal Holmgren theorem shows that
VXA1:V><AQiIIQ. O

Since €2 is simply connected and V x A1 = V X Ay, we see that A1 — Ay =
Vp for some function p € C*°(). Also, by the assumption that A; = Ay
on 0f), we see that p is constant on the connected set 0f2. Thus, we can
assume that plpn = 0 by substracting a constant. Then C’%;Q is preserved
under the gauge transformation As — As + Vp, and consequently we may
assume that A; = Ay. We shall write A = A1 = Ay and ¢ = ¢1 = ¢o.

By Proposition 3.1 there exist solutions U; and Us to the equations
Ly, U; =0in Q (j =1,2), such that

Uy = eP/het® { - 1P(C)rilﬂal
z
h h . .
+2(P(D+ Yo+ 4) = Qu)(r™ar) = ZP(Q)C + W2 Ry
1

Up = e~P/hei¢ [;P(C)r‘lﬂag

+2(PD = Vo= )+ Qun)rV2as) + LC3P(Q) + W)

where (- (Vo +A)=0,(-Va; =0, ||éj||W1,oo <1, and ||RjHH1(Q) <1

With these choices for U; and Us, we have the following result for the
boundary term in (4.1) which will be used in recovering the electric poten-
tials. Again, the proof is deferred to the next section.

Lemma 4.3. The upper left and right 2 x 2 blocks of (ql%&,UquHr)pc are
o(h) as h — 0.

From the upper left and right 2 x 2 blocks of (4.1), it turns out that one
can recover ¢_ everywhere and g4 at those points where q_ # 0.

Lemma 4.4. One has ¢ - = g2 — in Q. Also, ¢1,+ = g2+ at each point of
) where ¢;,— is nonzero.

Proof. We introduce the notations Q = Q1 — Q2 and aj = r_1/2a]- to make
the formular shorter. Now Vi — V5 = Q, so (4.1) becomes

| 3Pz + 2P0 - o - 4) + Quias + 26520
Q Lz ? z
FR R Q[ - LP(Q + 5 (PID+ Yo+ 4) - Quiin

h o . 1
- PG+ h2R1] de = ~(-—0U:|Up)re. (42)

)
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Since P(¢)QP(C) = P(¢)P(¢)Q; = 0, the term on the left of (4.2) which is
O(1) with respect to h vanishes. Also, for similar reasons, all terms involving

%P(C)C’l and %C’;P(C) and R; behave like O(h?). Thus we obtain

h 1 A
2 /Q - [P(C)Q{(P(D + Vo + A) — Qur)an bio
~{(P(D = Vo~ A) + Qo.1)a2}QP()an | dw + O(h?)
e (UL Us ). (4.3)
q1,—

Also the terms involving V¢ + A vanish because

P(Q)QP(Vé+ A) + P(Vo + A)QP(C)

= [P(Q)P(Vé + A) + P(Vo+ A)P(()]Q1

A~

20 (Vo + A)Qr = 0.
The expression (4.3) becomes

% /Q % [PQOQ{(P(D) = Qun)an }iz — {(P(D) + Q2,1)a2} QP ()i | da
+O(H) = ~(Z0,U+ U )ee. (44

)

Note that —QQ1,; — Q2Qr = ¢4 where § = g2 1.g2— — q1,4q1,—, 50 (4.4) can
be written as

h/ E[P(C)P(Ddl)&g — P(Daz)P(C)dl]Qz dx

1 Jo ?

h 1 - 1
4 / L p(O)ganiis do + O(h?) = —(——0,U,|Us4)re. (4.5)
1 Jo % qi1,—

Now, in the second integral on the left of (4.5), the upper left 2 x 2 block is
zero. Thus, multiplying (4.5) by h~! and taking the limit as h — 0 in the
upper left 2 x 2 block, we obtain from Lemma 4.3 that

/Q %{(U -()(o - Day)ag — (o - Dag)(o - ¢)ar|(q1,— — g2,—)dr =0.  (4.6)

