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CHAPTER 1

Introduction

In mathematical analysis one deals with functions which are dif-
ferentiable (such as continuously differentiable) or integrable (such as
square integrable or LP). It is often natural to combine the smoothness
and integrability requirements, which leads one to introduce various
spaces of functions.

This course will give a brief introduction to certain function spaces
which are commonly encountered in analysis. This will include Hélder,
Lipschitz, Zygmund, Sobolev, Besov, and Triebel-Lizorkin type spaces.
We will try to highlight typical uses of these spaces, and will also give
an account of interpolation theory which is an important tool in their
study.

The first part of the course covered integer order Sobolev spaces in
domains in R", following Evans [4, Chapter 5]. These lecture notes
contain the second part of the course. Here the emphasis is on Sobolev
type spaces where the smoothness index may be any real number. This
second part of the course is more or less self-contained, in that we will
use the first part mainly as motivation. Also, we will give new proofs
in more general settings of certain results in the first part.

Let us describe the structure of these notes. Interpolation theory
is covered in Chapter 2. We begin by proving two classical interpola-
tion results for L? spaces, namely the Riesz-Thorin and Marcinkiewicz
theorems. Next the basic setup of abstract interpolation is discussed.
The main part of the chapter includes a development of the real in-
terpolation method in the setting of quasinormed Abelian groups, and
interpolation results for Banach-valued LP spaces. The interpolation
results proved here or in Chapter 3 are not the most general available
(stronger results are found in Bergh-Lofstrom [1] and Triebel [13]).
Rather, the point is to give an idea of what interpolation theory is
about, without spending too much time on technicalities.
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Chapter 3 is an introduction to Sobolev, Besov, Triebel-Lizorkin,
and Zygmund spaces in R™. These spaces are most conveniently defined
via the Fourier transform, and the first matter is to review (without
proofs) some basic facts about Fourier analysis on tempered distribu-
tions. It is then not difficult to define fractional Sobolev spaces using
the Bessel potentials. We discuss Littlewood-Paley theory to motivate
the definition of Besov and Triebel-Lizorkin spaces, which are then
defined in terms of suitable Littlewood-Paley partitions of unity.

Zygmund spaces are defined in terms of finite differences and it is
shown that these spaces coincide with the L*>-based Besov spaces, thus
giving a Fourier transform characterization of Holder and Zygmund
spaces. In the course of Chapter 3, we establish the following basic
relations between the various spaces:

HEP = TWhe,
B3, = F5, = H>?,
Fjy = H*P,
B: . =C:.

Finally, we discuss embedding theorems for these spaces.

There are several notable omissions in these notes. To retain the
real analytic flavor of the course, we do not discuss the complex in-
terpolation method. Also, in the discussion of the real interpolation
method, we restrict ourselves to the K-functional and do not consider
other related concepts such as the J-functional. In the chapter on
Sobolev and related spaces, one of the most basic results is the Mihlin
multiplier theorem stating the LP boundedness of certain multipliers on
the Fourier side. We use this result extensively, but do not give a proof
of it (or of the related Littlewood-Paley theorem). All the results that
we need in this context follow from the vector-valued Mihlin theorem
(Theorem 3.4.5), which is a standard consequence of the theory of sin-
gular integrals (see for instance [2]). Also, we mostly restrict ourselves
to LP based spaces with 1 < p < oo or 1 < p < oo, and do not discuss
Hardy or BMO type spaces.

These notes are intended to be accessible to graduate or advanced
undergraduate students having some background in real and functional
analysis and multivariable calculus (the real analysis part of Rudin [8]
should be more than sufficient).



1. INTRODUCTION 3

References. We will not follow any particular reference in this
course, the main reference will be these lecture notes. Useful books on
interpolation theory and function spaces are Bergh-Lofstrom [1] and
Triebel [13]. Function spaces from a harmonic analysis point of view
are discussed in Grafakos [6] and Stein [11].

Notation. We will use multi-index notation: if o = (au,..., )
is in N” and z = (z1,...,2,) € R", we write

a . .01 [e” o, (e%1 o
=ty D® :=D{"--- Dy,

n

1
i

where D; 1= %. We will also use the Japanese bracket
J

(&) = (1 +[af*)2.

The equivalence of two (quasi)norms is written as |ul; ~ ||u2.
This means that there exists a constant C' > 0 such that

1
clull < llullz < Cllulls

for all relevant functions u. If A and B are two (quasi)normed spaces
or groups, we write A C B to denote that A is contained in B in the
set-theoretic sense, and the inclusion map i : A — B is continuous. We
also write A = B to denote that A and B are equal as sets, and they
have equivalent (quasi)norms.






CHAPTER 2

Interpolation theory

2.1. Classical results

We will begin by proving two classical interpolation theorems. The
first was proved by Riesz (1926) and Thorin (1938), and it forms the
basis for the complex interpolation method. The second is due to
Marcinkiewicz (1939) and Zygmund (1956), and it is a precursor of the
real interpolation method.

Both these results concern interpolation of LP spaces. Their nature
is illustrated by the following special case: if T" is a bounded linear
operator LP° — [P0 and LP* — LP', where pg < pi, then T is also
bounded LP — LP for pg < p < p;. Thus, it is enough to establish
estimates for two end point values of p, and interpolation will then
give estimates for all the intermediate values of p for free.

2.1.1. Riesz-Thorin theorem. We will prove the theorem for
the spaces LP(R™), although the same proof applies to LP(X, u) and
L9(Y,v) where X,Y are measure spaces and p,v are o-finite positive
measures.

THEOREM 1. (Riesz-Thorin interpolation theorem) Suppose T is a
complez-linear map from LPO 4 LP' to LY + L9 1 < po,p1, o, 1 < 00,
such that

|TfllLo < Mol fllwo, f € LP,
ITfllpn < My||f|lem, f € LP.

For 0 <6 <1, define p and q by
11— 0 1 1-6 4
= +

P P P 4 Q@ @
If1 < q < oo thenT maps LP to LY, and

(1) ITflle < My™" MY fllze, € L.

5
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PROOF. 1. If py = p; = p, then (1) follows from the interpolation
inequality for L? norms (that is, the Holder inequality):

T fllee < NTFllzao 1T FN 7o < Mo~ M| f]| -

Thus we may assume py # p1, and so 1 < p < 0o. Also, we may assume
that My, M; > 0 since otherwise one would have T' = 0.

2. Write (f,g) = [g. fgdz. We claim that it is enough to prove
(2) (T (foF"P), goGY)| < My~ MY

for any measurable fy, go with |fol,|g0] < 1, and for any simple func-
tions F, G > 0 satisfying ||F||z: = |G|z = 1.
In fact, since 1 < ¢ < oo, (1) is equivalent with
(T f, )| < Moy~ MY||fllzellgll -
Fix f € L?,g € LY with f,g # 0, and let

fo(:L‘) - { f(il?)/|f(:v)| if f(x) 7& 0,

0 otherwise.

Define go in a similar way. If F' := |f|?/]|f||}, and G := |g|ql/||g||7;q,,

then the last estimate may be written as
(T(foF/7), goGY)| < My~" M.

Now, there exist nonnegative simple functions F ; with ||Fj|| » = 1 such
that Fj — FY? in LP. Then F; = Ff > 0 are simple functions with
| Fjllz = 1 and Fjl/p — FY?in L', Using a similar approximation for
G, we see that the theorem will follow from the claim (2).

3. To prove (2), let | fol, |go] < 1 and let F, G be simple functions

M N
F:=> axa, G=> bxs
k=1 =1

where ag, b > 0 and ||F||z: = ||G||z: = 1. Define

1—2 Z

D(2) = (T(foF ™ *70),g0G % ),

for z in the strip {z € C; 0 < Rez < 1}. Here we define a* = ¢*1°8¢
for a > 0, so that |a*| = a®°* and |a’| =1 for t € R.
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We have

1—=2 2 1=z z

P F q, +<17l
P(2) = Zak O b (T (foxa)s GoxB,)-
k,l

Thus, ® is analytic for 0 < Rez < 1 and bounded and continuous for
0 < Rez < 1. By Holder’s inequality and using the assumptions on 7,

. 1-it it 1ot it
|@@it)| < (| T(foF # Jrpl)HLqO”gOG o 0 ||Lq6 < My
and similarly

—it | 14t —it | 1tat

[@(L+it)| < T(foF 70" 70 )l|zallgeG %™ ||y < M.

The claim (2) follows from the three lines theorem below. O

THEOREM 2. (Three lines theorem) Assume that ® is analytic in
0 < Rez < 1 and bounded and continuous in 0 < Rez < 1. Suppose
that fort € R,

|P(it)] < My, |P(1 +it)] < M.
Then |®(0 +it)] < My ~M? for 0 <0 <1 andt € R.
PROOF. We only consider the case where My, M; > 0. The function
U(z) = My "M (2)

is analytic in 0 < Rez < 1, bounded and continuous in 0 < Rez < 1,
and satisfies |W(it)| < 1 and |W(1+4t)| < 1. It is enough to prove that

(3) |W(0+it)] < 1

for 0 < 6 < 1.

Now, if supycg<;|W(0 + it)| — 0 as t — Foo, one obtains (3) by
noting that |¥| < 1 on all four sides of the rectangle [0, 1] x [~ R, R] for
R large, thus |¥| < 1 inside the rectangle by the maximum principle.

If ¥ does not decay as Im z — +o00, we consider the functions

U, (2) :=exp(e(z® — 1))¥(z), &>0.

Since (s+it)* = s> —t? 4 2ist, we have |U (it)| < 1 and |V (1+it)| < 1
and also |U.(z)| — 0 as Imz — £oo. Thus (3) holds for .. Since

W0+ it)| = @ D|W(9 + it)|

where € > 0 is arbitrary, we obtain the result by letting ¢ — 0. U
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A standard application of the Riesz-Thorin interpolation theorem is
the Hausdorff-Young inequality for Fourier transforms. If f € L'(R"),
the Fourier transform of f is the function .# f = f € L>*(R") given by

for = [ et ger
It immediately follows that

(4) 1Fllzee < N fles

Now, if f € L' N L?, the Plancherel (or Parseval) identity states that
f € L?and

(5) 1z = @)™ 2] fll e

This can be used to extend the Fourier transform to any L? function,
and the Plancherel identity remains valid.

THEOREM 3. (Hausdor(f-Young inequality) If 1 < p < 2 then the
Fourier transform maps LP(R™) into L” (R™), and

1l < )" 21 f | 2o

Proor. We saw above that the Fourier transform is a well defined
map L' — L*® and L? — L?, thus it maps L' + L? into L? + L>*. We
have the norm bounds (4) and (5). Let 0 < # < 1, and define p by

I 1-40 N 0
p 1 2’
Then § = 2/p’ and conseqently 1/p' =6/2 = (1 —60)/oo + 6/2.
Now, the Riesz-Thorin theorem implies that the Fourier transform
maps L? to L”" with the right norm bound. Since any p with 1 < p < 2

can be obtained in this way, the result follows. U
REMARK. (Hausdorff-Young for Fourier series) The Fourier coeffi-
cients are given by the map L?((0,27)) — (2, f — f, where
R 1 [ ,
f(k)=— flx)e ™ dx, ke Z
2m J,

One has the norm bounds

£l < 2m) 7Nl o2mps
1l = @m) 721 fllz2(02m-
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the second bound coming from Parseval’s theorem. The Riesz-Thorin
theorem applied to LP and [? spaces gives that

11l < @m) 720 f [l o 0,200
for1 <p<2.

2.1.2. Marcinkiewicz theorem. The Riesz-Thorin theorem im-
plies that if a linear operator is known to be bounded on L and
LPr then it is bounded on LP for any p between py and p;. The
Marcinkiewicz theorem gives a similar conclusion, but here it is enough
to have weak type bounds at the endpoints py and p; to obtain strong
bounds for intermediate p. The weak type bounds are given in terms
of the distribution function

m(|f| > A) :==m({x e R"; [f(z)| > A})
where m is the Lebesgue measure on R".

