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Abstract
In this work we study the increasing resolution of linear inverse scattering problems at

a large fixed frequency. We consider the problem of recovering the density of a Herglotz
wave function, and the linearized inverse scattering problem for a potential. It is shown
that the number of features that can be stably recovered (stable region) becomes larger
as the frequency increases, whereas one has strong instability for the rest of the features
(unstable region). To show this rigorously, we prove that the singular values of the
forward operator stay roughly constant in the stable region and decay exponentially in
the unstable region. The arguments are based on structural properties of the problems
and they involve the Courant min-max principle for singular values, quantitative Agmon-
Hörmander estimates, and a Schwartz kernel computation based on the coarea formula.
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1. Introduction

Ill-posedness, or instability, is a central feature of many inverse problems. The
associated high sensitivity to noise needs to be taken into account in the design
of reliable reconstruction algorithms. We refer the reader to [KRS21] for a discus-
sion of instability in various inverse problems, and to [EKN89] for an overview of
regularization theory that addresses this issue.

In some cases, inverse problems involve parameters that may have an effect on
their stability properties. A rigorous analysis of this increasing stability phenom-
enon was initiated by Victor Isakov in the case of unique continuation for the
Helmholtz equation [HI04]. There are many subsequent works on increasing sta-
bility for inverse problems [Isa11, IN12, INUW14, ILW16, IW21, KW22, NUW13,
San13, San15]. The increasing stability phenomenon for the Helmholtz equation
was also studied using the Bayesian approach in [KW24].
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In particular, [Isa11] considers the inverse problem of determining a potential q
from the Dirichlet-to-Neumann map Λq for the Helmholtz equation (∆+κ2+q)u = 0,
where κ > 0 is a large frequency, and proves a conditional stability estimate of the
form

(1.1) ‖q1 − q2‖L2 ≤ ωHöl(‖Λq1 − Λq2‖) + ωLog(‖Λq1 − Λq2‖).

Here ωHöl and ωLog are Hölder and logarithmic moduli of continuity, respectively,
and the point is that the logarithmic part formally goes to zero as κ→∞.

In this article we take an alternative point of view to the increasing stability
phenomenon: there may be a number of features (e.g. Fourier modes) that can be
reconstructed in a stable way, and the number of these stable features increases
with the parameter. This could be called increasing resolution instead of increasing
stability. It turns out that stability estimates of the form (1.1) may follow from
such an increasing resolution analysis. For linear inverse source problems such
ideas appear already in [BLT10] and subsequent works.

We give a rigorous study of the increasing resolution phenomenon for two model
inverse problems related to scattering phenomena. These problems are addressed
in Rn, which avoids the issues with Dirichlet eigenvalues on bounded domains.
Moreover, we consider linear inverse problems to reduce matters to singular value
estimates. In each problem the measurement is related to some Fourier transform in
a ball whose radius grows with the frequency κ, which indicates that the resolution
should increase.

In this article we quantify the increasing resolution phenomenon precisely in
terms of the asymptotics of singular values of the forward operator. For the trun-
cated Fourier transform itself singular value estimates are classical (see [BJK21]
and references therein). For related inverse source problems such estimates are
given in [BLT10, GHS14, GS17a, GS17b, GS18, Kar18, KHK20]. The main point
of this work is to introduce methods that do not rely on explicit Bessel function
estimates, but rather employ structural properties of the inverse problem such as
stability and smoothing estimates to study singular value asymptotics. We note
that a similar approach to quantify increasing resolution could be applied to any
linear inverse problem, regardless of whether the measurement is related to some
Fourier transform or not.

Our results show that there is a stable region where the singular values stay
roughly constant as κ→∞, and an unstable region where they decay exponentially.
We give optimal estimates for the size of the stable region, and show that the
stable region grows (i.e. the number of stable features increases) as the frequency κ
increases. For singular values in the unstable region we show decay rates that lead
to instability results as in [KRS21].

1.1. Unique continuation for Herglotz wave functions. As a warmup problem
we first investigate the inverse problem of recovering the density of a Herglotz
wave function from its values in the unit ball. The forward operator will be a
scaled version of the adjoint of the operator FBR(0) studied in [GS17a, GS17b].
Thus the Bessel function estimates in those works yield singular value estimates
as in Theorem 1.1 at least for n = 2, 3. See also [GS18] for similar results for
electromagnetic and elastic waves. However, the methods for proving Theorem 1.1
are based on structural properties of the problem instead of explicit Bessel function
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estimates, and hence they will be applicable to other inverse problems such as the
linearized inverse scattering problem for a potential in Theorem 1.3.

Given any f ∈ L2(Sn−1), the corresponding Herglotz wave function is defined by

(Pκf)(x) :=

∫
Sn−1

eiκω·xf(ω) dS(ω) = (f dS )̂ (−κx) for all x ∈ Rn.

This function solves (∆ + κ2)(Pκf) = 0 in Rn. Now define the linear map

(1.2) Aκ : L2(Sn−1)→ L2(B1), Aκ(f) := κ
n−1
2 Pκf |B1

,

The normalizing constant κ
n−1
2 in the definition of Aκ will simplify the statements

below. By the Agmon-Hörmander estimate [AH76, Theorem 2.1] we have

(1.3) ‖Aκf‖L2(B1) ≤ C(n)‖f‖L2(Sn−1).

This shows that Aκ is bounded. Elliptic regularity shows that Aκ maps L2(Sn−1) to
Hs(B1) for any s > 0, and hence (1.2) is compact by compact Sobolev embedding.
Moreover, the analyticity of (f dS )̂ , or alternatively the unique continuation prin-
ciple applied to the solution Pκf , implies that f is uniquely determined by Aκf .
Thus (1.2) is injective and it has a sequence of singular values σj = σj(Aκ) with
σ1 ≥ σ2 ≥ · · · → 0.

We are interested in the behavior of the singular values σj of (1.2) with explicit
depedence on the key parameter κ. We will prove that the singular values are
roughly constant in the region j . κn−1, called the stable region, whereas they
decay exponentially in the unstable region where j & κn−1. Here and below, we write
A . B (resp. A & B or A ∼ B) for A ≤ CB (resp. A ≥ C−1B or C−1A ≤ B ≤ CA)
where C is a constant independent of asymptotic parameters (here j and κ).

Theorem 1.1. Let n ≥ 2 and κ ≥ 1. The singular values σj(Aκ) of (1.2) satisfy

σj(Aκ) ∼ 1, for all j . κn−1,(1.4a)

σj(Aκ) . exp
(
−cκ−1j

1
n−1

)
, for all j & κn−1,(1.4b)

where the constant c > 0 and the implied constants are independent of κ and j.

See also Appendix A for related numerical experiments. We note that the bounds
(1.4a) and (1.4b) match when j ∼ κn−1, which shows that the size of the stable
region is optimal. Moreover, by Remark 1.6 the spherical harmonics are a singular
value basis of Aκ. This shows that for Aκ the stable features are precisely the first
∼ κn−1 Fourier modes. We also remark that if one removes the normalizing constant
κ
n−1
2 from (1.2), then the singular values in the stable region are ∼ κ−

n−1
2 . For κ

large this smallness might affect the quality of reconstructions.
One could also ask for more precise estimates in the “plunge region” j ∼ κn−1

(as in [BJK21]), or for a complementary lower bound for the singular values when
j & κn−1. The latter would correspond to a quantitative unique continuation result
for solutions of (∆ +κ2)u = 0. Such results exist, see e.g. [GFRZ22, Joh60], but we
do not consider this point further.

From Theorem 1.1 we see that the size of the stable region (i.e. the number of
features that can be stably recovered) increases as κ increases, but the recovery
of high frequencies will always be unstable. Consequently, by refining the results
in [KRS21], we are able to derive the following theorem concerning the optimality
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of increasing stability/resolution of the inverse problem of recovering f from the
knowledge of Aκf , with respect to κ.

Theorem 1.2. Suppose that all assumptions in Theorem 1.1 hold. If there exists a
non-decreasing function t ∈ R+ 7→ ω(t) ∈ R+ such that

‖f‖L2(Sn−1) ≤ ω
(
‖Aκf‖L2(B1)

)
whenever ‖f‖H1(Sn−1) ≤ 1,

then

ω(t) & max
{
t, κ−1(1 + log(1/t))−1

}
for all 0 < t . 1,

where the implied constants are independent of κ and t.

1.2. Linearized inverse scattering. We move on to the second inverse problem
studied in this article. The following facts may be found e.g. in [Mel95, PSU10]. Let
κ > 0 be a fixed frequency and let q ∈ C∞c (Rn) be an unknown scattering potential.
We suppose that we probe the medium by sending an incoming Herglotz wave
uinc = Pκf where f ∈ L2(Sn−1). This induces a unique total wave utot = uinc + usc

solving

(∆ + κ2 + q)utot = 0 in Rn

where usc satisfies the outgoing Sommerfeld radiation condition

lim
r→∞

r
n−1
2 (∂ru

sc − iκusc)(rθ) = 0, uniformly for θ ∈ Sn−1.

We write Pκ(q)f := utot and call Pκ(q) the Poisson operator that maps a boundary
data f on the sphere at infinity to the corresponding solution of (∆ + κ2 + q)u = 0
in Rn.