At this point we make the choices
C~L1 = 7“_1/2Zb1 (9), (~12 = 7"_1/2,

where b1(0) is a smooth function. Since

1
Vs = — g 2abie + 17200 + 2 ey

where eg = (0, —sin, cos §), we have

[0 0o - Da)as (o Das)(o - Q]

z
1 -2 abl 1

— (0O ey G = [0 O e) = (7€) O] 2.
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Using the identity
(0-a)(o-b)=(a-b)Iy+ioc-(axb), abeC3
we obtain from (4.6) that

/Q [i(a g)% — (o eg)bl] (q1.— — qo_)r 2dz = 0. (4.7)

Using the condition (1.5), we may extend q;+ — g2+ by zero outside 2
and therefore we can assume that ¢ + — g2 + € CH(R3). We write (4.7) as

/ [i(o’ C)%— (0-ep) b1 / / (q1,— — g2, ) (z1,7,0)r™ dmldr) df = 0.
0 00

Note that ¢ and ey only depend on 6. Integrating by parts in # and using
that % = 1eg, we obtain

/OW(U'C)h(/R/OOO(9((11’_8;612’_)(361,?",0)7“_1 dxq dr) df = 0.

Varying b1, it follows that

(o- C)/ M(mw,@)?‘_l dzNdz =0,
o, 00

for all 6.
Since o - ( is never zero, we finally get

/ o= = @) 1 gz p g —
0 00

for all #. This implies the vanishing of a Radon transform on certain planes.
Now varying the point g in the definition of ¢, the direction w € S? in the
definition of of v, and varying 6, we obtain from the microlocal Helgason
and Holmgren theorems as in [7] that

0(q1,— — q2,-)
00

Thus q1,— — g2, is independent of . Since q— — g2 € C.(R3), we obtain
q1,— = q2,— in Q as required.

Finally, we return to (4.5) and now consider the upper right 2 x 2 block.
In the first integral on the left this block is zero, so multiplying by A~ and
letting A — 0 in the upper right block gives by Lemma 4.3 that

/ 1(O’ . C)(j&lflg dxr = 0.
Q

r~ =0 inQ.

z
By a similar argument as above, we obtain that ¢ = 0. Since ¢ = g2,
this implies g1+ = g2+ at each point where ¢ _ is nonzero. O

We have proved that Ay = Az and ¢, — = g2 — in 2, and that ¢ + = g2+ at
any point where g1 _ is nonzero. The next logical step would be to consider
the lower right 2 x 2 block of (4.1) to show that ¢; + = g2 4+ everywhere in
Q). However, the estimates for the boundary term in this case appear to be
quite difficult. We will choose another route and reduce the remaining step
to the full data problem, by using unique continuation.
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Lemma 4.5. Assume the conditions of Theorem 1.1, and assume in addition
that there is some neighborhood W of I'® in 2 such that

A1 =As=A inW,
QG+ =@+ =q+ inW.

Then C‘@? = Cazg, that is, the boundary measurements with full boundary
data coincide.

Proof. Without loss of generality, we assume that I'¢ is connected (if not
then argue on each connected piece). By shrinking W if necessary, we may
assume that also W is connected and g_ # 0 in W.

Let (f,g) be an element of C%Q, so that there is a solution u; € H'(Q)*
of Ly ur = 0in 2 such that u; + = f and u; - = g on 9. Since C"l;l = C\%,
there is a solution uz € H'(Q)* of Ly,uz = 0 in § satisfying

U4+ =ug4 on 0, wu;_ =us_ onl.

Set u = uj — ug. Then clearly uy = 0 on 99 and u_— = 0 on I', and by (2.2)
we also have d,u; = 0 on I'. Furthermore, since all coefficients are identical
in W and ¢g_ # 0 in W, we have that u, satisfies

(—AL+2(A-D)ly— (0-Dg )o-D+Quy =0  in W,
Uy = Opuy =0 on WNT,

where @ is some smooth 2 x 2 matrix.

The last system has scalar principal part, and the unique continuation
principle holds (this can be seen by applying a scalar Carleman estimate
to both components of u,, for details see [14]). Since W is connected we
conclude that uy = 0 in W, and consequently d,u, vanishes on I'“. Since
g— # 0 in W, the relation (2.2) again implies that u— = 0 on all of 9.
We have proved that (f,g) € C’%Q, showing that C’g? C C‘a/y_ The inclusion

0‘8/29 C C%Q is analogous. O
We have proved that all the conditions in the preceding lemma hold, so
we obtain that C{Zlﬂ = 0‘6/52_ The uniqueness result in [21] (or [26]) for the

full data case then implies that q; + = g2+ in 2. This ends the proof of
Theorem 1.1.

