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ABSTRACT. We consider an inverse problem of recovering the unknown coefficients 3(t, =)
and V (¢, z) appearing in a time-dependent nonlinear Schrédinger equation (i0: + A+V)u+
Bfu? = 01in (0,T) x M, on Euclidean geometry as well as on Riemannian geometry. We
consider measurements in Q@ C M that is a neighborhood of the boundary of M and the
source-to-solution map Lg,v that maps a source f supported in X (0,T") to the restriction
of the solution w in Q x (0,7). We show that the map Lg,y uniquely determines the
time-dependent potential and the coefficient of the non-linearity, for the above non-linear
Schrédinger equation and for the Gross-Pitaevskii equation, with a cubic non-linear term
B|u|? u, that is encountered in quantum physics.

1. INTRODUCTION AND MAIN RESULTS

Let T > 0 and (M, g) be a compact Riemannian manifold of dimension n > 2 with smooth
boundary. Let € be a neighbourhood of boundary OM, and let V € C (0,T) x M \ ),
and g € C* (0,T) x M \ Q). Moreover, /3 is non-zero almost every where in the support of
V. We now consider the following initial boundary value problem for non-linear Schrédinger
equation:

(10 + Ay + V(t,2)) u(t,z) + B(t, x)u?(t,z) = f(t,z) in (0,T) x M,
u(t,z) =0 on (0,7) x OM, (1.1)
u(0,2) =0 in zeM.

Here A, stands for Laplace Beltrami operator on M and in local coordinates it is given by
_1 1 Sk
Agu = |g|720;(|9|2 ¢ Ou).

When g is the Euclidean metric, we denote A, = A = Z?Zl 8]2. The problem we are
interested in is to recover unknown coefficients V' and 8 from the knowledge of source to
solution map Ly, g defined as:

Lygf = ulomrxo (1.2)

where the sources are in {f € H : suppf C (0,7) x Q}. Here H is a sufficiently small
neighbourhood of the zero function in the space Hg(’f, and wu is the unique solution of the
non-linear Schrédinger equation (1.1) corresponding to the source term f. The function
space Hg(’f is defined as

HE = {f € H*((0,T) x Q) : 9" flt=o =0 for 0<m <2k — 1},

The aim of this article is to prove the unique determination of the potential V' (¢,2) and
the coefficient 5(t,x) from the knowledge of source to solution map Ly g in the Euclidean
setting as well as geometric setting. We now state our main result in the Euclidean setting;:
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Theorem 1.1. Letn > 2, T > 0 and M C R™ be a convexr and compact set with a
smooth boundary, and 2 be a neighbourhood of OM . Suppose B; € C°(0,T) x M \ ) and
V; € CF(0,T) x M\ ), for j =1,2. Moreover assume that 3; are non-zero everywhere
in the support of V; for j =1,2. Then the following holds true.

Lﬁl,% = L52,V2 - (617%) = (,BQ,VQ) in M.

We now state our main result on a Riemannian manifold (M,g) under the following
geometric assumption on (M, g).

Definition 1.1. We say that a manifold M is admissible if every point p € M is generated
by admissible geodesics. We say that a point p € M is generated by admissible geodesics if
there exist unit vectors &1, & € T,M with (&1, &2)y = 0 such that for

E=N&+ A, N =+1-X2  X>0 any small number,

we have v,.¢, N Vp.e; N Ype, = {p}. We further assume that each ¢, is non trapping, non-
tangential geodesic which does not self intersect at p € M. Here 7, ¢ is the geodesic with
the initial data (p,§) € T M.

Let us now take a moment to consider some examples of admissible manifolds. First, it is
clear that if M is a closed, bounded domain in R™, then it satisfies Definition 1.1. Similarly,
if M is a simple manifold, it follows immediately that M is admissible. On the other hand,
if M is any neighbourhood of a hemisphere in S?, then M fails to be admissible, as every
geodesic which passes through any p € M sufficiently near the boundary also passes through
its antipodal point p’.

However, we note that not every admissible manifold is either i) simple, or ii) a closed,
bounded domain of R”. For example, given any finite interval I, the cylinder M = I x S!
is admissible. Furthermore, so is any sufficiently small neighbourhood of the equator in S?
— we leave it up to the reader to verify that if M = {(0,¢) € S?: ¢ € [—¢,€]}, thene <
is sufficient for M to be admissible.

Our second main result is as follows:

Theorem 1.2. Let (M,g) be an admissible manifold and 2 be a neighbourhood of OM.
Suppose B; € CX(0,T) x M\ Q) and V; € CX(0,T) x M\ Q), for j = 1,2. Moreover
assume that B; are non-zero everywhere in the support of V; for j =1,2. Then

Lg, v, = Lg, v, = (b1,V1) = (B2, V2) everywhere in M.

The idea of proving our main results is to use boundary sources that create special
solutions of the linearised problem. In the Euclidean context, we utilize geometric optic
solutions, whereas in the geometric scenario, we use Gaussian beam constructions for the
linearized problem. These solutions can be combined to focus on a given point. By taking
advantage of how these solutions interact with each other, we can recover the coefficients
at that point. Importantly, our method does not require assuming that the geodesic ray
transform is invertible on (M, g), unlike the know results for the linear Schrédinger equation.

In fact, this method can be applied, with modifications, to a variety of non-linear
Schrédinger equations. We consider, as an example, the Gross-Pitaevskii equation in the
case where M C R" is a convex Euclidean domain:

i0u+ Au+ Vu+ BlulPu=f on (0,T) x M,

U‘weaM = 07 (13)
u\t:() = 0.

If we again denote the source-to-solution map for the above problem by

Lgvf=ulor)xo
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where f is supported in a given neighbourhood €2 of M and u solves (1.3), then we have
the following result:

Theorem 1.3. Let n > 2 and M C R" be a convex Euclidean domain, and let Lgy be the
source-to-solution map for the Gross-Pitaevskii equation. Then

Lg,vi = Lg, v, = (B1,V1) = (B2, V2) everywhere in M.

One can formulate the result for Gross-Pitaevskii equation on certain Riemannian man-
ifolds like non-linear Schrodinger equation. However, for simplicity, we confine our focus
exclusively to the Euclidean setting.

1.1. Earlier studies and related results. The non-linear Schrodinger equations arise in
the study of Bose-Einstein condensates [PS03] and the propagation of light in nonlinear
optical fibers [Mel05]. They also appear in the study of gravity waves on water and the
models in waves in plasma [Mel05].

Literature dealing with the linearized problem of recovering the time-dependent potentials
of the dynamic Schrodinger equation is reasonably plentiful. It was initially shown by
Eskin [Esk08] that the time-dependent electromagnetic potentials are uniquely determined
by the Dirichlet-to-Neumann map. Logarithmic stability estimates for this recovery were
established in [BA17,CKS15] and further stability estimates of Holder-type were established
by Kian and Soccorsi [KS19, KT20]. Let us also mention the work of Bellassoued and O.
ben Fraj [BBF20], which establishes logarithmic and double-logarithmic stability estimates
for the same problem with partial data. In the Riemannian setting, Holder-stable recovery
of the potentials from the Dirichlet-to-Neumann was first established for time-independent
potentials [Bell7, BC10,BF10], and then for time-dependent potentials by [KT20]. Lastly,
there is the work [Tet22], which uniquely recovers the time- dependent Hermitian coefficients
appearing in the dynamic Schrodinger equation on a trivial vector bundle.

The inverse problem studied here is a generalization of the inverse problem introduced
by Calderén [Cal80], where the objective is to determine the electrical conductivity of a
medium by making voltage and current measurements on its boundary. It is closely related
to the problem of determining an unknown potential g(x) in a fixed energy Schrdinger
operator A + ¢(x) from boundary measurements, first solved by Sylvester and Uhlmann
[SU87] in dimensions n > 3 and by Bukhgeim [Buk08] in the 2- dimensional space. For the
inverse conductivity problem, the first global solution in two dimensions is due to Nachman
[Nac96] for conductivities with two derivatives and by Astala and Paivafinta [AP06] the
uniqueness of the inverse problem was proven general isotropic conductivities in L*°. We
refer [Uhl09] for more results in this direction.

In the context of anisotropic conductivity, where the conductivity v = (v;5) is a pos-
itive definite smooth matrix, recovering  from the Dirichlet-to-Neumann map poses the
anisotropic Calderén problem. In dimensions n > 3, this problem is purely geometric
in nature and it is equivalent to reconstructing a Riemannian metric g from A4, where
g = |dety|/("=2~=1 (see [Uhl14]). Another variant involves recovering a conformal fac-
tor o from A4, where o is a smooth positive function and g is fixed, akin to retrieving
a Riemannian metric within the same conformal class. The analogous reduction of recov-
ering a conformal factor to retrieving a potential ¢ from the DN map A, associated with
—Ay+ ¢ =0 is discussed in [Uhl14].