The scattering measurements at frequency κ are encoded by the scattering matrix
Sκ(q). This is an operator on L2(Sn−1) that may be defined via

(Sκ(q)f)(θ) = lim
r→∞

r
n−1
2 e−iκr(∂ru

tot + iκutot)(rθ).

After multiplying Sκ(q) by a suitable normalizing constant, it becomes a unitary
operator on L2(Sn−1) that satisfies the integral identity (“boundary pairing”)

(1.5) (((Sκ(q)− Sκ(0))f, g)L2(Sn−1) = cn,κ ((q − 0)Pκ(q)f, Pκ(0)g)L2(Rn) .

This is an analogue of the Alessandrini identity appearing in inverse boundary value
problems. Thus Sκ(q) can be thought of as an analogue for Rn of the Dirichlet-
to-Neumann map (or more precisely impedance-to-impedance map) for a bounded
domain. Knowing Sκ(q) is equivalent to knowing the far-field operator, or scattering
amplitude, for the equation (∆ + κ2 + q)u = 0 in Rn.

The linearization of Sκ at q = 0 is readily obtained from the identity (1.5). This
linearization, denoted by Fκ (after multiplying by a suitable constant), is given by
the formula

(1.6) (Fκ(h)f, g)L2(Sn−1) = κ
n−1
2 (hPκf, Pκg)L2(B1).

We will show that if h is supported in B1, then Fκ(h) is a Hilbert-Schmidt operator
on L2(Sn−1), and in the case n = 3 one further has

(1.7) ‖Fκ(h)‖2
HS ∼

∫
B2κ

|ĥ(ξ)|2

|ξ|
dξ.
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This suggests that it is natural to consider Fκ as a compact operator

(1.8) Fκ : H
−1/2

B1
→ HS (L2(Sn−1)),

where Hs
K = {f ∈ Hs(Rn) : supp(f) ⊂ K}. For simplicity we use ‖ · ‖HS to denote

the Hilbert-Schmidt norm on L2(Sn−1). The injectivity of Fκ follows from (1.7)

and the analyticity of ĥ. Alternatively, one can prove injectivity of Fκ by (1.6) and
the Runge approximation fact that Pκf |B1 can be used to approximate complex
geometrical optics solutions eρ·x|B1 for suitable ρ ∈ Cn with ρ · ρ = −κ2. Hence
(1.8) has a sequence of positive singular values σj = σj(Fκ) with σ1 ≥ σ2 ≥ · · · → 0.

As before, we are interested in the behavior of the singular values σj of (1.8) with
explicit dependence on the key parameter κ. We will show that the singular values
are roughly constant in the stable region j . κn, whereas they decay exponentially
in the unstable region where j & κn. Again, related numerical experiments are
given in Appendix A.

Theorem 1.3 (See also Theorem 3.3). Let n ≥ 2 and κ ≥ 1. The singular values
σj(Fκ) of (1.8) satisfy

σj(Fκ) ∼ 1, for all j . κn,(1.9a)

σj(Fκ) . κα(n)j
1
2n exp

(
−cκ−

1
2 j

1
2n

)
, for all j & κn,(1.9b)

where the constant c > 0 and the implied constants are independent of κ and j,
α(n) = 0 for n ≥ 3, and α(2) = 1

2
.

Remark 1.4. A similar argument, given in Theorem 3.3, shows that the singular
values σj(Fκ : L2

B1
→ HS) satisfy

j−
1
2n . σj(Fκ : L2

B1
→ HS) . 1, for all j . κn,(1.10a)

σj(Fκ : L2
B1
→ HS) . κα(n) exp

(
−cκ−

1
2 j

1
2n

)
, for all j & κn.(1.10b)

The decay estimate (1.9b) is probably not optimal but it is strong enough to show

that for j ∼ κn one has exp
(
−cκ− 1

2 j
1
2n

)
∼ 1, showing that the size of the stable

region is (nearly) optimal.

In analogy with Theorem 1.2, we are able to derive the following theorem con-
cerning the optimality of increasing stability of the inverse problem of recovering h
from the knowledge of Fκ(h).

Theorem 1.5. Suppose that all assumptions in Theorem 1.3 hold. If there exists a
non-decreasing function t : R+ → ω(t) ∈ R+ such that

‖h‖L2
B1

≤ ω (‖Fκ(h)‖HS) for all h ∈ H1
B1

with ‖h‖H1 ≤ 1,

then

ω(t) & max
{
t, κ−1 (log κ+ log(1/t))−2} for all 0 < t . 1,

where the implied constants are independent of κ and t.
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1.3. Methods. We now explain the methods for proving Theorems 1.1 and 1.3.
Since the Herglotz operator Pκ satisfies (Pκf)(x) = (f dS )̂ (−κx), we have

(1.11) ‖Aκf‖2
L2(B1) =

1

κ

∫
Bκ

|(f dS )̂ (ξ)|2 dξ.

The right hand side is precisely the expression that appears in Agmon-Hörmander
estimates for Fourier transforms of L2-densities. In particular, by [AH76, Theo-
rem 3.1], we have

(1.12)
1

R

∫
BR

|(f dS )̂ (ξ)|2 dξ → cn‖f‖2
L2(Sn−1) as R→∞.

The lower bound for singular values of Aκ in the stable region will be obtained
from the Courant max-min principle together with a quantitative version of (1.12)
proved in Lemma 2.1. The exponential decay rate for singular values in the unstable
region is in turn proved by the Courant min-max principle and precise smoothing
estimates for Aκ as an operator from H−s(Sn−1) to L2(B1) where s > 0 is large.

Remark 1.6. The singular values σj(Aκ) can be expressed explicitly in terms
of Bessel functions. By (1.11) and the plane wave (or Jacobi-Anger) expansion
method, see e.g. [NOeS23, Section 2], one has

(1.13) ‖Aκf‖2
L2(B1) = (2π)n

∞∑
`=0

N∑̀
m=1

Λ`(κ)|(f, Y`,m)|2

where (Y`,m) is an orthonormal basis of L2(Sn−1) consisting of spherical harmonics,
N` is the dimension of spherical harmonics of degree `, and the coefficients Λ`(κ)
are given by

Λ`(κ) =
1

κ

∫ κ

0

rJ`+ν(r)
2 dr,

where Jα(z) is the Bessel function and ν = n−2
2

. The same expressions appear
in [GS17a, (3.2)–(3.3)] and [GS17b, (3.3)–(3.4)] for n = 2 and n = 3, respec-
tively. The formula (1.13) implies that A∗κAκ becomes diagonal in the (Y`,m) basis,
which is therefore a singular value basis for Aκ. The singular values σj are given
by the numbers (cnΛ`(κ))1/2, when counted with correct multiplicity and arranged
in nonincreasing order. As mentioned before, direct estimates for Λ`(κ) are given
in [GS17a, GS17b], which yield similar singular value estimates as those in Theo-
rem 1.1 at least when n = 2, 3.

The argument for Fκ follows a similar structure. First we observe that the L2

norm of the Hilbert-Schmidt operator Fκ(h) is just the L2 norm of its Schwartz
kernel. By computing the Schwartz kernel explicitly, we have

‖Fκ(h)‖2
HS =

∫
Sn−1

∫
Sn−1

|ĥ(κ(ω − θ))|2 dS(ω) dS(θ).

We then give an argument involving the coarea formula to express the double inte-
gral as an integral over B2. The case n = 3 is particularly simple, and one obtains

(1.14) ‖Fκ(h)‖2
HS = cn

∫
B2κ

|ĥ(ξ)|2|ξ|−1 dξ.

This expression is somewhat similar to the Agmon-Hörmander type expression
(1.12), and it also explains why the H−1/2 norm is natural in this setting. We
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can then apply the Courant max-min principle and a quantitative analysis of (1.14)
to estimate the singular values in the stable region. Again the exponential decay
estimates in the unstable region follow from an analysis of the smoothing proper-
ties of Fκ. We remark that the Hilbert-Schmidt norm was also used in [GH22] for
proving stability in a related problem.

1.4. Organization. We first prove Theorem 1.1 in Section 2, and then prove The-
orem 1.3 in Section 3. In Section 4 we prove Theorems 1.2 and 1.5. Finally, we
give some numerical evidence for the singular value estimates in Theorem 1.1 and
Theorem 1.3 in Appendix A.
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2. Singular values of Herglotz operator

Let 0 = λ1 < λ2 ≤ λ3 ≤ · · · be the eigenvalues of the Laplace-Beltrami operator
−∆Sn−1 on Sn−1, and let (φ`)

∞
`=1 be an orthonormal basis of L2(Sn−1) consisting of

eigenfunctions with −∆Sn−1φ` = λ`φ`. Recall that Hs(Sn−1), for each s ∈ R, is the
Sobolev space usually equipped with the norm

‖f‖′Hs(Sn−1) := ‖(1−∆Sn−1)s/2f‖L2(Sn−1) =

(
∞∑
`=1

(1 + λ`)
s|(f, φ`)|2

)1/2

.

By using Weyl asymptotics (see e.g. [Tay11, Theorem 8.3.1]), there exists a constant
Cn > 0 such that

(2.1) C−1
n `

2
n−1 ≤ 1 + λ` ≤ Cn`

2
n−1 for all ` ≥ 1.