MoTivAaTION. Let f € LP(R™). The elementary identity
ab = /ap)\pl d\, a>0,
implies : o
F@P = [V o @)

Integrating over x, we obtain

(6) vwmz/wmpwwﬂ>Mﬁ.
R" 0

This indicates why distribution functions might be useful in studying
LP norms. Also, if T': LP(R™) — L%(R") is a bounded linear operator,
then

m(|7T f| >)\):/ dx < 1 T f|9dx < C”quLp

arisyy AT Jgresa A

In particular, if T' is the identity operator, then
am(|f| >N <\ fllee,  f € LP,

DEFINITION. The weak LP space, written LP*°(R") (0 < p < 00),
consists of those measurable functions on R™ for which the expression

1l zoee = sup Am(|f] > X)'/7
A>0

is finite. We define L = [*°.



10 2. INTERPOLATION THEORY

We have LP C P> C LI ©if p— e > 0 (exercise). The function
f(z) = |z|~* a >0, is in weak L? iff p = n/a, since

m(|f] > X) = m(ja| <A™V = Ca7e

and Am(|f| > A\)V/? = C,, ,A' " @ is uniformly bounded iff ap = n. Note
that || - || zre is not a norm if 1 < p < oc.

DEFINITION. Let T be an operator (not necessarily linear) from
LP(R™) to the space of measurable functions on R™. We say that

(a) T is subadditive if for almost every x € R,
T(f + 9)(@)| < |Tf(@)] + [Tg(x)],

(b) T is strong type (p,q) if it maps LP(R") into L9(R") and
ITfllee <Cllifllee,  feLP, and

(¢c) T is weak type (p,q), ¢ < oo, if
q
m(|Tf] > \) < (%) . fel’, A>0.

Further, T is weak type (p, 00) if it is strong type (p, 00).

From the remarks above it follows that any operator of strong type
(p,q) is also of weak type (p,q), and that a weak type (p,q) operator
maps LP into weak L9. The interpolation result is as follows. Note that
as in the Riesz-Thorin theorem, we could easily replace R" by more
general measure spaces on the right and on the left.

THEOREM 4. (Marcinkiewicz interpolation theorem) Suppose that
1 <py<pr < o0, and let T be a subadditive operator from LP° + LP' to
the space of measurable functions on R™. Assume that T is weak type

(Po.po) and (p1,p1). Then T is strong type (p,p) for po < p < p1.

ProoOF. 1. First assume p; < oco. The proof is based on the idea
that any f € LP, pp < p < p1, may be decomposed as f = fo + f1
where fy € L and f; € LP', by taking

Jo(z) := { f@) i [f(x)] >,

0 otherwise.
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Here v > 0 is a fixed height. We have

/|fo|p0dx= / ] de < / P de,
{If1>~} {1f1>v}

Jipde= [ ypae<onr [ .
{If1=~} {If1<~}

2. Fix A > 0. If f € L?, we make the decomposition f = fy+ f; where
v = A. By subadditivity we have

{Tf1> Ay SAITfol > A2} ULIT /] > A/2}.
Using the assumptions on 7, the distribution function satisfies

m(|Tf] > X) <m(|T fo] > A/2) + m(|T f1| > A/2)
< (20", (205l )”
- A A

Po 2
< (%) / P dm+< Cl) / P de.
A (17157} A e

Note that the result in Step 1 would immediately imply that 7" is weak
type (p,p).

3. To obtain strong type bounds, we express the LP norm in terms of
the distribution function as in (6):

ITFI, = / oA Im(IT ] > A) dA

< p(2Cy) / / NP=1RO £ iy A
0 {IfI>A}

p(2Cy)P! / / APTLPL £1PY da dA
o Jysen

We estimate the first integral by using Fubini’s theorem:

| f ()]
/ / AP~ PO f|Po dx dX = / / \P1 PO fIPo da dX
{IF1>A} "

B |P Po oo
= [ MO g e = i

P—DPo
Similarly, the second integral is equal to

o 1
/ / NP FP1 dp dh = ——||fI[7,
n Ji5@) pr=p
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Both these computations used the assumption pg < p < p;. The
theorem is proved in the case p; < oo, and the case p; = oo is left as
an exercise. U

The Marcinkiewicz theorem is a basic result in real analysis with
many applications, such as establishing the LP mapping properties of
the Hilbert transform or the Hardy-Littlewood maximal function. We
will instead give a simple result concerning the Hardy operator, defined

for f € L. (Ry) by

loc
Tf(z) = i/oxf(t)dt, v > 0.

Note that the proof of the Marcinkiewicz theorem works equally well
with R" replaced by R, , which is the setting in the next result. The
Hardy operator is not strong type (1,1), so here it is essential that
weak type bounds at the end points are sufficient.

THEOREM 5. (Mapping properties for T') The Hardy operator maps
LY (Ry) to weak L'(R.), and is a bounded operator LP(R.y) — LP(R)
for1l<p<oo.

ProOF. Since |Tf(z)| < 2||f|l 12 w,), we have

1 1Sl
m(Tf] >N < m({e € Re: —[flime) > A = =55
Thus 7' is weak type (1,1), and clearly T is strong type (oo, 00). The
result follows from Marcinkiewicz interpolation. 0

REMARK. The Marcinkiewicz theorem is true also when T is a
subadditive operator of weak type (po, o) and (p1,q1), where pg # py
and qo # ¢q1. Then the conclusion is that 7" is strong type (p,q) if p
and q are as in the Riesz-Thorin theorem, and if one has the additional
restrictions

(7) po<qo, p1<q.

Although the Riesz-Thorin and Marcinkiewicz theorems look similar,
there are notable differences. In Marcinkiewicz, it is enough to have
weak type bounds at the endpoints, and the result applies to certain
nonlinear operators. In Riesz-Thorin, the restrictions (7) do not ap-
pear, and one can prove L” bounds in the more general case where T'
depends analytically on 6.
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2.2. Abstract interpolation

We will mostly interpolate Banach spaces. However, for technical
reasons it will be convenient to forget a great part of the structure in
Banach spaces, and to work with quasinormed Abelian groups.

DEFINITION. Let A be an Abelian group that is written additively.
If ¢ > 11is a constant, a c-quasinorm || -|| is a real valued function on
A satisfying
(1) ||lal]] > 0 for all @ € A, and ||a|| = 0 iff a = 0,
(2) ||—al| = ||a|| for a € A, and
(3) [la+ bl < c(llall + |[bll) for a,b € A.

We call (A, ||-]]) a quasinormed group.

DEFINITION. A quasinormed vector space is a vector space which is
a quasinormed group and where the quasinorm satisfies || Aa|| = |A|||al|
for all scalars .

EXAMPLE. If 0 < p < o0, let LP(R™) be the set of all measurable
functions on R" for which the expression

1/p
e = ( [ 167 a0)

1-p
1+ gllr < max(1, 277 )([| fllze + llgllze)-

is finite. We have

Thus, if we identify functions which agree outside a set of measure zero,
LP(R™) will be a quasinormed vector space if 0 < p < oc.

The topology on a quasinormed group A is defined as follows: a
set U C A is open if for all a € U, there is € > 0 such that the set
{b € A; ||b—al < e} is contained in U. The following result shows
that (A, ||-]|) is in fact a metric space.

LEMMA 1. (Quasinormed groups are metric spaces) Suppose that A
is a c-quasinormed group, and let p be defined by the identity (2¢)” = 2.
Then there is a 1-quasinorm || - ||* on A such that

lall* < flafl” < 2[la]", o € A.

Also, d(a,b) := ||b — al|* is a metric defining the topology on A.
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PROOF. If a € A, define

N N
lal* := it llag |17 Y a0y = a, N > 1.
J=1 j=1

Given this definition, we leave the proof as an exercise. O

Since every quasinormed vector space is metrizable, it makes sense
to talk about Cauchy sequences and completeness.

DEFINITION. A complete quasinormed vector space will be called
a quasi-Banach space.

The LP spaces are quasi-Banach if 0 < p < oo (and of course Banach
if 1 <p < o00). Also, the weak LP spaces are quasi-Banach, and if p > 1
one can in fact find equivalent norms which make the weak LP spaces
Banach spaces.

We now move to basic concepts of abstract interpolation.

DEFINITION. Let Ag and A; be quasinormed groups. We say that
(Ao, Ay) is an interpolation couple if there is a quasinormed group &/
such that Ay and A; are subgroups of &/ and Ay, A; C &/ with contin-
uous inclusions.

REMARK. More generally, the reference group < could be any
topological group (such as a space of distributions on R™).

If (Ag, Ay) is an interpolation couple, then the sets Ay N A; and
Ag + Ay are subgroups of o7, where

Ao+ Ay :={a € o ;a=ay+ a for some ag € Ag,a; € Ay }.
We define

lallaona, = max({[a[ 4y, [[al[a,);

lallasens = _, 10t (laollag + )

LEMMA 2. If (Ao, A1) is an interpolation couple, then AgN Ay and
Ag + A1 are quasinormed groups.

Proor. Clearly ||-||a,na, is nonnegative, satisfies ||al|ayna, = 0
iff @ = 0, and ||—allayna, = |la|lagna,- The quasi-triangle inequality
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follows since

||CL + bHAoﬂz‘h < max(co(“aHAo + HbHAo)?Cl(HaHz‘h + ||bHA1))
< max(co, c1) max(||alla, + (|6l a0, [[alla, + [[0][4,)
< maX(CO7cl)(||a“AoﬁA1 + “b”Aoﬂz‘h)‘

For |- ||4o+4,, nonnegativity and invariance under a +— —a are
clear. If ||la||4y+4, = 0, then for any ¢ > 0 there are a;. € A; with
a = ap: + a1 and ||aoella, + ||a1c]la, < e. Thus aj. — 0 in A; as
e — 0,50 also a = ape + a1 — 0 in &7 since A; C &/ continuously.
Finally, if a, be Ao—l—Al and if a = ap+ay, b = by + b; with a;, bj € Aj,
we have

la +bllag+a, < [lao + bolla, + llax + bl
< max(co, c1)(/[aoll + [l [ + [[bol| + [|b+]])-
Taking the infimum over all such decompositions of a and b, we obtain

la + bl ag+a, < max(co, c1)([lallapra, + [16]4g+4,)-

Now, one has the continuous inclusions
AgNA CA; CAg+ Ay,

and Ag N A; and Ag + A; are the maximal and minimal groups for
which this holds. The idea of interpolation theory is to find groups Ay
such that

AgNA; C Ay C Ay + Ay,

and Ag should somehow be intermediate between Ay and A;.

Also, as in the Riesz-Thorin and Marcinkiewicz theorems, we wish
to prove that boundedness of operators between endpoint spaces would
imply boundedness between intermediate spaces. We restrict our at-
tention to homomorphisms (that is, operators 7' : A — B such that
T(a+b)=Ta+Tband T'(—a) = —Ta).

DEFINITION. Let A and B be quasinormed groups, and let T : A —

B be a homomorphism. The quasinorm of T is

Ta
T = IT||asp = sup |Talls
acaazo |alla

We say that T is bounded iff |T|| < oo.
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We are now ready to give the definition of an interpolation functor,
which incorporates the idea of intermediate groups and boundedness
of operators between them.

DEFINITION. An interpolation functor is a rule F' such that

(1) F assigns to every interpolation couple (Ag, A1) a quasinormed
group F'(Ap, A1) such that

AgN A C F(Ag, Ay) C A+ A4

with continuous inclusions, and

(2) if (A, A1) and (By, By) are any two interpolation couples and
T:Ay+ Ay — By + B is a homomorphism which is bounded
Ay — By and Ay — By, then T is bounded F(Ag, A1) —
F(By, By).

DEFINITION. An interpolation functor F'is of type 0 if

“T”F(Ao,Al)HF(BO,Bl) < CQHTHh;iBoHT”Zl—)Bl'
The functor is said to be exact if one can choose Cy = 1.

If 7 = 0,1, then F;(Ap, Ay) := A; are exact interpolation functors
of type 7. The main purpose below will be to introduce nontrivial exact
interpolation functors obtained from real interpolation, and to study
their properties.

2.3. Real interpolation

The real interpolation method is due to Lions and Peetre (late 1950s
and early 1960s). There are several equivalent ways of introducing
the corresponding interpolation functors. We will use here the K-
functional for this purpose.