In dimensions n > 3, the above mentioned problem remains open, with partial solutions
available for smooth manifolds exhibiting certain product structures; see [DSFKSU07, DS-
FKLS16]. For more general smooth Riemannian manifolds, additional results are found in
[UW21, MSS23]. While past works often rely on the injectivity or stability of the geodesic
ray transform for their proofs, this article adopts a novel approach. By strategically using
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nonlinearity as a tool, it avoids the need for such assumptions on the geodesic ray transform,
similar ideas can be found in [LLLS21a, LLLS21b,FO20,KU23] and the references therein.

The inverse problems for nonlinear elliptic equations have also been widely studied.
A standard method is to show that the first linearization of the nonlinear Dirichlet- to-
Neumann map is actually the Dirichlet-to-Neumann map of a linear equation, and to use the
theory of inverse problems for linear equations. For the semilinear stationary Schrodinger
equation Au + a(z,u) = 0, the problem of recovering the potential a(z,u) was studied in
[IS94, Sun10] in dimensions n > 3, and in [[Y13,IN95, Sun10] when n = 2. In addition,
inverse problems have been studied for quasilinear elliptic equations [KN02,SU97, Sun96].
Certain Calderon type inverse problems for quasilinear equations on Riemannian manifolds
were recently considered in [LLS20].

This paper uses extensively the non-linear interaction of solutions to solve inverse prob-
lems. In this approach, nonlinearity is used as a tool that helps in solving inverse problems
and the reconstruction applies the higher order linearizations of the source-to-solution map.
An Inverse problem for a non-linear scalar wave equation with a quadratic non-linearity
was studied in [KLU18] using the multiple-fold linearization and non-linear interaction of
non-smooth solutions of linearized equations. For the direct problem, the analysis of non-
linear interaction for hyperbolic equations started in the studies of Bony [Bon86], Melrose
and Ritter [MR85], and Rauch and Reed [RR82], see also [SB20, SBW21]. These stud-
ies used microlocal analysis and conormal singularities, see [GU93, GU81, MU79]. The
inverse problem for a semi-linear wave equation in (1 + 3)-dimensional Lorentzian space
with quadratic non-linearities was studied in [KLU18] using interaction of four waves. This
approach was extended for a general semi-linear term in [HUZ22, LUW18] and with qua-
dratic derivative in [WZ19]. In [KLOU22], the coupled Einstein and scalar field equations
were studied. The result has been more recently strengthened in [UW20] for the Ein-
stein scalar field equations with general sources. The inverse for semi-linear and quasi-
linear wave equations in (1 + n)-dimensional space are studied in [FLO21] using the three
wave interactions. In [FO20,LLLS21a, LLLS21b] similar multiple-fold linearization methods
have been introduced to study inverse problems for elliptic non-linear equations, see also
[KU20a, KU20b, BKSU23|.

In recent works [CLOP22, CLOP21,F022], the authors have also studied problems of re-
covering zeroth and first order terms for semi-linear wave equations with Minkowski metric.
The three wave interactions were used in [CLOP22, CLOP21] to determine the lower order
terms in the equations and in modelling non-linear elastic scattering from discontinuities
[dHUW19,dHUW20).

For the linear wave equation, the determination of general time-dependent coefficients
have been studied using the propagation of singularities. In the studies of recovery of sub-
principal coefficients for the linear wave equation, we refer the reader to the recent works
[FIKO21, FIO21, Stel7] for recovery of zeroth and first order coefficients and to [SY18§]
for a reduction from the boundary data for the inverse problem associated to linear wave
equation to the study of geometrical transforms of the domain. This latter approach has
been recently extended to general real principal type differential operators [OSSU20]. Let us
also mention here the recent works [AFO21, AFO22] which recover zeroth order coefficients
of the wave equation on Lorentzian manifolds from the Dirichlet- to-Neumann map under
suitable geometric assumptions.

The remainder of the article is structured as follows. In Section 2, we establish the
well-defined and smooth nature of the source-to-solution map (1.2) in the vicinity of the
zero solution. Moving on to Section 3, we initially provide the proof of Theorem 1.1 in the
context of Euclidean geometry, aiming to enhance accessibility to the argument. In Section
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4, we demonstrate how this proof can be adapted for the Gross-Pitaevskii equation. Finally,
we present the proof of Theorem 1.2 in the geometric case in Section 5.

2. THE SOURCE-TO-SOLUTION MAP

The aim of this section is to establish that the source-to-solution map for the problem
(1.1) is well defined and smooth in a neighbourhood of zero in the Euclidean setting. In
geometric setting similar argument works. More precisely we prove the following:

Proposition 2.1. Fiz 5,V in the equation (1.1). Then for any f € H there is a unique
u € HZE such that w= Lgyv f, and the map Lgy : H — HZE is smooth.

In order to prove this result, we need some higher order energy estimates for the linearized
problem. Thus, we begin by recalling the inhomogeneous linear Schrédinger equation

(i +A+V)u=f on(0,T)x M,
u‘wGaM = 07 (21)
u|t=0 = Oa

and let S denote the solution operator for the above equation, defined by S(f) = u. Let us
also define the energy space

H™((0,T) x M) = H"(0,T; L*(M)) N L*(0,T; H*(M)),

together with the associated norm ||| gr.s (0, x a1y = -l (0,7 02000)) + Il L20,7 125 (01)) -

We recall here the usual energy estimates for the linearized problem (2.1), which hold
under the assumption that f|;—o = 0 (for details, see for example [KS19]). These estimates
are:

[ull oo 0,12 (00)) < CllfllL2 0,1y x 015 .
10ull oo 0,722 (0)) < Cllf oo,y xarys 18Ul L20,1yx a1y < CllF 00,0y x a0y (2-3)
We now establish the desired higher order energy estimates for the linearised problem (2.1).
Lemma 2.2. The problem (2.1) satisfies the estimate
lull 2 0,7y x a1y < Cllf 25 0,1y x M) (2.4)
for any choice of source term f € HZE.

Proof. We begin by noting that i0,u = f —Au—Vwu. Then the assumption that 9}" f|;—o = 0
for m < 2k — 1, together with the fact that u|,—o = 0, immediately implies that

0" ult=o = 0, when m < 2k. (2.5)

The proof of the estimate (2.4) is by induction. The case k = 0 is implied by (2.2).
Therefore, suppose that we have shown the estimate (2.4) holds for k < K — 1. Then it
suffices to show that, for p,o € N such that p + 20 = 2K, we have

10 A%ull 20,1y xnry < N Fll 25 (0,10 % M- (2.6)
We begin by applying d; to (2.1), and observe that

Then, since 0,u satisfies the zero initial condition dyuli—g = 0, we can apply (2.3) to equation
(2.7) to observe that

107ull o< 0,722y < ClIF 20 (0.7 % 1) + ClI OV )ull sr1.0((0,7)x M)
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and using the fact that V' e C§°((0,7) x M \ Q), together with the estimates (2.2) and
(2.3), we conclude that
”8162u||L°°(0,T;L2(M)) < Ol fll 200,y % M)-

We can then proceed to apply this estimate to (2.7) and use the previously derived estimates
to obtain the bound

107 ull oo (0,75 22(ary) < CILF a0 (0,7 % M)
and bootstrapping in this manner we can conclude that
197" ull oo (0,12 (00y) < Cllf 1l Em ((0,1) % 0) - (2.8)

In particular, we note that estimate (2.8) holds for all m < 2K, not just when m is even,
and this estimate establishes (2.6) in the case where o = 0. Let us now consider the case
where o = 1. Since u satisfies the Schrédinger equation, it follows that

107572 Aull 20,1y x 0y < CIOFET2(f = i0ku + Vu)l 20,1y %)
<C|If | sex—2((0.1yx a1y + CNOFE " ull p20,myx ) + CNIOFE 2 (V) | 20,1y % 0 -

From (2.8), we deduce that the second term on the right-hand side of (2.9) is bounded
by || fll 2 —1(0,r)xary- Further, since V- € C§°((0,T) x M \ ), the induction hypothesis
implies that the third term is bounded by || || g2x—2((0,r)xar)- Therefore, it follows that

(2.9)

107 2 Al 20,1y ¢ a1y < CIFlrzs—1((0.7) % 1)

which establishes (2.6) in the case where o = 1. It remains only to deal with the case where
o > 2. In this case, note that

OPATu = P A T f — idu — V)
= 9PN — Vu) —idPTIATTE An
= 9PN — V) —idPTIATTE(f —idu — V).
Since the derivatives of v and f in the last expression are all of order 2K — 2 or lower, the
induction hypothesis then implies that
10:° A%ull 20,7y xary < CllF 2 —2(0,17)x M)
and this finishes the proof of (2.6) for o > 2. O

In light of the above, we can now proceed to the proof of proposition 2.1.

Proof of Proposition 2.1. Let us first address the issue of uniqueness. Suppose that for
some f, we have two solutions of (1.1), which we denote by u and v. Then it follows that
(10 + A+ V)(u—v)+ B(u+v)(u—v) =0, and applying the energy estimate (2.2) for the
linear problem, we conclude that u — v = 0. This implies Lgy is well-defined.

We now fix some k € N large enough that H?" is a Banach algebra. It follows from the
trace theorem that HZ¥ is likewise a Banach algebra, and we can therefore define the map
K: HY x HZE — HY  via the expression K(u, f) = f — Bu®.