Thus we have an equivalent norm

‖f‖Hs(Sn−1) :=

(
∞∑
`=1

`
2s
n−1 |(f, φ`)|2

)1/2

,

and we will use this norm on Hs(Sn−1) hereafter. We will now prove Theorem 1.1
by showing the estimates (1.4a) and (1.4b) separately.

2.1. The stable region. In order to study the singular values in the stable region,
we prove a quantative version of the estimate in [AH76, Theorem 3.1] as follows.

Lemma 2.1. Let φ ∈ Cc(Rn) be a radially symmetric function, i.e. there exists
ϕ ∈ Cc(R) such that φ(x) = ϕ(|x|). Then there exist a constant C = C(n, φ) > 0
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such that∣∣∣∣ 1

R

∫
Rn
|(f dS )̂ (ξ)|2φ(ξ/R) dξ − 2(2π)n−1

(∫ ∞
0

ϕ(r) dr

)
‖f‖2

L2(Sn−1)

∣∣∣∣
≤ C

R
‖f‖L2(Sn−1)‖f‖H1(Sn−1)

whenever f ∈ H1(Sn−1) and R ≥ 1.

Before proving Lemma 2.1, we show how it can be used to prove (1.4a).

Proof of (1.4a) in Theorem 1.1. Since σ1(Aκ) = ‖Aκ‖L2(Sn−1)→L2(B1), the
Agmon-Hörmander estimate (1.3) implies that

(2.2) σj ≤ C(n) for all j ≥ 1.

We now consider the lower bound. Given a fixed small constant δ, we define

Xδ,κ = span {φ` : `
2

n−1 ≤ δκ2}.

Then N := dim (Xδ,κ) = bδ n−1
2 κn−1c. For f ∈ Xδ,κ, we can write f =

∑N
`=1(f, φ`)φ`

where (f, g) denotes the inner product in L2(Sn−1). We see that

(2.3) ‖f‖2
H1(Sn−1) =

N∑
`=1

`
2

n−1 |(f, φ`)|2 ≤ δκ2

N∑
`=1

|(f, φ`)|2 = δκ2‖f‖2
L2(Sn−1).

By using Lemma 2.1 with a fixed radial function ψ ∈ Cc(R) such that 0 ≤ ψ ≤ 1,
ψ(x) = 1 for |x| ≤ 1/2, and ψ(x) = 0 for |x| ≥ 1, from (1.11) we have

(2.4)
‖Aκf‖2

L2(B1) ≥
1

κ

∫
Rn
|(f dS )̂ (ξ)|2ψ(|ξ|/κ) dξ

≥ 2(2π)n−1‖ψ‖L1(R+)‖f‖2
L2(Sn−1) −

Cn,ψ
κ
‖f‖L2(Sn−1)‖f‖H1(Sn−1).

We now use (2.3) and choose δ = δn,ψ > 0 sufficiently small such that the right
hand side of (2.4) is greater than

(2π)n−1‖ψ‖L1(R+)‖f‖2
L2(Sn−1).

This gives that

(2.5) ‖Aκf‖2
L2(B1) ≥ cn,ψ‖f‖2

L2(Sn−1) for all f ∈ Xδ,κ and κ ≥ 1

for some constant cn,ψ > 0. For each j ≥ 1, the Courant max-min principle implies
that

σj(Aκ) = max
X

min
{f∈X : ‖f‖L2(Sn−1)=1}

‖Aκf‖L2(B1)

where the maximum is over all subspaces X ⊂ L2(Sn−1) with dim (X) = j. When

j = bδ n−1
2 κn−1c, we have dim(Xδ,κ) = j and therefore by (2.5)

σj(Aκ) ≥ min
{f∈Xδ,κ : ‖f‖L2(Sn−1)=1}

‖Aκf‖L2(B1) ≥ c
1/2
n,ψ.

Combining this with (2.2), we conclude (1.4a). �

It remains to prove the quantitative Agmon-Hörmander estimate in Lemma 2.1.
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Proof of Lemma 2.1. Write u = f dS and ΦR(x) := Rn−1φ̌(Rx) where φ̌ is

the inverse Fourier transform of φ. Since Φ̂R(ξ) = R−1φ(ξ/R), Parseval’s identity
yields

I :=
1

R

∫
Rn
|û(ξ)|2φ(ξ/R) dS =

∫
Rn
|û(ξ)|2Φ̂R(ξ) dξ

= (2π)n
∫
Rn

(u ∗ ΦR)(x)u(x) dx = (2π)n
∫
Sn−1

(u ∗ ΦR)(x̂)f(x̂) dS(x̂).

By choosing χ ∈ C∞c (Rn) satisfying 0 ≤ χ ≤ 1, χ = 1 in B1/4 and χ = 0 outside
B1/2, and writing ΦR = χΦR + (1− χ)ΦR, we obtain

(u ∗ ΦR)(x̂) = I1(x̂) + I2(x̂) + I3(x̂) for all x̂ ∈ Sn−1,

where we define

I1(x̂) :=

∫
Sn−1

ΦR(x̂− ŷ)(1− χ(x̂− ŷ))f(ŷ) dS(ŷ),

I2(x̂) := f(x̂)

∫
Sn−1

(χΦR)(x̂− ŷ) dS(ŷ)

I3(x̂) :=

∫
Sn−1

(χΦR)(x̂− ŷ)(f(ŷ)− f(x̂)) dS(ŷ),

then we have

We first estimate I1(x̂) for each x̂ ∈ Sn−1. If ŷ ∈ supp (f̃), where f̃(ŷ) :=
(1− χ(x̂− ŷ))f(ŷ), then |x̂− ŷ| ≥ 1/4. Writing Φ̃(z) = |z|nφ̌(z), we have

|ΦR(x̂− ŷ)| ≤ 4n|x̂− ŷ|n|ΦR(x̂− ŷ)|

≤ 4n

R
|Φ̃(R(x̂− ŷ)| ≤ 4n

R
‖Φ̃‖L∞(Rn) for all ŷ ∈ supp (f̃),

since Φ̃ is a Schwartz function on Rn. Then

sup
x̂∈Sn−1

|I1(x̂)| ≤ Cn,φ
R

∫
Sn−1

|f̃(ŷ)| dS(ŷ) ≤ Cn,φ
R
‖f‖L2(Sn−1),

and thus we derive that

(2.6)

∣∣∣∣∫
Sn−1

I1(x̂)f(x̂) dS(x̂)

∣∣∣∣ ≤ C

R
‖f‖2

L2(Sn−1).

We now estimate I2(x̂). Let Rx̂ ∈ SO(n) be a rotation such that Rx̂x̂ =
(0, · · · , 0, 1). Hence we see that

{ŷ ∈ Sn−1 : |ŷ − x̂| < 1/2} = {ŷ = R−1
x̂ (y′, h(y′)) : y′ ∈ Bn−1

c },

for some 0 < c < 1, where Bn−1
r is the ball in Rn−1 with radius r and h(y′) ≡√

1− |y′|2. From the assumption that φ is radially symmetric we see that φ̌ is also
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radially symmetric, i.e. φ̌ ◦ R−1
x̂ = φ̌, therefore

I2(x̂) = f(x̂)

∫
Bn−1
c

(χΦR) ◦ R−1
x̂ (−y′, h(0)− h(y′)) · a(y′) dy′

= f(x̂)

∫
Bn−1
cR

(R1−nχΦR) ◦ R−1
x̂ (−z′/R, h(0)− h(z′/R)) · a(z′/R) dz′

= f(x̂)

∫
Bn−1
cR

φ̌(−z′, R(h(0)− h(z′/R)))×

× (χ ◦ R−1
x̂ )(−z′/R, h(0)− h(z′/R))a(z′/R) dz′

where a(y′) = (1 + |∇′h(y′)|2)1/2. Since φ̌ is Schwartz, χ ◦ R−1
x̂ ∈ C∞c (Rn−1),

χ ◦ R−1
x̂ (0) = 1 and a is smooth with a(0) = 1, using Taylor’s theorem we see that

I2(x̂) = f(x̂)

(∫
Rn−1

φ̌(−z′,−∇′h(0) · z′) dz′ +QR(x̂)

)
= f(x̂)

∫
Rn−1

φ̌(−z′, 0) dz′ + f(x̂)QR(x̂)

= f(x̂)(2π)−1

∫
R
φ(0, zn) dzn + f(x̂)QR(x̂)

= f(x̂)π−1

∫ ∞
0

ϕ(zn) dzn + f(x̂)QR(x̂)

with supx̂∈Sn−1|QR(x̂)| ≤ Cn,φ/R. This yields the following estimate involving I2:

(2.7)

∣∣∣∣∫
Sn−1

I2(x̂)f(x̂) dS(x̂)− π−1

(∫ ∞
0

ϕ(r) dr

)
‖f‖2

L2(Sn−1)

∣∣∣∣
≤ C

R
‖f‖2

L2(Sn−1).

Finally, we want to estimate I3. We make the change of variables y = expx̂(w),
where expx̂ is the exponential map on Sn−1, to obtain that

I3(x̂) =

∫
Tx̂Sn−1

(χΦR)(x̂− expx̂(w))(f(expx̂(w))− f(x̂)) dT (w).

Here dT is the volume form on Tx̂Sn−1 ∼= Rn−1 corresponding to dS. This is a valid
change of variables in supp(χ(x̂− · )). We have the Taylor expansion

expx̂(w) = x̂+ w +O(|w|2).

