
HYPERBOLIC GEOMETRY

JOUNI PARKKONEN

0. Warmup: Euclidean and spherical geometry

In this short section we will (re)acquaint ourselves with some of the basic concepts
and objects of the rest of the course with the aid of Euclidean and spherical geometry
which I assume are to some extent familiar to everyone.

0.1. Metric spaces. Recall that a function d : X ×X → [0,+∞[ is a metric in the
nonempty set X if it satisfies the following properties

(1) d(x, x) = 0 for all x ∈ X and d(x, y) > 0 if x 6= y,
(2) d(x, y) = d(y, x) for all x, y ∈ X, and
(3) d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X (the triangle inequality).

The pair (X, d) is a metric space. Open and closed balls in a metric space, continuity
of maps between metric spaces and other “metric properties” are defined in the same
way as in Euclidean space, using the metrics of X and Y instead of the Euclidean
metric.

If (X1, d1) and (X2, d2) are metric spaces, then a map i : X → Y is an isometric
embedding, if

d2(i(x), i(y)) = d1(x, y)

for all x, y ∈ X1. If the isometric embedding i is a bijection, then it is called an
isometry between X and Y .

The isometries of a metric space X form a group Isom(X), the isometry group of
X, with the composition of mappings as the group law.

A map i : X → Y is a locally isometric embedding if each point x ∈ X has a
neighbourhood U such that the restriction of i to U is an isometric embedding. A
(locally) isometric embedding i : I → X is

(1) a (locally) geodesic segment, if I ⊂ R is a (closed) bounded interval,
(2) a (locally) geodesic ray, if I = [0,+∞[, and
(3) a (locally) geodesic line, if I = R.

Note that in Riemannian geometry, the definition of a geodesic line is different from
the above: in general a Riemannian geodesic line is only a locally geodesic line
according to our definition.

0.2. Euclidean space. Let us denote the Euclidean inner product of Rn by

(x|y) =
n∑

i=1

xiyi .

The Euclidean norm ‖x‖ =
√

(x|x) defines the Euclidean metric d(x, y) = ‖x− y‖.
The triple En = (Rn, (·|·), ‖ · ‖) is n-dimensional Euclidean space.

Euclidean space is a geodesic metric space: For any two distinct points x, y ∈ En,
the map jx,y : R → En,

jx,y(t) = x+ t
y − x

‖y − x‖ ,
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is a geodesic line that passes through the points x and y. The restriction jx,y|[0,‖x−y‖]
is a geodesic segment that connects x to y: j(0) = x and j(‖x − y‖) = y. In fact,
this is the only geodesic segment that connects x to y up to replacing the interval of
definition [0, ‖x−y‖] of the geodesic by [a, a+‖x−y‖] for some a ∈ R. More precisely:
A metric space (X, d) is uniquely geodesic, if for any x, y ∈ X there is exactly one
geodesic segment j : [0, d(x, y)] → X such that j(0) = x and j(d(x, y)) = y.

Proposition 0.1. Euclidean space is uniquely geodesic.

Proof. If g is a geodesic segment that connects x to y and z is a point in the image of
g, then, by definition, ‖x−z‖+‖z−y‖ = ‖x−y‖. But, using the Cauchy inequality
from linear algebra, it is easy to see that the Euclidean triangle inequality becomes
an equality if and only if z is in the image of the linear segment j|[0,‖x−y‖]. �

If a metric space X is uniquely geodesic and x, y ∈ X, x 6= y, we denote the image
of the unique geodesic segment connecting x to y by [x, y].

———

A triangle in Euclidean space consists of three points A,B,C ∈ En (the vertices)
and of the three sides [A,B], [B,C] and [C,A]. Let the lengths of the sides be,
in the corresponding order, c, a and b, and let the angles between the sides at the
vertices A, B and C be α, β and γ. These quantities are connected via the

Euclidean law of cosines.

c2 = a2 + b2 − 2ab cos γ .
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Figure 1

Proof. The proof is linear algebra:

c2 = ‖B − A‖2 = ‖B − C + C − A‖2 = b2 + 2(B − C|C −A) + a2

= b2 + 2(B − C|C − A) + a2 = b2 − 2ab cos γ + a2 . �

The law of cosines can be proved without knowing that En is uniquely geodesic.
In fact, using the law of cosines, it is easy to prove that Euclidean space is uniquely
geodesic, compare with the case of the sphere treated in section 0.3 .
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0.3. The sphere. The unit sphere in (n− 1)-dimensional Euclidean space is

Sn = {x ∈ En+1 : ‖x‖ = 1} .
Let us show that the angle distance

d(x, y) = arccos(x|y) ∈ [0, π]

is a metric. In order to do this, we will use the analog of the Euclidean law of cosines,
but first we have to define the objects that are studied in spherical geometry.