5. CARLEMAN ESTIMATES

In this section we prove Carleman estimates and establish Lemmas 4.1
and 4.3 which allow to take care of the boundary term in the identity (4.1).
This involves an estimate for 9, Uy on part of the boundary. To explain the
strategy, we note that any solution u of Lyu = 0 in € satisfies

o (D+ Au-+ qruy =0,
o-(D+ Auy +qu_=0.

Then in the set where ¢q_ # 0, the equations decouple and we see that u
satisfies the second order equation

o (D+ A) <qla D+ A)u+> —gpuy =0, (5.1)
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We will estimate 0, uy on part of the boundary by using a Carleman estimate
for a second order equation, as in [15]. However, to account for the set
where ¢_ is small we need to do the analysis very carefully, cutting off the
coefficients in a suitable h-dependent way and also letting the convexification
depend on h. The details are given in the following result.

We will use below the notation given in the beginning of Section 2, and
also the sets 001 = {x € 90 ; £Vp(x)-v(z) > 0}. Further, we consider the
semiclassical Sobolev spaces with norm defined by

lullmz, = 111+ (RD)*)*?ul 2y, w € CZ(R™), s € R,

In particular we will consider the case s = 1 with the equivalent norm
lulls, = llull + [|ADu] for u € HY(Q).

Lemma 5.1. Let A € C®(Q; R?) and ¢, € C*(Q), and let ¢ be a
limiting Carleman weight near €2. Let 0 < a < 1, and let

Alz, D) = { 24D~ LoDy )o D, |L|< /Toght

2A-D, otherwise,
i) =]~ Dajo-Ata || < Vlogh],
q, otherwise.

There exist constants hg, Cy, C, where Cy and C' are independent of «, such
that whenever 0 < h < hg and when

p =t i e(h) = (Collog h®|)~!
Y= 5(]1) 97 - 0[108 )

one has the estimate

2 ~ ~ ~
(Pl + (| hDo]2) - h3/ B,0le?/h 0, ]2 dS
e(h) o0_
gcue@/hh2(—A+A<m,D)+q>vu2+0h3/ Dole?/hd,0[2 dS,

904
for any v € H?(Q) with v|gq = 0.

Proof. The proof follows ideas in [15] (see also [26]). First let Cy be a
fixed number, and initially choose hg = 1. Below we will replace hg by
smaller constants when needed, and M > 1 will denote a changing constant
depending only on ¢ and the coefficients A, ¢_, and q.

Write ¢ = f(¢) where f(\) = A+ T%%z, and introduce the conjugated
operator Py s = e?/"(—h?A)e?/" = A+iB where A and B are the formally
self-adjoint operators

A= (hD)?> - (V@)?, B=V@ohD+hDoV.
Then, if v is as above, integration by parts gives that

1Pogvll? = [1Av]|* + || Bo||* + (i[A, Bv|v) — 2h°((8,¢)d,0|0,) 0.
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In terms of symbols one has i[A, B] = hOp,({a,b}). The limiting Carleman
condition implies, as in [15, Section 3| and [26, Lemma 2.1], that

{a,b}(z,6) = 1

=h) F@)?|Vel* +m(z)a(z, ) + Uz, €)b(x, €)

where

m(z) = ~4f'(¢)

"o .. " "
T 0= (5 e ve) ¢
Here we have chosen hg so that T};L) max(sup |p|,1) < 1/2 for h < hg, which
ensures that f'(¢) > 1/2. Quantization gives

4h2
e(h)

where ¢ is a smooth function whose C* norms are uniformly bounded in h.
Since |V is positive near €2, we have

i]A, B] = ()} Ve|* + h[moA+Aom+LoB+BoL]+h2()

1Pogol® > || Avl® + | Bu||* + loll®

Me(h)
— Mhljo| [ Av]| — Mol || Boll = ME?||v]|* — 2h°((9,¢)d,v]0,v) a0

This used integration by parts and the fact that v|gq = 0. We obtain

[a—

[v]]* = ME2[Jo]| 71
scl

— 213 ((0y@) D] 0y v) a2

1
1Pogol* = Sl Av]* + S [1Bv]|* +

\)

Me(h)

For the term involving ||11||H‘11 we note that
IhDv||* = ((hD)?v]v) = (Av|v) + ([V@|*vlv) < [|Av]|* + M]lv]?,

and by the assumptions on hy we have that
h? h?