Thus

(χΦR)(x̂− expx̂(w)) = (χΦR)(−w) +R−1gR(x,w),

where the Schwartz decay of φ̌, the support of χ and a short computation give that

sup
(x̂,R)∈Sn−1×R≥1

∫
Tx̂Sn−1

|gR(x̂, w)| dT (w) ≤ Cn,φ.

Thus we have

I3(x̂) =

∫
Tx̂Sn−1

∫ 1

0

(χΦR)(−w) df(expx̂(tw))(∂t expx̂(tw)) dt dT (w) +QR(x̂),
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with supx̂∈Sn−1|QR(x̂)| ≤ Cn,φR
−1(‖f‖L2(Sn−1)+|f(x̂)|) (this requires another change

of variables w = exp−1
x̂ (ŷ)). Integrating this against f(x̂) over Sn−1 gives∣∣∣∣∫

Sn−1

I3(x̂)f(x̂) dS(x̂)

∣∣∣∣
≤
∫
Sn−1

∫
Rn−1

∫ 1

0

|(ΦRχ)(−w)||df(expx̂(tw))||w||f(x̂)| dt dw dS(x̂)

+
Cn,φ
R
‖f‖2

L2(Sn−1)

where we have identified the tangent space of Sn−1 near x̂ with Rn−1. The map
x̂ 7→ expx̂(w) is a local diffeomorphism with uniform bounds on its derivatives
when w is sufficiently small. Thus, using Fubini and Cauchy-Schwartz, we obtain∣∣∣∣∫

Sn−1

I3(x̂)f(x̂) dS(x̂)

∣∣∣∣
≤ Cn‖df‖L2(Sn−1)‖f‖L2(Sn−1)

∫
Rn−1

|w||(ΦRχ)(−w)| dw +
Cn,φ
R
‖f‖2

L2(Sn−1)

≤ Cn,φ
R
‖df‖L2(Sn−1)‖f‖L2(Sn−1) +

Cn,φ
R
‖f‖2

L2(Sn−1)

≤ Cn,φ
R
‖f‖H1(Sn−1)‖f‖L2(Sn−1).

This proves

(2.8)

∣∣∣∣∫
Sn−1

I3(x̂)f(x̂) dS(x̂)

∣∣∣∣ ≤ Cn,φ
R
‖f‖L2(Sn−1)‖f‖H1(Sn−1).

Conclusion. By summing (2.6), (2.7) and (2.8), we conclude Lemma 2.1. �

2.2. The unstable region. We now complement the bound in the stable region
with a decay rate for the singular values in the unstable region. This will be based
on smoothing properties of the operator Aκ. First we need the following lemma.

Lemma 2.2. Let n ≥ 2, κ ≥ 1, 0 ≤ r ≤ 1 and θ ∈ Sn−1. There exists a constant
C = C(n) > 0 such that for any m ≥ 0 one has

‖(−∆Sn−1)m(eiκr〈θ,·〉)‖L2(Sn−1) ≤ C(C(mκ))2m.

Proof. Write λ = κr. We will first prove that

(2.9a) (−∆Sn−1 , ω)meiλθ·ω = eiκθ·ω
2m∑
j=0

cm,j(θ · ω)j for all ω ∈ Sn−1.

with

(2.9b) |cm,j| ≤ C2m+1(2m)!λ2m.

These facts together with the estimates ‖〈θ, ·〉j‖L2(Sn−1) ≤ |Sn−1|1/2, m ≤ 2m and
λ ≤ κ prove the lemma.



INCREASING RESOLUTION/INSTABILITY FOR LINEAR INVERSE PROBLEMS 12

To show (2.9a), we observe that for each j ≥ 0 one has

(2.10)

(−∆Sn−1,ω)(eiλθ·ω(θ · ω)j)

= (−∆y)
(
eiλθ·

y
|y| (θ · y/|y|)j

)∣∣∣
y=ω

= eiλθ·ω
(
−λ2(θ · ω)j+2 + iλ(n− 1− j)(θ · ω)j+1

+(λ2 − j(j − 1))(θ · ω)j + (−iλj + j(j − 1))(θ · ω)j−1
)

for all ω ∈ Sn−1. It follows that there exist constants cm,j ∈ C such that (2.9a)
holds. It remains to estimate the coefficients cm,j.

Applying −∆Sn−1,ω to the identity (2.9a), we reach

(2.11)

2m∑
j=0

cm,j(−∆Sn−1,ω)(eiλθ·ω(θ · ω)j)

= (−∆Sn−1,ω)m+1eiλθ·ω ≡
2(m+1)∑
j=0

cm+1,j(e
iλθ·ω(θ · ω)j).

Combining (2.10) and (2.11), if we additionally set cm,j ≡ 0 when j /∈ {0, · · · , 2m}
for simplicity, then the coefficients satisfy the recurrence relation

(2.12)
cm+1,j = −λ2cm,j−2 + iλ(n− j)cm,j−1 + (1 + λ2 − j(j − 1))cm,j

+ (−iλ(j + 1) + j(j + 1))cm,j+1

for all j = 0, · · · , 2m.
Clearly (2.9b) holds for j = 0 and m = 0. Suppose that (2.9b) holds for m = `.

For each j = 2, 3, · · · , 2`, using the induction hypothesis, the trivial estimates

|n− j| ≤ n+ 2`, |λ2 − j(j − 1)| ≤ λ2(1 + 4`2 − 2`2),

|−iλ(j + 1) + j(j + 1)| ≤ r|2`+ 1 + 4`2 + 2`| = λ(2`+ 1)2,

we see that
|c`+1, j| ≤ λ2`+2C2`+1(2`)!(2 + n+ 2(2`+ 1)2)

≤ λ2`+2C2`+1(2`)!(2(2 + n)(2`+ 1)2)

≤ λ2`+22(2 + n)C2`+1(2`)!(2`+ 1)(2`+ 2)

= λ2(`+1)C2(`+1)+1(2(`+ 1))!

provided 2(2 +n) ≤ C2. We can also estimate the other terms in a similar manner,
and we conclude the lemma by induction. �

We use the previous lemma to prove the following smoothing estimate for Aκ.

Lemma 2.3. There is C = C(n) > 0 such that for any integer m ≥ 0, one has

‖Aκf‖L2(B1) ≤ C(Cmκ)2m‖f‖H−2m(Sn−1)

for any f ∈ L2(Sn−1).

Proof. Let (φ`) be an orthonormal basis of L2(Sn−1) consisting of eigenfunctions of
−∆Sn−1 with eigenvalues 0 = λ1 < λ2 ≤ λ3 ≤ · · · . Let f ∈ L2(Sn−1) and decompose
f = f1 + f2, where f1 = (f, φ1)φ1. Since φ1 is a constant depending on n, we have

‖Aκf1‖L2(B1) ≤ |(f, φ1)|‖Aκφ1‖L2(B1) ≤ Cn‖f‖H−2m(Sn−1).
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To estimate Aκf2 we define an auxiliary function

f̃2 :=
∞∑
`=2

λ−m` (f, φ`)φ`

so that (−∆Sn−1)mf̃2 = f2. Integration by parts gives

(Aκf2)(x) =
(
Aκ

(
(∆Sn−1)mf̃2

))
(x) =

∫
Sn−1

(−∆Sn−1)m(eiκx·ω)f̃2(ω) dS(ω).

Therefore using Lemma 2.2 and the Weyl asymptotics in (2.1), we have

‖Aκf2‖L2(B1) ≤ C(Cmκ)2m‖f̃‖L2(Sn−1) ≤ C(Cmκ)2m‖f2‖H−2m(Sn−1).

Combining the estimates for Aκf1 and Aκf2 proves the lemma. �

We can now prove the second part of Theorem 1.1.

Proof of (1.4b) in Theorem 1.1. We use Courant’s min-max principle

σj(Aκ) = min
X

max
{f⊥X : ‖f‖L2(Sn−1)=1}

‖Aκf‖L2(B1)

where the minimum is over all subspaces X of L2(Sn−1) with dim (X) = j − 1. We
let Xj−1 = span {φ1, · · · , φj−1} and observe that Lemma 2.3 implies

‖Aκf‖L2(B1) ≤ C(Cmκ)2mj−
2m
n−1‖f‖L2(Sn−1) for all f ⊥ Xj−1.

Thus choosing X = Xj in the min-max principle yields

σj(Aκ) ≤ C
(
Cmκj−

1
n−1

)2m

.

Here m ≥ 0 can be chosen freely. The function h(t) = C
(
Ctκj−

1
n−1

)2t

over t ≥ 0

has a global minimum at t = t0 where Ct0κj
− 1
n−1 = 1/e. If j ≥ (2Ceκ)n−1, then

t0 ≥ 2, and choosing m = bt0c ≥ t0/2 yields

σj(Aκ) ≤ h(m) ≤ h(t0/2) = C(2e)−t0 ≤ C exp
(
−cκ−1j

1
n−1

)
,

where C > 0 and c > 0 only depend on n. This proves (1.4b) in Theorem 1.1. �

3. Singular values of linearized scattering matrix

For κ > 0 , recall the linearized scattering matrix Fκ given by (1.6):

(Fκ(h)f, g)L2(Sn−1) = κ
n−1
2 (hPκf, Pκg)L2(B1)

where f, g ∈ L2(Sn−1). Since Pκf, Pκg ∈ C∞(Rn), from the right hand side we
see that Fκ(h) is well-defined as long as h is a compactly supported distribution.
Furthermore by the definition of Pκ we see that

(Fκ(h)f)(θ) =

∫
Sn−1

Kκ[h](θ, ω)f(ω) dS(ω)

where the Schwartz kernel of Fκ(h) is given by

(3.1) Kκ[h](θ, ω) = κ
n−1
2 ĥ(κ(ω − θ)).