We now consider the map ®(u, f) = u — SK(u, f), and observe that ®(u, f) = 0 implies
that u is a solution of the non-linear Schrédinger equation (1.1). Observe also that
S: HE — HY
by the result of Lemma (2.2) together with (2.5). Therefore it follows that
(u, f) : H x HE — HE.
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We note that the map ® is smooth in v and f, since (u, f) is a polynomial and S is
linear. We can use the chain rule to compute 9,,$(0,0) = Id, and the implicit function
theorem gives a smooth map f — wu from a neighbourhood H of the zero function in H&’f
to HZ5, such that we have ®(u(f), f) = 0 for all f € H. This map must coincide with Lg y
in H, by the uniqueness already established. O

3. THE EucLIDEAN CASE

We fix T' > 0 and consider the case where M is a convex Euclidean domain of R™. We
shall write (¢,z) for the usual Cartesian coordinates of (0,7') x M. Let us first recall the
non-linear Schrédinger equation (1.1):

i0u+ Au+Vu+pBu?=f on (0,T)x M,
u|a:€8M = Oa (31)
u|t:0 =0.

Before entering into the technical details of the proof of Theorem 1.1, we will first give
a brief explanation of how the non-linearity is used. Let fi, fo € Hgk be supported in
(0,T) x Q, and consider the two-parameter family of source terms

foi=ce1fi +eafa, V(e1,e2) € R

For small enough €1, €9 it follows that f. € H, and we let w. denote the unique solution of
(3.1) with this choice of source term. Then

w = 851 852w5|5:07

solves the linear Schrédinger equation (2.1) with f = —28U1Us, where U = Oc;we|e=0, and
U; satisfies the (2.1) with f = f;. In the proof of Theorem 1.1, we choose f; which generate
geometric optics solutions U; supported near lines which intersect at some p € M. As a
result of this, we hope to recover information about the coefficients (3,V) at the point
pe M.

The remainder of this section is divided as follows. We briefly recall the construction of
approximate geometric optics solutions for the linear Schrodinger equation in section 3.1. In
section 3.2, we use the convexity of M to show that the source-to-solution map determines
the amplitudes of these solutions in €2, and hence also the sources f; up to a small error.
Finally, in section 3.3, we show how the solutions generated by these sources can be used
to recover the coefficients.

3.1. Geometric Optics Solutions. In this section, we recall the construction of geometric
optics solutions to the linear Schrodinger equation. The details are largely the same as
those elsewhere in the literature (e.g. [KS19]), but we give them below for the reader’s
convenience. Let us begin by considering the homogeneous linear Schrodinger equation

iOu+Au+Vu=0 in (0,7)x M

3.2
u|t:0 =0 in M. ( )

The construction is based on the use of the ansatz

U(t, JI) — ei‘r(ﬁ-xfC‘rt)a(T; t, $) — ei‘r(f-xfcrt) (Z ak(t, CC)) 7
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where 7 > 0 is a large parameter, ¢ > 0 is some constant, £ € R™, and the amplitudes ay
are to be determined. We insert U to the Schrodinger operator to deduce

(10 + A+ VU = ™= (39, 4+ A + Va4 72e7E7=D (¢ — |¢))a
+2irelm(Ew—ert) (Tea),
where Te = Y1, €9, is the transport operator in the ¢ direction. We require the right-

hand side of the above to vanish in powers of 7. In particular, this imposes the condition
that

€* =c, (3-4)

and that the amplitude functions aj satisfy the transport equations
7@Fﬂ,7@N:é@+A+VMM¢ﬂxN:LZW. (3.5)

Let us now fix some y € M, and denote by 7, ¢ the line through the point y with direc-
tion £, as parameterized by v,¢(s) = s{ +y. We can choose vectors w; € R™ such that

{%, w1, ,wn—1} forms an orthonormal basis of R™ with respect to the Euclidean metric.
Then, for some small § > 0, we choose the zeroth amplitude to be

aolt,) = 6(t) T xoer - (= — v), (3.6)
=1

where x5 € C§°(—6,0), and ¢ € C°((0,T')) is a smooth cutoff. Therefore it follows that for
all t € (0,T) the amplitude ag(t,-) is supported in a -neighbourhood of the line 7, ¢(R).

We can then use the transport equations (3.5), with vanishing initial conditions imposed
upon the subset ¥, ¢ = {x € R" : {- (x — y) = 0} to compute the remaining amplitudes ay
for k > 1 iteratively. Thus we have that

(st +9) = 5 [ [0+ A+ Vi) GE + s (3.7)

It follows from the above that U (t, -) is compactly supported in a d-neighbourhood of 7, ¢(R)
for all t € (0,7"). Then, by using (3.4) and (3.5) in the expression (3.3), we can deduce that

(i0y + A+ V)U = 7 Ne™E2= (35, + A + V)ay,
and then a direct computation shows that
H(Zat + A+ V)UHHO‘((O’T)XM) 5 7 N+20

We now convert the approximate solution U (¢, x) into a exact solution of (3.2) by writing
u = U + R,, where the remainder term R, solves
(1 + A+ V)R, =—(i0, + A+ V)U in (0,T) x M,
R;|zeonm =0, (3.8)
R7|t:0 =0.

Then the energy estimate (2.4) immediately implies that

IR+ mre (0.myxary = 1w = Ull e o.myxan S 72, (3.9)

for even o € N, and we have verified that the ansatz U(t,x) is indeed an approximate
solution of the linear Schrodinger equation.
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3.2. Determination of the Boundary Sources. We now demonstrate that the ampli-
tudes of geometric optics solutions are determined in (0,7") x € by the source-to-solution
map Lgy. We begin by defining the map Ly as
Ly f = ulo1)x0;
where f is supported in (0,7") x Q, and u solves the linear Schrédinger equation
(i +A+V)u=f on(0,T)x M,
U|x€8M = 07

u|t:0 = 0.

Note that Lgy determines Ly for any 3,V via the expression Ly f = 0cLg v (€f)|e=0. This
shows that

Ly = Lgy v, = Ly = L.

We next consider the Schédinger equation which is backward in time.
(10 +A+V)w=h on (0,T)x M,
w‘xE&M =0,
w|t:T =0.

Then, it holds that L},h = w| 1)xq With h supported in (0,7") x Q2. In fact, we can compute
that for source terms f, h supported in (0,7") x Q there holds

(Lv fih) L2(0.m)x0) = (s w0) £2((0,1)x0)- (3.10)

For j = 1,2, let us consider the potentials V; € C§°((0,7) x M \ Q). Given any line
Vq,¢ With initial point ¢ € M and initial direction { € R", we can define a sequence of
functions aﬁf ) corresponding to Vj as follows. First, let us choose vectors wy, -+ ,w,—1 € R"
such that {%,wl, -+ ,wp—1} is an orthonormal basis of R™ with respect to the Euclidean

metric. Then, for some small § > 0, we once again choose the zeroth amplitude

ag)( H Xs(wr - (& = q)), (3.11)

where x5 € C§°(—6,0), and ¢ € C§°(0,T') is a smooth cutoff. We can define the subsequent
functions by solving the following transport equations

2z7ga,€le + (10 + A+ Vy)a) =0, k+1|2q . =0. (3.12)
We can define, for each 7 > 0 and N € N, an approximate geometric optics solution U;
(4)

corresponding to the choice of a;’ and v, ¢ through the expression

U(t m)_ez‘rfx |€]272t) ZT k (J

We denote by u; the corresponding exact solution of the Schrodinger equation

(10 + A+ Vj)u; =0 on (0,7) x M,
uj|t:0 :07

as constructed in the subsection 3.1. Note that U; coincides with u; up to a small error
O(r=N) in L2. Let n € C§°(M) satisfy n = 1 in M \ 2, and choose f; = (i0; + A+ V;)(nu;).
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Then, we note that the function nu; solves the Schrodinger equation

(z@t+A+X/J)Z/l:f] on (0,T) x M,
u|$€BM - 07
u’t:[) = O?

with the source f; supported in (0,7°) x Q. In a similar manner, we can consider the
geometric optics solution of the backwards-in-time problem,

(10 + A+Vo)w=0 on (0,T) x M,
U}‘t:TZO,

and observe that w can be similarly approximated to O(T_N ) by the expression

N
ei(TE-.’L’*l&FTQt) Z Tﬁkwk(t, SC),
k=0

where wy, is a sequence which satisfies (3.12) with V' = V5 for £ > 0 and wy is given by
(3.11). Further, letting 7 € C§°(M) also satisfy n = 1 in M \ Q, we observe that, for
h = (i0; + A + V) (fw), the function jw solves

(10t + A+ Vo)W =h on (0,T) x M,
W|$€8M — 05
Wlr = 0.

Lemma 3.1. Suppose that Ly, = Ly,. Then ag) = a,(f) in (0,T) x Q for all k € N.

