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Abstract. We consider the inverse problem of recovering a potential from the Dirichlet to
Neumann map at a large fixed frequency on certain Riemannian manifolds. We extend the
earlier result of [UW21] to the case of simple manifolds, and more generally to manifolds
where the geodesic ray transform is stably invertible.

1. Introduction and statement of main results

Let (M, g) be an n-dimensional (n ≥ 2) compact Riemannian manifold with smooth
boundary, and let λ ≥ 0 be a frequency. We consider the boundary value problem{

Lq,λu := (−∆g + q − λ2)u = 0 in M,

u = f on ∂M,
(1.1)

where ∆g is the Laplace-Beltrami operator on M . In local coordinates,

∆gu = |g|−
1
2∂j(|g|

1
2 gjk∂ku),

where (gjk) = (gjk)
−1 and |g| = det(gjk). Suppose λ2 is not a Dirichlet eigenvalue of

−∆g+ q in M , and let u ∈ C∞(M) be the unique solution of (1.1) for a Dirichlet boundary
condition f ∈ C∞(∂M). The Dirichlet to Neumann map (DN map) associated to (1.1) is
given by

Λλq : C∞(∂M) → C∞(∂M), Λλq f := ∂νu|∂M := gjkνj∂ku|∂M . (1.2)

The inverse problem we are interested in is to recover q from Λλq for a large but fixed λ.
Before going to the statement of our main result, we first define an admissible class of

perturbations for which we establish our uniqueness result. For any nonzero p ∈ Hs(M),
we introduce a frequency function Ns(p) of p by

Ns(p) :=
∥p∥Hs(M)

∥p∥L2(M)
.

If p = 0 we define Ns(p) = 0. For any number B > 0 and any s > 0, we define a set As(B)
of admissible perturbations by

As(B) := {p ∈ Hs(M) : Ns(p) ≤ B}. (1.3)

Note that p ∈ As(B) implies p ∈ C1(M) or p ∈ C0(M) if s > n
2 + 1 or s > n

2 , respectively,
by Sobolev embedding [Tay11, Proposition 4.3].

We establish two main results in this work. Our first result is for simple manifolds
(see e.g. [PSU22]). A compact Riemannian manifold (M, g) with boundary is said to be
simple if (i) (M, g) is nontrapping (every geodesic reaches the boundary in finite time), (ii)
∂M is strictly convex (the fundamental form of ∂M is positive definite), and (iii) (M, g)
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has no conjugate points. Examples include strictly convex simply connected domains in
nonpositively curved manifolds. Our first main result is as follows.

Theorem 1.1. Let (M, g) be a simple manifold of dimension n ≥ 2. Let B > 0 and assume
∥q∥Hs(M) ≤ B, ∥p∥Hs(M) ≤ B, and p ∈ As(B), where s > n

2 . There is a positive constant

λ0 = λ0(M, g, s,B) such that if Λλq+p = Λλq for at least one λ ≥ λ0, then p = 0 in M .

Remark 1.1. The assumption that p ∈ As(B) is similar to the assumption that the per-
turbation is angularly controlled in [RU14, Theorem 2] or horizontally controlled in [RS20].
This assumption is always satisfied for some B if p lies in a finite dimensional space, since the
norms ∥p∥L2(M) and ∥p∥Hs(M) are equivalent in finite dimensional spaces. See the example
after [RU14, Theorem 2] for infinite dimensional expansions satisfying such a condition.

Moreover, the assumption p ∈ As(B) for some s > n
2 is not optimal. It might be possible

to modify the argument so that p ∈ A2(B) or even p ∈ A1+ε(B) is sufficient. However, some
bound on the frequency of the perturbation is needed in order to have a uniform estimate
for λ0. This places a restriction on the perturbations that can be treated with this method.

We note that Theorem 1.1 can also be reformulated as follows.

Corollary 1.2. Let (M, g) be a simple manifold of dimension n ≥ 2, and let q1, q2 ∈ Hs(M)
where s > n

2 . Then there exists a positive constant λ0 depending on M , g, s, ∥qj∥Hs(M),

and Ns(q1 − q2) such that if Λλq1 = Λλq2 for at least one λ ≥ λ0, then q1 = q2 in M .

To state the second result, let us recall the notation for the geodesic ray transform
following [Sha94,PSU22]. Assume that (M, g) is nontrapping with strictly convex boundary.
For a function f on (M, g), its geodesic ray transform is defined by

If(γ) :=

∫
s∈γ

f(s) ds

where γ ranges over the maximal geodesics on (M, g). The geodesic ray transform I on
(M, g) is called stably invertible (in terms of the H1 norm of the ray transform) when there
exists a slightly larger manifold M1 with M embedded in M int

1 and a positive constant C1

such that
∥f∥L2(M1) ≤ C1∥If∥H1(∂+SM1) (1.4)

holds for all f ∈ Hs(M1) with supp(f) ⊂ M , for some s > n
2 + 1. On simple manifolds

(M1, g) of dimension n ≥ 2 the estimate (1.4) may be found e.g. in [PSU22, Theorem

4.7.8], and related estimates even with H1/2 norm on the right are proved in [AS20,PS21].
In dimensions n ≥ 3, if (M1, g) has strictly convex boundary and is globally foliated by
strictly convex hypersurfaces, an estimate similar to (1.4) is proved in [UV16]. Finally, for
strictly convex manifolds with no conjugate points and hyperbolic trapped set, estimates
similar to (1.4) follow from [Gui17]. We also need the following continuity result of the
geodesic ray transform which holds true at least on strictly convex nontrapping manifolds
[Sha94,PSU22],

∥If∥H2(∂+SM1) ≤ C2∥f∥H2(M1). (1.5)

We present more details on the geodesic ray transform in Section 2. The constraint in
Theorem 1.1 that the manifolds must be simple can be relaxed under (1.4) and (1.5). As a
result, a more general theorem follows.

Theorem 1.3. Let (M, g) be a compact nontrapping Riemannian manifold of dimension
n ≥ 2 with smooth boundary. Suppose the geodesic ray transform is stably invertible and
continuous, i.e. (1.4) and (1.5) are satisfied. Assume ∥q∥Hs(M) ≤ B, ∥p∥Hs(M) ≤ B,
p ∈ As(B) with s > 1 + n

2 . Then there exists a positive constant λ0 = λ0(M, g, s,B) such

that if Λλq+p = Λλq holds for at least one λ ≥ λ0, then p = 0 in M .
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We now provide a brief survey of the existing results of the Calderón problem. In the
Euclidean setting there is a substantial literature on such problems and we refer the readers
to the survey [Uhl09]. In this work we are interested in the anisotropic problem, which can
be understood as an inverse problem for the equation ∇ · (γ∇u) = 0 where γ is a positive
definite matrix function, or as an inverse problem for the Laplace-Beltrami equation or for
the Schrödinger equation (−∆g + q)u = 0 on a Riemannian manifold. If the manifold and
coefficients are real-analytic, they can recovered from the DN map [LU89, LU01, LTU03].
In the smooth case it is known for n = 2 that a potential q can be determined from the
DN map Λλq for a fixed frequency λ ≥ 0 [GT11]. For n ≥ 3 this is an open problem,
however there are partial results in the class of admissible manifolds as well as conformally
transversally anisotropic (CTA) manifolds.

We say that (M, g) is a CTA manifold if (M, cg) ⊂ (R×M0, e⊕ g0), where c is a smooth
positive scalar function, e is the Euclidean metric, and (M0, g0) is an (n − 1)-dimensional
manifold. We say (M, g) is admissible if additionally the transversal manifold (M0, g0) is
simple. Theorem 1.1 for any λ ≥ 0 has been proved on admissible manifolds in [DSFKSU09],
whereas [DSFKLS16] proved the corresponding uniqueness result on CTA manifolds. These
methods are based on a geometric version of complex geometrical optics solutions introduced
in [SU87] in the Euclidean case.

In our setting the manifolds do not satisfy the additional product structure mentioned
above, and thus complex geometrical optics solutions are not available. However, when
the frequency λ > 0 is very large there exist traditional geometrical optics type solutions,
and one can construct such solutions that concentrate along geodesics. If one could take
the limit λ → ∞ then one could recover the geodesic ray transform of the perturbation
p. In our case the frequency λ is large but fixed, and we will instead use the condition
p ∈ As(B) to recover the ray transform. These ideas were used in [UW21] combined with
an analysis of the semiclassical resolvent in order to prove a similar result for nonpositively
curved manifolds when n = 3. We give a direct argument based on geometrical optics and
Gaussian beam constructions, and obtain results on any manifold with stably invertible
geodesic ray transform in any dimension.