The Hilbert-Schmidt norm of Fκ(h) is equal to the L2-norm of Kκ[h] over Sn−1 ×
Sn−1. By using the coarea formula, this norm can be expressed as follows.
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Lemma 3.1. For any compactly supported distribution h, one has

‖Fκ(h)‖2
HS = cn

∫
B2κ

|ĥ(ξ)|2|ξ|−1(4− κ−2|ξ|2)
n−3
2 dξ.

We will prove Lemma 3.1 in the end of this section. We will now use it to establish
smoothing estimates for Fκ. In particular, these estimates imply that Fκ gives rise
to a compact operator H−s

B1
→ HS(L2(Sn−1)) for any s.

Lemma 3.2. There is C = C(n) > 0 such that for any κ ≥ 1 and any integer
m ≥ 1, one has

‖Fκ(h)‖HS ≤ C(Cmκ)2mκα(n)‖h‖H−2m

whenever h ∈ H−2m

B1
. Here α(2) = 1/2 and α(n) = 0 for n ≥ 3.

Proof. In the following, C denotes a positive constant only depending on n that
may change from line to line. We first let n ≥ 3. From Lemma 3.1 we obtain

‖Fκ(h)‖2
HS ≤ C

∫
B2κ

|ĥ(ξ)|2|ξ|−1 dξ = C(I1 + I2)

where

I1 =

∫
B1

|ĥ(ξ)|2|ξ|−1 dξ, I2 =

∫
B2κ\B1

|ĥ(ξ)|2|ξ|−1 dξ.

To estimate I1, we will use the compact support condition for h to bound |ĥ(ξ)|.
As in [Hör83, proof of Proposition 8.4.2], we choose a special cutoff function χ =
χm ∈ C∞c (B2) with χ = 1 near B1 and

(3.2) |∂αχm| ≤ C(Cm)|α|, |α| ≤ 2m.

Since h = χh, we have (up to powers of 2π that will be included in the constant
C(n) later)

ĥ(ξ) =

∫
ĥ(η)χ̂(ξ − η) dη = (〈 · 〉−2mĥ, 〈 · 〉2mχ̂(ξ − · ))L2 .

It follows that

(3.3) |ĥ(ξ)| ≤ ‖h‖H−2m‖〈 · 〉2mχ̂(ξ + · )‖L2 .

Next we note that

‖〈 · 〉2mχ̂(ξ + · )‖L2 = ‖〈D〉2m(e−i〈 · ,ξ〉χ)‖L2

= ‖(1 + (D − ξ)2)mχ‖L2 .

We expand the last expression as

(1 + (D − ξ)2)mχ =
m∑
j=0

(
m

j

)
((D − ξ)2)jχ.
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Now (3.2) gives for 0 ≤ ` ≤ m that

|((D − ξ)2)`χ| = |
n∑

j1,...,j`=1

(Dj1 − ξj1)2 · · · (Dj` − ξj`)2χ|

≤
n∑

j1,...,j`=1

(|D2
j1
· · ·D2

j`
χ|+

(
2`

1

)
|D2

j1
· · ·D2

j`−1
Dj`χ| · |ξ|+ . . .+ |χ| · |ξ|2m)

≤ n`(C(Cm)2` +

(
2`

1

)
C(Cm)2`−1|ξ|+ . . .+ C(Cm)0|ξ|2m)1B2

≤ n`C(Cm+ |ξ|)2` ≤ C(Cm+ C|ξ|)2`1B2

where 1B2 is the indicator function of B2. Combining the last two expressions gives

‖(1 + (D − ξ)2)mχ‖L2 ≤
m∑
j=0

(
m

j

)
C(Cm+ C|ξ|)2j ≤ C(Cm+ C|ξ|)2m.

From (3.3) we see that

(3.4) |ĥ(ξ)| ≤ C(Cm+ C|ξ|)2m‖h‖H−2m .

Then I1 can be estimated for m ≥ 1 by

I1 ≤ C sup
|ξ|≤1

|ĥ(ξ)|2 ≤ C(Cm)4m‖h‖2
H−2m .

We proceed to estimate I2 by

I2 ≤ ( sup
1≤|ξ|≤2κ

〈ξ〉4m|ξ|−1)‖h‖2
H−2m ≤ C(Cκ)4m‖h‖2

H−2m

Combining the estimates for I1 and I2 yields for m,κ ≥ 1 that

‖Fκ(h)‖HS ≤ C(Cmκ)2m‖h‖H−2m .

This is the required estimate for n ≥ 3.
For n = 2 we observe that

‖Fκ(h)‖2
HS ≤ C

(
sup
B2κ

|ĥ(ξ)|2
)∫

B2κ

|ξ|−1(4− κ−2|ξ|2)−
1
2 dξ

≤ C

(
sup
B2κ

|ĥ(ξ)|2
)
κ

upon changing variables ξ = κη in the integral. Then using (3.4) for |ξ| ≤ 2κ gives
that for m,κ ≥ 1

‖Fκ(h)‖HS ≤ C(Cmκ)2mκ1/2‖h‖H−2m .

�

We will now combine Lemmas 3.1 and 3.2 to prove the following refined version
of Theorem 1.3.

Theorem 3.3. Let n ≥ 2, 0 ≤ s ≤ 1/2 and κ ≥ 1. The singular values of
Fκ : H−s

B1
→ HS(L2(Sn−1)) satisfy

σj & j−
2s−1
2n , j . κn,(3.5)

σj . κα(n)j
s
n exp(−cj

1
2n/κ1/2), j & κn,(3.6)
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where the constant c > 0 and the implied constants are independent of κ and j, and
α(n) is as in Lemma 3.2.

For the proof we will need some facts on the singular values of embeddings be-
tween Sobolev spaces.

Lemma 3.4. If s1, s2 ∈ R with s1 > s2, one has

(3.7) σk(i : Hs1
B1
→ Hs2

B1
) ∼ k−

s1−s2
n

with implicit constants depending on n, s1 and s2. Moreover, if s ∈ R and m ≥ 1
is an integer with s < 2m, then

(3.8) σk(i : H−s
B1
→ H−2m

B1
) ≤ Cn,s(Cnm)2mk−

2m−s
n

for some constants Cn, Cn,s > 0.

Proof. By [KRS21, Proposition 3.11] the entropy numbers of i : Hs1
B1
→ Hs2

B1

satisfy ek(i) ∼ k−
s1−s2
n . Then [KRS21, Lemma 3.9] gives (3.7).

Let us next consider i : H−s
B1
→ H−2m

B1
. Let Tn = [−π, π]n be the torus with

opposite sides identified, and let (ψl)
∞
l=1 be an orthonormal basis of L2(Tn) consisting

of eigenfunctions of −∆ with eigenvalues 0 = µ1 < µ2 ≤ . . .. We write

i = T ◦ j ◦ S.
Here S is the periodic extension operator

S : H−s
B1
→ H−s(Tn), (Sf, ψ)Tn = (f, ρψ)Rn , ψ ∈ Hs(Tn)

where ρ ∈ C∞c (B2) satisfies ρ = 1 near B1, j is the inclusion

j : H−s(Tn)→ H−2m(Tn),

and T is given by

T : H−2m(Tn)→ H−2m(Rn), T f = χf

where as in [Hör83, proof of Proposition 8.4.2], χ = χm ∈ C∞c (Rn) is a cutoff
function with χ = 1 near B1, supp(χ) ⊂ B2, and

(3.9) |∂αχm| ≤ C(Cm)|α|, |α| ≤ 2m.

We have
σk(i) ≤ ‖T‖σk(j)‖S‖.

Now as in [KRS21] one has

(j∗j(u), u)H−s(Tn) = ‖u‖2
H−2m(Tn) =

∑
(1 + µl)

−2m|(u, ψl)Tn|2 = (Du, u)H−s(Tn)

where D is the diagonal operator Du =
∑

(1 + µl)
−2m+s(u, ψl)Tnψl. Thus j∗j = D,

and it follows from Weyl asymptotics that

σk(j) = (1 + µk)
−m+ s

2 ≤ C2m−s
n k−

2m−s
n .

We also have

‖Sf‖H−s(Tn) ≤ sup
‖ψ‖Hs(Tn)=1

‖f‖H−s‖ρψ‖Hs ≤ Cn,s‖f‖H−s .

Finally, we may use (3.9) to compute

‖χg‖H2m ≤ C(Cm)2m‖g‖H2m .
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By duality this gives for f ∈ C∞c (B1) that

‖Tf‖H−2m(Rn) = sup
(f, χg)Tn

‖g‖H2m(Rn)

≤ C(Cm)2m‖f‖H−2m(Tn).