Proof. The result is trivial for & = 0. We next argue by induction and assume that the

result holds for all K < K —1 <« N. We note that a%) = ag) along 74¢ until the line
leaves €2, since V73 = V5, = 0 in this region. For the inductive step, let us first observe that
(10 + A+ V;),n] =2Vn -V + An. This further entails

N
(10 + A+ V3) (f]ei(Tg'”:_'f‘Qth) Z T_kwk> = ei(rea—lgPT?t) (2iT(Tem)wo + O(1),)
k=0

and further, modulo a small error of O(r—%), that

N
(10, + A+ ;) (e (6= E0 37 kD)
k=0

N
= (i(TEa— [P0 (2i7(Ten) +2Vn - V + An) Z T_kal(g).
k=0
Then, using the fact that Ly, = Ly, the identity (3.10) implies that

0= ((Lv; — Lvy) fjs M) r2(0,1)x) = (Muss 1) p20,1)%02) — (> TW) L2((0,1)x2)- (3.13)
Taking the difference of the expression (3.13) for j = 1 and j = 2, we deduce that
0= (nr (@l —afd) + 0K, 2ir(Tei)wo + O(1))
—{(2i7(Ten) + 2V - V + Ap) (r 5 (@) — alP) + O(r7KY), fjwg + O(+1)).
By considering the leading order term, we can deduce that

~ ~ 1 2
0= ((nTen + iTen)(ay) —ai?), w0>L2((O,T)><Q)’
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and if we choose 17 so that n = 1 in the support of 7}, we then have

(Tei(aly) —a?)), wo) £2((0,1)x ) = 0- (3.14)

We then fix a set @ such that M \ Q C Q C M, with smooth boundary dQ such that
the line 7, ¢ intersects 0Q) exactly twice, and such that, near the point x where v, ¢ exits
@, the hyperplane ¥, ¢ coincides with Q. It follows from the convexity of M that we can
always construct a set with these properties as demonstrated in the figure below.

Yq,€

oM

FIGURE 1. The set @, shaded in gray.

We can then choose 77 which converges to the indicator function of @), so that, in a
neighbourhood of x, 7T¢7) converges to the Dirac delta distribution on ¥, ¢. Observe that
we can then choose wy = ¢1¢2, where ¢ converges to the delta distribution at ¢t € (0,7
and ¢o converges to the delta distribution on ~,¢. Thus, we can conclude from (3.14) that
a%) = ag), as required. This completes the induction argument and the proof of Lemma
3.1. U

3.3. Proof of Theorem 1.1. We begin by fixing some p € M \ Q as well as some small
A > 0. We choose vectors &, &1, and &2, with the magnitude of & and & depending on
A, and the magnitude and direction of &y depending on A. In particular, we choose such
vectors so that they satisfy

§o =& + &2,

with &y, & and & pairwise non-colinear, and such that we have

PP =1, |GP=1-X |&?=)

Let us define ¢; € M to be the point at which the line 7, ¢, intersects dM, defined such

that the vector p — ¢; is a positive multiple of &;. Then, fixing N € N sufficiently large,
we define the amplitude functions a,(c] ) as follows. We first construct a(()] ) by letting { = ¢;
in expression (3.6), and define the remaining amplitudes agj ), .. ,ag\],) by letting & = &; in



12

13

2 &1

»pc M

FIGURE 2. The vectors &y, &1 and &o.

(3.7) for all y in the hyperplane ¥, ¢.. Then, for 7 > 0, we can define the approximate
geometric optics solutions

N
Uj(t,x) = (&= P (ZTka,(f)(t, a:)) .
k=0

Further, for each Uj, we can define the corresponding exact solution u; = U; + R; j, where
R, ; satisfies (3.8). Letting n € C5°(M) satisfy n = 1 in M \ Q, we define the source term
fi = (i0; + A+ V) (nu;). Then the function nu; solves

ioU; + AU; +VU; = f; on (0,T) x M,
uj’xeaM = 07
Ujli=o = 0.

We note that the sources f; are supported in (0,7") x 2. Further, it can be shown that
fj € H2" is determined by the source-to-solution map Lg v, up to any error O(7~%) in the
H?:-norm. To see this, let us first recall that [(i0; + A+ V), n] = 2Vn -V + An, this implies
that f; is given by the expression

fi = 2Vn-VU; + AqU; + 2V - VR, + AnR;.

We note that the first two terms on the right-hand side are uniquely determined by Lgy
as a result of Lemma 3.1. On the other hand, we can apply the estimate (3.9) to the last
two terms to conclude that they are O(7~N+4%+2) in the H?*-norm.

Then, letting €;,e2 > 0 be small, we set ¢ = (€1,€2) and define the source term f =
€1f1 + eafo. For small enough €, it holds that f € H, and we observe that

1
—5561352L5,Vf|e=0 = w|o,1)x0;
with w the solution of the linear Schrodinger equation

10w + Aw + Vw = BUiUs
w|zeon =0
wli—p = 0.
Then it follows that
1

— / DesDes Lsy fleco To dadt = / w (0 T ATV dodt.  (3.15)
(0,T)xQ 0,T)x M
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Recall that Lgy is a continuous map from H into HZ®, and that f € H is determined by
Lgy up to O(r~NT4%+2)  Thus, the map Lg, determines the left-hand side of (3.15), up
to this error. We now integrate the right-hand side of (3.15) by parts, and observe that it
is given by

/ BUoU U dz: dt. (3.16)
(0,T)yxM
We would like to approximate {/; in this integral by nU;. Therefore, let x be large enough

that H2" is a Banach algebra, and let N > 4k + 4. We see that, up to an error O(772), the
integral (3.16) coincides with the integral

/( ) B UgUr Uy dz: dt.
0,T)xM

Since ¢(t) appearing in the definition of a(()j )

all ¢ € (0,T") the integral
7= / B(t, 1 Uo(t, YU (8, Ua(t, ) d, (3.17)
M
up to a small error O(7~2). Henceforth, we shall supress this ¢-dependence in our notation.
We now expand the above integral (3.17) in powers of 7 as
IT=To+Tir ' +0(r7?).

Observe that the phases of the approximate geometric optics solutions cancel each other
in the product UyU;Us, and further that n = 1 in supp (U0U1 UQ). Therefore, it follows that
the source to solution map Lgy determines the integrals

I _/ /Ba((]O)a() ao x, and Il Z/ ﬁa(o) ((i) 62

le|=1

is arbitrary, it follows that Lgy determines for

where e is a multi-index, e = (eg, e1,e2) € (NU {0})3. Then, letting ys in the definition
(3.6) of a(]) converge to the indicator function of the interval (—d,d), we obtain

Ty = B(z)dx
P

where Pjs is a small neighbourhood of p contained within a ball of radius §. Thus, by letting
0 — 0, we recover the quantity

lim T, = = B(p).

5§—0 ‘P5|
Since the choice of p € M \ ) was arbitrary, we recover the function 5(t,z) everywhere.
To recover the potential V', we now consider the integral Z;. We recall from (3.7) that

agi) is of the form a(]) = b(j) + c(]) where it holds that

) 7
b (s + ) = 2/ [+ N)a| (56 +9)d3
0
| L (3.18)
g+ =g [ [Vel] e a5
for all y in the hyperplane %, ¢ = {z € R" : ;- (z — ¢;)}. In particular, since aéj) is
independent of V, so is bﬁj)- Thus Lg,y determines the quantity

J :/ cgo)a(()l)a((f)ﬂdx—i—/ a(() )cl )ﬂdx+/ a(o)aé1 clg)ﬂdx
M M M
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Then, by letting x4 in the definition of aéj ) converge to the indicator function of the interval

(—6,0), we deduce that Lgy determines the quantity

2 o
Js = Z/P Bejdx,  c¢i(s§; +y) = ;/0 V(3¢5 +y) d3,
i=0""Fs

for a small neighbourhood Ps of p. Then, since B(p) is known and non-zero for almost all
p, we can let § — 0 to recover the quantity

2

1 . 1
A S Ty T~ 2 1)

Jj=0

It remains only to show that V' can be recovered from (3.19). To this end, let E denote the

vector of unit length in the direction of &, so that & = )\a and let so € R be such that
Ygp.£(50) = p. Then, it holds that

so/A s0 R
2icy(p) = / V(56 + g2)ds = A1 / V(sE + g2) ds,
0 0

and we can similarly check that ¢;(p) = O(1) as A = 0 for j # 2. Therefore, we have shown
that we can recover from Lgy the quantity

2 s
—2i /l\g% </\j§00j(p)> :/0 V(s& + q2) ds.

But this is precisely the truncated ray transform of V, which we can differentiate with
respect to sg to recover V.

4. THE GROSS-PITAEVSKII EQUATION

We again fix T' > 0 and consider the case where M is a Euclidean domain of R™ and {2 is
a neighbourhood of dM. For a potential V' € C§°((0,T) x M\ 2), and a coupling coefficient
B e C§°((0,T) x M\ Q) such that S is non-zero almost everywhere in supp(V'), we consider
the problem of finding w which, for a given source term f, solves the Gross-Pitaevskii
equation

(i + A+ V +Blul)u=f on (0,T)x M,
U|CB63M = 07 (41)
U’t:() = 0.