The rest of the article is structured as follows. Section 2 contains some preliminary results
related to the geodesic ray transform. In Section 3 we present the proof of a resolvent
estimate on non-trapping manifolds, which is then used in Section 4 to construct special
solutions of (1.1). In Section 5 we construct special solutions on general manifolds, and
the concentration property of these solution are investigated in Section 6. The proofs of
Theorems 1.1 and 1.3 are contained in Sections 4.2 and 7 respectively. Finally, at the end
of this article, in Remarks 7.1 and 7.2 we discuss the stability of the inverse recovery.

2. preliminaries on geodesic ray transform

In this section, we recall the geodesic ray transform and several facts related to it. We
refer the reader to [Sha94,PSU22] for more information on the geodesic ray transform.

Let M be a compact manifold with smooth boundary and let TxM be the tangent space
attached to the point x ∈M . We write the g-inner product for tangent or cotangent vectors

as ⟨ · , · ⟩ = ⟨ · , · ⟩g. We also write | · | = | · |g := ⟨ · , · ⟩1/2g . Sobolev spaces such as Hk(M),

Hk
0 (M) and L2(M) can be defined in a similar manner as in the Euclidean setting, and

readers may refer to [Tay11, Chapter 4] for more details.
The unit sphere bundle SM of M is defined as

SM :=
⋃
x∈M

SxM where SxM := {(x, v) ∈ TxM ; |v| = 1}.
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If the dimension of M is n then the dimension of SM will be 2n−1. The boundary of SM ,
denoted as ∂(SM), is defined as ∂(SM) = {(x, v) ∈ SM ; x ∈ ∂M}, and it is the union of
the sets of inward and outward pointing vectors,

∂±SM = {(x, v) ∈ ∂(SM) ; ±⟨v, ν⟩ ≤ 0}.

Here ν is the outward unit normal to the boundary ∂M . We equip SM with the Sasaki
metric induced by g, and this yields natural volume forms d(SM) and d(∂SM).

A unit speed geodesic starting at x and moving in the direction v is denoted by t 7→
γ(t, x, v). Let τ(x, v) be the time when γ exits M . We say that (M, g) is nontrapping
if τ(x, v) is finite for all (x, v) ∈ SM , and that (M, g) is strictly convex if the second
fundamental form on ∂M is positive definite. We also define the geodesic flow φt on SM
by φt(x, v) := (γ(t, x, v), γ̇(t, x, v)).

Let (M, g) be strictly convex and nontrapping. The geodesic ray transform I : C∞(M) →
C∞(∂+SM) is a linear map given by

If(x, v) :=

∫ τ(x,v)

0
f(γ(t, x, v)) dt.

We recall the Santaló formula and the expression of the adjoint of I.

Lemma 2.1. Let F : SM → R be a continuous function. Then we have∫
SM

F d(SM) =

∫
∂+SM

∫ τ(x,v)

0
F (φt(x, v))µ(x, v) dt d(∂SM), (2.1)

where µ(x, v) := −⟨v, ν(x)⟩.

Lemma 2.2. Let f ∈ C∞(M) and h ∈ C∞
0 ((∂+SM)int). Then

(If, h)L2
µ(∂+SM) = (f, I∗h) . (2.2)

Here I∗h is given by I∗h(x) =
∫
Sx
hψ(x, v) dv where hψ(x, v) = h(φ−τ(x,−v)(x, v)) for all

(x, v) ∈ SM , and L2
µ(∂+SM) is the L2 space with measure µ d(∂SM).

Lemma 2.3. For every non-negative integer k, the ray transform I is a bounded linear
operator from Hk(M) to Hk(∂+SM).

The proofs of these results can be found in [PSU22, Chapters 3 and 4]. We will also
need the following facts on the normal operator of the geodesic ray transform on simple
manifolds which follow from [SU04] (see also [PSU22, Chapter 8]).

Lemma 2.4. Let (M, g) be a simple manifold. Then I∗I is an elliptic pseudodifferential
operator of order −1 in M int. Given s ∈ R and a compact set K ⊂M int, there is C > 0 so
that one has the inequalities

C−1∥f∥Hs(M) ≤ ∥I∗If∥Hs+1(M) ≤ C∥f∥Hs(M)

for any f ∈ Hs(M) with supp(f) ⊂ K.

3. Resolvent estimate

The proofs of the main theorems are based on constructing approximate geometrical
optics or Gaussian beam type solutions. In order to convert these approximate solutions to
exact solutions, we will need the following solvability result at high frequencies.
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Proposition 3.1. Let (M, g) be a compact nontrapping manifold with smooth boundary, and
let q ∈ L∞(M) with ∥q∥L∞(M) ≤ B. There are C = C(M, g) > 0 and λ0 = λ0(M, g,B) > 0

so that for any λ ≥ λ0 and any f ∈ L2(M), the equation

(−∆g − λ2 + q)u = f in M

has a solution u ∈ H2(M) with

λ∥u∥L2(M) + ∥du∥L2(M) + λ−1∥∇2u∥L2(M) ≤ C∥f∥L2(M).

The estimate given in Proposition 3.1 resembles a resolvent estimate in scattering the-
ory, where it is well known that a nontrapping assumption is required for such an estimate
to hold. These estimates are typically given on noncompact manifolds with suitable as-
sumptions at infinity. See e.g. [Wun12] for a discussion on such estimates (note that if one
excludes a small set of frequencies, this kind of estimate may hold for general geometries
[LSW21]). Our estimate on compact manifolds with boundary is even simpler, and we give
a proof based on a positive commutator argument. For the proof it is convenient to switch
to semiclassical notation and write h = λ−1. See [Zwo12] for the semiclassical analysis facts
used below.

We may assume that M is embedded in a closed manifold (N, g) having the same dimen-
sion, and for all s ∈ R we may consider the semiclassical Sobolev norm

∥u∥Hs
scl(N) = ∥(I − h2∆g)

s/2u∥L2(N)

where (I − h2∆g)
s/2 is defined via the spectral theorem. Proposition 3.1 will follow by a

standard duality argument from the next a priori estimate with s = 0 (see e.g. [DSFKSU09,
Proposition 4.4] for this duality argument). We employ a generic constant C throughout
the manuscript, the value of which may vary from line to line.

Lemma 3.2. Let (M, g) be a compact nontrapping manifold with smooth boundary, and let
M be embedded in a closed manifold (N, g) having the same dimension. Let s ∈ R. There
are C > 0, h0 > 0 such that for 0 < h ≤ h0, one has

h∥u∥Hs+2
scl (N) ≤ C∥(−h2∆g − I)u∥Hs

scl(N), u ∈ C∞
c (M int).

Proof. We first prove the estimate for s = 0. Write P = −h2∆g and decompose u as

u = Bu+ (I −B)u

where B is a semiclassical pseudodifferential operator obtained by quantizing the symbol
b(x, ξ) := ψ(|ξ|g) ∈ C∞(T ∗N) where ψ ∈ C∞

c (R) with ψ(t) = 1 near t = 1 and ψ = 0
outside a small neighborhood of t = 1. Denote the semiclassical principal symbol of P − I
by r(x, ξ), so r(x, ξ) = |ξ|2g − 1. Since P − I is semiclassically elliptic away from {|ξ|g = 1},
we can find a symbol q(x, ξ) of order −2 such that q = r−1 in supp(1− b). This implies

1− b(x, ξ) = (1− b(x, ξ))q(x, ξ)r(x, ξ), (x, ξ) ∈ TM.

By semiclassical calculus, see [Zwo12, §14.2], we have

I −B = Op((1− b)q)Op(r) + hΨ−1 = Op((1− b)q)(P − I) + hΨ−1.

From this one obtains the estimate

∥(I −B)u∥H2
scl(N) ≤ ∥Op((1− b)q)(P − I)u∥H2

scl(N) + Ch∥u∥H1
scl(N)

≤ C∥(P − I)u∥L2(N) + Ch∥u∥H1
scl(N)

valid for u ∈ C∞(N). Writing u = (I −B)u+Bu on the right, it follows that

∥(I −B)u∥H2
scl(N) ≤ C∥(P − I)u∥L2(N) + Ch∥Bu∥H1

scl(N). (3.1)
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We now proceed to an estimate for Bu, which is microlocalized to a small neighborhood
of {|ξ|g = 1}. To do this we invoke the positive commutator method. Assume that we can
find a formally self-adjoint linear operator A : C∞(N) → C∞(N) such that

∥Au∥L2(N) ≤ C∥u∥H1
scl(N),

(i[P,A]u, u)L2(N) ≥ ch∥Bu∥2H1
scl(N) − Ch∥(I −B)u∥2H1

scl(N),

for any u ∈ C∞
c (M int) and 0 < h ≤ h0. We can then make the following computation:

ch∥Bu∥2H1
scl(N) − Ch∥(I −B)u∥2H1

scl(N) ≤ (i[P,A]u, u) = (i[P − I, A]u, u)

= i(Au, (P − I)u)− i((P − I)u,Au).