Each 2-dimensional linear subspace (plane) T ⊂ Rn+1 intersects Sn in a great
circle. If A ∈ Sn and u ∈ Sn is orthogonal to A (u ∈ A⊥), then the path jA,u : R →
Sn ,

jA,u(t) = A cos t+ u sin t ,

parametrises the great circle 〈A, u〉 ∩ Sn, where 〈A, u〉 is the linear span of A and u.
The vectors A and u are linearly independent, so 〈A, u〉 is a 2-plane.

If A,B ∈ Sn such that B 6= ±A, then there is a unique plane that contains both
points. Thus, there is unique great circle that contains A and B, in the remaining
cases, there are infinitely many such planes. The great circle is parametrised by the
map jA,u, with

u =
B − (B|A)A

‖B − (B|A)A‖ =
B − (A|B)A√
1− (A|B)2

.

Now j(0) = A and j(d(A,B)) = B.
If B = −A, then there are infinitely many great circles through A and B: the

map jA,u parametrises a great circle through A and B for any u ∈ A⊥.
We call the restriction of any jA,u as above to any compact interval [0, s] a spherical

segment, and u is called the direction of jA,u. Once we have proved that d is a metric,
it is immediate that a spherical segment is a geodesic segment.

———

A triangle in Sn is defined as in the Euclidean case but now the sides of the
triangle are the spherical segments connecting the vertices.

Let jA,u([0, d(C,A)]) be the side between C and A, and let jA,v([0, d(C,B)])v be
the side between C and B. The angle between jA,u([0, d(C,A)]) and jA,v([0, d(C,B)])
is arccos(u|v), which is the angle at A between the sides jA,u([0, d(A,B)]) and
jA,v([0, d(A,B)]) in the ambient space En+1. Now we can state and prove the

Spherical law of cosines.

cos c = cos a cos b+ sin a sin b cos γ .

Proof. Let u and v be the initial tangent vectors of the hyperbolic segments jC,u

from C to A and jC,v from C to B. As u and v are orthogonal to C, we have

cos c = (A|B) = (cos(b)C + sin(b)u| cos(a)C + sin(a)v)

= cos(a) cos(b) + sin(b) sin(a)(u|v) . �

Proposition 0.2. The angle metric is a metric on Sn. (Sn, d) is a geodesic metric
space. If d(A,B) < π, then there is a unique geodesic segment from A to B.

Proof. Clearly, the triangle inequality is the only property that needs to be checked
to show that the angle metric is a metric. Let A,B,C ∈ Sn be three distinct points
and use the notation introduced above for triangles. The function

γ 7→ f(γ) = cos(a) cos(b) + sin(a) sin(b) cos(γ)
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is strictly decreasing on the interval [0, π], and

f(π) = cos(a) cos(b)− sin(b) sin(a) = cos(a+ b) .

Thus, the law of cosines implies that for all γ ∈ [0, π], we have

cos(c) = cos(a) cos(b) + sin(a) sin(b) cos(γ) ≥ cos(a + b),

which implies c ≤ a+ b. Thus, the angle metric is a metric.
Equality holds in the triangle inequality if and only if γ = π. In this case, all

the points A, B and C lie on the same great circle and C is contained in the side
connecting A to B. Thus, the spherical segments are the only geodesic segments
connecting A and B.

If A 6= ±B, then there is exactly one 2-plane containing both points. The points
A and B divide the great circle containing them in two parts on unequal lengths.
This proves the third claim. �

Note that the sphere has no geodesic lines or rays because the diameter of the
sphere is π.

1. Hyperbolic geometry

In this section, we define define hyperbolic space using the hyperboloid model
which is analogous to the sphere that was treated in the warmup section.

1.1. Minkowski space. In this section, we need some basic facts on bilinear forms,
which can be studied for example from [Gre]. Let V and W be real vector spaces. A
map Φ: V ×W → R is a bilinear form, if the maps v 7→ Φ(v, w0) and v 7→ Φ(v0, w)
are linear for all w0 ∈ W and all v0 ∈ V . A bilinear form Φ is nondegenerate if

• Φ(x, y) = 0 for all y ∈ W only if x = 0, and
• Φ(x, y) = 0 for all x ∈ V only if y = 0.