We now let Lgy denote the source-to-solution map, defined by

Lgvf=ulomrxo

where f is supported in (0,7") x €, and u solves the Gross-Pitaevskii equation (4.1) for the
chosen source term f. We note that this Lgy is also a smooth map from some H to Hg”
for large enough &, by the same argument used for the non-linear Schrédinger equation in
Section 2. We now present the proof of Theorem 1.3.

Proof of Theorem 1.3. Let us now fix some p € M\ 2, and some small A > 0. Let &,--- ,&3
be vectors in R™ which depend on A, where the direction of &3 is the same for all A > 0.
Observe that it is possible to choose such vectors so that they satisfy

So+& =8+ &3,
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with the {; pairwise non-colinear, and such that they satisfy the conditions

Gl =1/2, &’ =1/2, |&l=1-X° |&[> =\

)

»pe M
FiGure 3. The vectors &g, &1, &2 and &s.

Let us define g; € 9M to be the initial point of the line v, ¢, as we did previously. Then
for 7 > 0 set

N
ct) = (3 k)
k=0
where, for each j, we construct aéj ) by letting £ = ¢; in (3.6), and define the remaining am-
plitudes aﬁf ) by taking £ = ¢; in (3.7). For each Uj, we once again define the corresponding
exact solution u; = U; + R, as in (3.8). Letting n € C§°(M) satisfy n =1 in M \ Q, we
choose f; = (i@t + A+ V) (nuj), and observe that nu; solves
ioU; + AUy +VU; = f; on (0,T) x M,
Ujlzeom =0, (4.2)
Ujli=0 = Ujli=r = 0.
Then, letting €, €e2,e3 > 0 be small, we set € = (€1, €2,€3) and define the source term

f =efi+efr+ esfs. For small enough ¢, it holds that f € H, and by linearizing the
equation (4.1) we deduce that

—é561362363L5,vf’e=0 = w|o,1)x0;
where w solves the linear Schrédinger equation.
i0w + Aw + Vw = 3 (uizhug U TUs + u1u2z73)
wzeans =0
wli=o = 0.

Therefore, it holds that

1

—5 / 8618€2Lg7vf]€:0 %dl’ dt = / w (’Lat + A+ V)Z/I() dx dt
(OvT)XQ (D,T)XM

We can integrate by parts to see that the right-hand side of the above is given by

I = / BUUUsU3 d dt + / 51/70“12722/{3 dx dt + / ,3270“1(/{21/73 dx dt.
(OvT)XM (O,T)XM

(0,T)xM
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Note that the phases of the geometric optics solutions cancel only in the first integral

appearing in I. Therefore, since (3, é ) ¢ C§°((0,T) x M), an integration by parts tells us

that, choosing large enough N in (4.2), for any K € N we have
I = / BUU UsUs A At + O(T_K).
(0,T)xM

Then, choosing K > 2, we can expand the integral I as
I=Io+ Lt ' +0(r?),

and arguing as we did for the non-linear Schrédinger equation in Section 3, we deduce that
the source-to-solution map Lgy determines for all ¢ € (0,7) the integrals

Io_/ 5‘1(()0)‘181 ag ao)dx and I = /BG(O) e, 62 ea)df’3>

le|=1
where e is a multi-index, e = (eg, e1, e2,e3) € (NU {0})*. Next, letting s in the definition
()

of ag’ converge to the indicator function of the interval (—4,d), we obtain Iy = [ p, B@)dx

where Pj is a small neighbourhood of p contained in a ball of radius §. Taking the limit as
0 — 0, we can recover the quantity limgs_.q ﬁ[g = B(p). Since the choice of p € M \ 2 was

arbitrary, we thus recover the function §(¢,z) everywhere.

To recover the potential V', we consider the integral I;. Arguing as we did for the non-
linear Schrodinger equation in Section 3, we conclude that Lgy determines the quantity
> j=0¢j(p) where we have

cj(s&j+y) = % /0 V(8 +y)ds

for all y € ¥y, ¢,. We now let E denote the vector of unit length in the direction &3, so that
we have &3 = )\E, and let sg € R be such that Vas g(So) = p. Then, we can check that

S0 R
—2ics(p) = )\1/ V(s + g3)ds
0

and similarly that c;j(p) = O(1) as A — 0 for j # 3. Thus, we can recover from Lgy the

quantity
S0 .
—2i hm ()\ Z ci(p)) = / V(s€ + q3)ds
0

But this is just the truncated ray—transform of V, and we can differentiate with respect to
So in order to recover V. O

5. THE GEOMETRIC CASE

We again fix T" > 0 and let (M,g) be a compact Riemannian manifold and € is a
neighbourhood of M. For a potential V' € C§°((0,T") x M \ ), and a coupling coefficient
B e CF((0,T) x M\ Q) such that 5 is non-zero almost everywhere in supp(V). Let us
recall the non-linear Schrédinger equation on (M, g).

(10 + Ay +V)u+pu®>=f on (0,T) x M,

u‘xe@M = 07 (51)
u|t:0 = 0.

Let us also recall the source-to-solution map as follows:

Lg v f=ulor)xo
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where f is supported in (0,7) x €, and u solves the equation (5.1) for the chosen source
term f. We note that this Lgy is also a smooth map from some H to Hg{f for large enough
K, by the same argument used for the non-linear Schrodinger equation in the Euclidean
setting; see Section 2. We now present the proof of Theorem 1.2.

The rest of the section is organised as follows. In subsection 5.1 we give the Gaussian
beam construction of the linearised Schrodinger equation on (M, g). We then utilize those
solutions in subsection 5.2 to determine amplitudes up to small error from the source-to-
solution map. Finally in subsection 5.3 we present the proof of Theorem 1.2.

5.1. Gaussian beam construction. In this section we present the construction of special
solutions of (i9; + Ay + V)u = 0 on general manifolds. We closely follow the ideas from
[DSFKLS16, Section 3]. These special solutions concentrate near a given geodesic and they
are usually called Gaussian beams in the literature. We next embed the manifold (M, g)
into a closed manifold (N, g). To this end, we recall some results without their proofs.

Lemma 5.1 ([MSS23, Lemma 6.7]). Let (N, g) be a closed Riemannian manifold and -y :
(a,b) — N be a unit speed non-trapping geodesic. Then ~y intersects itself only finitely many
times.

Lemma 5.2 ([DSFKLS16, Lemma 3.4]). Let F' be a C* diffeomorphism of (a,b) x {0} C R™
to a smooth n dimensional manifold such that F‘(a,b)x{o} is injective and DF(t,0) is invert-
ible fort € (a,b). If [ag, bo] is a closed subinterval of (a,b), then F is a C* diffeomorphism
in some neighbourhood of [ag, bp] x {0} € R™.

Lemma 5.3 ([DSFKLS16, Lemma 3.5]). Let (N, g) be a closed Riemannian manifold. Let
v be a unit speed geodesic with no loops. Given a closed subinterval [ag, by] of (a,b) such that
Vljao,bo] intersects itself only at finitely many times {rj}é-v:l withrg=ag <ry <---<ry <
oo

rn41 = bo, there exists an open cover {(Uj, ¢;) of v]ao,bo] consisting of coordinate

neighbourhoods having the following properties:

1. ¢(U;) = I; x B where Iy = (a,r9 —€), Ij = (rj—1 — 26,7 —€) with j =1,--- | N,
Iny1 = (ry —26,b), and B = B(0,6) is an open ball in R"~', where § can be taken
arbitrarily small.

2. ¢j(v) = (r,0,---,0) forrelj.

3. rj €l and I; N 1}, is empty unless |j — k| < 1.

4. ¢j = r on ¢, (I N Ix) x B).

Further, the metric in these coordinates satisfies gjk\v(t) = o'k, 8igjk|v(t) =0.
We now present the construction of special solutions of

{(i@t—f—Ag—i—V)u:O in M

uw(0,z) =0 in M. (5:2)

known as Gaussian beams along a geodesic v. We first assume that v does not intersect
itself. Hence, we can have one coordinate chart of v denoted as (W, ¢) and (r,y) be the
local coordinate within this chart. Let us consider the approximate Gaussian beam in the
following form.

Ur(t, ) = €D 0a(t,r,y),
in the geodesic coordinates (r,y). The phase function ¢y € C°°(M) and amplitude a, €
C°((0,T) x M) are to be determined below. We write Py, =10, + Ay + V' and compute

Py (ei(w_72t)a) = ¢lr="1) (7‘2 (EY)a+2itTa+ Pva), (5.3)
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where the operators £, T : C®°((0,T) x M) — C*°((0,T) x M) are defined by

E =1—(d,dv)y, Ta:=(dy,da), + %(Agw)a.