DEFINITION. Let (Ag, A1) be an interpolation couple. We define,
fort >0 and a € Ay + Ay,
K(t,a) = K(t,a; Ao, A1) :=  inf  ([laol[a, + tlar]a,)-

a=ao+a1,a;€A,

The idea is that for each fixed ¢t > 0, K(t, -) is a quasinorm on
Ap + Ay which is equivalent (that is, gives the same topology) to the
usual one. We will define interpolation groups as subgroups of Ag+ A;
by imposing restrictions on the behaviour of K(¢,a) as t — 0 and
t — o0o. The values t correspond to the cut levels v in the proof of the
Marcinkiewicz theorem.
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DEFINITION. Let (A, A1) be an interpolation couple. If 0 < 6 < 1
and 0 < g < 0o, and if a € Ay + Ay, we define

o) 0 dt 1/q
) o, o= ([ oK)

We denote by (Ag, A1)g, the set of all a € Ay + A; for which the
quantity (1) is finite.

REMARK. Here 6 is the main interpolation parameter, and ¢ can
be used to fine-tune the interpolation. One could also consider the case
g = 0o, but we will not need to do so.

We shall prove that the rule (Ag, A1) — (Ao, A1)s, is an exact
interpolation functor of type 6. The first step is a simple lemma.

LEMMA 1. (Properties of the K -functional) Suppose (Ag, A1) is an
interpolation couple. If a € Ag+ Ay is fized, then K(-,a) is a positive,
nondecreasing, concave, and continuous function of t > 0. If A; is
cj-quasinormed, we have

(2) K(t,a+b) <co[K(at/co,a)+ K(cit/co,b)], a,be Ayg+ A;.

PROOF. It is clear that K(-,a) is positive and nondecreasing. We
leave as an exercise to check that it is concave and continuous. If
a,b € A0+A1 and if a = a0+a1, b= b0+b1 with aj,bj < Aj, then

K(t,a+b) < |lag + bolla, + t|lar + b1 4,

< co(llaoll 4o + b0l 49) + crt(llar|la, + [[b1]]4,)

1t cit
< o (lloallao + 2 halla + Doulas + L 1bil ).
Co Co
The result follows by taking the infimum over all decompositions of a
and b. O

Next we show that the first requirement for an interpolation functor
is satisfied.

THEOREM 2. (Interpolation groups) Suppose (Ao, A1) is an inter-
polation couple, 0 < 8 < 1, and 0 < g < co. Then (Ao, A1), s a
quasinormed group, and

AgN Ay C (Ag, Ar)gg € Ao+ A4

with bounded inclusions.
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PROOF. 1. The first step is to prove that || - || := || - [|(4,,4,),, satisfies
the conditions for a quasinorm. Clearly [ja| > 0 and ||—al| = |af,
and if |ja| = 0 then K(t,a) = 0 for a.e. t > 0, showing that a = 0
as in Lemma 2. For the quasi-triangle inequality we use (1) and the
quasi-triangle inequality on L7 := LI(R, %):

la+ 0| = Ht”K(t, a+b)| e
1—gq _ _
S comax(l,Z q )(”t 9K(C1t/Co,(l)HLq + Ht BK(Clt/Co,b)HLq>
< b0 max(1,277")([lal| + [|B]).

In the last step we changed the integration variable ¢ to cyt/cy.

2. It immediately follows that (Ao, A;)s,, is a quasinormed group: if
a,b € (Ao, A1)gq then ||a||, ||b]] < oo, so by Step 1 also [ja + b|| < oo
and a +b € (Ap, A1)gq-

3. To show that Ay N Ay C (Ap, A1)p, with bounded inclusion, note
that for a € AgN Ay we have K(t,a) < ||a||l4, and K(t,a) < t|al ,, so

K(t,a) <min(1,t)||all a,na,-
Thus, if a € Ay N Ay, we have

lall < 11t~ min(1, ) || Loy a/pllall ana, < Cogllal agna,-

4. Finally, we prove that (Ag, A1)g, € Ao+ Ay with bounded inclusion.
This is the case t = 1 in the more general identity

K(tv CL) < Oe,thHCL“(AmAﬂ ac <A07 Al)WI’ t>0.

0,9’
To show the last identity, since K (-, a) is nondecreasing we have
; o] ) ds 1/q
R0 = Cag ([ 50%) K0 < ol
t

The result is proved. O

It remains to show the second requirement for an interpolation func-
tor, involving boundedness of operators. The definition of (Ag, A1)s,
is set up so that this will be easy.
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THEOREM 3. (Interpolation of operators) Let (Ao, A1) and (Bo, By)
be interpolation couples, and let T : Ay + Ay — By + By be a homo-
morphism which is bounded A; — B; with quasinorm M; (j =0,1). If
0<60<1and0<q<oo, then T is bounded (Ao, A1)oqy — (Bo, B1)o,g
and

T < MO0,
’ »q I »qd —
H H(Ao A1)g.q—(Bo,B1)e 0 1

PROOF. First assume M, > 0, and let a € (Ag, A1)p,. Then we
have T'a € By + B, and

K(t,Ta) < inf (ITaol B, + t[|Tar|B,)

a=ap+ai,a; GA]'

: Mt
< -
< Mo a:ao-i-ll?lf,‘ajEAj(HaOHAo * My ”alHAl)

= MOK(Mlt/Mo, a).
Thus

| Tall(Bo,B1), = It K, Ta) || o arsr)
< Mo ||t~ K (Mt /Mo, a) || paw, at/1)
< My~ M7 [lall (40,41,
by changing the variable ¢ to Mot /M.

If My =0, we can repeat the above argument with M, replaced by
€ > 0. The result is obtained by letting ¢ — 0. O

There is a density result which will be useful when interpolating L”
and Sobolev spaces. It is usually proved via the J-method, which is an
equivalent way of introducing the spaces (A, A1)p, in real interpola-
tion. Due to lack of time, we will not give the proof here.

THEOREM 4. (Density of Ag N A1) If (Ao, A1) is an interpolation
couple and 0 < 0 <1, 0 < g < oo, then AgN Ay is dense in (Ao, A1)a,q-

PROOF. See Bergh-Lofstrom [1, Section 3.11]. O

We end the section by stating some standard properties of real
interpolation, and by giving a simple example.

THEOREM 5. (Elementary properties of real interpolation) Suppose
(Ao, A1) is an interpolation couple and 0 < 0 <1, 0 < g < co. Then

(1) (A07 Al)@,q - (Ala AO)l—G,q7
(2) (Ao, A1)o,q € (Ao, A1)og if ¢ < G,
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(3) Zf AO = Al then (Ao, A1)97q = AO = Al,
(4) llallag, 4100, < Cogllalls,llall’, fora € Agn Ay
(5) if Ag and Ay are complete, then so is (Ag, A1)gq-

PROOF. Exercise. ]

EXAMPLE. Let A9 = Rx {0} and A; = R?, with the usual additive
structure and with norms ||(w,0)|l4, = |u|, |(u,v)]|a, = |u| + |v|. To
determine (Ao, A1)g,4, note that if a = (u,v) € A; is written as a =
ap + a1 with a; € Aj, then o = (s,0) and a1 = (u — s,v). Thus

K(t,a) = inf (|s| + t(ju — s[ + [v])) = min(L, ¢)|ul + t]v]

since s — |s| + t|u — s| is a continuous piecewise linear function going
to infinity as s — 00, which reaches its minimum at s = 0 or s = w.
Now, if v # 0 then

o0 B dt 1/q
H&H(Ao,Al)eﬂ > (/1 [t ot’UHq?) = 0.
Thus (Ao, A1)s, = Ao = R x {0} for all  and g¢.

2.4. Interpolation of L” spaces

2.4.1. Interpolation of powers. When interpolating LP spaces,
instead of the LP norm it will be convenient to consider the quantity
|| 115> which does not involve the pth root. We will next formalize this
idea.

Let (A, -||) be a quasinormed group. If p > 0, then by the in-
equality

(x +7y)? < max(1,2°71)(2? +¢*), x,y >0,

the quantity ||| is also a quasinorm defining the topology on A.
We denote by (A)P the group A equipped with quasinorm || - ||P. The
interpolation result for powers of groups is as follows.

THEOREM 1. (Interpolation of powers) Let 0 < pg,p1 < oo and let
0 <n<1. If (Ao, A1) is an interpolation couple, then

((Ao), (A1) )n1 = ((Ao, A1)ap)”

with equivalent norms, where

p
(1) pi=(1—npo+np, 6:= ;177-
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PRrROOF. 1. We will use the functional

Koo<t7a) = KOO(tva;A(J?Al) = inf maX(HaoHontHal”Al)'

a=ap+ai,a; €A,
This satisfies
Ko(t,a) < K(t,a) < 2K (t,a),

and thus [|allao,a1), ~ 167 Koo (t, @) || o at/t)-

2. If a € A[) —I— Al = (Ao)po —f- (Al)pl, then
o ds
@) [l o, s ~ / S (5,0 (Ag), (A L.

s
We claim that

(3) Ko (s,a; (Ag)P, (A1) = (Kxo(t, a; Ag, Ar))P°
if s is defined by
(4) 5=t (K(t,a; Ag, Ay))POPL.

To prove (3), we temporarily denote the left and right hand sides by
K (s) and K (t). Then, using (4),

Koo(s) = inf max([laoll%,, slla|l%,)

a=ao+

: laollao \™ [ tllalla )"
— K. ()™ inf .
()" it maXKKoo(t) "\ Ko (t)

Given € > 0, we have K (t) < max(||aoe| a,, t||a1ella,) < (1+e)K(t)
for some a;. € A;. Then

laoellao tllasella,

Kuo(t) © Koolt)

1§max[ }§1+5.

The claim (3) follows.

3. We wish to go back to (2) and make the change of variables (4). To
this end, we claim that

s = s(t) in (4) is a strictly increasing bijective map R, — R
which is Lipschitz continuous on bounded intervals.

We start by proving the Lipschitz continuity. If 0 < ¢ty < t;, then

Koo(t1) < - Koo(to) and

t1 —to
to

(5) 0 < Koo(ty) — Koo(to) < Koo (to).
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Thus, if 1 := [1/R, R] C R, with R large, then

‘Koo<t1) — Koo<t0)‘ S R (Sup Koo(t)) ‘tl — to’, to,tl el

tel
This shows that ¢ — K (t) is Lipschitz continuous on bounded inter-
vals in R4, and then so is s = s(t).
Whenever the derivative exists, we have
s'(t) t 1
= —p)——K. (1)) -

By (5), again at points where the derivative exists,

K
0 < KL(t) < j(t)-
Thus, we have
o min(po,pr) _ (1) _ max(p,p1)
t s(t) t

Consequently s(t) is strictly increasing, and it maps R onto itself.

4. By Step 3, we may change variables in (2) according to (4) (by
restricting the integral to the interval [1/R, R| and letting R — o0).
Using (3) and the estimate (6), we obtain

o dt
lellcagm. s ~ [P

The right hand side is ||a||:€A0 A1)y, B8 Tequired. O

REMARK. (Exercise) Let pg,p1 > 0. If 0 < n < 1 is given, then (1)
implies that
1 1-6 6
(7) S— 4, 1-0=(-p2
p Po Y4 p
Conversely, if 0 < 6 < 1 is given, then (7) defines p and 7 so that (1)

is satisfied.

2.4.2. Interpolation of sequence spaces. We are now ready to
interpolate the sequence spaces [P. More generally, we will consider the
weighted Banach-valued sequence spaces [5(A) where 0 < p < co and s
is a real number. The reason for writing p as a lower index is that later
on, s will correspond to the smoothness index in Sobolev type spaces
and p will denote the base LP space. This notation will be consistent
with the notation for Sobolev type spaces.
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DEFINITION. Let A be a Banach space. We denote by [5(A) the set
of all sequences a = (ay)3>, where a; € A, for which the quasinorm

0o 1/p
I5(4) 1= (Z(Q“H%HA)”>

k=0

la

is finite.

It is easy to see that [5(A) is a quasi-Banach space (Banach if p > 1),
and that [)(A) is just the usual I” space of A-valued sequences.

THEOREM 2. (Interpolation of I5(A) spaces) Let 0 < pg,p1 < 00
and let sg,s1 be real numbers. Also let Ag and Ay be Banach spaces
such that (Ao, A1) is an interpolation couple. If 0 < 0 < 1, then

(8) (Lpo (A0), 11 (A1))op = L3 ((Ao, Ar)op)
where p and s are defined by

1 1-
- = 9+£, s=(1—10)sg+ 0s;.
p Po Y2

ProoF. 1. To make the formulas shorter, we omit writing Ay and A;.
By Theorem 1 and the remark after it, we have

(o) ()P )na = (50, 151 )op)”

where 0 < 7 < 1 is such that p = (1 — n)pg + np;. Thus, it is enough
to study the space ((50)%°, (I51)P*);1.