Combining these estimates gives (3.8). �

Proof of Theorem 3.3. We begin by proving (3.5). Let first 0 ≤ s < 1/2. By
Lemma 3.1, for any h ∈ H−s

B1
we have

‖Fκ(h)‖2
HS ≥ cn

∫
Bκ

|ĥ(ξ)|2|ξ|−1 dξ

= cn

(∫
Rn
|ĥ(ξ)|2|ξ|−1 dξ −

∫
Rn\Bκ

|ĥ(ξ)|2|ξ|−1 dξ

)
≥ cn‖h‖2

H−1/2 − Cnκ2s−1‖h‖2
H−s .

Then the Courant max-min principle gives

σj(Fκ : H−s
B1
→ HS)2 = max

X
min

h∈X,‖h‖H−s=1
‖Fκ(h)‖2

HS

≥ max
X

min
h∈X,‖h‖H−s=1

(cn‖h‖2
H−1/2 − Cnκ2s−1‖h‖2

H−s),

where the maximum is over all subspaces X of H−s
B1

with dim(X) = j. Let (ψl)
∞
l=1

be an orthonormal basis of H−s
B1

consisting of singular vectors of is : H−s
B1
→ H

−1/2

B1
.

By (3.7), if X = span{ψ1, . . . , ψj}, then any h ∈ X satisfies

‖h‖2
H−1/2 = ‖is(h)‖2

H−1/2 ≥ σj(is)
2‖h‖2

H−s ≥ c̃n,sj
2s−1
n ‖h‖2

H−s .

Thus when cnc̃n,sj
2s−1
n ≥ Cnκ

2s−1/2, i.e. j ≤ cκn with c small enough, we obtain

σj(Fκ : H−s
B1
→ HS)2 & j

2s−1
n .

This proves (3.5) for 0 ≤ s < 1/2.
To prove (3.5) also for s = 1/2, we use the above argument to conclude that

σj(Fκ : H
−1/2

B1
→ HS)2 ≥ max

X
min

h∈X,‖h‖
H−1/2=1

(cn‖h‖2
H−1/2 − Cnκ−1‖h‖2

L2),

where the maximum is over all subspaces X of H
−1/2

B1
with dim(X) = j. We then

choose X = span{ψ1, . . . , ψj} where (ψl) is an orthonormal basis of L2
B1

consisting

of singular vectors of i : L2
B1
→ H

−1/2

B1
. For h ∈ X, (3.7) yields

‖h‖2
L2 =

j∑
l=1

|(h, ψl)L2|2,

‖h‖2
H−1/2 = ‖i(h)‖2

H−1/2 & j−1/n‖h‖2
L2 .

Then for j ≤ cκn with c > 0 sufficiently small we have σj(Fκ : H
−1/2

B1
→ HS) & 1,

which proves (3.5) also for s = 1/2.
We proceed to the proof of (3.6). By Courant’s min-max principle

σj(Fκ) = min
S

max
h⊥S

‖h‖
H−s
B1

=1

‖Fκh‖HS
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where the minimum is over all subspaces S of H−s
B1

with dim(S) = j − 1. We

consider the embedding i : H−s
B1
→ H−2m

B1
and let (ψl) be an orthonormal basis of

H−s
B1

consisting of singular vectors of i. We let X = span{ψ1, . . . , ψj−1}. Then (3.8)

ensures that

‖h‖H−2m

B1

= ‖i(h)‖H−2m

B1

≤ C(Cm)2mj−
2m−s
n ‖h‖H−s

B1

, h ⊥ X.

By Lemma 3.2, we have

‖Fκh‖HS ≤ C(Cmκ)2mκα(n)‖h‖H−2m

B1

≤ C(Cmκ1/2)4mκα(n)j−
2m−s
n ‖h‖H−s

B1

, h ⊥ X.

Thus choosing S = X in the min-max principle yields

σj(Fκ) ≤ C(Cmκ1/2)4mκα(n)(j−
1
2n )4mj

s
n .

Here m ≥ 1 can be chosen freely. The function f(t) = C(Ctκ1/2j−
1
2n )4tκα(n)j

s
n over

t ≥ 0 has a global minimum at t = t0 where Ct0κ
1/2j−

1
2n = 1/e. If j ≥ (2Ceκ1/2)2n,

then t0 ≥ 2, and choosing m = bt0c ≥ t0/2 yields

σj(Fκ) ≤ f(m) ≤ f(t0/2) = C(2e)−2t0κα(n)j
s
n

≤ Cκα(n)j
s
n exp(−cj

1
2n/κ1/2)

where C, c > 0 only depend on n. This proves (3.6). �

We conclude this section with a proof of Lemma 3.1, which follows from the next
result.

Lemma 3.5. Let n ≥ 2 be an integer. If the mapping (ẑ, x̂) ∈ Sn−1×Sn−1 7→ h(ẑ−x̂)
is in L1(Sn−1 × Sn−1), then

(3.10a)

∫
Sn−1

∫
Sn−1

h(ẑ − x̂)
√

1− (ẑ · x̂)2 dS(ẑ) dS(x̂)

=
23−nπ

n−1
2

Γ(n−1
2

)

∫
B2

h(y)(4− |y|2)
n−2
2 dy,

and

(3.10b)

∫
Sn−1

∫
Sn−1

h(ẑ − x̂) dS(ẑ) dS(x̂)

=
24−nπ

n−1
2

Γ(n−1
2

)

∫
B2

h(y)|y|−1(4− |y|2)
n−3
2 dy,

where B2 = {y ∈ Rn : |y| < 2}.

Proof of Lemma 3.1. For any compactly supported distribution h, (3.1) gives

‖Fκ(h)‖2
HS =

∫
Sn−1

∫
Sn−1

|Kκ[h](θ, ω)|2 dθ dω = κn−1

∫
Sn−1

∫
Sn−1

|ĥ(κ(ω− θ))|2 dθ dω.

Applying Lemma 3.5 and changing variables, this is equal to

cnκ
n−1

∫
B2

|ĥ(κy)|2|y|−1(4− |y|2)
n−3
2 dy = cn

∫
B2κ

|ĥ(ξ)|2|ξ|−1(4− κ−2|ξ|2)
n−3
2 dξ.

�
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The key to prove Lemma 3.5 is to interpret ẑ − x̂ as an element of B2 and to
use the coarea formula on Riemannian manifolds, which can be found in [Cha06,
Exercise III.12].

Lemma 3.6. Let M,N be Cr Riemannian manifolds such that m = dim (M) ≥
dim (N ) = n and r > m− n, and let Φ :M→ N be a Cr function. Then for any
measurable function g :M→ R, which is everywhere non-negative or is in L1(M),
one has ∫

M
gJΦ dVm =

∫
N

(∫
Φ−1(y)

g|Φ−1(y) dVm−n

)
dVn(y),

where for any k, dVk denotes the k-dimensional volume form and

(3.11) JΦ(p) =

{|det (dΦ|(ker dΦ|p)⊥)| when rank (dΦ|p) = n,

0 when rank (dΦ|p) < n,

where dΦ|p : TpM→ TΦ(p)N is the tangent map of Φ :M→N at p.

Besides, the following elementary identity is also needed to derive Lemma 3.5:

Lemma 3.7. For any vectors u, v ∈ Rm, we have

det (2Im − u⊗ u− v ⊗ v)

= 2m−1(2− u · u− v · v +
1

2
(u · u)(v · v)− 1

2
(v · u)2),

where Im is the m×m identity matrix, a⊗b = abᵀ is the juxtaposition of the vectors
and a · b = aᵀb is the inner product of the vectors.

Proof. Since both sides are continuous in u, we only need to prove the result when
u · u 6= 2. Using the matrix determinant lemma twice, we have

det (2Im − u⊗ u− v ⊗ v)

= (1− vᵀ(2Im − u⊗ u)−1v) det (2Im − u⊗ u)

= 2m−1(2− uᵀu)(1− vᵀ(2Im − u⊗ u)−1v).

On the other hand, by using the Sherman-Morrison formula, we see that

(2Im − u⊗ u)−1 =
1

2
Im +

u⊗ u
4− 2uᵀu

.

Combining the above two equations we reach

det (2Im − u⊗ u− v ⊗ v)

= 2m−1(2− uᵀu)

(
1− vᵀ

(
1

2
Im +

u⊗ u
4− 2uᵀu

)
v

)
= 2m−1(2− uᵀu)

(
1− 1

2
vᵀv −

1
2
(vᵀu)2

2− uᵀu

)
= 2m−1(2− uᵀu− vᵀv +

1

2
(uᵀu)(vᵀv)− 1

2
(vᵀu)2)

which is our desired lemma. �

Proof of Lemma 3.5. We consider Sn−1 as a submanifold of Rn by writing

Sn−1 = {x̂ ∈ Rn : |x̂| = 1},
Tx̂Sn−1 = {x̂⊥ ∈ Rn : x̂⊥ · x̂ = 0}.
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Let Φ : Sn−1× Sn−1 → Rn be given by Φ(ẑ, x̂) = ẑ− x̂. For each y ∈ B2 \ {0} ⊂ Rn

we first investigate the set Φ−1(y). Write ŷ = y/|y|. If (ẑ, x̂) ∈ Φ−1(y), the relations
|y|2 = |ẑ − x̂|2 = 2− 2ẑ · x̂ and x̂ · y = x̂ · ẑ − 1 give that

(3.12) x̂ · ŷ = −|y|
2
, ẑ = x̂+ y.