We wish to solve the eikonal equation £y = 0 and the transport equation 7a = 0 to
determine the phase function and the amplitude on (M, g). On simple manifolds one can
construct these functions explicitly because the exponential map is a global diffeomorphism,
see [DSFKSUO07]. Hence, one can work with a global coordinate system to write the solutions
globally on (M, g), however this is not the case for non-simple manifolds. On a non-simple
manifold, the idea is to prescribe the Taylor series of the functions ¥ and a in a tubular
neighbourhood of the geodesic . This can be obtained by imposing the following conditions
on the eikonal and transport equations

o
Tya(ﬁ'w)(r,(), ,0):0 VTGI, (54)
o

@(Ta)(r,O,--- ,0)=0 Vrel, (5.5)

where o € (NU{0})"! is a multi-index with |a| < N.

Remark 5.1. Below we will use the fact that if a satisfies (5.5) and 8 € N"~! then
a(r,y) = yPa(r,y) also satisfies (5.5).

Let us construct 1 satisfying the eikonal equation (5.4). We write ¢ = Z;V:o pi(r,y),
where 9;(r,y) is a homogeneous function of degree j in the y variable. By taking |a| = 0
in (5.4), we obtain the following equation on ~y

Z gk’|76k¢8ﬂ/) = 1, Vrel.

k=1

Using the fact that g|, = 6", this becomes >, (9;1)% = 1. Similarly, we can take |a| = 1
in (5.4) and use the fact that ¢* = 6* and 9;¢* = 0 on v to deduce that S, 02O =
0 Vrelon~foranyi=2,---,n. These equations are satisfied by setting

Yo=r and 1 =0. (5.6)
We continue by noting that equation (5.4) with |a| = 2 is equivalent to

3 (2gkla§jk¢aﬂp + 29" 0% 0% + 0% M O + 4aigkla§k¢al¢> —0,
k,l=0

for any 4, = 2,--- ,n. Then, since it holds on + that 9;¢*" = 0, that 0j9 =1if j =1 and
01 = 0 otherwise, and that 0:0;¢ = 0 if j # 1, we can rewrite the above equation on - as:

O%g™ + 2050 + 2> 0ol =0 Vrel (5.7)
k=2

In light of the above, we set ¥ (r,y) = % Z;ll H;i(r)y'y?, where H is a smooth, symmetric,
complex matrix with positive-definite imaginary part, i.e., 3H(r) > 0 Vr € I. Notice that
0,i0y;¢p = HY. Therefore, in order to satisfy equation (5.7), we require that H(r) solves

the matrix Riccati equation

d
$H+H2+D:0 vrel, (5.8)
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where the matrix D is given by D;; = %8yiangll. This is an ODE for H and it can be
solved using [KKLO01, Lemma 2.56], which shows that there exists a solution H of equation
(5.8) with the desired properties, and this is sufficient to determine 5.

We next continue to find the functions s, --- ,1¥n by solving equation (5.4) for |a| =

3,--+, N respectively. For example, let us give a brief summary in the case where |a| = 3.
We let 0 = 0;0;0 for j = 2,--- ,n, so that (5.4) yields

23 (600560t + 9O bOR 0 + g Rt + g 0020 ) + Fa = O,

k=0

where F,, depends only on ¢"™ and ; for j < 2. Since it holds on 7 that
> g 005 Om = 0,05,

Im

we observe that the coefficients 0}t satisfy a system of linear ODEs on «y with the right-hand
side depending on 9, and 0,v; for j < 2. Thus, by prescribing some initial condition at
r = 10, we can solve these systems uniquely to obtain 3. The remaining polynomials 1, of
higher degree can then be constructed in the same manner. This completes the construction
of phase function 1.

We now focus on the construction of amplitudes. We start with writing a as

a(t,r,y) = <|y|) ZT k(t,ry), ak(t,ry) Z ai;(t,7,y), (5.9)

where for k,j = 0,---, N, it holds that aj; are j-th degree homogeneous polynomials in
the y-variable, y € C§°(R) satisfies x(s) = 1 for |s| < 1 and x(s) = 0 for [s| > 1, and
¢ € C§°(0,T) is a smooth cutoff. Recalling the definition of T a, we see that ag satlsﬁes

n

1
5 | Do (g™ okudias) + 5 Agtbag | =0 on -, (5.10)
k=1
where o € (NU{0})" ! is a multi-index with |a| < N. By Lemma 5.3 we have that gkl|7(T) =

kL. Thus for |a| = 0, this preceding equation reduces to d%aop + %tr(H)ao,o =0 Vrel.
This is an ODE for ag, along v, and its solution can written as:

L7 te(H) (s)ds

ap,0 = coe ° ;

where ¢ is a constant chosen so that ag(r9) = 1. This implies ¢o = 1.

The subsequent terms ag ; for j = 1,--- , N can be constructed by considering equation
(5.10) with |a| = j, which reduces to solving linear first order ODEs on 7. Indeed, taking
|a] = j in (5.10) and recalling the definition of 7, we obtain an equation of the form

Orao,j + tr(H)ag; +1I; =0 Vrel and ag;(ro) =0,

where II; is a homogeneous polynomial of degree j in the y-variable, whose coefficients
depend only upon {(101}1 —, and {1/11}]+2
To construct the subsequent amplitudes aj, we need to solve the equation

Tar + Pyag_1 =0 for k> 1 up to N-th order on ~. (5.11)

This can be accomplished by much the same argument used for ag, and so we omit the
details and refer [DSFKLS16,KS14]. However, let us establish an analogue of (3.18) for the
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approximate Gaussian beams. We consider equation (5.11) with |a| =0 and k£ = 1, on .
This gives
21’(%@1,0 + %tr(H)al,()) = —(i0¢ + A)agp — Vao,.
Therefore, we may choose
a1 o(r) =bio(r) +c1o(r), where
bro(r) = ¢ 2 Jrg HUD()ds /
,

0

c1o(r) = e_% Jrg tr(H)(s)ds /7" %e_% Jro tr(H)dsy,

ro

A

i 1% t(H)d3, .
— 2 Jr
je (i0 + A)ao,o(s)ds (5.12)

apo(s)ds.

)

We recall that ag satisfies (5.10), whence it follows that b1 g does not depend on V. This
completes the construction a.

The function U, = ei(w_72t)a.r is then an approximate Gaussian beam of order NN ,
provided that ¢’ is small enough and it satisfies

(1) The equations (5.4), and (5.5) are satisfied.
(2) S(¢)]y =0, i.e. the imaginary part of the phase vanishes along .
(3) There exists ¢ > 0 such that I(2))(r,y) > cly|? for all (r,y) € ®(W).

We now convert the approximate Gaussian beams into exact solutions of (5.2) via the
addition of a suitable remainder term i.e., u = U, + R, where the remainder term satisfies

PyR.=—-PyU, in (0,T)x M (5.13)
RT|t:0 =0.

Moreover, by Proposition 5.4 one has

3—-N
<T2s+ 7 .

| Rl es o,my < S PV U | ms o,my xS (5.14)

Proposition 5.4. Let U, = ei(T’/’*th)aT be an approximate Gaussian beam of order N.
Then for T > 1 we have

3N 49 s
1Py Urll s (o.myxwy S7°2 72, U=l 50,1y sy S 75 (5.15)

Proof. Using the fact that Sv) satisfies S(1)(r, ) > cly|?, we obtain [e/(T¢=7"D)| < Ce1e7lvl?
for sufficiently small y. Thus, since a, is a smooth, compactly supported function, the
estimate

U=l 10,1y xwy SCT2* Uzl 20,7y <)
_lerlyl2
<2 em 1yl /) | L2 0.1y wy = O(7%),

provided that ¢’ is small enough. By using equations (5.4), (5.5) in the identity (5.3), we
deduce similarly that

O7P UL S 0| (Cor? gV 4 Corlyl ¥+ 0 Y, (5.16)
for any ¢ € N™. Further, we deduce that

O Py UL | S 72| 0| (Cor?y N+ Crrly |V + Cor ), (5.17)

by the same argument. Thus, it follows from (5.16) and (5.17) that

flcﬂy|2(7_2|y‘N+1 + TfN)

3N
1Py Ur | s 0,1y xwy S 7°°\le7 3 z 1),

HLQ((O,T)XW) =0(r
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Remark 5.2. Observe that, if U, = ei(”/’*TZt)aT is an approximate Gaussian beam of order
N along v, then U, = e*’(”ﬁ T t)a also satisfies the estimates of Proposition 5.4.

5.2. Determination of the boundary sources. Let us recall that
Ly = 9 Lyp(ef)le=o-

Here we show that Ly determines the amplitudes up to a small error term. This is similar
to Lemma 3.1 in the Euclidean setting, however the proof is more involved in the geometric
setting.

Lemma 5.5. Suppose that Ly, = Ly, in (0,T) x Q. Let Uy ; = =" be an approxi-
mate Gaussian beam solution of (5.2) concentrate near a geodesic . Then a,%: = a% on QN
up to higher order for all integers k > 0.