2. First assume that a = (ax)72, is a finite sequence with values in
Ag N Ay, such that a;, = 0 for kK > N. Then

dt

lallazoyro az ey, :/0 TRt a; (L))", (L)) ry

o dt
— t_n . f |: b pé() psl :| -
/0 alzrg+c H Ing + tHC il ¢

N
e dt
_ -n kso PO ksy p1] Y
[ S T e ) §
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where b € [0 and ¢ € [f!. We may interchange the sum and infimum
and use Fubini’s theorem, and the last expression is equal to

N 00 dt
=30 [T @l e ]
k=070

ap=br+cg t

Moo dt
— Z/ t_772k50p0K(t2k(51p1—50170)7 a; (Ag)™, (A7) —
k=00 t
N
= Z 2k[(1—77)sopo+7781101]||ak||((A0)p07(A1)p1)nYl?
k=0

where the last equality follows by changing ¢ to 2~ *(s1P1=s0ro)¢ in the
integral.
By Theorem 1 and the remark after it, we have

((A0)”, (A1)" )1 = (Ao, Ar)op)”,
and by (7) it also follows that

(1 = mn)sopo + ns1p1 = (1 — 0)sop + Os1p = sp.

Thus, using the result in Step 1, we have proved that

(9) lal

for all finite sequences a with values in Ay N Aj;.

13 (A0 85t (0o = lalliz(a0,41)0.,)

3. We can now prove (8). We first claim that

the set of finite Ay N A;-valued sequences is dense
in both spaces in (8).

By Theorem 4 in §2.3, Ay N A; is dense in (Ay, A;)p, and thus the
claim is true for I5((Ao, A1)g,p). In a similar fashion, 150 (Ag) N5t (A1) =
0(AgNAL) NI (AgN Ay) is dense in (120,151, so the claim holds also

07 "P1
for the latter space.

Let now a € (I50,151)p,. This means that a € [0 + [°! and that

07 "P1
130151y, 19 finite. Now, there is a sequence (a™)) of finite Ag N A;-

lal
valued sequences such that ™ — a in (150,151 )g,p- It follows from (9)
that (a™)) is a Cauchy sequence in I5((Ao, A1)g,), and by completeness

there exists @ € I5((Ao, A1)gp) with a™ — a in I5((Aog, A1)gp). It
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remains to show that a = a, but this follows from uniqueness of limits
since

(120, 15 )00, 15((Ao, Av)g,p) C lmmtoot) (A + Ay)

07 "P1 max(po,p1

continuously. We have proved that (I20,051)g, C I5((Ao, A1)s,p), and

the other inclusion follows similarly. U

2.4.3. Interpolation of L? spaces. Finally, we prove the inter-
polation result for Banach valued L? spaces. First we need to recall
some concepts related to vector-valued integration.

DEFINITION. Let (X, ¥, 1) be a measure space where p is a positive
o-finite measure, and let (A, || -||) be a Banach space.

(1) A simple function is any function s : X — A having the form
s(x) = Zj\[zl a;XxB, (), where a; € A and where B; are disjoint
subsets of X with finite measure.

(2) A function f : X — A is strongly measurable if there exists a
sequence (sy) of simple functions such that sg(x) — f(z) for
p-a.e. x as k — oo.

(3) If 0 < p < o0, the space LP(A) = LP(X, %, u; A) consists of
those strongly measurable functions f : X — A for which the
quasinorm

£y = ( /i f(x)n,,du(x))up

is finite. We identify elements of LP(X; A) which agree u-a.e.

The last definition is valid since ||f]| is measurable if f is strongly
measurable. The spaces LP(A) are quasi-Banach (Banach if p > 1),
and simple functions are dense.

THEOREM 3. (Interpolation of LP spaces) Let (X, %, ) be a o-finite
measure space, let 0 < pg, p1 < 00, and let Ag and A, be Banach spaces
so that (Ag, A1) is an interpolation couple. If 0 < 0 < 1, then

(L7 (Ao), LP*(A1))ap = LP((Ao, A1)ayp)

where p is defined by
1 1-6 40

Po D1
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PrOOF. 1. The proof is analogous to the proof of Theorem 2, and we
will give a sketch. Again, we omit writing Ayg and A;. Theorem 1 and
the remark after it imply that

((Lpo)po’ (Lpl )pl)ﬂ,l — ((Lm, Lpl)e,p)p
where 0 < n < 1 is such that p = (1 — n)po + nps.

2. Let f be a simple function with values in Ay N A;. By Step 1, we
have

||fH(LP0 LP1) N/mt_77 inf (||f0|i%o +t||f1|LP1)dt

0 f=fo+f1,f;€LPI t
~ [t @+ A1) dae)
0 f=fotfr.fieli Jx ' t

We wish to interchange the infimum and the integral over X. In fact,
we claim that

if [ fo(@)I%, + 1@, ] du()

f=fot+f1
f;ELPI

= inf t PLld .
Am%%wmmw +tllAa(@)]5,] diu()
j@)eAa;

The measurability of the integrand on the right is part of the claim.
The proof is left as an exercise. Now, Fubini’s theorem implies that

£ 100,101,
// e inf [ fo() [ + () ] du(x)%

f(w> fo(x)+f1(x)
fi(@)eA;

~ [ e s o ) F duta)
~ [ U@l aimarr, i) ~ [ 5@ a,, Al

In the last step we used Theorem 1.

3. We have seen that the quasinorms on (L0, L"), , and LP((Ag, A1)g,p)
are equivalent on simple functions with values in Ay N A;. One now
argues that such functions are dense in both of the spaces involved,
and the result follows as in the proof of Theorem 2. O



CHAPTER 3

Fractional Sobolev spaces, Besov and Triebel
spaces

The purpose in this chapter is to extend the theory of integer order
Sobolev spaces W*P to the case of fractional Sobolev spaces H*?, Besov
spaces By, and Triebel-Lizorkin spaces Fj . Here, k is a nonnegative
integer, s is any real number, and 1 < p,q¢ < oo (or in some cases
0 < p,q < oo). With these conventions, the various spaces satisfy the

relations

Whp = kP,
$2 __ RS _ IS
H - B22 - F227
s,p __ s
H = F3,.

Because of the first identity, we will write WP := H*P.

There are many situations where it is useful to go beyond the TW*»
spaces. We will describe a few such situations, in the setting of the
Dirichlet problem

—Au=f in U,
{ U=y on U

where U is a bounded open set in R™ with C' boundary.

(1) If f =0 and g € L?(OU), then there is a unique solution

{ Wire(U) ifp>2,
u e

BYU) ifl<p<2

In general u ¢ W'P(U).
(2) If one looks for solutions u € W?(U), then the natural space

for g is B,l,;l/p(aU) = Fplp_l/p(aU). It can be shown that the
latter space is the image of W'?(U) under the trace operator.

27
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(3) If f € LP(U) and g = 0, and if QU is C?, it can be shown that
there is a unique solution u € W*?(U). However, if OU is only
C!, then u ¢ W2P(U) in general (for p = 2 the sharp result is
that u € W3/22(U)).

The above results may be found in Jerison-Kenig [5].

Besides PDE, fractional Sobolev type spaces are useful in harmonic
analysis and approximation theory, where it is often possible to prove
sharper and more general statements by choosing the right spaces.
Also, the scales of spaces B,, and F include many other spaces which
are common in analysis, such as Holder, Zygmund, Hardy, and BMO
spaces.

Below, we will exclusively consider function spaces in R"™. The
theory for function spaces in bounded domains or lower dimensional
manifolds can be developed based on the corresponding theory for R".

3.1. Fourier analysis

It would be possible to define fractional Sobolev spaces via real
interpolation, for instance by W%2(R") := (L*(R"), W2(R"))g for
0 < 0 < 1. We will instead begin with an intrinsic definition based
on the Fourier transform, and we will later show that the interpolation
definition coincides with the intrinsic one.

MOTIVATION. Let f € L?((0,27)) be a 2m-periodic function (that
is, an L? function on the torus 7" := R/27Z). One has the Fourier
series

(1) flx) =Y f(k)e™,

k=—o00

with f(k) = & [°7 f(z)e~** dz. Also, by Parseval’s theorem

2r Jo
11l = 2m) "2 fll 2 qo,20))-

If D =14 differentiating (1) formally gives

i dx’

o0

D" f(z)= > k"f(k)e™.

k=—o00
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This suggests the following notion of a fractional derivative: if s > 0,
then for any f € L%((0,2n)) we define

IDI*f(x) == ) k| f(k)e™,

provided that the last series converges in some sense. If f is such
that (|k|*f(k)) is square summable, then |D|*f is an L? function by
Parseval’s theorem. This motivates the definition

We(T") = {f € L*((0,2m)); ([k[*f(k)) € P}, s >0,
which is the right definition for Sobolev spaces on the torus.

A similar idea works for Sobolev spaces in R", but one needs to re-
place Fourier series by the Fourier transform. We have already defined
the Fourier transform in §2.1 for functions in L'(R™), but here a more
general definition is required.

In the following, we will give a brief review of the Fourier transform
in the general setting of tempered distributions. For proofs we refer to
Rudin [9, Chapter 7]. We begin by considering a test function space
designed for the purposes of Fourier analysis.

DEFINITION. The Schwartz space . (R™) is the set of all infinitely
differentiable functions f : R® — C such that the seminorms

[ fllas == 12D f(2)]| oo mr)

are finite for all multi-indices o, 3 € N™. If (f;)32, is a sequence in .7,
we say that f; — fin S if || f; — flla,g — O for all o, 5.

It follows from the definition that a smooth function f is in .(R™)
iff for all g and N there exists C' > 0 such that

IDPf(z)| < Clz)™, xR

Based on this, Schwartz space is sometimes called the space of rapidly
decreasing test functions.

EXAMPLE. Any function in C2°(R") is in Schwartz space, and func-
tions like e, v > 0, also belong to .#. The function e~"*l is not in
Schwartz space because it is not smooth at the origin, and also (x)~V
is not in . because it doesn’t decrease sufficiently rapidly at infinity.
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There is a metric defining the topology on ., and then . is a
complete metric space. The operations f — Pf and f — DSf are
continuous maps .¥ — ./, if P is any polynomial and 3 any multi-
index. More generally, let

Oy (R™) :={f € C*(R") ; for all § there exist C, N >0
such that |D? f(x)| < C(z)™}.
It is easy to see that the map f — af is continuous . — ¥ if a € O),.

DEeFINITION. If f € #(R"), then the Fourier transform of f is the
function # f = f : R" — C defined by

f(6) = / S f(x)dn, € R

The importance of Schwartz space is based on the fact that it is
invariant under the Fourier transform.

THEOREM 1. (Fourier inversion formula) The Fourier transform
is an isomorphism from . (R™) onto /(R™). A Schwartz function f
may be recovered from its Fourier transform by the inversion formula

f(2) = 7\ f(x) = (2m)" / "Ef(e)de, w e R

n

After introducing the Fourier transform on nicely behaving func-
tions, it is possible to define it in a very general setting by duality.

DEFINITION. Let .#”/(R™) be the set of continuous linear functionals
Z(R") — C. The elements of . are called tempered distributions,
and their action on test functions is written as

(T,p):=T(p), TeS pes

If (73)52, is a sequence in " and if T' € ./, we say that T; — T' in

L (T, p) — (T, ) for all p € S (R").

More precisely, .’ is the dual space of ., and it is equipped with
the weak-* topology. The elements in .’ are somewhat loosely also
called distributions of polynomial growth, which is justified by the fol-
lowing examples.

ExXAMPLES. 1. Let u : R® — C be a measurable function, such
that for some C, N > 0 one has

lu(z)| < C{z)N, for ae. z.
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Then T,, € ./(R"), where

Tup) = [ ul)@)ds, o SR,

We will always identify a function v with the tempered distribution 7,
defined in this way.

2. In a similar way, any function v € LP(R") with 1 < p < oo is a
tempered distribution (with the identification v = T5,).

3. Let u be a positive Borel measure in R" such that

/ ()N () < oo

for some N > 0. Then 7, is a tempered distribution, where

Tus) = [ ole)duta), o e SR
In particular, the Dirac measure 6,, at xo € R™ is in ./, and

<6CC07 90> - 90<x0)7 Y e y(Rn)

4. The function € is not in ./(R) if 7y # 0, since it is not possible to
define [ €7 ¢(x) dx for all Schwartz functions . However, e7* cos(e*)
belongs to . since it is the distributional derivative (see below) of the
bounded function sin(e?) € .&".