_2M2()| _2M2()‘

Therefore, the Carleman estimate becomes

*IlAvH2 |Av|? |hDol* ~

2
Me(h)"’

|1 Pogvll* >

2 o13/(a ~
M&‘(h)HvHHslcl 2h7((0,@)0yv|0yv) a0

Next, consider the operator
Py = h2e?M(—A + A(x, D) + §)e?/"
= Py + hA(z,hD + V@) + h?4.
We have
B2
Me(h)

H’UH?qsld — 20 ((9,) 0| 0uv) 902

< 4| Ppv||® + 4h%|| Az, hD + iV @)v||? + 4h*| Gol|>.
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If ho is chosen so that [log(h®)| > 1 for A < hg, then by the definition of

A~

A(z, D) and ¢(x) it holds that
lA(e, kD + iV 3)oll < My/Togl ol
1qull < M/[log(h*)|||v]]-

Thus
- 2 2h*((8,)0,v|0, < M||Ppv||* + Mh*log(h®)|||v]|3
st 0, — 2 (@)oo < MYl + MAlog(h) .
At this point we choose Cy so that Co > 2M?, which implies
h2
Mh?log(h®)| < :
o (h)| < s
With this choice, we arrive at the Carleman estimate
h? 2 3 ~ 2
s, — 2 (@e)ouiaun)on < M| Pyl
Finally, replacing v by ¢?/"v gives that
h? . . . .
Me(h) (le? 0] + [[RD(e?/"0) ) = 21°((9,)e? "D, v]e?/ D, v) a0
< M||e?"n*(=A + A(x, D) + 4)v|*.
Since 9,¢ = f'(¢)dy e, the result follows. O

Remark. The motivation for the choice of e(h) comes from the fact that
e?/h < p=Caep/h where C is independent of . Here the factor h=“ can
be controlled by positive powers of A if a is chosen small enough.

It will be essential to use the convexified weight ¢ instead of ¢, since we
will need the stronger constants obtained from convexification to carry out
the estimates for boundary terms. Next we give a Carleman estimate for
the Dirac operator, which will also be required for controlling the boundary
terms.

Lemma 5.2. Let A € C®(Q; R3) and ¢ € C*°(€), and let ¢ be a limiting
Carleman weight near €. Suppose a, Cp, £(h), and $ are as in Lemma 5.1.
There exist C, hg > 0, with C independent of «, such that for 0 < h < hg
one has

|e?/hu||? < Ce(h)||e?" (o - (D + A) + qlo)ul?, we HL(Q)2.

Proof. We follow the argument in [26, Lemma 2.2], where more details are
given. The Carleman estimate in Lemma 5.1 implies that
h? 2 5/h(_ 72 5/h, 112
Syl < Gl (- H AL .
for all u € C°(Q)2. It is possible to shift the estimate to a lower Sobolev
index and prove that for h small one has

h? 5 5
“gllvlie < ClePM ALl .
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Now write e?/"(—h2AL)e?/" = Pg where Pz(hD) = e?/"(o - hD)e™ %/,
Since (hD)~1Pz(hD) is an operator of order 0, we obtain

h? 5 5

@HuH%Q < Clle?™( - hD)e™?/Mul[7..

If h is small (so 1/e(h) is large), we may replace o-hD by o-(hD+hA)+hqlz
in the last inequality. This shows the desired estimate for v € C°(Q)?2, and
the result is then valid for u € H}(Q)? by approximation. O

We may now give the proof of Lemma 4.1, which provides an estimate for
the part of the boundary term required for determining the magnetic field.