Proof. The proof is based on induction on k. Fix a geodesic v and let (r,y) be the Fermi
coordinates in a tubular neighbourhood of . Let ¢ be the length of the geodesic v and we
choose 0 < 71 < 19 < £ such that (r,y) € Q when r < r1 or r > ry. Now proving Lemma
5.5 is equivalent to proving the following: for any integer M > 0 and for all integers k > 0

(Bj‘ja}c)(r, 0) = (85‘(;%)(7’,0) for r < ry or r > re, and multi-indices |a| = M. (5.18)
We divide the proof into several steps.
Step 1. We show that (ﬁz‘j‘a(l])(r, 0) = (83@3)(7“, 0) for any multi-index || = M.
For |a] = 0 we have that a(l) — ag satisfies the transport equation
T(ag —ad) =0 on~ and (a} — a2)(0) = 0.
As a} — a3 = 0 at y(0), this implies (a — a2)(r,0) = 0 by unique solvability of ordinary
differential equations. Suppose that

(83@6)(7’, 0) = (al‘j‘a%)(r, 0) for any multi-index |a| < M. (5.19)
As Tag vanishes to a high order on , it follows from (5.19) that for a multi-index |o| = M +1
there holds
T@;(a(l) —a2)=0 on~.

As 0% (af — af) = 0 at (0), we see that (5.19) holds for | = M 4 1. This completes the
induction argument as well as Step 1.

Step 2. Here we show that (5.18) holds true for k = K, and |a| = 0.
We argue by induction and assume that (5.18) is true for all k < K —1. Let n € C°(M)
such that n =1 in M \ Q. We set f; = (10; + Ay + V;)(nu;), where u; solves
(10 + Ay + Vj)u; =0 in (0,7)x M
u; =0 at t=0,

and coincides with the approximate Gaussian beam
N
Uj = el (Te(ry)—7 t)aj(t ry)=e¢ (19 (ryy)—72 Z a (t,r,y)
k=0

up to a small error of order O(7~%) in the sense of L2. Clearly, the function nu; satisfies
(iat + Ag + V})uj = fj in (O, T) x M
uj =0 on OM
U; = 0 at t= 0,
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with sources f; supported in (0,77) x €. Further, let us consider a solution of

(0 + Ay +Vo)w=0 in (0,7)xM
w=0 at t="1T.

that coincides with the approximate Gaussian beam

N
VDTN gt y),
k=0

up to a small error in the same sense.
Let 77 € Cg°(M) such that 7 = 11in M \ Q. We set h = (i0; + Ay + V2)(7w). Analogously
0 (3.13), we have

(Lv; = Lvy) fis M) 2 0,m)x0) = (Mg, M) r2(0,myx0) — (Fis Tw) r2(0,m)x)-  (5.20)
Subtracting (5.20) for j = 1 from (5.20) for j = 2 we obtain

0 =( =T 0K (af — ago), TN T 0% T wg + O(1)) L2010
— (TP Qi T 4 2(V, Vg + Agn)rF (ak — ak), TP 0 00) 12 0.1y
— (TN (i T 4 2(V, Vg + Agn)r K (ake — a%), O(T7Y) 2011 x9)

+O(r ) + O(ly).
(5.21)
We next consider the coefficient of 7% %1 from the above integral identity and simplify. To
this end, recall that we choose 0 < r; < ry < ¢ such that in Fermi coordinates (r,y) €
when r < 71 or r > ro and n(r,y) = 7(r,y) = 0 when r > £. Let I be the coefficient of
77 K+1 in the above expansion. Since 7 and 7 are real valued and 7(-) is a complex valued
function, this implies

T
=21 [ [ ST T nwo (ak - afode, di
0 9]
T rr o -
— 2 / / / e~ (T + T n)wo (a — a3)v/Jgl dr dy dt
0 0 Rn—1
T o
21/ // =2 (0 T + 7T n)wo (ak — a2 )/]g] dr dy dt.
0 T2 Rn—1

Since a}( = a%( up to higher order before the geodesic enters the domain M \ 2, that is
when r < r1, there holds

/ / /Rn e T+ i Tnwo (ak — a%)/lgl dr dy dt = O(Jy|>).
This further entails, up to O(|y|*)
T V4
I= 21/0 / /]R ) e~ ISV (n Th + T n)wo (ak — ak)/|g| dr dy dt.
T2 n-

Observe that, in the Fermi coordinates (r,y) we have the following expression for 1):

V() =7+ SHE)y -y +O(ly) = Tn(w) = (G H()y -y + O(uP))

We next perform the change of variable y — y/+/7 and obtain

2i Tt —SH (r)y-y+7 Y T =
= |, [ [ e O T )
72 n-—
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x wo(t,r,y/v/T) (ak — a)(r,y/v/T)V 9l (r,y/v/T) dy dr dt

2i Tt 1 g2 r—1/2
~—a |, /W/R e W BOW (0 TR + T ) (r, (/)
x wo(t,r,/NT) (aje — age)(ry-/v/T)V/]gl(r, - /V/T) dy dr dt.

We multiply (5.21) by 775+ and let 7 — 0o to conclude

1 PP
=2i —_— e (TR + 7Tn)(r,0
/0 /m T S Jens (n T+ 7Tn)(r,0)
x wo(t,r,0) (afe — a3 )(r,0)dy dr dt.
Next choosing wo(t,7,0) = ¢1(t) p2(r) for some C2° functions in their respected variables,

from above we deduce that,

)(n T+ 7Tn)(r,0) (ag — aZ)(r,0)dr.

0—2/
\/det SH(r

Further choosing 7 = 1 in the support of 77 we obtain

/ det Orl + WW+ Uﬁgw(r 0)) (aj — aj)(r,0)dr

—_

/et (SH(r)) (077 + 7 Re(tr(H))(r)] (ax — af)(r, 0)dr

o Re(tr(H))(s)dsar [ edro Re(tr(H))(S)ds] (ake — a2)(r,0)dr.

gb T)
» det(SH

Let r3 € (r2,¢). We can choose 77 € C2° such that nefroR e(tr(H))(s)ds
f Re(tr(H ))(s)ds]

converges to the

indicator function of [r1,73] near . Then 0,[7 e’
and

will converge to d,, — &y,

$2(r3) o 173 Re(tr(H))()ds
det(SH(rs))

Since ¢2 solves some transport equation with non-zero initial condition on «, this implies
¢2(r3) # 0, and SH(r) is positive definite entails that det(SH)(r3) # 0. This along

73 Re(tr(H ))(s)ds(a}{ — a%)(r3,0) = 0. Moreover, using

(ak — a%)(r3,0) = 0.

with preceding equation implies e

elro Re(tr(D)()ds # 0 we conclude (ak — a%)(r3,0) = 0. We have shown (5.18) in the case
k=K and o = 0.

Step 3. We show that (a}(ja - a%{u)(r, 0) = 0 for any multi-index o with |a| =

Here a]k(r,y) =2 a]['(’a(r)ya. The proof is by induction in |a| = p and suppose that
the claim holds for p. Consider a multi-index « such that |a| = p + 1. We argue as in
Step 2 but rescale the Gaussian beam w by 3? with |8| = p + 1, cf. Remark 5.1. Then

///Rn1 2N¢777-"7+777'77)w0y (aKa— 7a)(r)ya\/Edrdydt

e |y|2p+3
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We now proceed exactly as above to conclude

I 2i

T L 1
—(2p+2) —lylP=r120(|yl?) A .

< wo(t,r) Y (ak o — a3 ) (r) 4 /Jgl(r.-/V/T) dy drdi + O(r= @972,

Multiplying above by 75+2P*1 and letting 7 — oo we conclude that

I S L AR B 80 (gl 2 \(r
BEAGE /0 / . /At S(H (1) /Rnle YY" (ak 0 — ak)(7)
x (0 T +iqTn)(r, (-)/vV7) wo(t,r) dydrdt.

Further choosing wq(t, r,0) = ¢1(t) ¢p2(r) for some CZ° functions in their respected variables,
from above we deduce that,

0= / eily‘Qyﬁya dy x 2i
Rn—1

0

o — 0%c.0)(1)ba2(r)(n T + 77T n)(r, 0) dr.

¢ 1 )
/TQ Jasamy)

This along with below Lemma 5.6 implies

a%{,a)("“)%(?”)(n Ti+7Tn)(r,0)dr.

¢ 1 .
0= [ e (oo -
vy \/det(%H(r))( Foa
Next proceed similarly as in Step 2 one can conclude that
(a}{,a - a%(,oz)(r) =0 for ‘O“ =p+1
This completes the induction step as well as the proof of Lemma 5.5. U

Lemma 5.6. Let n > 1. Suppose [, e*|y‘2aay°‘ yPdy = 0 for any multi-index B and for
some constant tensor a,, then aq, = 0.

Remark 5.3. Note that we prove Lemma 5.6 for any multi-index 8 with |o| = |3|. This is
stronger than Lemma 5.6 and we need this in our analysis.

Proof. We start with writing a,y®y® as
a0y’ = Qo ¥y Yy Lyl with [a] = |8] = k.

Here we used Einstein summation convention for repeated indices. Note that the integral
fRn e*|y‘2aay°‘ y?dy is non-zero when a; + f3; is even for all 1 < i < n. Moreover, one has

0 = / 6_‘y|2aaya yﬁdy
n (5.22)
= Qo -an HF(%) when a; + 3; is even for all 1 <i <n.
i=1
Thus proving Lemma 5.6 is equivalent to show that (5.22) implies a, = 0 for any multi-index
a with |a| = |3].