The first equation in (3.12) states that the projection of Φ−1(y) in the second

variable x̂ is isometric to an (n− 2)-sphere of radius
√

1− |y|2
4

, given by

S(n, |y|) = {x̂ ∈ Sn−1 : x̂ · ŷ = −|y|
2
}.

Note that when n = 2, S(2, |y|) consists of two points at distance
√

4− |y|2. And
once x̂ satisfying the first equation in (3.12) is fixed, ẑ is uniquely determined
through the second equation in (3.12).

The above discussion shows that Φ−1(y) = F (S(n, |y|)) where F is the diffeomor-
phism

F : S(n, |y|)→ Φ−1(y), F (x̂) = (x̂, x̂+ y).

If x̂ ∈ S(n, |y|) and {e1, . . . , en−2} is an orthonormal basis of Tx̂S(n, |y|), we have
dF (ej) = (ej, ej) where the vectors (ej, ej) are orthogonal with length

√
2. Therefore

JF (x̂) = | det(dF |x̂)| = 2
n−2
2 .

We can compute the volume of Φ−1(y) by changing variables [PSU23, Lemma 8.1.8]
as ∫

Φ−1(y)

dVn−2 =

∫
F (S(n,|y|))

dVn−2 =

∫
S(n,|y|)

JF dVn−2 = 2
n−2
2 Vn−2(S(n, |y|))(3.13)

= 2
n−2
2

(
1− |y|

2

4

)n−2
2

Vn−2(Sn−2) =
22−n

2 π
n−1
2

Γ(n−1
2

)
(4− |y|2)

n−2
2

where Vn−2 denotes the volume induced by the Euclidean metric.
We now compute JΦ. One can verify that

dΦ(ẑ,x̂)(ẑ
⊥, x̂⊥) = ẑ⊥ − x̂⊥

for all (ẑ⊥, x̂⊥) ∈ TẑSn−1 × Tx̂Sn−1 ∼= T(ẑ,x̂)(Sn−1 × Sn−1). Note that

(3.14) rank (dΦ|(ẑ,x̂)) = n, if and only if ẑ 6= ±x̂.

Now we let ẑ 6= ±x̂. If {e1, . . . , en−2} is an orthonormal basis of {x̂}⊥ ∩{ẑ}⊥ ⊂ Rn,
we see that there are unit vectors α, β ∈ Rn such that one has orthonormal bases

TẑSn−1 = span {e1, · · · , en−2, α},
Tx̂Sn−1 = span {e1, · · · , en−2, β}.

With these orthonormal bases at hand, one sees that

(3.15)
In = e1 ⊗ e1 + · · ·+ en−2 ⊗ en−2 + α⊗ α + ẑ ⊗ ẑ,
In = e1 ⊗ e1 + · · ·+ en−2 ⊗ en−2 + β ⊗ β + x̂⊗ x̂.
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Moreover, by a dimension count we have

ker (dΦ|(ẑ,x̂)) = span {(e1, e1)/
√

2, · · · , (en−2, en−2)/
√

2},

ker (dΦ|(ẑ,x̂))
⊥ = span

{
(e1,−e1)/

√
2, · · · , (en−2,−en−2)/

√
2,

(α, 0), (0,−β)

}
.

In the last two formulas, the bases on the right hand side are orthonormal. Conse-
quently, we can compute dΦ|ker (dΦ|(ẑ,x̂))⊥ as follows:

dΦ|(ẑ,x̂)((ej,−ej)/
√

2) =
√

2ej, for j = 1, · · · , n− 2,

dΦ|(ẑ,x̂)(α, 0) = α,

dΦ|(ẑ,x̂)(0,−β) = β.

By using (3.11), the fact |det (A)|2 = det (AAᵀ), (3.15) and Lemma 3.7, one has

JΦ(ẑ, x̂)2 = |det (
√

2e1, . . . ,
√

2en−2, α, β)|2

= det (2(e1 ⊗ e1) + . . .+ 2(en−2 ⊗ en−2) + α⊗ α + β ⊗ β)

= det (2In − ẑ ⊗ ẑ − x̂⊗ x̂)

= 2n−2(1− (ẑ · x̂)2).

By continuity, we obtain that

(3.16) JΦ(ẑ, x̂) = 2
n
2
−1
√

1− (ẑ · x̂)2 for all (ẑ, x̂) ∈ Sn−1 × Sn−1.

Plugging (3.13) and (3.16) into Lemma 3.6, we reach∫
Sn−1

∫
Sn−1

h(ẑ − x̂)
√

1− (ẑ · x̂)2 dS(ẑ) dS(x̂)

= 21−n
2

∫
Sn−1

∫
Sn−1

h(ẑ − x̂)JΦ(ẑ, x̂) dS(ẑ) dS(x̂)

= 21−n
2

∫
B2

h(y)

(∫
Φ−1(y)

dVn−2

)
dy

=
23−nπ

n−1
2

Γ(n−1
2

)

∫
B2

h(y)(4− |y|2)
n−2
2 dy,

which concludes the proof of (3.10a).
Finally, we note that |Φ(ẑ, x̂)|2 = 2− 2ẑ · x̂ and therefore

|Φ(ẑ, x̂)|2(4− |Φ(ẑ, x̂)|2) = (2− 2ẑ · x̂)(2 + 2ẑ · x̂) = 4(1− (ẑ · x̂)2).

Based on this observation, by substituting h(y) = 2h̃(y)|y|−1(4− |y|2)−
1
2 in (3.10a),

we conclude (3.10b). �

4. From singular values to instability estimates

The relation of singular values and the stability issue for the abstract linear
inverse problems has been widely discussed. See for example [EKN89], [KRS21,
Appendix A] and references therein. In short, the decay rate of the singular values
for the direct operators is related to the stability or instability for the corresponding
inverse problem. As we have seen in our results for the specific problems, although
the singular values tend to zero exponentially, the singular values in the stable region
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remain uniformly bounded from below, indicating stable recovery in some subspaces.
In this section, we will refine the instability estimates in [KRS21, Appendix A] to
take into account the increasing resolution phenomenon for some inverse problems.

Let X, Y be two separable Hilbert spaces and let T : X → Y be a bounded
compact injective linear operator. In this case, there exists a sequence of singular
values (σj) with σ1 ≥ σ2 ≥ · · · → 0. If we interpret T as the forward operator, then
the corresponding inverse problem for T is given by the following:

(4.1) Given g ∈ Y , determine f ∈ X with Tf = g.

As T is a compact operator, the stability for the inverse problem (4.1) can be
very poor. To study the ill-posedness of (4.1) we will consider the case where the
unknown f belongs to a compact set that represents the additional a priori bounds
available in the problem. Given any parameter γ0 > 0 and any orthonormal basis
(φk) ⊂ X (not necessarily related to a singular value basis), we define the set

(4.2) Kγ0,(φk) =

f ∈ X : ‖f‖γ0,(φk) :=

(
∞∑
j=1

j2γ0|(f, φj)X |2
)1/2

≤ 1

 ,

which is compact in X, see e.g. [KRS21, Lemma A.1]. We now refine the abstract
instability result in [KRS21, Lemma A.7] in the following lemma.

Lemma 4.1. Let X, Y be two separable Hilbert spaces and let T : X → Y be a
compact injective linear operator. Given any orthonormal basis (φj) ⊂ X and any
γ0 ≥ 1, we consider the set Kγ0,(φj) defined in (4.2). Suppose that the singular
values of T : X → Y satisfy

(4.3) σj(T ) ≤ min{h1, h2 exp(−µjβ)}
for some parameters β > 0 and µ > 0. If there exists a non-decreasing function
t ∈ R+ 7→ ω(t) ∈ R+ such that T |Kγ0,(φj) is ω-stable in the sense of

‖f‖X ≤ ω(‖Tf‖Y ) for all f ∈ Kγ0,(φj),

then

ω(t) ≥ max
{
h−1

1 t, 2−γ0µγ0/β(log h2 + log(1/t))−γ0/β
}

for all 0 < t < min{h12−γ0 , h2e
−µ}.

Proof. We define Nγ0(ε) := bε−1/γ0c and observe that

Nγ0(ε) ≥
1

2
ε−1/γ0 for all 0 < ε < 2−γ0 .

By choosing j = Nγ0(ε) in (4.3), we see that

εσNγ0 (ε) ≤ εmin{h1, h2 exp(−µNγ0(ε)
β)}

≤ min{h1ε, h2 exp(−µ2−βε−β/γ0)}

for all 0 < ε < 2−γ0 ≤ 1. By using [KRS21, (A.5)], there exists fε ∈ span {φj}
Nγ0 (ε)

j=1

with ‖fε‖X = ε such that

‖Tfε‖Y ≤ σNγ0 (ε)‖fε‖X = εσNγ0 (ε)

≤ min{h1ε, h2 exp(−µ2−βε−β/γ0).}
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We also have ‖fε‖γ0,(φk) ≤ Nγ0(ε)
γ0‖fε‖X ≤ 1. Since T |Kγ0 ,(φj) is ω-stable, we see

that

(4.4) ε = ‖fε‖X ≤ ω(‖Tfε‖Y ) ≤ ω
(
min{h1ε, h2 exp(−µ2−βε−β/γ0)}

)
.

Assuming that 0 < t < min{h12−γ0 , h2e
−µ}, we can choose

ε = max
{
h−1

1 t, 2−γ0µγ0/β(log h2 + log(1/t))−γ0/β
}
∈ (0, 2−γ0).