By using Cauchy-Schwarz with ϵ, and since ∥Au∥L2(N) ≤ C∥u∥H1
scl(N), we have

ch∥Bu∥2H1
scl(N) ≤ ϵh∥u∥2H1

scl(N) +
1

ϵh
∥(P − I)u∥2L2(N) + Ch∥(I −B)u∥2H1

scl(N). (3.2)

Therefore,

h2∥u∥2H1
scl(N) ≤ 2h2∥Bu∥2H1

scl(N) + 2h2∥(I −B)u∥2H1
scl(N)

≤ Cϵh2∥u∥2H1
scl(N) + Cϵ−1∥(P − I)u∥2L2(N) + Ch2∥(I −B)u∥2H1

scl(N) (by (3.2))

≤ h2(Cϵ+ Ch2)∥u∥2H1
scl

+ (Cϵ−1 + Ch2)∥(P − I)u∥2L2(N). (by (3.1))

Choosing the value of ϵ so that Cϵ = 1/2, we obtain the estimate

h2∥u∥2H1
scl(N) ≤ C∥(P − I)u∥2L2(N).

valid for all u ∈ C∞
c (M int) as long as one can find an operator A satisfying the conditions

given above.
We construct the conjugate operator A as a first order semiclassical pseudodifferential

operator, obtained as the Weyl quantization of a real valued symbol a ∈ C∞(T ∗N). The
semiclassical principal symbol of ih−1[P,A] is {p, a} = Hpa, where p = |ξ|2g is the principal
symbol of P and Hp is the Hamilton vector field of p. The assumption that (M, g) is
nontrapping means precisely that there is a function a ∈ C∞(S∗M) (escape function) with
Hpa > 0 in S∗M , where S∗M denotes the unit cosphere bundle. See e.g. [DH72, Theorem
6.4.1]. We extend a smoothly to T ∗N as a symbol that is homogeneous of degree one for
|ξ| ≥ 1. By continuity the function Hpa satisfies

Hpa(x, ξ) ≥ c|ξ|g, ξ ∈ T ∗M1, |ξ|g ∼ 1, (3.3)

for some compact set M1 ⊂ N with M ⊂ M int
1 . Note that (3.3) holds only for |ξ|g close to

1, and we shall only apply this to Bu which is supported near |ξ|g = 1 in the phase space.
Quantizing a gives a semiclassical operator A of order one. Using the semiclassical G̊arding
inequality [Zwo12, Theorem 4.30] for (ih−1[P,A]Bu,Bu) and Cauchy-Schwarz with ϵ for
the other terms gives that

(ih−1[P,A]u, u) = (ih−1[P,A]Bu,Bu) + (ih−1[P,A]Bu, (I −B)u)

+ (ih−1[P,A](I −B)u,Bu) + (ih−1[P,A](I −B)u, (I −B)u)

≥ c∥Bu∥2H1
scl

− ∥ih−1[P,A]Bu∥H−1
scl (N)∥(I −B)u∥H1

scl(N)

− ∥ih−1[P,A](I −B)u∥H−1
scl (N)

(
∥Bu∥H1

scl(N) + ∥(I −B)u∥H1
scl(N)

)
≥ c∥Bu∥2H1

scl
− C∥(I −B)u∥2H1

scl
, (3.4)
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for all u ∈ C∞
c (M int). Here we used that ih−1[P,A] is of order 2 so it is a bounded map

from H1
scl(N) to H−1

scl (N). This completes the construction of A.
We have so far proved the estimate

h∥u∥H1
scl(N) ≤ C∥(P − I)u∥L2(N)

for all u ∈ C∞
c (M int). To prove the analogous estimate for general s, we may apply the

above estimate in a small extension (M1, g) of (M, g) (which is still nontrapping) to the

function χ(I − h2∆g)
s/2u where χ ∈ C∞

c (M int
1 ) satisfies χ = 1 near M , and u ∈ C∞

c (M int).
Commuting the cutoff χ to the other side of P − I produces commutator terms that are
O(h∞) by pseudolocality and the support properties of u and dχ, and these can be absorbed.
See e.g. [DSFKSU09, Lemma 4.3] for the details. This argument gives

h∥u∥Hs+1
scl (N) ≤ C∥(−h2∆g − I)u∥Hs

scl(N), u ∈ C∞
c (M int). (3.5)

Finally, to improve the left hand side of (3.5) from s + 1 to s + 2, we do the following
computation:

h∥u∥Hs+2
scl (N) = h∥(−h2∆g − I + 2I)u∥Hs

scl(N) ≤ h∥(−h2∆g − I)u∥Hs
scl(N) + 2h∥u∥Hs

scl(N)

≤ h∥(−h2∆g − I)u∥Hs
scl(N) + C∥(−h2∆g − I)u∥Hs−1

scl (N)

≤ C∥(−h2∆g − I)u∥Hs
scl(N), u ∈ C∞

c (M int),

where in the second last line we used (3.5). The proof is complete. □

Corollary 3.3. Assume the conditions in Lemma 3.2, let −2 ≤ s ≤ 0, and let q ∈ L∞(M)
with ∥q∥L∞(M) ≤ B. Then there are C = C(M, g, s) > 0 and h0 = h0(M, g, s,B) > 0 such
that for 0 < h ≤ h0 one has

h∥u∥Hs+2
scl (N) ≤ C∥(−h2(∆g − q(x))− I)u∥Hs

scl(N), u ∈ C∞
c (M int).

Proof. We have ∥qu∥Hs
scl(N) ≤ ∥qu∥L2(N) ≤ ∥q∥L∞(N)∥u∥Hs+2

scl (N) provided −2 ≤ s ≤ 0.

Then by Lemma 3.2 we have

∥(−h2(∆g − q(x))− I)u∥Hs
scl(N) ≥ ∥(−h2∆g − I)u∥Hs

scl(N) − h2∥qu∥Hs
scl(N)

≥ ch∥u∥Hs+2
scl (N) − ∥q∥L∞(N)h

2∥u∥Hs+2
scl (N).

Choosing h0 = c/(2B) completes the proof. □

Now we are ready to prove Proposition 3.1.

Proof of Proposition 3.1. Denote E = Lq,h−1(C∞
c (M int)). Then E is a subspace of H−2

scl (N),

and for h small any element of E can be written uniquely as Lq,h−1u for some u ∈ C∞
c (M int)

by Corollary 3.3. Let f ∈ L2(M), and define the linear operator T : E → R by

T (L∗
q,h−1z) = ⟨f, z⟩L2(M), z ∈ C∞

c (M int),

where L∗
q,h−1 is the dual operator of Lq,h−1 . We have L∗

q,h−1 = Lq,h−1 . Corollary 3.3 gives

|T (L∗
q,h−1z)| ≤ ∥f∥L2(M)∥z∥L2(M) ≤ ∥f∥L2(M)Ch∥L∗

q,h−1z∥H−2
scl (N).

This implies T is a bounded linear operator on E, thus by the Hahn-Banach theorem there
exists a linear functional T̂ on H−2

scl (N) that extends T from E to H−2
scl (N) such that

∥T̂∥ ≤ Ch∥f∥L2(M).

Because H−2
scl (N) is the dual space of H2

scl(N) and it is a Hilbert space, by the Riesz

representation theorem there exists a function v ∈ H2
scl(N) such that T̂ (z) = ⟨v, z⟩ for all
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z ∈ C∞
c (M int). Furthermore, ∥v∥H2

scl(N) = ∥T̂∥ ≤ Ch∥f∥L2(M). Now set v|M = u, then for

all z ∈ C∞
c (M int) we have

⟨Lq,h−1u, z⟩ = ⟨u,L∗
q,h−1z⟩ = ⟨v,L∗

q,h−1z⟩ = T̂ (L∗
q,h−1z) = T (L∗

q,h−1z) = ⟨f, z⟩.

This gives existence of a solution with the desired estimate. □

4. The case of simple manifolds

In this section we construct special solutions of (1.1) on a simple manifold following
arguments in [DSFKSU09], and give the proof of Theorem 1.1.