Proof of Lemma 4.1. Recall that U; are solutions of Ly,U; = 0 in 2, where

Uy s = eolh [_17,1/261'@@1 (0 0:¢)y,+ (B R/1)2><4:| ;

z

1 , ;
Ui, = e*P/h{irfl/ZefuﬁzaQ 0 4 (1 }7
’ z 7C) 4 Ry) 1o

with ||R1||H1(Q) S h, ||R2||H1(Q) § h. AlSO, U= U1 — ﬁg where UQ solves

£V2[~]2 = 0 in Q with UQ’+|8Q = Ui +]oq. Thus Uylpn = 0, and we have

U_|r = 0,Us|r =0 and also Uy € (H2N H(Q))*** by Lemma 2.1.
Denote by J the upper right 2 x 2 block of (ﬁayU+|U27+)rc. Writing

W =Wy — Wg where W7 and Wg are the right 4 x 2 blocks of U; and Ug,
respectively, we have

.1
J= [ e P"Ry—8,W, dS.
Te q]_7_

Since ¢q1,— # 0 on I'?, we get (using the Frobenius norm on matrices) that

|rJ||2sc( / Hf%zH?dx) ( / uew/hayvm?ds).
FC FC

Write —¢ = —p + %%2 for the convexified weight corresponding to —,

as in Lemma 5.1. We note that e=#/" = me=#/" where 0 < m < 1, and also
the estimate |[Ra|r2(pey < Cf|Rz2|g1(q) S h which follows from the trace
theorem. These facts yield

HJH2 5 hQHe_@/hauWJrH%%Fc)- (5.2)

At this point we wish to use the Carleman estimate of Lemma 5.1. This
allows to estimate 0, W, by a second order operator applied to W,. Since
Wy =W — V~V27+ where Wy is a solution with explicit form which can
be estimated, we want to choose the operator so that it will make terms
involving Wa, , vanish. Note that when go _ # 0, Wa ;. solves (columnwise)
the equation

1 ~ -
o-(D+ Ag) (qz_ff (D + A2)W2,+> —q2+Wa 1 =0.
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In the set where g2 — # 0 this may be rewritten as

1 ~ -
[—AIQ + Q(AQ . D)I2 — qT<O' . DQQ’_)J . (D + AQ) + q2I2]W2,+ =0, (5.3)
where o = Ay - Ay + D - Ay — @2 4.q2,—. Since Wi |pq = 0, the estimate in
Lemma 5.1, applied to —¢ and As, g2 —, and g2, shows that

h? A . .
—— (e ?"We|? + e ?"hDWL|?) + 83 | dyple ?"0, W[ dS
e(h) 0,

< e=¥" (A + As(w, D) + o)W |2 — h3/ Dyole=?/ma, W, 2 dS.
o0 _

Recall that 0, W, |r = 0. Now I is a neighborhood of the front face F'(xy),
but we have F(xg) = 9Q_ since ¢ was the logarithmic weight. This shows
that the last boundary integral vanishes. Since 0, > 0 on I'?, the Carleman
estimate can be written as
R h? . .
Wl e ? Mo, WP dS + m(l!e‘“’”‘%\l? +[le”? " hDW||?)
FC
S e h2(=A + Ag(w, D) + G2) W |

Going back to (5.2), we have arrived at

(le™? "W |]? + e ?/* hDW. |?)

h
2
1P+ 7

S Wl (=A + Az(w, D) + @)W (5.4)

Let S, = {x € Q; %%’ < /|logh®|} be a subset of © where go_ is
bounded away from zero, with an h-dependent bound. The proof will then
be completed by establishing the following two estimates:

Ble#/M(=A + Ag(, D) + @)W |22, = ol1), (5.5)
W/ (~ A + As(e, D) + @)W l2ag s,
< o(1) + h(lle= /MWL |12 + lle=? P RDW. |12, (5.6)

Proof of (5.5). By (5.3), we have (—A + Ay(x, D) + Go)W,4 = (—A +
As(x,D) + ¢2)Wi 4+ in Sp. To obtain sufficient decay in h, we will need
to convert —AW; 1 into first order derivatives of Wj 4+ by noting that W;
solves

o - (D + Al)WLJr + ql,,WL, = 0.
Then applying o - (D + A;) implies
—AWL+ = —2141 . DWL_;,_ —q1,-0 - DWL_ + Q17+W17+ + QL—WL—

for some smooth matrices )1+. Thus, the most significant terms in the ex-
pression (—A+Ag(z, D)+d2) Wi 4, regarding growth in h, are As(xz, D)W 4
and —2A; - DW;  and —¢q;—o - DWp _. Since Wy 4 = eP/" M and Wi— =
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e?/" R where Mg S 1 [1Rlg1 @) S b, we have