We now wish to extend some operations, defined earlier for Schwartz
functions, to the case of tempered distributions. This is possible via
duality. For instance, let a € Oy (R"). If u, p € #(R") we have

(au, o) = (u, ap).

Since ¢ — ayp is continuous on ., we may for any T € .’ define the
product a7 as the tempered distribution given by

(aT, ) :=(T,ap), ¢

Similarly, motivated by the corresponding property for functions in .&,
if T € .’ then the (distributional) derivative DT is the tempered
distribution given by

(DT, ) := (~1)'UT, D), ¢
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Finally, we can define the Fourier transform of any T" € .’ as the
tempered distribution .#T =T with

(T, o) :=(T,p), €L
We state the basic properties of these operations as a theorem.

THEOREM 2. (Operations on ') If a € Oy and B is any multi-
index, then the multiplication T — a1 and the distributional derivative
T +— DPT are continuous maps ' — .. Also, the Fourier transform
T — T isan isomorphism from %" onto ', and one has the inversion
formula

(T, ) = (2n) (T, ¢(=-)), e

If T € % then these operations coincide with the usual ones on ..

The preceding result shows that one may differentiate or Fourier
transform any tempered distribution (thus, also any LP function or
measurable polynomially bounded function) any amount of times, and
the result will be a tempered distribution. We will give some examples
of this very general (and useful) phenomenon.

ExAMPLES. 1. Let u(x) := |z|, € R. Since u is continuous and
polynomially bounded, we have u € .#/(R). We claim the one has the
distributional derivatives

uw = sgn(x),

u = 250 .

In fact, if ¢ € (R), one has

<Uw%=—Ww3=/@wdwmw—Ammﬂ@¢r

= /ngn(a:)go(x) dr = (sgn(z), p),

using integration by parts and the rapid decay of . Similarly,

0

Wood =t = [ @y [ pa)ds

= 2p(0) = (240, ¢)-
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2. The Fourier transform of ¢y is the constant 1, since

[e.9]

Gor ) = {80, ¢) = $(0) = / o) du

= (1,¢). _

If w € L*(R™) then u is a tempered distribution, and the Fourier
transform @ is another element of .. The Plancherel theorem (which
is the exact analog of Parseval’s theorem for Fourier series) states that
in fact @ € L?, and that the Fourier transform is an isometry on L? up
to a constant.

THEOREM 3. (Plancherel theorem) The Fourier transform is an
isomorphism from L*(R™) onto L*(R™), and one has
]l 2 = (2m)""2 || 2.
We end this section by noting the identities
(D%u)” = &4,
(%) = (=Dg)"a,
which hold for Schwartz functions u by a direct computation, and re-
main true for tempered distributions u by duality. This shows that
the Fourier transform converts derivatives into multiplication by poly-
nomials, and vice versa. This will be our route for defining fractional

Sobolev spaces: it is easy to define fractional derivatives of u by mul-
tiplying @ with fractional powers of polynomials on the Fourier side.

3.2. Fractional Sobolev spaces

We are now in a position to give the Fourier transform definition of
fractional Sobolev spaces.

MOTIVATION. We can characterize W*2?(R™) by using the Fourier
transform and the Plancherel theorem by

ue WH(R") < D e L*(R") for all |a| < k
& 0 € L*(R") for all |a| < k.
Thus, a function is in W*2(R") iff its Fourier transform, multiplied by

any polynomial of degree < k, is in L?(R™). In fact, one polynomial is
sufficient: we have

we WRR") < (&)Fa e LAR").
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To see this, it is enough to note that |¢¥] < [£]'®l < (6)* for |a| < K,
and that
OF =1+&+...+)F= ) &
lyl<2k
This shows that (¢)ka € L? iff €24 € L? for |a| < k, as desired.

Here and later, it will be convenient to introduce a notation for
multipliers on the Fourier side.

DEFINITION. Let m(§) € Oy (R™). We define the Fourier multi-
plier operator
m(D)u = .F{m(§)u(&)}
for any tempered distribution u € ./(R").

The maps u +— 4 — mua — F {ma} are continuous on .%’, so
the operator m(D) is a well defined, continuous linear operator on .%".
Since m(&) = (€)* is in Oy for any s € R, also the next definition is a
valid one.

DEFINITION. Let 1 < p < oo and let s be a real number. The

fractional Sobolev space H*P(R™) is the set of all tempered distributions
u € .'(R") such that

(D)*u € LP(R™).

The norm is given by |[u||gsr@r) == [[(D)*u|| 1r@n).-

More explicitly, the space H*P(R") consists of those tempered dis-
tributions u in R™, for which the tempered distribution .Z ~1{(&)*a (&)}
happens to be an L? function. The operator (D)?® is a Bessel potential,
and it is an isometric isomorphism from H*?(R™) onto LP(R™). The
spaces H®P are also called Bessel potential spaces for this reason.

THEOREM 1. (Sobolev spaces as function spaces) If s is a real num-
ber and 1 < p < oo, then H¥P(R") is a Banach space and . (R") is a
dense subset.

PrROOF. If u,v € H*P and A, p are scalars, then (D)*(Au + uv) =
MD)*u+ pu(D)*v is an LP function, showing that Au+ pv € H*P. Thus
H?P is a vector space.

To show that ||-||g=» is a norm, all the other properties are clear
except that fact that ||u|
then (D)*u = 0 as an L function, thus also as a tempered distribution.

gs» = 0 implies u = 0. But if ||u||gse = 0
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Taking Fourier transforms, we obtain (£)*u = 0, which implies @ = 0
upon multiplying by the function (£)~* € &);. Thus u = 0.

For completeness, let (u;) be a Cauchy sequence in H*?. It follows
that ((D)®u;) is a Cauchy sequence in L?, and there exists @ € L? such
that

(D)°u; — @ in LP.
Let u:= (D)~*a. Then v € H*?, and u; — u in H*? as required.

The Schwartz space is a subset of H*P, since .Z1{(£)*f} belongs
to 7 for f € % (recall that the Fourier transform and multiplication
by O functions are continuous maps . — .¥). To show density, let
u € H®P. Then ug := (D)*u is an L? function, and since 1 < p < oo
there exists a sequence (v;) € C*(R™) with v; — ug in LP. Let

u; = (D) *vj.

Since v; € ., we have u; € 7. Also,

luj = ullsw = [{D)*u; = {D)*ul|» = [lv; — uo|[z» — 0

as j — 00, showing that . is dense in H*P. U

We next wish to show that H*?(R™) = W*?(R") if k is a nonnega-
tive integer. The case p = 2 follows from the argument in the beginning
of this section. In general, if u € H*? and |a| < k, we have

Du = D*{(D) *((D)*u)

where (D)*u € LP by definition. If one could show that D*(D)~* maps
LP to L* if |a| < k, then it would follow that D%u € LP as required.

The following Fourier multiplier result will be used several times
below. For a proof, see [2].

THEOREM 2. (Mihlin multiplier theorem) Assume that m = m(§)
15 a bounded C* complex valued function in R™, which satisfies

|D*m(&)| < M), ¢eR”,

for|a] < |%] +1. Then m(D) is a bounded linear operator LP(R™) —
LP(R™) for 1 < p < o0, and

[m(D)ul| e < CoM||ullr.

In the next proof, notice how Fourier multipliers make it possible
to manipulate derivatives in an efficient way.
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THEOREM 3. (The space H*P for s integer) If 1 < p < oo and if k
is a nonnegative integer, then H*P(R™) = WFP(R").

PROOF. 1. If u € H*?(R™), then D% = m(D)({D)*u) where

_ &
)= g

If |o] < k then m satisfies the conditions of the Mihlin multiplier
theorem. Consequently D% € LP for |a| < k, showing that u € WP,

2. Let u € WFP(R™). Then D € LP for |a| < k, and we need to
prove that (D)*u € LP. Let x(§) € C*°(R) with 0 < x < 1, x = 0 for
€] <1, and x =1 for |£] > 2. We write

(DYu = Z7H(Q i = Z7Hm(E) (1 + 3 X&)l )i}

where

_ ()"
L+ >0 x (€&

This shows that

(D)"u Ju+ Z (&)1 a}

where

m;(§;) = X(€J>’£J|k§;k = { (_?)(5;)(%)7 3 ; 0.

3. We claim that m (&) satisfies the conditions of the Mihlin multiplier
theorem. Note that m is smooth because y = 0 near 0. Also,

(€ < (14 nmax|g )2 < C(1+maxig ) < CL+D_Ig1"),

which shows that m is bounded. The derivatives satisfy |D*m(§)| <
C{€)71l | so the Mihlin condition holds. We obtain

KD)*ullr» < C (M\m +2ng ) (D5 u)Hm) :

7j=1
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4. Clearly m;(§;) satisfies the conditions in Mihlin’s theorem for n = 1.
We have

I (D7) (D)l ey = 1| 1m0y (Dy) (D)l oy o ey
< O Dsull oy lzo o1y = ClID5ul| Loy
Since Dfu € L? for all j, we obtain (D)*u € L? as required. O
DEFINITION. We will sometimes write W*?(R") := H*P(R").

Note that u € WP iff w € W*1? and Dju € WH P for all j.
Mihlin’s theorem allows to prove a similar result for H*P.

THEOREM 4. (Monotonicity of H¥P spaces) Let 1 < p < oo and let
s be real. Then

H*?(R") C H*P(R") fors >s,
and one has
ue H*(R") & ue H" " (R"), Djue H""P(R") (1<j<n).
PRrOOF. Exercise. U

The preceding result implies in particular that H®P is a subspace
of L? if s > 0, and that W*? C H*P if k > s. If s is negative then H*P
will contain distributions which are not functions.

ExXAMPLES. 1. We have
S € H iff s < —n/2.

Indeed, since dy = 1, one has 6, € H*? iff F1{(€)*} € L?iff (¢)* € L2
by Plancherel. The last condition holds iff s < —n/2.

2. If 1 < p < oo, a more careful analysis of .Z 1{(£)*} shows that
do € HoP iff s < —n/p'.

3. Consider the function v : R — R with

u(z) = 1 —Jz| for|z| <1,
T 0 for |z| > 1.

We claim that u € H%*(R) iff s < 3/2. This can be proved by taking
the Fourier transform, or alternatively by considering distributional
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derivatives:

1 for —1<x<0,
W=< —1 for 0<ux<l,
0 for lz| > 1,

U// = (5_1 — 2(50 + 51.

By part 1 in this example, v’/ € H**(R) for s < —1/2. Then by
Theorem 4, v/ is in H*?(R) for s < 1/2, and consequently v € H**(R)
if s < 3/2. The ’only if’ part follows by showing that u” ¢ H~'/%?(R)
(exercise).

We will continue to develop the theory of fractional Sobolev spaces
(embedding theorems, interpolation, equivalent characterizations) in
the more general setting of Triebel spaces later. Here, we will conclude
the section by determining the dual space of H*? (in the dual pairing
of ¥ and ).

THEOREM 5. (Duality of H*P spaces) Let 1 < p < oo and let s be
a real number. Then

(H**(R")) = H*"(R").

More precisely, given a continuous linear functional T : H*P — C,
there is a unique uw € H™*? such that T() = (u,¢) for ¢ € 7.
Conversely, if u € H™5"' | then u (acting on .#) has a unique extension
as a continuous linear functional on H*P.

ProOOF. Let T': H%P — C be a continuous linear functional. Then
T (v)| < C|{(D)*v||» for all v € H*P, and we may define a functional

T:I°P - C, T(w):=T(D)*w).

This satisfies |T'(w)| < C|lw||z», and the duality for L spaces implies
that there is a unique function ug € L? such that

T(w) = (ug,w), w € LP,
We let u := (D)*ug. Then u € H=>" and for p € . (expressed as
¢ =1 for ¢ € .%) one has
(u, @) = ((D)*uo, &) = {(€)*1i0, ) = (ito, (€)°¥) = (uo, ((£)*¥))
= (uo, (D)%¢)
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since Z{(D)*¢p} = (£)*F*{¢} = F2{(£)%}. This shows that

(u,0) =T((D)*p) = T(p)

as required.
Conversely, if u € H=*" | then u = (D)*ug with ug € L¥'. Similarly
as above, we have for p € .%

<U, §0> = <<D>Su07¢> = <u0’ <D>890>

and consequently

[{w, @) < Mol o KDY pll o = Nuall s ol 215

Thus u has an extension (by continuity) which is a continuous linear
functional on H*P. O

3.3. Littlewood-Paley theory

For the discussion of Besov and Triebel spaces, it will be useful to
introduce some more properties for the Fourier transform in LP. We
have seen many times that the L? theory is simpler than the L? theory,
the reason being that in the L? case one can exploit orthogonality and
the Plancherel theorem. We will next introduce a partial substitute for
these properties in the LP case.