4.1. Special solutions on simple manifolds. Let (M, g) be a simple manifold. We wish
to construct solution of (1.1) in the form of u = eiλϕa+R. A straightforward computation
gives

Lq,λ(eiλϕa) = eiλϕ
[
λ2(|dϕ|2g − 1)a− λTg,ϕa− (∆g − q)a

]
, Tg,ϕ := 2i⟨dϕ,d·⟩g + i∆gϕ. (4.1)

Here Tg,Φ is a first-order linear differential operator depending on g and ϕ. Substituting the

ansatz u = eiλϕa+R into (1.1), with the help of (4.1) we see that Lq,λu = 0 provided that

Lq,λR = eiλϕ
[
− λ2(|dϕ|2g − 1)a+ λTg,ϕa+ (∆g − q)a

]
in M. (4.2)

We shall construct the real-valued phase function ϕ and the amplitude a by making the
coefficients of λ2 and λ in (4.2) to be zero so that (4.2) can be simplified.

First, we solve |dϕ|2g = 1. This non-linear PDE is known as the eikonal equation. Since

M is simple, we can extendM to a larger simple compact manifoldM1 such thatM ⊂M int
1 ,

whereM int
1 signifies the interior ofM1. Let y ∈ ∂M1. By the properties of simple manifolds

[PSU22, Section 3.8], any x belonging to M1 can be expressed as x = expy(rθ) with certain
r > 0 and θ ∈ SyM := {ξ ∈ TyM ; |ξ|g = 1}. Here the map expy, parameterized by y, is
the exponential map defined on M1, and it defines the so-called polar normal coordinates
on M by identifying x with the coordinates (r, θ) ∈ R+ × SyM . In these coordinates, the
metric g can be represented as

g|(r,θ) = dr2 + g0(r, θ)dθ
2

where g0 is another positive-definite Riemannian metric, and there holds |g| = |g0|. The
coordinate r can be used to define a distance function from a point x to y by setting
distg(x, y) := r. We now choose

ϕ(x) = ±distg(x, y) = ±r, x ∈M, y ∈ ∂M1, (4.3)

thus ∂θϕ = 0, and so |dϕ|2g = (±∂rr)2 = 1. Hence the eikonal equation is solved, and we
can simplify (4.2) to

Lq,λR = eiλϕ[λTg,ϕa+ (∆g − q)a]. (4.4)

Second, we fix an integer J ∈ N, set a−1 ≡ 0 and look for an amplitude a having the

form a =
∑J

j=−1 λ
−jaj . After substituting this into (4.4), it follows that

Lq,λR = eiλϕ
J∑
j=0

λ−j+1[Tg,ϕaj + (∆g − q)aj−1] + eiλϕλ−J(∆g − q)aJ , in M. (4.5)

Because a−1 ≡ 0, the following transport equations for aj can be solved iteratively starting
from j = 0 until j = J :

Tg,ϕaj = (−∆g + q)aj−1. (4.6)
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Recall (4.3) and Tg,ϕ defined in (4.1). By the choice of ϕ we have ⟨dϕ,daj⟩g = ±∂raj . This
reduces the equation (4.6) to

±2i∂raj ± i|g|−
1
2∂r(|g|

1
2 )aj = (−∆g + q)aj−1 ⇔ ∂r(|g|

1
4aj) = ∓i|g|

1
4 (−∆g + q)aj−1/2,

which implies for j = 0, 1, · · · , J ,

aj(r, θ) = |g(r, θ)|−1/4
[
bj(θ)∓

i

2

∫ r

0
|g(s, θ)|1/4(−∆g + q(s, θ))aj−1(s, θ) ds

]
, (4.7)

where bj are any smooth functions. Especially, due to a−1 ≡ 0 we have

a0(r, θ) = |g(r, θ)|−1/4b(θ), (4.8)

where b is a smooth function. Readers may note that a0 is independent of the potential.
After solving aj , we can substitute (4.6) into (4.5) to further reduce the original equation
to

Lq,λR = eiλϕλ−J(∆g − q)aJ in M,

where aJ is determined by (4.7). By Proposition 3.1, for λ large there is R ∈ H2(M) solving
the above equation such that ∥R∥L2(M) ≤ Cλ−1∥eiλϕλ−J(∆g − q)aJ∥L2(M). We summarize
the construction above as follows. For our purposes we choose J = 0.

Proposition 4.1. Let (M, g) be a simple manifold and M ⊂M int
1 , where M1 is also simple.

Let y ∈ ∂M1 and (r, θ) be the polar normal coordinates in M1 with center at y. Let also
∥q∥L∞(M) ≤ B. Then for λ ≥ λ0(M, g,B) the equation Lqu = 0 in M has a solution of the
form

u = eiλra+R, (4.9)

where a solves the transport equation Tg,ra = 0 defined in (4.1), and R satisfies

∥R∥L2(M) ≤ Cλ−1∥(∆g − q)a∥L2(M),

for a constant C = C(M, g) independent of λ. The solution a of Tg,ra = 0 in polar normal

coordinates is given by a = |g|−1/4b(θ), where b(θ) is any smooth function in θ.

4.2. Proof of Theorem 1.1. We now give the proof of Theorem 1.1. Assume Λλq+p = Λλq
for some λ ≥ λ0, where λ0 shall be determined later. Since Λλq = Λ0

q−λ2 and Λλq+p = λ0q+p−λ2 ,

a standard integration by parts (see e.g. [DSFKSU09, Lemma 6.1]) implies that∫
M
pū1u2 dVg = ((λλq+p − λλq )u1, u2)L2(∂M) = 0 (4.10)

whenever u1 and u2 are any H1(M) solutions of (1.1) corresponding to q+ p and q, respec-
tively. We also note that the condition Λλq+p = Λλq together with a boundary determination
result imply that p|∂M = 0. This is proved for smooth potentials e.g. in [DSFKSU09] and for
Hölder continuous potentials in [GT11, Proposition A.1] (recall that q, p ∈ Hs(M) where
s > n

2 , so q, p ∈ Cα(M) for some α > 0 by Sobolev embedding).
Due to the conditions ∥q∥Hs ≤ B, ∥p∥Hs ≤ B stated in Theorem 1.1 and Sobolev

embedding, we have ∥q∥L∞ ≤ CB, ∥q + p∥L∞ ≤ CB where C = C(M, g, s). By Proposition
4.1, for λ ≥ λ0(M, g, s,B) we can choose solutions u1, u2 having the form{

u1(r, θ) = eiλr|g(r, θ)|−1/4b(θ) + r1,

u2(r, θ) = eiλr|g(r, θ)|−1/4 + r2,

where (r, θ) are polar normal coordinates in M1 with center at some y ∈ ∂M1. In these

coordinates, we have dVg = |g|1/2 dr dθ. Proposition 4.1 also gives

∥r1∥L2(M) ≤ Cλ−1∥b∥H2(∂+SyM1), ∥r2∥L2(M) ≤ Cλ−1. (4.11)
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Substituting u1, u2 into (4.10), we have

0 =

∫
M
pu1ū2 dVg =

∫
M
p(eiλr|g|−1/4b(θ) + r1)(e

−iλr|g|−1/4 + r̄2) dVg

=

∫
M
p[|g|−1/2b(θ) + e−iλr|g|−1/4r1 + eiλr|g|−1/4b(θ)r̄2 + r1r̄2] dVg. (4.12)

Recall dVg = |g|1/2 dr dθ and
∫ τM1

(y,θ)

0 p(r, θ) dr = Ip(y, θ) where I is the geodesic ray
transform on M1. Here we assume that p is extended by zero to M1. Thus we also have∫

M
p(r, θ)b(θ)|g(r, θ)|−1/2 dVg =

∫
∂+SyM1

Ip(y, θ)b(θ) dθ. (4.13)

From p ∈ As(B) where s > n
2 and from the Sobolev embedding we can conclude that

∥p∥L∞(M) ≤ C∥p∥Hs(M) ≤ CB∥p∥L2(M). Therefore, from (4.11), (4.12) and (4.13) it follows
that, with implied constants depending on B,∣∣ ∫

∂+SyM1

Ip(y, θ)b(θ) dθ
∣∣ ≲ ∥p∥L2(M)∥r1∥L2(M) + ∥p∥L∞(M)∥b∥L2(M)∥r2∥L2(M)

+ ∥p∥L∞(M)∥r1∥L2(M)∥r2∥L2(M)

≲ ∥p∥L2(M)

[
∥r1∥L2(M) + (∥b∥L2(∂+SyM1) + ∥r1∥L2(M))∥r2∥L2(M)

]
≲ λ−1∥p∥L2(M)∥b∥H2(∂+SyM1),

where we used (4.11). This estimate further gives∣∣ ∫
∂+SM1

Ip(y, θ)b(θ) d(∂SM)
∣∣ ≤ ∫

∂M1

∣∣ ∫
∂+SyM1

Ip(y, θ)b(θ) dθ
∣∣dy

≲ λ−1∥p∥L2(M)

∫
∂M1

∥b∥H2(∂+SyM1) dy.