This holds trivially when n = 1, because a, is a scalar function. We next argue by
induction and assume that (5.22) implies a, = 0 in any dimension n = N. Then for
n = N + 1 we denote @ = (a1, @2,...,an+1) = (&/;ans1) and 8 = (81,82, .., 8n+1) =
(8", Bn+1), where |a| = k = |8]. For any a1 we define

n
a; + B+ 1
fOéN+1 = Qajas...anan+1 HF(%)
=1
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By assumption we have that (5.22) is true for n = N + 1. Hence,
ani1 + BNl + 1)
2

Next we assume that k = 2p and ay+1 + Sn+1 = 20 where 0 <[ < 2k. Then the preceding
system of equations can be written as

I( fays, =0 forall 0 < Byy1 < kand anir + Byy1 is even.

2p

1
Z L+ §)f2l751v+1 =0.

2l-Bn+1=0
Further denoting Sy4+1 = 2s from above we obtain
pt+s

1
DL+ a2 =0 0<s<p.
l=s

This can be written as a matrix equation A,,1X = 0, where A4, is given by

rQ) T e Te-) Te+d
o I'(z) rg) - Tlet+s) Th+3)
p+l — : : : :

Fp+l) Te+3) - Tep-1) Tp+ )

We next show that det(A,4+1) # 0. To achieve this we perform the following column
operation: (j + 1)-th column - j-th column x(j — %) for 1 < j < p. This implies

1
det(4y41) = pIT(3) det(4,),

where A, is given by

g T L+ })
e ') I'(5) L(p+3)
Fptd) T3 - T@p-b)

Next we do the following column operation: (j + 1)-th column - j-th column x(j + %) for
1 < j <p—1. This further entails

det(A,) = (p—1)! r(;) det(A, 1) —> det(Ays) = pl (p— 1)! r(%) r(g) det(A,_1).

Continuing in this way after finitely many steps we obtain

p—1
det(Ap1) = [J(p+1 - TG — 3) det(4s),
j=1

_1 1
where Ag = <F(p i) F(Zi §)> Since det(As) =T'(p— %) xT(p+ %), this further entails
2

Tp+3) Tr+3)
p+1 1
det(Ap1) = [[(0+1-5)TG - 3).
j=1

This clearly shows that det(Apy1) # 0 and fu,,, = 0 for any fixed 0 < any; < k.
Furthermore, choosing ay+1 = By+1 we deduce that

N
a; + B +1
0= Qoyag...anyant1 HF(%)’
i=1
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for all multi-index o' and #’ in dimension N with || = |5’|. Therefore by induction
hypotheses, this implies

Uaras..ayans; = 0, for any multi-index o with |af = k.

This completes the proof. [l

5.3. Proof of Theorem 1.2. We begin by recalling that M is an admissible manifold in
the sense of Definition 1.1. Therefore, we fix p € M \ Q and consider A\ > 0, X := /1 — A2,
and &, &1, & as in Definition 1.1 with & := N& + M. For j = 0,1,2 we consider Fermi
coordinates along 7, ¢; such that p = (0,0---,0) in these coordinates. We construct an

approximate Gaussian beam UT(j) in these coordinates along 7,¢;, and denote the cor-

responding exact solution of the Schrodinger equation by qu ) = UT(j ) 4+ jo ), where the

remainder RY is constructed as in (5.13).
We again let n € C§°(M) be such that n = 1 in M \ €, and consider the sources

fT(j ) = (10 + A + V)(nu(Tj )). Then the function nu(Tj ) solves

iU + AUY +vuY = f9) on (0,T) x M,
uﬂ('])’IEL{)M = 07
u7('])’t20 =0.

As before, we choose k large enough that Hg"“ is a Banach algebra. It can then be shown
that the source fT(j ) € Hg"‘ is determined by the source-to-solution map Lgy, up to any
error O(77 %) in the H**-norm. The proof of this fact follows, as in the case of geometric
optics, from the fact that [(i0; + A + V), n] = 2(dn, d), + An, whence f.ﬁj) is given by the
expression f7(-j) = 2(dn, dU7(-j)>g + AnUﬁj) + 2(dn, dRS-j)>g + Anjo). We note that the first
two terms on the right-hand side are uniquely determined by Lgy using Lemma 5.5. On
the other hand, we can apply estimate (5.14) to the last two terms to conclude that they
are O(T%+4H+2) in the H?<-norm.

We next implement the second order linearization technique. To this end, let £1,e9 > 0

be small, we fix ¢ = (£1,e2) and define the source term f, = 51f)(\,13 + €2f)(3_). For small
enough ¢, it holds that f. € H, and we observe that

1
_iaslaagLﬁ,fohfzo = Wr|(0,T)x Q>
with w, the solution of the linear Schrédinger equation
0wy + Aws + Vw, = SUL UL

wT‘xeaM =0

2)

wT‘tZO =0.
Then it follows that
. o
= / 0, 0oy Ly v frlemo £OdV, dt = / we (10 + A+ VUV dV,dt.  (5.23)
2 Joomyxa (0.7)x M

Recall that Lgy is a continuous map from # in to H, 2rand that f; € H is determined by

Lgy up to O(T7%+4K+2). Thus Lgy determines the left-hand side of (5.23) up to this
error. Integrating the right-hand side by parts, we observe that it is given by

/( _ BuPuDu® av,de. (5.24)
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We would like to approximate Z/IT(j) by nUT(j) in (5.24). Using the bound (5.14) for nR(Tj),

together with the estimate (5.15) for UT(j ) and the fact that HZr is a Banach algebra, we
conclude that Lgy determines the integral

/(m . sPuQuu@av,dt,

up to an error of O(7~X) order, provided that we have chosen the order N of the Gaussian

beams to be sufficiently large. Recall that n = 1 in supp (UT(O)UT(I)UT@)) and that ¢(t) in the
()

definition of a;’ is arbitrary. Thus, the source-to-solution map determines, for all ¢ € (0,7,
the integral

/ Bt U0 (1, U (¢, U (1, )V,

up to any polynomial error O(7~%). Henceforth, we suppress this t-dependence in our
notation. In order to recover the pair (5, V), we shall use the method of stationary phase
to analyze the integral Z. Therefore, let us begin with the following result.

Lemma 5.7. The function
U= —p0 4+ VM) 4 )
satisfies the following two conditions:

(1) V¥ (p) = 0.
(it) det(VZW)(p) # 0.

Where 9 are approzimate Gaussian beam solutions along the geodesics Ypg; forg =0,1,2,
and recall that these geodesics intersect only at p € M.

Proof. First of all, we note that ng(j)(p) = ¢ for j =0,1,2. Thus, we observe that
VU (p) = =60+ N&1 + Ao,

which vanishes by the definitions of A, X and &j. For the last claim, it suffices to show that
D23V (X, X) > 0 for X € T,M \ 0. We first note that

30 = 3@ + NSy + ASyp@),
which implies that D?3W¥(X, X) > 0. Indeed, in the system of Fermi coordinates along

Yp.g;» 1t holds that
2q). = (0 0
D \Y¢ |’Yp,§j - <0 Hj> )

where Hj is the appropriate matrix solving (5.8) on 7,¢,. Therefore, using (5.6) and
() (r,y) > cly|? we observe that for j = 0, 1,2 we have

230X, X) >0 VX € T,M,
2390 (X, X) >0 VX € T,M \ span(£V)).
Since & and & are linearly independent, the claimed result follows. n

We now turn to analyzing the integral Z. Since vy ¢, NVp.e, NVp.ea = {P}, We observe that
the product

U7(— )U)(\, ) U(Q) e’L’T\If (O)QE\/) agi_)



28

is supported in a neighbourhood of p. We can expand the amplitudes agj ) in terms of
functions v,ij ) as in (5.9), and apply the method of stationary phase (for example, see

[Hor03, Theorem 7.7.5]) to the integral 7 termwise after expanding. Thus we recover
3™ T = CoB(p)uy i (p)
+r71018(0) (700 () + 3oV ) + o P ) + 06 ),
where Cp, Cy are known constants which do not depend on the pair (5, V). In particular,

by recalling that v((]j)(p) = 1, we are able to recover §(p) from the first term of the above.

Since p € M \ Q was arbitrary, this is sufficient to recover (5 in its entirety. On the other
hand, since f is non-zero in supp(V'), we recover from the second term the quantity

1 1
o )+ o ).

Then, since N = v/1 — A2 we can, in fact, obtain the quantity

: (0) 1 o L@y - ,@

tim A(v” () + 50 0) + 3017 (0)) = o ().
Finally, using the splitting (5.12) together with the fact that b; o does not depend on the
potential V', we recover ¢; ¢ evaluated at p, which, letting p = v(r1), we can compute to be

¢10(0) = % / "V (s, 0)ds (5.25)

0

v (p) +

in the Fermi coordinates along 7y,¢,. We can recover V(p) by differentiating (5.25) with
respect to the upper limit of integration, and this completes the proof of Theorem 1.2.
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