Case 1. If ε = h−1
1 t, then (4.4) implies that

h−1
1 t ≤ ω(h1ε) = ω(t).

Case 2. If ε = 2−γ0µγ0/β(log h2 + log(1/t))−γ0/β, then (4.4) implies that

2−γ0µγ0/β(log h2 + log(1/t))−γ0/β ≤ ω(h2 exp(−µ2−βε−β/γ0)) = ω(t).

Combining the above two cases, we conclude our lemma. �

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. We choose X = L2(Sn−1), Y = L2(B1), T = Aκ and
(φj) as the eigenfunctions corresponding to −∆Sn−1 . These choices lead us to

‖f‖γ0,(φj) = ‖f‖H1(Sn−1) with γ0 =
1

n− 1
.

From Theorem 1.1, we have

σj(Aκ) . min
{

1, exp
(
−cκ−1j

1
n−1

)}
,

which verifies (4.3) with

h1 ∼ 1, h2 ∼ 1, µ = cκ−1, β =
1

n− 1
.

By using Lemma 4.1, we then see that

ω(t) & max
{
t, cκ−1(C + log(1/t))−1

}
for all 0 < t . 1, since e−cκ

−1 ≥ e−c & 1, which concludes our theorem. �

We are now ready to prove Theorem 1.5 as well.

Proof of Theorem 1.5. We choose X = L2
B1

, Y = HS(Sn−1), T = Fκ and (φj)

as the Dirichlet eigenfunctions of −∆ in B1. For each f ∈ H1
B1

, we have

‖f‖γ0,(φj) ∼ ‖f‖H1
B1

with γ0 =
1

n
.

From Remark 1.4, we have

σj(Fκ : L2
B1
→ HS) . min

{
1, κα(n) exp

(
−cκ−1/2j1/(2n)

)}
which verifies (4.3) with

h1 ∼ 1, h2 ∼ κα(n), µ = cκ−1/2, β =
1

2n
.

By using Lemma 4.1, we then see that

ω(t) & max
{
t, cκ−1(1 + α(n) log κ+ log(1/t))−2

}
for all 0 < t . 1, since e−cκ

−1/2 ≥ e−c & 1. This concludes our theorem. �
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Appendix A. Numerical simulations for singular values

In the section we give some numerical evidence for the singular value estimates in
Theorem 1.1 and Theorem 1.3. We note that singular value computations related
to Theorem 1.1 are already given in [GS17a, GS17b] for n = 2, 3.

A.1. Unique continuation for Herglotz waves. In Remark 1.6 we see that the
singular values σj for the Herglotz operator Aκ are given by(

(2π)n

κ

∫ κ

0

rJ`+n−2
2

(r)2 dr

)1/2

,

with correct multiplicity and arranged in nonincreasing order. We now restrict to
the case n = 3. Using the spherical Bessel function j`(r) =

√
π
2r
J`+ 1

2
(r), we obtain

the following formula for the singular values (when arranged in nonincreasing order):

(A.1) σm` (Aκ) = 4πκ

(∫ 1

0

r2j`(κr)
2 dr

)1/2

with multiplicity 2`+ 1

for ` = 0, 1, 2, · · · and |m| ≤ `. To illustrate the properties of the stable region, we
also write Qκ : L2(Sn−1)→ L2(B1), Qκf = Pκf |B1 = κ−1Aκf and observe that

σm` (Qκ) = κ−1σm` (Aκ)

when n = 3. By the definition of Aκ, Theorem 1.1 indicates that

σj(Qκ) ∼ κ−1, for all j . κ2,(A.2a)

σj(Qκ) . κ−1 exp
(
−cκ−1j1/2

)
, for all j & κ2,(A.2b)

We plot the singular values of Aκ and Qκ in Figure A.1.
In Figure A.1 one can distinguish the two different regions, i.e. stable and un-

stable regions of singular values. Furthermore the above numerical example verifies
Theorem 1.1 quantitatively with the following perspectives:

• Theorem 1.1 suggests that the singular values for Aκ in the stable region are
roughly constant (independent of κ), which is shown in the (1, 2) subfigure.
• Equations (A.2a) and (A.2b) suggest that the ‘shift points’ of stable and

unstable regions of the singular values for Qκ are roughly (κ2, κ−1), which
means the shift points lie approximately in between the lines of slope −1/2
for large κ. This is shown in the (2, 2) subfigure.

A.2. Linearized inverse scattering problem. In this subsection we give numer-
ical evidence for Theorem 1.3. For the sake of computability we work in the setting
of Remark 1.4 and replace the domain B1 by Ω = [0, 1]n when n = 2, 3, with L2(Ω)
identified with L2

Ω
. Recall that Jν(x) is the Bessel function of the first kind of order

ν. Let F ∗κ : HS → L2(Ω) be the adjoint operator of Fκ : L2(Ω) → HS. By using
the Schwartz kernel (3.1), properties of the Hilbert-Schmidt norm and the Fourier
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Figure A.1. The singular values of Aκ (first row) and Qκ (second
row) in descending order (counting multiplicity). In the first column,
the y-axis is of log-scale, while in the second column, both x and
y-axis are of log-scale.

transform of the spherical surface measure, one sees that

(F ∗κFκ(h1), h2)L2(Ω) = (Fκ(h1), Fκ(h2))HS (L2(Sn−1))

= κn−1

∫
Sn−1

∫
Sn−1

ĥ1(κ(x̂− ẑ))ĥ2(κ(x̂− ẑ)) dS(ẑ) dS(x̂)

= κn−1

∫
Ω

(∫
Ω

(∫
Sn−1

∫
Sn−1

eiκ(ẑ−x̂)·(y−x) dS(ẑ) dS(x̂)

)
h1(y) dy

)
h2(x) dx

= (2π)nκn−1

∫
Ω

(∫
Ω

|κ(x− y)|2−n Jn
2
−1(κ|x− y|)2h1(y) dy

)
h2(x) dx,

for all h1, h2 ∈ L2(Ω). This means that F ∗κFκ : L2(Ω)→ L2(Ω) is an convolution op-
erator, and each singular value of Fκ is equal to the square root of the corresponding
eigenvalue of F ∗κFκ.

When n = 2, we divide the domain Ω = [0, 1]2 into 100×100 identical subdomains
{Ωi1i2}, and in the spirit of Riemann integral, F ∗κFκ is approximated by the equation

(A.3) ((F ∗κFκ)
approx) (h) = (2π)2κ

100∑
i1,i2=1

J0(κ|x− yi1i2 |)2h(yi1i2)|Ωi1i2|,



INCREASING RESOLUTION/INSTABILITY FOR LINEAR INVERSE PROBLEMS 26

where yi1i2 ∈ Ωi1i2 . Therefore the singular values of Fκ : L2(Ω) → HS are approxi-

mated by σ̂j =
√
|λ̂j|, where λ̂j are the eigenvalues of the matrix

(((F ∗κFκ)
approx) (xi1i2))

100
i1,i2=1 .

When n = 3 we approximate the singular values in a similar way by taking λ̂j to
be the eigenvalues of the matrix

(((F ∗κFκ)
approx) (xi1i2i3))

40
i1,i2,i3=1 .

Note that for the sake of computability we take the number of subdomains to be 40×
40. Furthermore, to illustrate the properties of the stable region, we also calculate
the singular values of the far-field operator F̃κ ≡ κ−

n−1
2 Fκ. From Remark 1.4 we

can derive that

κ−
n−1
2 j−

1
2n . σj(F̃κ : L2

B1
→ HS) . κ−

n−1
2 , for all j . κn,(A.4a)

σj(F̃κ : L2
B1
→ HS) . κα(n)−n−1

2 exp
(
−cκ−

1
2 j

1
2n

)
, for all j & κn.(A.4b)

The approximated singular values under different wave numbers κ are exhibited in
Figure A.2.
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Figure A.2. Plot of singular values σ̂j when n = 2 (first row) and
n = 3 (second row). The singular values for normalized far-field
operator Fκ are given in the first column while operators F̃κ are given
in the second column. In each figure, both x and y-axis are of log-
scale.
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Figure A.3. Plot of σ̂1 versus wave number κ

The numerical results verify Remark 1.4 quantitatively with the following per-
spectives:

• The dotted reference lines in the first column of Figure A.2 have slope − 1
2n

,
which agree with the asymptotic behavior of the singular values in stable
region (corresponding to the term j−

1
2n in the lower bound of (1.10a), inde-

pendent of wavenumber κ).
• One also sees that the the singular values start to behave differently

near j = κn, which corresponds to the point
(

log j, log(κ
1−n
2 j−

1
2n )
)

=(
n log κ,−n

2
log κ

)
on the log-log plot. We marked them using dotted refer-

ence lines with slope −1
2

in the second column of Figure A.2.

• When j = 1, we have the bound σ1 & κ
1−n
2 for the operator F̃κ. There-

fore, in the log-log plot, we should have the straight line parametrized by
(log κ, log(σ1)) =

(
log κ, 1−n

2
log κ

)
. The slope of such line (in the log-log

plot) is log(σ1)
log κ

= 1−n
2

. By using least squares fitting, we obtain a line with

slope −0.50178 for n = 2, and with slope −0.99701 for n = 3, see Figure A.3,
which meet our expectation quite well.
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