Plle” ™ (=A + As(x, D) + Ga) Wi [[72s,)
S hHe*Whep/hAg(x, hD — sz)MH%z(Sh) + h”@i(’a/hep/hMHiz(Sh)
+ h”€_¢/h€p/hR“%2(sh) SR T (log h®| + 1)
since e~ ?/M < h=Cee=¢/M where C is independent of . Choosing o > 0 so
small that 1 — C'a > 0, this goes to zero as h — 0.

Proof of (5.6). In 2\ S}, the coefficient g2 — is close to zero, and we will
use that Wy solves the equations

o-(D+ AQ)W2,+ + QQ,—WQ,_ =0,
o+ (D+ A)Wa_ + qo Way =0,
which implies that
(—A+242- D+ G2)Waq + (0 Do, )Wa_ =0.
By the definition of Ay(x, D) and Ga(z), we have on Q ~. S,

(=A +2A3(x, D) + Go)Wy = (—A 4245 - D + G2) W1+
— (U . Dq27_)W_ + (U . qu_)Wl,_. (5.7)

Note that we have written V~V27_ in terms of W_ and Wj _. For the first
term on the right hand side of (5.7), a similar argument as in the proof of
(5.5) implies

Plle”?/M(—=A + 242 - D+ @) Wi 4 |72y S B9 = 0(1)
when «a is small enough. Since Wi _ has explicit form, the third term satisfies
1lle”?" (o - Dga, YWi |72y S h*79% = o(1).
To prove (5.6), it remains to show that

W/ ( - Dap YW 22001
< o) + h(lle #M W |2 + e "hDWL[?).  (5.8)

To this end we will apply the Carleman estimate for a Dirac operator given
in Lemma 5.2. This will allow to estimate W_ by o - (D + A2)W_, which
again may be broken into terms involving the explicit solutions W7 4+ and
the term W, which is admissible.

However, the Carleman estimate only applies to functions vanishing on
the boundary. One has W_|r = 0 since U; _ = UQ’_ on I', but W_ could be
nonzero on ['°. Here we are saved by the fact that the estimate is over the
set 1\ Sy, which has to be a positive distance away from I'“ if h is small,
by the assumption that g2 — # 0 on I'°. Thus, let V' be a neighborhood of
I'® in which go— # 0, choose xo € C°(V) with xo = 1 near I'°, and let
x =1—x0. Then

h?’He*‘;’/h(a : Dq27—)W—H%2(Q\Sh) N h3||€7¢/hXW—H%2(Q)'
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Applying Lemma 5.2 to xW_ € H}(Q)?*? gives
e/ 220 S 2(B) e/ (0 - (D + A2)) W) |22y
Se)lle™? (o - (D + A2)W-|F2(q) +e(B)|e™?™ (o - D)W ]2
We write
o-(D+A)W_=0c-(D+A)Wi_ —0-(D+ Ay)Wa_
+o-(Ay— AWy -
= —q+Wis +q@iWoi+o- (A — A)Wi_
= —@+Wi + (@24 — .+ )Wig +0- (A2 — AWy .
Thus
le™#/"(o - (D + A2))W-|| S lle™#/" Wi || + [le™#/" W1 |
< lle=?Mw ]+ heC

by the explicit form of Wj. Finally, since g2, — # 0 on the support of o - Dy,
we have in this set

1 5
W_=Wi_+—o0-(D+ A)Ws 4

q2,—
= WL, - —0 (D + A2)W+ + qi(f (D + Ag)Wl +
2,— 2,—
1 1 qi,—
= Wl’_ - —0- (D + AQ)W+ + —0- (Az — Al)Wl’_;,_ — = WL—'
q2,— q2,— q2,—

Consequently
le™#M(0 - DX)W-|120) S b~ + e #/" Wi || + [le?/ " DW,.||.
Combining these estimates gives
1?|le=?" (o - quf)W*H%Z(Q\Sh)
< WC%e(R) + he(R)(le~#M W2 + e #/ hDW, |12,
This shows (5.8) if « is chosen small enough. The proof is complete. O

Next we will prove Lemma 4.3, which is used in recovering the electric
potentials. The stronger decay of suitable blocks in the boundary integral
(o(h) instead of o(1) as in Lemma 4.1) is due to the fact that 4; = Ay = A.
Otherwise, the proof will be mostly parallel to that of Lemma 4.1.