MoTivATION. We will, as usual, use Fourier series in 1D to gain
intuition on the problem. If f is an L? function in (0,27), one has the
Parseval theorem

| t@rae=2n 3 1P

We would like to express the LP norm of f in terms of its Fourier
coefficients. For simplicity, we consider the case p = 4 and the function
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To study the L* norm of f, we compute

2n o [ N /N 2
|f(z)|* dx = ( a e“”) < a e_“’”) dx

2m
_ E : a’k’lakzahalz/ ez(k’l-‘rk‘z—h—lz)x dr

0<ky k2l la <N 0

=27 E aklakQC_LllC_LlQ.
0<ky,kg,l1,lg<N
k1+ko=l1+12

For given k; and ks, there are many [; and [y satistying ki + ko = 1 + 15,
and it is hard to see any orthogonality in the above expression. How-
ever, in the special case where the Fourier series is sparse (or lacunary)
in the sense that

ar = 0 unless k = 2 for some integer p,

it follows that

2m
/ ()| dx = 27 Z ey Ay A1, Ay
0

k=2Pi 1. =29
2P1492P2 =941 4292

=27 ) al* +ar D aklar)”.

k=2p kj:zpj Jk1#ks

The last equality follows since 2P' 4 2P2 = 29 4 29 implies {py, po} =
{q1,¢2}. Finally, we obtain

N 2 o N 2
27 (Zram?) < / |f(@)|" dx < dr (Z\akl2> :
k=0 0 k=0

which can be written as

~ 1/2
I fllza ~ <Z If(k)l2> :

k=—o0

The above example indicates that the functions e’ and e’ "'* are
somehow orthogonal in an L? sense (this has to do with the fact that
the first function is roughly constant on the period of the second one).

A similar property remains true for e** and e’ if k € A; and | € Aj,q,
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where
T R A
Aj=1Q {271,271 41, 2 —1}, j>0,
~A_, J <0.

We introduce the dyadic (or Littlewood-Paley) decomposition of f,
given in terms of

S;f = Z f(k)e=.

k’EA]‘

We denote by Sf the vector

Sf=(5;f)jez

The Littlewood-Paley square function is the map

o 1/2
v = ||Sf(@)lle = (Z |ij(w)l2> :

j=—o0

The heart of Littlewood-Paley theory is the fact that the LP norm of
a function is comparable to the L” norm of the corresponding square
function.

THEOREM 1. (Littlewood-Paley theorem for Fourier series) If f is
an LP function in (0,27), and if 1 < p < oo, then Sf € LP(I*) and

1 flle ~ 1Sl ze@e)-
PROOF. See [3]. O

The theorem is saying that the Littlewood-Paley pieces S;f of an
L? function f are somewhat independent of each other. For instance,
one can multiply each such piece by £1 and the resulting function will
still be in LP. When proving L” results in harmonic analysis it is often
enough to prove the result for a single Littlewood-Paley piece, and the
general case follows by summing over all such pieces.

The purpose in the remainder of this section is to discuss the coun-
terpart of Theorem 1 for the Fourier transform in R™. This will involve
a smooth Littlewood-Paley decomposition of a function f in LP(R").

DEFINITION. Let n = n(€) be a fixed radial function in C°(R")
such that 0 <n <1, np=1for |{] <1/4, and n =0 for |[¢| > 1/2. We
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define nonnegative functions ¢, ¢; by ¢(£)? =n(£/2) — n(£), and
p;(€)* = p(277¢)? (j=1),

[e.e]
P=1- (&)’
j=1
We collect some properties of the functions ¢;.

THEOREM 2. (Littlewood-Paley partition of unity) The functions
@, are smooth in R"™, they satisfy 0 < ¢; < 1, and they are supported
in frequency annuli of radius ~ 27 :

supp(p;) € {272 < €] <27}, supp(po) € {[¢] < 1}

Also, they form a partition of unity in the sense that
_ 2
1= Z ©j-
j=0

PROOF. Since 7 is radial and nonnegative, it is not hard to see
that p(¢) = (n(€/2) — n(€))Y? is C= and that 0 < ¢ < 1. Also, ¢ is
supported in {1/4 < |¢| < 1}, which shows the support condition for
@; if 7 > 1. We have

Z% Z (27771) —n(27E)] = n2 N7 —n27%¢).

7j=1

The last function is supported in {1/2 < |¢] < 2V} and is equal to 1
in {1 < |¢] <271}, This shows that g is supported in the unit ball,
as required. O

DEFINITION. If f € ./(R") and j > 0, we define
Sif = ¢i(D)f,
Sfi= (1)

The functions S; f are called the dyadic (or Littlewood-Paley) pieces
of f. They are always C*> functions in R", as Fourier transforms of
compactly supported distributions (see Rudin [9, Chapter 7]). The
square function in this case is the map

1/2
v IS4 HP—(Z!S‘J‘ ) .
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The Littlewood-Paley theorem states that the LP(R™) norm of f is
comparable to the LP(R"™) norm of the square function.

THEOREM 3. (Littlewood-Paley theorem in R") Let 1 < p < oo. If
feLr(R"), then Sf € LP(I?) and

[ fllze ~ 1S fllzeae)-
If p=2 then | fllr2 = |Sfllr22)-

ProoF. We prove the case p = 2, which is a direct consequence of
the Plancherel theorem: if f € L?*(R") then

If1172 = @m) (L f1I72 = (ZW)”Z/wj(£)2|f(§)!2d£

- fj [1s@ra = [issei e

= 1S flZ2qe)-
The case p # 2 is a nontrivial result. A standard proof, as in [2], is
based on the theory of (Hilbert-valued) singular integrals, where it is
shown that operators such as S map L'(R") into weak L'(I?). Then a
version of the Marcinkiewicz interpolation theorem gives that

1S flleazy < Ol flzv

for 1 < p < 2, and the case where 2 < p < oo follows by duality.
For the converse inequality, we use the identity || f[|7. = [[Sf]|72(2),
which gives upon polarization that

fgdx:/ g S;fS;gdu.
Then

1l = sup{' [ rads] s lallr =13

:sup{'/zsjf%dﬁ gl =1}

< sup{[|Sfllzoa2) 1S9l 1o 2y s Ngllpr = 1}
< Csup{|[Sfllzr@llgl e s Mgl =1}
< C|Sfllzraz)-
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3.4. Besov and Triebel spaces

3.4.1. Definition of Besov and Triebel spaces. The discussion
of Littlewood-Paley theory in §3.3 motivates the definition of Besov and
Triebel spaces. As always, we begin by considering the L? case.

MoTIvATION. If f € Z(R"), let S;f = ¢;(D)f be the Littlewood-
Paley pieces of f as in §3.3. Since (£) ~ 27 on supp(yp;), the H*? norm
of f can be expressed as

1 s = 11776 FHIZ2 = (2m) 1€ F 117

(2m) Z/ o167 17(©) Pdffvzfﬁu% )12

~ 222”!!903 )fIIZ:

- 1/2]|?
(Z QQjSIsDj(D)f(rvNQ) .

LQ

This shows that
(1) [ £l o2 ~ 1[5 (D) Fllisczzy ~ 115 (D) )l 2.

where [5 are the weighted sequence spaces introduced in §2.4.

The Besov and Triebel spaces are obtained by replacing the expo-
nents 2 by p and ¢ in the norms appearing in (1). For later purposes,
we will need to use more general Littlewood-Paley partitions of unity
in the definition of the spaces.

DEFINITION. If N is a positive integer, let Wy be the set of all
sequences (1;)32, of functions which satisfy
(a) ¥; € C*(R™) and v¥; > 0 for all j,
(b) 1, is supported in {277V < |¢| < 297N} for j > 1, and )y is
supported in {|¢| < 2V},
(c) there exists ¢ > 0 such that Y72 4;(£) > ¢, and
(d) for any multi-index « there exists C,, > 0 such that

| D (6)] < C (671 j=1,2,....
We let U =Jy_, ¥
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EXAMPLE. It is easy to check that (¢;)52, is a sequence in W. We
can generate more sequences in W by choosing a nonnegative smooth
function ¢ supported in {27V < [¢] < 2V} with ¢ > 0 for 1/v/2 <
€] < V2, and by letting 1;(€) := ¥(277¢) for j > 1 and choosing v, in
a suitable way. The normalized functions

(O . L D (27
X](g) L ZZO:_OO w(Q,kg) (] Z 1)7 XO(g) T Z;O:_W@D(Q*kf)’
yield a sequence (y;) € ¥ with > 72 x; = 1. Further, if (¢;) € W is

given, we may use the above idea to find a sequence (1;3) € WU satisfying
1; =1 on supp(¢y;) for all j > 0.

We will use the constructions in the previous example several times
below. After these preparations, we are ready to give the definition of
Besov and Triebel spaces.

DEFINITION. Suppose that (¢;)72, is a sequence in W, let s be a
real number, and let 1 < p,q < occ.

(a) The Besov space B; (R") is the set of all f € .#/(R") for which
(¥;(D)f) € l;(Lp). The norm is

00 1/q
5(Le) = (Z[2j5|1¢j(D)f|!Lp]q> :

J=0

1f1ls;, = lI(¥5(D)f)

(b) The Triebel space (or Triebel-Lizorkin space) Fy (R™) consists of
those f € #/(R") for which (¢;(D)f) € LP(I3). The norm is

o0

1/q
rg, = (W5 (D) )l zey) = <Z [2j8|1/}j(D)f”q>

=0

/]

Lpr

REMARKS. 1. More precisely, the Besov space B, consists of those
tempered distributions f for which each ¢;(D)f is an L? function, and
the sum Y _[27%||¢;(D) f|| »]? converges.

2. For the Triebel spaces, we note that if f € ./ then any ¢;(D)f is a
C® function as the inverse Fourier transform of a compactly supported
distribution. It follows that the map

00 1/‘1
i (Z [st\wj(D)f(x)!]q>

Jj=0
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is nonnegative and measurable (as the gth root of the supremum of
continuous functions). Then f is in F; iff the last function is in LP(R").

3. One could also consider the case 0 < p,q < 1, but we will restrict
our attention to 1 < p,q < oo for simplicity. Later we will discuss the
Besov spaces also when p = ¢ = o0

We now prove that the spaces defined above do not depend on the
choice of the sequence (¢;). This will allow considerable flexibility when
proving statements about these spaces. Below, we will usually give the
details for Besov spaces and leave the Triebel case as an exercise.

THEOREM 1. (Independence of partition of unity) Let (1), (1/;]) be
two sequences in V. Then for all admissible s, p,q,

1G5 (D) ) ligery ~ 1125 (D) )
1@ (D))o ~ 1(5(D) o).

Thus, any sequence (y;) € W in the definition of B,, and F;, will result

I5(LP)s

in the same spaces with equivalent norms.

PROOF. 1. Let f € .’ be such that (¢;(D)f) € [5(L?). We wish
to show that (¢;(D)f) € [(LP), and

1@5(D) )ligzy < Cll (w5 (D) f)lagz)
with C independent of f.

2. Choose N so that (v;), (¥ Uy. We write

;) €
= lﬁ Ur(D) f

= (Z%(f)) :

Here y is a bounded C'*° function, and x and zﬁj satisfy the conditions

in Mihlin’s theorem with bounds independent of j by (a)-(d) above.

Since ;(§)vr(§) = 01if |j — k| > 2N, we have (with ¢, := 0 for k£ < 0)
2% (D) fllew <C - Y 20D flne

J—2N<k<j+2N

< Y D)

j—2N<k<j+2N

where
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It follows that

1(3(D)f)

> [2195(D) ]

=0

sczl 3 2k8|rwk<D>f||Lp]

j=0 Lj—2N<k<j+2N

q
I5(LP)

<C> > IOl
Jj=0 j—2N<k<j+2N

<O [2°Ii(D) fllw]”-
j=0
This proves the result for the Besov case.