Note that the function b(θ) depends on y.
Choosing b(θ) = ⟨νy, θ⟩I(I∗Ip), inserting this in the above inequality, and using the

Santaló formula (Lemma 2.1) and boundedness of I and I∗I (Lemmas 2.3 and 2.4), we
obtain

∥I∗Ip∥2L2(M1)
≲ λ−1∥p∥L2(M)∥I(I∗Ip)∥H2(∂+SM1) ≲ λ−1∥p∥L2(M)∥I∗Ip∥H2(M1)

≲ λ−1∥p∥2H1(M). (4.14)

Here we also used the condition p|∂M = 0, which allows us to consider p as a function in
H1(M1) with support in M . Using the interpolation ∥f∥2H1(M1)

≤ C∥f∥L2(M1)∥f∥H2(M1)

[Tay11, Proposition 3.1] between Sobolev spaces, we see ∥I∗Ip∥2H1(M1)
can be bounded by

the product of ∥I∗Ip∥L2(M1) and ∥I∗Ip∥H2(M1). The L
2 norm of I∗Ip can be estimated from

(4.14), while the H2 norm of I∗Ip can be estimated by using the continuity of I∗I, thus

∥I∗Ip∥2H1(M1)
≤ C∥I∗Ip∥L2(M1)∥I

∗Ip∥H2(M1) ≲ λ−1/2∥p∥2H1(M1)
.

Recall that p ∈ As(B) with s > n/2 ≥ 1, so ∥p∥H1(M1) ≲ ∥p∥L2(M1). This together with the
inequality above gives

∥I∗Ip∥2H1(M1)
≲ λ−1/2∥p∥2L2(M1)

.

Because (M, g) is assumed to be a simple manifold, by Lemma 2.4 we know that I∗I
is stably invertible, namely, ∥p∥L2(M1) ≤ C∥I∗Ip∥H1(M1). Combining this with the last
displayed equation above, we arrive at

∥p∥2L2(M1)
≤ CBλ

−1/2∥p∥2L2(M1)
=⇒ (1− C

1/2
B λ−1/4)∥p∥L2(M1) ≤ 0.
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By setting λ0(M, g,B) := 2C2
B and choosing λ ≥ λ0(M, g,B), we can conclude from the

above that ∥p∥L2(M) ≤ 0, so p = 0 in M . This completes the proof of Theorem 1.1.

5. Solutions for general manifolds

In this and the next section, we follow closely [DSFKLS16, Section 3] to construct special
solutions on general manifolds with mild assumptions. In Lemma 5.4 and Section 6, more
details are provided than in [DSFKLS16]. These special solutions concentrate near a given
geodesic and they are usually called Gaussian beams or quasimodes in the literature.

5.1. Coordinates. We first recall two elementary results on closed manifolds. Recall that
closed manifolds are compact manifolds without boundary.

Lemma 5.1. Let (N, g) be a closed Riemannian manifold and γ : (a, b) → N be a unit speed
geodesic having no loops. Then there are only finitely many times t for which γ intersects
itself.

Lemma 5.2. Let F be a C∞ diffeomorphism of (a, b)×{0} ⊂ Rn to a smooth n dimensional
manifold such that F |(a,b)×{0} is injective and DF (t, 0) is invertible for t ∈ (a, b). If [a0, b0]
is a closed subinterval of (a, b), then F is a C∞ diffeomorphism in some neighbourhood of
[a0, b0]× {0} ∈ Rn.

For proofs of the previous two lemmas, see [KS13, Lemmas 7.2 & 7.3]. Then we construct
the Fermi coordinates which are necessary for later use. The proof of the following result
may be found in [DSFKLS16, Section 3 of the arXiv version].

Lemma 5.3. Let (N, g) be a closed Riemannian manifold. Let γ be a unit speed geodesic
with no loops. Given a closed subinterval [a0, b0] of (a, b) such that γ|[a0,b0] self intersects
itself only at finitely many times {tj}Nj=1 with t0 = a0 < t1 < · · · < tN < tN+1 = b0,

there exists an open cover {(Uj , ϕj)}N+1
j=0 of γ[a0, b0] consisting of coordinate neighbourhoods

having the following properties:

1. ϕj(Uj) = Ij × B where I0 = (a, t0 − ϵ), Ij = (tj−1 − 2ϵ, tj − ϵ) with j = 1, · · · , N ,
IN+1 = (tN − 2ϵ, b), and B = B(0, δ) is an open ball in Rn−1, where δ can be taken
arbitrarily small.

2. ϕj(γ) = (t, 0) for t ∈ Ij.
3. tj ∈ Ij and Īj ∩ Īk is empty unless |j − k| ≤ 1.

4. ϕj = ϕk on ϕ−1
j ((Ij ∩ Ik)×B).

Further, the metric in these coordinates satisfies gjk|γ(t) = δjk, ∂ig
jk|γ(t) = 0.

Remark 5.1. Here we remark that if there are no self-intersections, the geodesic can be
covered by a single Fermi coordinate chart and the solution can be constructed globally in
this chart.

5.2. The construction of solution in one chart. We follow [DSFKLS16, Section 3].
Based on Lemma 5.3, we now construct an approximate solution vλ of (−∆g+ q−λ2)u = 0
concentrating near a section of the geodesic γ, say, near γ([t0 − ϵ, t0 + ϵ]). Later on, many
approximate solutions will be concatenated together and then turned into a exact solution
with the help of Proposition 3.1. For the moment, we extend M into a closed manifold M̃
and extend γ into M̃ such that γ(t) ∈ M̃ \M for t ∈ [−2ϵ, 0)∪(L,L+2ϵ]. Let p0 = γ(t0) for
t0 ∈ (0, L) and let (t, y) be the coordinates near p0 corresponding to the coordinate system
{(Uj , φj)} constructed in Lemma 5.3. Denote a cylinder U = {(t, y) : |t− t0| < ϵ, |y| < δ}.
The geodesic γ is parameterized as Γ = {(t, 0) : |t − t0| < ϵ} in a neighborhood of p0. We
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set ṽ = eiλΦa, where Φ and a are smooth complex-valued functions near Γ which shall be
determined. By (4.1) we have

Lq,λṽ = eiλΦ
[
λ2(|dΦ|2g − 1)a− λTg,Φa− (∆g − q)a

]
.

We shall construct a phase function Φ and a amplitude a by making the coefficients of λ2

and λ in (4.2) to be zero on γ up to a high order. Note that comparing to the simple
manifold case studied in Section 4, in the general case we have to set the phase function to
be complex-valued and we can only solve the corresponding eikonal and transport equations
on γ up to a high order. The choice of Φ and a are not unique and we just need to find one
that satisfies requirements given below.

First, we construct Φ so that the coefficient of λ2 equals to 0 up to order N on γ, i.e.,

∀α : |α| ≤ N, ∂αy |y=0

(
|dΦ(t, y)|2g − 1

)
= 0. (5.1)

When y is small, we can expand Φ with respect to y as Φ(t, y) =
∑

|α|≤N Hα(t)y
α. Substi-

tuting this expansion into (5.1), we can solve each Hα and finally obtain

Φ(t, y) = t+
1

2
yTH(t)y +O(δ3), when |y| ≤ δ. (5.2)

Here H(t) is the matrix representing the numbers {Hα(t)}|α|=2. H(t) is a symmetric matrix

with a positive-definite imaginary part, i.e. yTℑH(t)y ≥ c|y|2 for certain c > 0. The matrix
H(t) is determined by a Riccati equation which depends only on the metric tensor g. To
be specific, H(t) satisfies

Ḣ(t) +H(t)2 = F (t)

for certain real-valued matrix F (t) which depends only on g. By taking the imaginary part
of the Riccati equation, multiplying by (ℑH(t))−1, taking the traces, and using Jacobi’s

formula tr
(
Ẏ (t)Y −1(t)

)
= d

dt

(
ln detY (t)

)
(see [KKL01, eq. (2.184)]), we obtain

d

dt

(
ln detℑH(t)

)
+ 2 trℜH(t) = 0.

This gives the following result which will be used later,

detℑH(t) = detℑH(t0)e
−2

∫ t
t0

trℜH(s) ds
. (5.3)

Second, we look for an amplitude a of the form

a = c1

N∑
j=−1

λ−jaj

where a−1 is set to be zero for notational convenience. Here c1 works as a normalization
factor which will be used in Section 7. These aj ’s are required to solve iteratively

∀α : |α| ≤ N, ∂αy |y=0

(
Tg,Φaj + (∆g − q)aj−1

)
= 0, j = 0, · · · , N. (5.4)

To solve (5.4) for j = 0, we further expand a0(t, y) into
∑

|α|≤N a0α(t)y
α as |y| is small.