Proof of Lemma 4.3. The solutions U; and Us have the form

i L bR
Uy = oP/hid [_Zr /24, (0 o - g)2X4 + (R1 R’1)2X4] )

51 0 R
Ur — e—p/h€—2¢ 774—1/2a2 < > + <A2> ’
o [Z g C 4x2 R,2 4><21|

with || Rjll i) S by 1R @) S I

We denote the upper left 2 x 2 block of ([I%_OVUAU;)W by J, and will

show that J = o(h). The argument for the upper right block is analogous.
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If Wy, Wg are the left 4 x 2 blocks of U; and ﬁQ, respectively, and if W =

Wy — Wa, then
o1

J= / e P/he™® Ry——8, W, dS.
c q _

17
Repeating the argument in the proof of Lemma 4.1, we obtain the estimate

(5.4):

h . .
171 + %(Ile AW + (e " hDW|1?)

S hPem?M (=D + Ag(, D) + @)W |*.
Here Ay and ¢» are the coefficients in Lemma 5.1 for Ay = A, ¢2,—, and
Go=A-A+D-A—q1q2—. Let Sp, = {z € Q; ]%%] < V/log h®} as before.

Then the desired conclusion J = o(h) will be a consequence of the following
two estimates:

B le#/M(~A + Ag(ar, D) + @)W [2as,) = o(h2), (5.9)
W/ (~ A + Ag(e, D) + @)W l2ags,)
< o(h?) + h([le#/" W |2 + [le=#/mhDW, |2). (5.10)

Proof of (5.9). In S}, one has

N 1
(=A+As(z, D)+G2) Wy = (—A+2A'D—T(U'qu—)o"(D+A)+§2)W1,+-
2,—

Using that Wi is a solution of the Dirac system with A; = A, we obtain
after some computations that

(—A + 2A . D)WL.Q. - M17+W1,+ + ML_WL_

in Q, where M; 1 are smooth matrices in Q which are uniformly bounded
with respect to h. Using the Dirac equation again, we have in Sy

(=A + Ay(x, D) + Go)Wy = My Wy 4 + My W, _,

|Loo(s,) S /[log he|. By the

where M 1 are matrices in Sy, satisfying || M +
explicit form for Wj 4+, one has

e ?/M(=A + Ag(x, D) + @)W |132(s,) S h*~*log h7.

This proves (5.9) if « is chosen small enough.
Proof of (5.10). In Q \ S}, we obtain the identity (5.7) where Ay = A:

(—A+245(2, D) + o)Wy = (—A+24 - D+ G)W1 4
—(0-Dgo YW_+ (0 - Dga,—)W; —.
As in the proof of (5.9), it follows that
W le” M (—A 424 D + @)W1 4 [[72g) S B*9* = o(h?)
for o small. Also, clearly

W e™#/"(o - Das, )W |30y S h*~C% = o(h2).
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Using the cutoff x and the Carleman estimate of Lemma 5.2 in the same
way as when proving (5.6), we have

1Plle™?™M (0 - Do, YW_ |72,y S Blle™ " XW_ 1720

We

and

S he(h)(|le” %™ (o (D + ANW_|Z2q) + le=#/" (o - DX)W-|Z2()-
note that
o (D+AW_ =—@ Wi + (24 —q14)Wi,+  InQ,

1 _
W_=W;_— q—a (D+ AW, — Zl’ Wi~ on supp(c - Dx).
2,— 2,—

This implies that

h3||6_¢/h(0' . Dq2,7)W* ||%2(Q\Sh)

< W3CO(h) 4 he(h)(le™ /"W + [l #/"hDW |2).

Now h3=¢e(h) = o(h?) for o small, so we have proved (5.10). O
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