3. The Triebel case is left as an exercise. It uses the vector-valued
Mihlin multiplier theorem, which will be stated (for ¢ = 2) below. O

3.4.2. Properties of Besov and Triebel spaces. We begin by
proving that By, and F}; are Banach spaces. To this end, we first state

an abstract result which describes how the function spaces sit inside
[(LP) and LP(I3).

DEFINITION. Let A and B be normed spaces. We say that a
bounded linear operator R : A — B is a retraction is there is another
bounded linear operator S : B — A with

RSb=10b forallbe B.
Then S is called a coretraction for R.

LEMMA 2. If A is Banach and B is normed, and if S : B — A is a
coretraction for R : A — B, then B is Banach and S is an isomorphism
from B onto a closed subspace of A.

Proor. If Sb = 0 then b = RSb = 0, showing that S is injective.
We claim that SR : A — A is a projection and the range of S is equal
to the range of SR. Clearly (SR)%*a = S(RS)Ra = SRa for a € A and
SR(A) C S(B). Also, any Sb can be written as Sb = SR(Sb), so that
S(B) C SR(A). Then S(B) is closed as the range of a projection.

If (b;) is a Cauchy sequence in B, then (Sb;) is Cauchy in A and
there exists Sb € S(B) with Sb; — Sbin A. Applying R, we see that
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b; — b in B and that B is complete. The map S : B — S(B) is an
isomorphism by the open mapping theorem. U

THEOREM 3. (B, and F,, as function spaces) B, and Fy, are Ba-
nach spaces, and . C B, C " and . C Fy C " with continuous
inclusions. Further, . is dense in By, and Fj,.

PROOF. 1. We first show that By, is a normed space. Let (1;) be
a sequence in W with 377 (v; = 1. If f, g € By, then

NS+ nglisg, = 1MW (D) F) + 15 (D)g) 1520
< [Alllfllss, + [elllgllss,,
showing that B, is a vector space and || -[[ps, obeys the triangle in-

equality. Also the other conditions for a norm are satisfied, for instance
if fisin By, and ||f||ps, = 0, then ¢;(D)f = 0 for all j which implies

that f =3, ¥;(§)f =0and f =0.

2. To show that B;, is complete, we define the maps

S: B, — (L7, fr— (D)),
R:E(LP) — By, (g5) — > 4(D)g;,
=0

J

where (@Z)J) is a sequence in ¥ with 7,5]- = 1 on supp(¢,) for all j > 0.
We leave as an exercise to show that the sum defining R converges
in By , and that S and R are bounded linear operators (this uses the
argument in Theorem 1). We have that

RSf =Y _dy(D);(D)f =Y ¢i(D)f = f,

so S is a coretraction. Since [3(LP) is Banach, Lemma 2 shows that
B;, is a Banach space.
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3. Next we show that . C B;q. If f €. then

193 (D) flle < Cll{a)* 3 (D) f | o
< C|lLF (D) [1h5(€) FETH oo
< CI(De)* [t(€) ()]l
< CII(E* (De) ™[5 (€) F()] 1=
<C > QD (D F(€)] e

laf,|8]<2n

< 02 ST (D (€)1

|Bl<2n

Thus [|(2°(1¢5(D) fllze) e < CZ|5|<2nII< €)=t DA f(€)]| p=, showing
that . is continuously embedded in B, . The embedding B, C %" is
an exercise.

4. It remains to show that .’ is dense in B, . If f € B,,, we first note

pq>
that the functions
N
fn=> ;(D)f
j=0

converge to f in By, as N — oo. This follows from the argument in
the proof of Theorem 1. Thus it is enough to approximate each fy by
Schwartz functions.

Fix ¢ > 0, and let R and S be as in Step 2. If fy is given, there is
some N’ > 0 such that ¢;(D)fx = 0 for j > N’. Since each ¢;(D) fn
is in LP, we may find ¢, € .% such that

|14;(D) fn — @jllzr < 2_j(s+1)6, 0<j<N.

Set ¢; :== 0 for j > N’, and let ¢ := R(p;) = Z%(D)%_ Since the
sum is finite, we have ¢ € ., and

1fx = ¢lls;, = IRS v — R(p))ls;, < Cll(5(D) fx) = (03) )
N’ 1/q
(Z [2(145(D) fv — @il 1e] ) < Cee.
7=0
This completes the proof. ]

The following result gives some simple relations between the Besov
and Triebel spaces.
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THEOREM 4. (Monotonicity of B,, and F,,, ) Let s be a real number
and 1 < p,q < 0.

(a) The Besov spaces satisfy

352 C le Zf S1 S S9,
Bh € By a1 < g

These identities are true for the F-spaces as well.
(b) If p=q, one has B,, = F;.
(¢) One has

By, CF,CB,, if 1<qg<p<oa,
By, CF,,CB,, if 1<p<gq<o.

ProOOF. 1. The first two identities follow immediately from the
inclusions l‘;? C 121 and (&t C [%:

00 1/q
By = (Z [2j51||¢j(D)f||Lp]q)

J=0

s(mem )£l

J=0

o} /a1
%=@]Mw mp>

/1

- ||f||B;g7

/]

J=0

< (Z [27°[[5(D) fl ] ™

=0

1/q2

= |1/l

qu
since if (x;) € [?* then

> sl < ( (supla;[*)

The proof for the F-spaces is similar.

| q2/q1

2. If f €. then

11, = S 27 (D) fIE, /wa VP da
=W2Wwwmﬂ Lﬂw%
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3. In (c), the second inclusion on the first line and first inclusion on
the second line follow from (a) and (b). To show the first inclusion, if
J €B,,and 1 < ¢ <p < oo we have

I, = | (S )| - s,
< (2l = HfHng-
The proof of the last inclusion is analogous. O

Next we consider the relation of Besov and Triebel spaces to the
Bessel potential spaces. Note that ||f||F192 = ||(x);(D) )|l zr @2y, so the
Littlewood-Paley theorem implies that F]Eg = LP? with equivalent norms.
To prove a corresponding result for s # 0, we need a generalization of
Mihlin’s theorem. See [2] for a proof.

THEOREM 5. (Vector-valued Mihlin multiplier theorem) Suppose
m(§) = (my(§))35=o i a matriz of C> complex valued functions on
R, which for any multi-index o satisfies

oo 1/2
(Z |Damjk<§>|2> < Co(€) 7.

Then the operator m(D), defined for sequences F' = (f;)32, of Schwartz
functions with f; =0 for j large, by

Zm]k fk? j:0,1,2,...,

has a bounded extension LP(I1*) — LP(I%) for any 1 < p < oo, and
Im(D)Fl| o2y < ClF||rgey,  F € LP(1%),
where C' only depends on p, n, and finitely many C.,.

The inequality ||(v;(D)f)|lrazy < C| f|lre in the Littlewood-Paley
theorem is an immediate consequence of the last result, if one takes
m;o(§) = ¢;(§) and m;(§) := 0 for k > 1, and applies m(D) to

=(f,0,0,...). The following proof uses a similar idea.
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THEOREM 6. (Fractional Sobolev spaces as Triebel spaces) If s is a
real number and 1 < p < oo, then

L — S,p
Fs5, = H?,
s __ s __ s,2
sy, = B3, = H*".

Proor. 1. < C||f||gs» for any Schwartz
function f. Let fo := (D)*f, let (¢;) be a sequence in ¥, and define

mjo(€) = 27°(&)~*¥;(8),
m;e(§) =0 (k=1),
F = (£5,0,0,...).

Since | D*mjo(&)| < Cal€) ™ Noupp(u;)(€) by the properties of (1), the
matrix m = (mj;) satisfies the conditions in the vector-valued Mihlin

theorem. Consequently

11l 75, = 12795 (D) )l oz) = 1(mjo(D) fo)lloazy = (D) F | o2y
< CllF (e = Clifolle = Cll f -

2. Let us prove the converse inequality, ||f||gs» < C||f|
If (1) is a sequence in ¥ with ) = 1, we have

[fllzzsr = 1CD) fllr = szk D) [l

F;QfOI‘fGy.

The last sum converges in L” by the Littlewood-Paley theorem for
instance. We choose another sequence (¢4) in ¥ with ¢, = 1 on
supp(?x), and define

mon(§) = 277(&) ¥ (6),
mir(§) =0 (j=1),
F = (2%04(D) f)3y.
Again, m satisfies the conditions in Mihlin’s theorem. Since ¢ (D) =

V(D) (D), we have
[ £l 250 < HZ Mo (D) Fi || = ||m(D)F ||y 2y

< CHFHLP(P) = C|f|

s .
Fj

3. We have proved that [|f|rs, ~ [[f|#=» for f € . The standard
density argument then shows that Fj, = H*P with equivalent norms.
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The second identity in the theorem is a consequence of the first one
and the fact that Fj;, = B, . U

Finally, we consider the interpolation of various function spaces.
The following abstract result will be used to pass from interpolation
results on LP and [ spaces to similar results for Besov spaces.

LEMMA 7. Let (Ao, A1) and (Bo, B1) be two interpolation couples
of Banach spaces, and assume that R : Ag+ A1 — Bo+ By and S :
By + By — Ag + Ai are linear operators such that R is a retraction
A; — Bj with coretraction S : B; — A; (j = 0,1). If F' is any
interpolation functor, then S is a coretraction F(By, By) — F(Ap, A1)
which is an isomorphism onto a closed subspace of F(Ag, Ay).

PRrOOF. Since R is bounded A; — B;, the definition of interpola-
tion functor implies that R is bounded F(Aq, A1) — F(By, B1). Simi-
larly, S is bounded F(By, B1) — F(Ap, A1). We also have RSb = b for
b € By and b € By, thus also for b € F/(By, By). Then R is a retraction
on F(Ap, Ay) with coretraction S, and the result follows from Lemma
2 above. O

The following interpolation results are not the sharpest possible (for
better results see Triebel [13]), but they give an idea of what can be
done.

THEOREM 8. (Interpolation of function spaces) Let sg, s, be real

numbers, and let 1 < po,p1,q0, 1 < 00. If 0 < 6 < 1, let s,p,q be

defined by
1 1-6 0 1 1-6 0
s=(1—-0)sg+0s, —= +—, -= + —.
p Po P1 q do 0

(a) The Besov spaces satisfy

(Bfn‘%o» staél)@,q = B;q if po=p1 =D,
(BISJ(Oqu B;iq1)9,q = B;q if p=gq.

(b) The Triebel spaces satisfy
(FSO Fsr )97[, =B’ Zf S0 # S1,

Pogo’ ~ P1q1 pp

s s s . . . .
(Fpoqo7 Fp1q1)97p = Bpp if so =51 =5 and p=q,

s s _ 18 . . .
(Fp0T7Fp17’)9:p_Fp7‘ Zfso—<91—8 and 1 < r < oo.
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(c) The fractional Sobolev spaces satisfy

(Hso’paHSLP)G,r:B;r ifSQ?éSl, Po=P1 =D, 1 <7< 00,
(Hsap07 Hsapl)e’p — H‘S7p Zf 50 e 81 = S.

ProOOF. We prove (a). Consider the coretraction S given in the
proof of Theorem 3,

St Byl — Lo (L), f = (U(D)f)iZy (5 =0,1).

. . . s s
By Lemma 7, S is an isomorphism from (B3, , Byl ), onto a closed

subspace of (I50(L), [51(LP")),q. But by Theorems 2 and 3 in §2.4, we
have with equivalent norms

(L0 (LP0), 15 (LPY) )g.q = Lo((LP0, LP )g q) = 1o (LF)

if either pg = p1 = p or p = ¢q. In these cases, since S is an isomorphism
we have

1850, B3t a0 ~ 1S lligiry ~ 11f 155,

The second and third identities in (b) follow in a similar way from
a retraction argument. However, for the first identity one needs a more
general interpolation result for the [7 spaces than the one proved in
§2.4; see Triebel [13]. For the first identity in (c¢) we also refer to [13],

and the second identity in (c) follows from the last identity in (b). O

3.5. Holder and Zygmund spaces

In this section, we will see how the Holder spaces fit into the frame-
work of Besov and Triebel spaces. First, we extend the definition of
Besov spaces to the case p = ¢ = oo. We use a sequence (1;)%2, in ¥
such that Y% v = 1, 44 (€) = $(277€) for j > 1, and ¢h;(~€) = 1;(€)
for 7 > 0.

DEFINITION. If s is a real number, the space B2 . (R") consists of
those f € ./(R") for which the sequence (27%(|1);(D) f|| =) is bounded.