Then with the help of (5.2), we can obtain the equation for a0,0 as

ȧ00(t) +
1

2
(trH(t))a00(t) = 0, so a00(t) = c2e

− 1
2

∫ t
t0

trH(s) ds
, (5.5)

where c2 is a generic constant which we shall determine later. Thus when |y| ≤ δ we have

a0(t, y) = c2e
− 1

2

∫ t
t0

trH(s) ds
+O(δ). Therefore,

a(t, y) = c1a0+ c1O(λ−1) = c1c2e
− 1

2

∫ t
t0

trH(s) ds
+ c1O(δ)+ c1O(λ−1), when |y| ≤ δ. (5.6)

Note that Φ and the leading term a00 of a0 depend on g, however they are independent of
the potential q and λ.
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Now ṽ = eiλΦa has been constructed. Fix a cutoff function χ ∈ C∞
c (R) satisfying χ(s) = 1

when |s| ≤ 1/4 and χ(s) = 0 when |s| ≥ 1/2 and 0 ≤ χ ≤ 1. We set (in local coordinates)

v(t, y) := ṽ(t, y)χ(|y|/δ) = eiλΦ(t,y)a(t, y)χ(|y|/δ).
It is straightforward that v also satisfies (5.1) and (5.4) as ṽ does, and it is supported in a
neighborhood of the geodesic γ. This v is the approximate solution, and in the literature it
is sometimes called a Gaussian beam quasimode.

5.3. Concatenation. We have now constructed v in one coordinate chart U on which the
geodesic does not intersect itself. We next give the global construction of v by gluing the
local constructions. According to Lemma 5.3, γ[−ϵ, L+ ϵ] is covered by finitely many open
sets U0, · · · , UN+1 where Uj = Ij ×B(0, δ) ⊂ R× Rn−1. We concatenate solutions on each
Uj by the following procedure:

1. Let {Ij}N+1
j=0 be the open cover of [−ϵ, L + ϵ] as described in Lemma 5.3 such that

γ does not intersect itself on each Ij . Let

{ηj}N+1
j=0 be a partition of unity of [−ϵ, L+ ϵ] subordinate to {Ij}N+1

j=0 (5.7)

such that
∑N+1

j=0 η2j ≡ 1. Now Uj is parameterized as Ij ×B(0, δ).

2. Follow Section 5.2 to construct an approximate solution v0 = eiλΦ
0
a0 in U0 by fixing

initial condition at t = −ϵ to solve the ODEs for a0.
3. For j = 1, · · · , N + 1, we follow Section 5.2 to construct approximate solutions

vj = eiλΦ
j
aj in Uj . The initial conditions of Φj(t, y) and aj(t, y) shall be set to be

the values of Φj−1 and aj−1 at {tj−1 − ϵ}×B(0, δ), respectively. Note that tj−1 − ϵ
is the end point of the interval Ij−1.

4. For each p ∈ M , when p ∈ Uj for certain j ∈ [0, N + 1] ∩ Z, we define v(p) =∑
j∈Ip ηj(p)vj(p) where Ip = {ℓ ∈ [0, N + 1] ∩ Z ; p ∈ Uℓ}, and for other p define

v(p) := 0. This v is the approximate solution supported in a neighborhood of γ.
Note that near the intersection of γ, v should be sum of multiple terms of ηjvj . To
obtain an exact solution, we need to add an error term to v. The function u = v+ r
would be an exact solution if r solves Lλ,qr = −Lλ,qv inM . By Proposition 3.1, such
an r exists, and it satisfies r ∈ H2(M) with an estimate ∥r∥L2(M) ≤ Cλ−1∥f∥L2(M),
where f = −Lλ,qv.

We summarize several properties of the solution u = v + r constructed above.

Lemma 5.4. Fix two cutoffs χ, χ1 ∈ C∞
c (R) such that{

χ(s) = 1 when |s| ≤ 1/4, and χ(s) = 0 when |s| ≥ 1/2,

χ1(s) = 1 when 1/4 ≤ |s| ≤ 1/2, and χ1(s) = 0 when |s| ≤ 1/5 or |s| ≥ 2/3.

In the chart Uj parameterized as Ij×B(0, δ), we denote vj := eiλΦ
j(t,y)λ(n−1)/4aj(t, y)χ(|y|/δ)

with

Φj(t, y) = t+
1

2
yTHj(t)y +O(δ3), aj(t, y) = aj00(t) +O(δ) +O(λ−1), (5.8)

where

aj00(t) = (2π)(1−n)/4| detℑHj(t0)|1/4e
∫ t
t0

trHj(s) ds
, for t0 ∈ Ij .

Construct a partition of unity as in (5.7). Then there exists a solution u = v + r of (1.1)
comprised of a leading term v and a error term r. For each p ∈ M , the leading term
v(p) =

∑
j∈Ip ηj(p)vj(p) where Ip = {ℓ ∈ [0, N + 1] ∩ Z ; p ∈ Uℓ}. Moreover, there holds

Lq,λv = eiλΦλ(n−1)/4
[
χ(

|y|
δ
)λ2O(δN+1) + χ(

|y|
δ
)O(λ−N ) + χ1(

|y|
δ
)O(δ−2)

]
. (5.9)
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The error term r ∈ H2(M) solves Lq,λr = −Lq,λv in M with an estimate

∥r∥L2(M) ≤ Cλ−1∥Lλ,qv∥L2(M). (5.10)

Remark 5.2. Recall the constants c1 and c2 in (5.6). In Lemma 5.4 they have been

particularly chosen to be c1 = λ(n−1)/4 and c2 = (2π)(1−n)/4|detℑH(t0)|1/4. These choices
will be helpful in the proof of Theorem 1.3.

Remark 5.3. In (5.9) the term eiλΦλ(n−1)/4χ1(|y|/δ)O(δ−2) comes from the differentiation
acting directly on χ(|y|/δ). This term does not decay as δ → 0. However, because χ1(|y|/δ)
is supported in the ring {y ; δ/5 ≤ |y| ≤ 2δ/3}, the L2-norm of this term will decay as

long as δ = o(λ−1/2). Denote this term as I, then this fact can be seen from the following
informal computation which will be rigorously justified in Proposition 6.1.

∥I∥2L2(M) ≃ δ−4

∫
Rn−1

e−λ|y|
2/2λ(n−1)/2χ1(|y|/δ) dy ≲ δ−4

∫
√
λδ/5≤|y|≤2

√
λδ/3

e−|y|2/2 dy

≃ δ−4

∫ 2
√
λδ/3

√
λδ/5

e−r
2/2rn−2 dr ≲ δ−4(

√
λδ)n−1e−λδ

2/50.

This integral will converges to zero as λ→ +∞ when δ is particularly chosen.

Proof of Lemma 5.4. Set c1 and c2 in (5.6) to be λ(n−1)/4 and (2π)(1−n)/4|detℑH(t0)|1/4
respectively. Then the statements related to vj , Φ, a and a00 follow from Section 5.2.
The justification of construction v =

∑
j∈Ip ηjvj follows from the concatenation arguments

preceding this lemma. The existence of r ∈ H2(M) and the estimate (5.10) follows from
Proposition 3.1. It is left to check (5.9). Due to the linearity, to check (5.9) it is enough to
check (5.9) holds for Lq,λvj for each j.

We see that χ1 ≡ 1 on supp(dχ). In the following computation we abbreviate χ(|y|/δ)
and χ1(|y|/δ) as χ and χ1 respectively for simplicity. In what follows we omit the superscript
j of Φj and aj . By (5.1) and (5.4), we see that

Lq,λvj = eiλΦλ(n−1)/4
{
λ2(|dΦ|2g − 1)aχ−

N−1∑
k=−1

λ−k
[
Tg,Φ(ak+1χ)− (∆g − q)(akχ)

]
− λ−N (∆g − q)(aNχ)

}
= eiλΦλ(n−1)/4

{
λ2χO(|y|N+1) +

N−1∑
k=−1

λ−kχO(|y|N+1)

−
N−1∑
k=0

λ−k[ak2i⟨dΦ, dχ⟩g − 2⟨dak, dχ⟩g − ak∆gχ] (5.11)

− λ−N [χ(∆g − q)aN + 2⟨daN ,dχ⟩g + aN∆gχ]
}

= eiλΦλ(n−1)/4
{
χλ2O(δN+1) + λχO(δN+1) + χ1O(δ−2)

− λ−N [χ(∆g − q)aN + χ1O(δ−2)]
}

= eiλΦλ(n−1)/4[χλ2O(δN+1) + χ1O(δ−2)− χλ−N (∆g − q)aN ],

which gives (5.10). Note that the terms in the line (5.11) come from the differentiation acting
on χ caused by the terms Tg,Φ(ak+1χ) and (∆g − q)(akχ). Moreover, because a−1 ≡ 0, the
terms corresponding to k = −1 vanished. These ak (k = 0, · · · , N) come from solving the
transport equation (5.4). Because the transport equation and the initial condition of a0 do
not involve λ and δ, these ak also do not depend on λ and δ. The proof is complete. □



ANISOTROPIC CALDERÓN PROBLEM 15

6. the concentration property of the solution

Based on Lemma 5.4, we can further divide the solution u into two parts, of which the
first one is independent of the potential and demonstrates a concentration property and the
second one is small in its L2-norm.