The norm is

1.f1

By, = sup 2”°|[¢p;(D) f| .
>0

We will show that if 0 < s < 1, the space BS__ is precisely the space
of Holder continuous functions of exponent s. However, the equality
breaks down if s = 1. To obtain a characterization for integer s, we
will need to consider second order differences.
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DEFINITION. The Zygmund space C¥(R™) for s > 0 is defined as
follows: if s = k 4 v where k is a nonnegative integer and 0 < v < 1,
we define C¢(R") := C*(R") and
0% f(x +h) — 0°f(z)|

|A[7 '

Iflles == Ifllown = Lfllox + D Sup

lo|=k

Further, if s = k where k is a positive integer, then C*(R") is the set
of all f € C*1(R™) for which the following norm is finite:

> f(z+h)—20%f(x)+0%f(x —h
flles = [ lloes + 3 sup (L1 1) = 207 (@) £ 0% = h)|

jal=k " U

EXAMPLE. The space C}! consists of those continuous and bounded
functions f for which |f(x+h) —2f(z) + f(x — h)| < C|h| for all z, h.

Clearly one has the inclusions
ctcc™col

These inclusions are strict: an example of a function in C} which is not
Lipschitz continuous is given by the lacunary Fourier series

oo
2 : 2—kez’2kx
k=1

Below, it will be useful to write ¢;(D)f as the convolution of f
against a function. If m € C°(R") and f € L'(R") we have

m(D)f(x) = F - {m(©)}()} = (2m)" / e Em(€) f(€) de

n

= [ o [ etsmie de] st
— / m(z —y)f(y) dy.

Thus m(D)f = 1 x f, where we have written m := .Z 'm. If m €
Oy and f € 7', with correct interpretations (see Schwartz [10]) it
is possible to write m(D)f = m x f where 7 is a rapidly decreasing
distribution.

THEOREM 1. (Holder spaces as Besov spaces) If s > 0 is not an
integer, we have

C: = Bl
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PROOF. 1. Let us first assume f € C7 = C% with 0 < v < 1. If
j > 1 then [4;(y)dy =1;(0) =0 and

4,(D)f(2)| = ‘/w Fla—y)dy| = ‘/%(y)[f(x—y)—f(x)] dy

< 1 fllcon / 145 ) d.
Here 0 (y) = Z~ (277 - )} = 27(2y), so
[5(D) ()] < 2 o / W) dy < €2 o

Since [[o(D)fllz < l[vollz[lf |z we get 27[[;(D) fl|z < CIlfl|con
for all j > 0, so that C% C BY

2. Let now f € C* = O* with k € Z, and 0 < v < 1. We use the
Taylor expansion with remainder in integral form,

fla=y) =Y aaa VY k/ ks 1M(—y)” dt.

! al
lal<k |a|=k

Since [(—y)*%;(y) dy = D*;(0) = 0 for j > 1, we have

0= [ i

/% 53 k:/ 0 1%(—@%@

o=k
= [o Sk [0y P 2T e,
P '

Taking absolute values, we obtain

¥ (D) f(x)] < € (/!yl“”l"eﬁj(y)ldy) I fllors < C277E fllgn.

Thus C* C B¥.

3. Assume now that f € B3 where 0 < s < 1. We need to show that
fe€C®and |f(x+h)— f(x)| < C|h|*. Since > 1; =1, we have

| fllze < an] )Fllo= < Gyl f]

K]
Boooo

More precisely, the sum E =0 ¥;(D)f converges in C°, and since it also
converges in ./ to f we must have f € C°.
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Let now h € R™ with |h| <1 (if |h| > 1 the claim is trivial). Choose
k so that 27%~1 < |n] < 27%. Also, choose a sequence (x;);2, with
x; = 1 onsupp(¢;), and x; (&) = x(277€) for j > 1 where x € C°(R").
Let f; :==;(D)f = x;(D)y;(D)f. Then for j > 1,

fila+h) — fi(z) = / (& + b — ) — X5 — ) (D) f () dy
- / [+ ) — %) (D) (& — ) dy
- / Xy + 27h) — X(y))i; (D) f(w — 27y) dy.

Using that x(y + 2) — x(y) = fol Vx(y+tz) - zdt, we estimate

C2\hl, j<k
J < I 9
/Wy+2h www_{c, ik

It follows that

Fl@+h) = f@)] < Z|fj(r +h) = L@+ Y i@+ h) = fi()]

j=k+1

k
< CY 2[h[[¢y(D) fll + C Z [9;(D) £l

=0 j=k+1
k 00

< CIaP N s (Z PUIR 4 (B Y 2‘”)
=0 j=k+1

< CIaPI Bns s

since |h| ~ 27F,

4. Finally, assume f € B where s=k+~yand ke Z,,0<y <1
We first show that f € C*. If (;) is as in Step 3, we have for j > 1

Xj(D)Df =X« D*f = DX f
— oillgin(Dag) (20 ) x f.
Therefore, if || < k then

1D flliee <> Nl (DYD fllzee < Y lIx;(D)D*h;(D) f| o

j=0 7=0

<CY YD) flle < C|f]
j=0

s
BOOOC
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The fact that D*f € C%7 for |a| = k follows by repeating the argument
in Step 3 with f; := ¢,;(D)D*f. O

In the next result, we consider the case of integer s.

THEOREM 2. (Zygmund spaces as Besov spaces) If s > 0 is an
integer, then C; = B3

PROOF. 1. We shall only prove that C} = BL . Assume that f is
a function in C}. If j > 1 we have [);(y)dy = 0 and ¢;(—y) = ¥;(y)
(because 1, (=) = 1;(£)), so that

fowse-a

:‘ /% (v —y) = 2f (@) + [ +y)] dy

[4; (D) f ()] =

<

[l dy < C2) e

Also [o(D) f(2)| < %ol [l fllz= < Cllfller, so we have C1 € Bl

2. Let now f € Bl . Then f € B2 C C° by Theorem 1. We need
to show that

fa+h) —2f() + fla— W < CIAl, o h R
It is enough to show this for |h| < 1. As in the proof of Theorem
1, choose k so that 27""" < |h| < 27%, and choose (x;);2, € ¥ with
X; = Lonsupp(y;), x;(§) = x(277¢) for j > 1. Letting f; := ¢;(D)f =
X;(D)y;(D)f, we have
file +h) =2f;(x) + fi(x — h)
= [+ 21— 22(0) + X( — W] (D) (x — 27%y) dy.

We use the estimate

; ; C2%|h|?, j<k
v 29h) — 2% (g — 2 < » ISk,
/!X(y +2°h) = 2x(y) + X(y — 27h)| dy < { c. Y

The second part of this follows from the triangle inequality, and the
first part is a consequence of the Taylor expansion

h(z) = h(0) + VR(0) - 2+ 2 / 1—t ) o dt

=2




3.5. HOLDER AND ZYGMUND SPACES 59

applied to h(z) := x(y + 2) — 2x(y) + X(y — z). We obtain
F@+h) = 2f (@) + @ =W < 3 _Ifilw +h) = 2f5(2) + filw = h)l

+ Y S+ h) = 2f5(z) + fi(x = D)

j=k+1
k .
sczpwwww>mm+02:wU ) fllz=
=0 j=k+1
< Clhlll fll .. (ZWWHW 1 Z 2 >
j=k+1
< Clh[l[f1lsy...
since |h| ~ 27%, O

DEFINITION. We will write Cf := B for s < 0.

Finally, we remark that it is possible to characterize the Besov
spaces B;  in terms of difference quotients also when p, ¢ < co. Define

wy(t, f) = sup|[f(- +y) = F()ller,

ly|<t

wylt, f) = supllf(- +y) =2f () + F(- =)o

ly|<t

The following result may be found, also in a more general form, in
Bergh-Lofstrom [1].

THEOREM 3. (Finite difference characterization of Besov spaces)
Let s >0 and 1 < p,q < co. If s = k+ v where k is a nonnegative
integer and 0 < v < 1, then

= d
Bs, ™~ I fllze + Z (/ [t~ 7wp(t Dkf>] tt)
j=1 N0

If s = k4 1 where k is a nonnegative integer, then

. dt
.~ v —1 2 Dk)
o wm+;(£ o oir )

/1

/]
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3.6. Embedding theorems

We will finish the chapter with a number of embedding theorems
for the different spaces. The following LP estimates for convolutions
will be useful for this purpose. Part (c) is called Young’s inequality.

THEOREM 1. (LP estimates for convolution) Let 1 < p < co.

(a) If f € L' and g € LP, then fxg € LP and

1 * glle < 1 f e llgllze-
(b) If f € LP and g € L”, then fxg € L>® and

1f 5 gllzee < [ flrllgll -
(c) If f € L? and g € L%, where 1 < q </, then fxg € L" and

1 gller < [[fllzellgllze
if v is defined by % =

1_ 1
P q’

PROOF. (a) It is proved in [7] (or Rudin [8]) that the convolution
of two L' functions is an L' function, and || f * g||;2 < || fllzillgllz:. If
f e L'and g € L™, we have the trivial bound || fxg|[z < ||.f]|z1]l9]l 2o
Thus, if f € L' we have amap T : L' + L® — L' + L>®, Tg = f * g.
Since

T:L'— L, 1T < 1Al e
T:L> =L, T <|flle
interpolation gives that T maps L? to LP with | Tgllz» < || fllz:]lg]lze-

(b) This is Holder’s inequality:

|fxg(z)| = '/f T =y dy’ < |f = e llglr = [1Fllellgll -

(c¢) If f € LP, by (a) and (b) the map T": g — f * g satisfies
T:L'— L7, 1T < [I.fllze
T:L" —L*, 7)< | fle

Let 1 < q <9, andlet0<9<1besuchthatlzﬁ+ﬁ. Then

= £ and Loy £ = l — & =1 Thus 1nterp01at10n shows that
T: L1 — L' with HTgHU < || fllzellgllLa, as required. O
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THEOREM 2. (Embeddings for function spaces) Assume that s > sy
and 1 < p,p; < 00, and
n n
S—— =8 — —.
P1
Then for any 1 <r < co one has
B, C B!

pir?

Fs. C F3

pir?

H57p g H517p1.
Further, if t is any real number and 1 < p,r < oo, then
t t—n/p
Bt C O,
t t—n/p
Ft CCom,
Hte C C«i—n/p'

ProoOF. 1. We prove the first embedding for Besov spaces. If s = s;
then p = p; and the claim is trivial. We may assume s > s;, and then
p < p < oo Let (¥;)52, and (x;)%2, be two sequences in ¥ with
x; = 1 on supp(¢;), and x;(£) = x(277¢) for j > 1. Then

[4(D) fllzer = x5 (D)5 (D) fller = |IX; * 3 (D) f | Lo
< Xl zalls (D) fl e

by Young’s inequality, if ¢ is chosen so that p% = 110 — i. Ifj >1 we
have
Il = 127X lls = O/ = c2tm
since
1 I s—s
¢ p m no

If j = 0 then [[o(D)f|[rr < [IXollzallt0(D) fllrr = Cllto(D)f]lLo-
Consequently, we obtain

£, = 127 [5(D) flle)ller < CNENeb5(D) fll o) e = CI f]

This holds for Schwartz functions f, and the first embedding follows
since Schwartz functions are dense.

Bgr .

2. For the second embedding for Besov spaces, we note that

2Dy (D) fll e < 2P| o 005(D) fllze < C27[5 (D) f | 2o,
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since || ;| = C2"/P. Consequently
1 leorio ~ sup 2 i (D) e < Cllf |3,
jz

for any 7.

3. The first embedding for Triebel spaces uses the Hardy-Littlewood-
Sobolev inequality, and we refer to Triebel [13] for the proof. The
second embedding however follows directly from the corresponding em-
bedding for Besov spaces, upon noting that by Theorem 4 in §3.4, for
any r there is some r; such that

Ft C Bt C Ct—n/p
pr = = Vi .

pri

4. The embedding results for fractional Sobolev spaces follow from the
corresponding results for Triebel spaces, using the fact that H*P = FgQ

by Theorem 6 in §3.4. U

REMARK. Considering the spaces B, , I}, and H*?, the number
s — % is called the differential dimension. For the Zygmund space
C? = B3, the differential dimension is s. The embeddings considered

here can be memorized by noting that the differential dimension is
preserved while the smoothness index becomes smaller.
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