6.1. No self-intersection case.

Proposition 6.1. Let γ be the geodesic which does not intersect itself. Follow the notation
in Lemma 5.4 and let u be the solution of (1.1) which is constructed according to γ. Then
u can be divided into two parts ṽ and r̃, i.e. u = ṽ+ r̃. The function ṽ depends only on the
metric tensor g and the geodesic γ. In local coordinates, ṽ has the form

ṽ(t, y) = eiλΦ(t,y)λ(n−1)/4a00(t)χ(|y|/δ).

Set δ = O(λ−a) for any fixed a ∈ (1/3, 1/2). There exist positive numbers λg and Cg
depending on g and ∥q∥L∞ such that for any φ ∈ C1(M),∫

M
φ|ṽ|2 dVg = Iφ(γ) +O(λ−a)∥φ∥C1(M), ∀λ ≥ λg. (6.1)

Moreover, there holds

∥r̃∥L2(M) ≤ Cλ−a, ∀λ ≥ λg. (6.2)

Remark 6.1. The additional C1-norm of φ in (6.1) requires the Sobolev regularity s in
Theorem 1.3 (s > 1 + n

2 ) to be 1 unit larger than that of Theorem 1.1 (s > n
2 ).

Proof of Proposition 6.1. Because Φ and a00 depend only on the metric tensor, so does ṽ.
Recall the coordinate systems constructed in Lemma 5.3. The cutoff χ(|y|/δ) guarantees ṽ
is supported in each chart Uj , thus we have∫

M
φ|ṽ|2 dVg =

N+1∑
j=0

∫
Uj

ηj(t)
2φ(t, y)|ṽ(t, y)|2 d(t, y)

= λ
n−1
2

N+1∑
j=0

∫
Ij

ηj(t)
2

∫
Rn−1

φ(t, y)e−2λℑΦj(t,y)|aj00(t)|
2χ(|y|/δ)2 dy dt.

Here ηj comes from the partition of unity of [−ϵ, L+ϵ] given at the beginning of Section 5.3.
By Morse lemma [Zwo12, Theorem 3.15], on each chart, we can find a change of variable
x : y ∈ Rn−1 7→ x(y) ∈ Rn−1 such that

2ℑΦj(t, y) = 1

2
x(y)T · ℑHj(t) · x(y).

This change of variable is only a local diffeomorphism, but due to the presence of the cutoff
function χ(|y|/δ), it is valid to talk about its inverse map x−1 when dealing with the integral
above. We use the following notations for short,

f(t, y) := φ(t, y)|aj00(t)|
2χ(|y|/δ)2|det∇x(y)|−1, g(t, x(y)) := f(t, y),

then we have∫
M
φ|ṽ|2 dVg = λ

n−1
2

N+1∑
j=0

∫
Ij

ηj(t)
2

∫
Rn−1

g(t, x)e−λx
TℑHj(t)x/2 dx dt

= (2π)(n−1)/2
N+1∑
j=0

∫
Ij

ηj(t)
2g(t, 0)| detℑHj(t)|−1/2 dt
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+ λ
n−1
2

N+1∑
j=0

∫
Ij

ηj(t)
2 dt ·

∫
Rn−1

(∇xg(t, ξ) · x)e−λx
TℑHj(t)x/2 dx

:= H1 +H2, (6.3)

where the ξ comes from the mean value theorem and ξ = cx for certain c ∈ (0, 1). It can

be checked that g(t, 0) = f(t, 0) = φ(t, 0)|aj00(t)|2. By computing |eq. (5.3)|−1/2×|eq. (5.5)|2
with c2 being setting to (2π)(1−n)/4|detℑH(t0)|1/4, we obtain

|aj00(t)|
2|detℑH(t)|−1/2 = (2π)(1−n)/2|e−

1
2
i
∫ t
t0

trℑH(s) ds|2 = (2π)(1−n)/2.

Hence we see that H1 is the geodesic ray transform of p:

H1 =
N+1∑
j=0

∫
Ij

ηj(t)
2φ(t, 0) dt = Iφ(γ). (6.4)

For H2, we have

|H2| ≤ λ
n−1
2

N+1∑
j=0

∫
Ij

ηj(t)
2∥g(t, ·)∥C1(Rn−1) dt ·

∫
Rn−1

|x|e−λxTℑHj(t)x/2 dx

≤ λ−1
N+1∑
j=0

∫
Ij

ηj(t)
2δ−1∥φ(t, ·)∥C1(Rn−1)h

(
ℑH(t)

)
dt ·

∫
Rn−1

|x|e−|x|2/2 dx

≤ C(δλ)−1∥φ∥C1(M), (6.5)

where h(·) is certain continuous function whose particular form will not matter. Substituting
(6.4), (6.5) into (6.3), setting δ = O(λ−a), and noticing that a− 1 ≤ −a, we arrive at (6.1).

By Lemma 5.4, we know r̃ := u − ṽ = r1 + r where r1 = eiλΦ(t,y)λ(n−1)/4[O(δ) +
O(λ−1)]χ(|y|/δ). Similar to the computation of ∥ṽ∥2L2(M), we know the L2-norm of r1
can be bounded,

∥r1∥2L2(M) ≤ λ
n−1
2 [O(δ2) +O(λ−2)]

N+1∑
j=0

∫
Uj

ηj(t)
2|eiλΦj(t,y)χ(|y|/δ)|2 d(t, y)

≤ λ
n−1
2 [O(δ2) +O(λ−2)]

N+1∑
j=0

∫
Ij

∫
Rn−1

e−λy
TℑH(t)y/2+λO(δ3) dy dt

≤ eO(λδ3)[O(δ2) +O(λ−2)]

∫ +∞

0
rn−2e−r

2/2 dr

≤ eO(λδ3)[O(δ2) +O(λ−2)].

Because δ = O(λ−a) with 1/3 < a < 1/2, we can conclude

∥r1∥L2(M) = O(λ−a), as λ→ +∞. (6.6)

It is left to estimate ∥r∥L2(M). With the help of (5.9) we have

∥Lλ,qv∥2L2(M) ≤
N+1∑
j=0

∫
Uj

e−2λℑΦ(t,y)λ(n−1)/2
[
χ(

|y|
δ
)2λ4O(δ2N+2) + χ(

|y|
δ
)2O(λ−2N )

+ χ2
1(
|y|
δ
)2O(δ−4)

]
dy dt
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≤ CeO(λδ3)
N+1∑
j=0

∫
Ij

∫
B(0,

√
λδ)

e−y
TℑH(t)y/2[λ4O(δ2N+2) +O(λ−2N )] dy dt

+ CeO(λδ3)
N+1∑
j=0

∫
Ij

∫
B(0,

√
λδ)

e−y
TℑH(t)y/2χ1(

|y|√
λδ

)2O(δ−4) dy dt

≤ CeO(λδ3)(
√
λδ)n−1[λ4O(δ2N+2) +O(λ−2N )]

+ CeO(λδ3)O(δ−4)

∫ 2
√
λδ/3

√
λδ/5

rn−2e−r
2/2 dr

≤ CeO(λδ3)(
√
λδ)n−1[λ4O(δ2N+2) +O(λ−2N ) +O(δ−4)e−λδ

2/50]. (6.7)

Note that the integral
∫ 2

√
λδ/3√

λδ/5
rn−2e−r

2
dr appears due to the support of χ1. Because

δ = O(λ−a) with 1/3 < a < 1/2, we know λδ3 → 0 as λ → +∞, so by letting N to
be large enough, the first two terms in (6.7) will converge to zero as λ → +∞. As for

the third term in (6.7), the polynomially increasing term (
√
λδ)n−1O(δ−4) is controlled by

the exponentially decaying term e−λδ
2/50 due to the fact λδ2 → +∞. In total, we see

∥Lλ,qv∥L2(M) → 0 as λ→ +∞. Combining this with (5.10), we obtain

∥r∥L2(M) ≤ Cλ−1, when λ≫ 1. (6.8)

Combining (6.8) with (6.6), we arrive at (6.2). The proof is complete. □

6.2. Self-intersection case. Starting from here, we lift the non-self-intersection assump-
tion on the geodesic.

Proposition 6.2. Let γ be the geodesic which may intersect itself. Then the conclusions
(6.1) and (6.2) Proposition 6.1 remain true. Except that near intersection points in M , ṽ
is the sum of different leading terms. Specifically, assume γ intersects itself at p ∈ M at
times tj1 ∈ Ij1, · · · , tjK ∈ IjK for certain integer K ≥ 2, then in a small neighborhood p, ṽ

has the form ṽ =
∑K

k=1 ṽjk , where ṽjk in the chart Ijk ×B(0, δ) has the representation

ṽjk(t, y) =

K∑
k=1

eiλΦ
jk (t,y)λ(n−1)/4ajk00(t)χ(|y|/δ),

where Φjk , ajk00 are the phase and amplitude functions corresponding to the chart Ijk×B(0, δ),
as described in Section 5.3.

Proof. For neighborhoods of p ∈M in which γ does not intersect, the analysis and compu-
tation are the same as in Proposition 6.1. Let us assume γ intersects itself at point p andW
is a small enough neighborhood of p. Without loss of generality, we assume this intersection
happens during the time interval Ij and Ik for certain j, k. Then within thisW , ṽ = ṽj+ ṽk.

As in (6.3), we only need to show that the cross term
∫
W φṽj ṽk dVg goes to zero at certain

rate as λ → +∞. The cutoff χ(|y|/δ) is written in terms of the local coordinates, so in
W , the two cutoffs corresponding to ṽj and ṽk shall have different pullbacks when written
directly in terms of points on M due to the change of variable. Hence we denote then as χj
and χk accordingly. We are ready to estimate the cross term,∫

W
φṽj ṽk dVg = λ(n−1)/2

∫
W
φeiλ(Φ

j−Φk)aj00a
k
00χjχk dVg

= λ(n−1)/2

∫
W
φeiλ(ℜΦj−ℜΦk)e−λ(ℑΦj+ℑΦk)aj00a

k
00χjχk dVg. (6.9)
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Denote a first order differential operator L by

Lf := −iλ−1 ⟨d(ℜΦj −ℜΦk),df⟩g
|d(ℜΦj −ℜΦk)|2g

.

We see that Leiλ(ℜΦj−ℜΦk) = eiλ(ℜΦj−ℜΦk), we may replace the term eiλ(ℜΦj−ℜΦk) in (6.9)

by Leiλ(ℜΦj−ℜΦk) and use integration by parts to obtain an extra λ−1.

Note that ℑΦj + ℑΦk = O(|y|2), so when the transpose of L acts on e−λ(ℑΦj+ℑΦk), it
will generate some terms of the order λO(|y|) = O(λδ) = O(λ1−a) (recall that δ = O(λ−a)
for certain a ∈ (1/3, 1/2)). This together with the extra λ−1 will give an decaying order
O(λ−a). Therefore,

∫
W φṽj ṽk dVg = O(λ−a). This did not damage the decaying rate in

(6.1), so the asymptotics (6.1) remain true when γ intersects itself.
Finally, (6.2) holds true independent of whether γ intersects itself or not. This is because

it comes from the resolvent estimates investigated in Section 3. The proof is complete. □

7. Proof of Theorem 1.3

In this section, we present the proof of Theorem 1.3. As in the proof of Theorem 1.1, the
assumption that Λλq+p = Λλq leads to the integral identity∫

M
pu1u2 dVg = 0. (7.1)

Here, u1 and u2 solve (1.1) with potentials being q + p and q, respectively. We will choose
u1 and u2 to be Gaussian beam quasimodes concentrated near a geodesic γ. According to
Proposition 6.2, uj (j = 1, 2) can be represented as uj = v+ rj , where v is the leading term
and rj are the corresponding remainder terms. Here v is the leading term of both u1 and
u2. Note that u1 and u2 have the same leading term because the leading term depends only
on the metric and the geodesic, and u1 and u2 are concentrated near the same geodesic γ.
Substituting these into (7.1), we obtain∫

M
p|v|2 dVg = −

∫
M
p(vr1 + vr2 + r1r2) dVg. (7.2)

According to Proposition 6.2, from (7.2) we obtain

|Ip(γ)| =
∣∣O(λa−1)∥p∥C1(M) −

∫
M
p(vr1 + vr2 + r1r2) dVg

∣∣
≤ O(λa−1)∥p∥C1(M) + [∥v∥L2(M)O(λ−a) +O(λ−2a)]∥p∥L∞(M).

Because p ∈ As(B) and s > 1+ n
2 , we have ∥p∥L∞(M) ≤ ∥p∥C1(M) ≲ ∥p∥Hs(M) ≤ B∥p∥L2(M),

so

|Ip(γ)| ≤ [O(λa−1) + ∥v∥L2(M)O(λ−a) +O(λ−2a)]B∥p∥L2(M).

By setting φ in (6.1) to be 1, we obtain a L2-norm estimate for v :∫
M

|ṽ|2 dVg = (I1)(γ) +O(λ−a) = O(1), ∀λ ≥ λg,

thus we arrive at |Ip(γ)| ≤ O(λ−a)B∥p∥L2(M) for all λ ≥ λg, which further gives

∥Ip∥L2(∂+SM1) ≤ BO(λ−a)∥p∥L2(M). (7.3)

Here we considered M to be embedded into a slightly larger manifold M1 and extended p
by zero to M1 as in Section 4.2. Then by using: (i) the stable invertibility of I with respect
to the L2(M1) and H1(∂+SM1) norms (cf. (1.4)), (ii) the interpolation ∥φ∥2H1(∂+SM1)

≤
∥φ∥L2(∂+SM1)∥φ∥H2(∂+SM1), (iii) the estimate (7.3), (iv) the continuity of I : H2(M1) →
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H2(∂+SM1) (cf. (1.5)), (v) and the assumption p ∈ As(B) sequentially, we can make the
following derivation,

∥p∥2L2(M1)
≤ ∥Ip∥2H1(∂+SM1)

≤ ∥Ip∥L2(∂+SM1)∥Ip∥H2(∂+SM1)

≤ O(λ−a)∥p∥L2(M1)∥p∥H2(M1) ≤ O(λ−a)∥p∥2L2(M1)
, ∀λ ≥ λM,g,B.

The implicit constant also depends on B. Therefore, there exists a constant C such that

(1− Cλ−a/2)∥p∥L2(M1) ≤ 0, ∀λ ≥ λM,g,B. (7.4)

Hence, we conclude p = 0 in M . This concludes the proof of Theorem 1.3.

Remark 7.1. When Λλq+p ̸= Λλq , by (4.10) and the arguments in Section 7 we obtain

Ip(γ) = ((Λλq+p − Λλq )u1, u2)L2(∂M) + ∥p∥L2(M)O(λ−a)

for any a ∈ (1/3, 1/2), where we used the assumption p ∈ As(B) for s > n/2+1. We denote
ϵ := ∥Λλq+p − Λλq ∥H1/2(∂M)→H−1/2(∂M), and uj = v + rj (j = 1, 2) as in Section 7, then

∥p∥L2(M1) ≲ ∥Ip∥H1(∂+SM1) ≲ ϵ∥v + r1∥H1/2(∂M)∥v + r2∥H1/2(∂M) + ∥p∥L2(M)λ
−a

≲ ϵ(∥v∥2H1(M) + ∥v∥H1(M)∥r∥H1(M) + ∥r∥2H1(M)) + ∥p∥L2(M)λ
−a.

In the derivation above, because both r1 and r2 follow the same estimate with respect to
λ and δ, we don’t distinguish them by simply represent both of them as r. Absorbing the
λ−a∥p∥L2(M) term by the left-hand-side, we finally obtain

(1− λ−a)∥p∥L2(M1) ≤ C∥Λλq+p − Λλq ∥H1/2(∂M)→H−1/2(∂M)

× (∥v∥2H1(M) + ∥v∥H1(M)∥r∥H1(M) + ∥r∥2H1(M)), (7.5)

The L2 norm of v and r have been investigated in Propositions 6.1 and 6.2. To obtain their
H1 norm, we need to analyze their gradients, which shall give certain growth of order λb1δb2

for certain b1, b2 ∈ R. We defer this to future works.

Remark 7.2. Our method can also be utilized to obtain stability estimates in certain
Sobolev spaces. However, in this case one can obtain Hölder type stability estimate by
examining the difference of the DN map for large frequency. This is consistent with the
phenomenon of improved stability for high frequency Schrödinger operators on Rn, which
has already been investigated in the literature; see for instance [INUW14].
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