If W = V , then Φ is symmetric if Φ(x, y) = Φ(y, x) for all x, y ∈ V . It is

• positive semidefinite if Φ(x, x) ≥ 0 for all x ∈ V ,
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• positive definite if Φ(x, x) > 0 for all x ∈ V − {0},
• negative (semi)definite if −Π is positive (semi)definite, and
• indefinite otherwise.

The quadratic form corresponding to a bilinear form Φ: V × V → R is the function
q : V → R, q(x) = Φ(x, x). A positive definite symmetric bilinear form is an inner
product.

If V is a vector space with a symmetric bilinear form Φ, we say that two vectors
u, v ∈ V are orthogonal if Φ(u, v) = 0, and this is denoted as usual by u ⊥ v. The
orthogonal complement of u ∈ V is

u⊥ = {v ∈ V : u ⊥ v}.
Let us consider the indefinite nondegenerate symmetric bilinear form 〈·|·〉 on Rn+1

given by

〈x|y〉 = −x0y0 +
n∑

i=1

xiyi,

where x = {(x0, x1, . . . , xn). We call 〈·|·〉 the Minkowski bilinear form, and the pair
R1,n = (Rn+1, 〈·|·〉) is the n+1-dimensional Minkowski space. A basis {v0, v1, . . . , vn}
of R1,n is orthonormal if the basis elements are pairwise orthogonal and if 〈v0|v0〉 =
−1 and 〈vi|vi〉 = 1 for all i ∈ {1, 2, . . . , n}.

Minkowski space has a number of geometrically significant subsets: The variety

H
n = {x ∈ R1,n : 〈x|x〉 = −1}

is a two-sheeted hyperboloid, and its upper sheet is

Hn = {x ∈ R1,:〈x|x〉 = −1, v0 > 0}.

The subset of null-vectors is the light cone

L
n = {x ∈ R1,n : 〈x|x〉 = 0} .

———

The name light cone comes from Einstein’s special theory of relativity, which lives
in R1,3. Furthermore, we will occasionally use the physical terminology and say that
a vector is

• lightlike if 〈x|x〉 = 0,
• timelike if 〈x|x〉 < 0, and
• spacelike if 〈x|x〉 > 0.

1.2. Hyperbolic space. The metric space (Hn, d), where

d(x, y) = arcosh(−〈x|y〉) ∈ [0,∞[ ,

is the hyperboloid model of n-dimensional (real) hyperbolic space. The metric d is
the hyperbolic metric.

In fact, we still need to show that the hyperbolic metric is a metric. The proof
follows the same idea that was used to treat the angle metric for the sphere Sn.

Lemma 1.1. If u, v ∈ Hn, then 〈u|v〉 ≤ −1 with equality only if u = v.
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Proof. Using the Cauchy inequality for the Euclidean inner product in Rn for the
first inequality and a simple calculation for the second, we have

〈u|v〉 = −u0v0 +
n∑

i=1

uivi ≤ −u0v0 +

√√√√
n∑

i=1

u2
i

√√√√
n∑

i=1

v2i

= −u0v0 +
√
u2
0 − 1

√
u2
0 − 1 ≤ −1 .

Any line through the origin intersects Hn in at most one point, so Cauchy’s inequality
is an equality if and only if u = v. �

We will also need the following standard result for nondegenerate bilinear forms
of signature (1, n)

Lemma 1.2. For any u ∈ Hn, the restriction of the Minkowski bilinear form to a⊥

is positive definite. �

Proof. This follows from Sylvester’s law of inertia, see for example [Gre, Chapter
IX]. �

Let a ∈ Hn, and let u ∈ a⊥ such that 〈u|u〉 = 1. The mapping ja,u : R → Hn,

ja,u(t) = a cosh(t) + u sinh(t) ,

is the hyperbolic line through a in direction u. It is easy to check that, indeed, the
image of ja,u is contained in Hn and that for all s, t ∈ R, we have

(1) d(ja,u(t), ja,u(s)) = |s− t| .
As in section 0.3 for the sphere, if we show that d is a metric, then ja,u is a geodesic
line. We define hyperbolic segments and rays as the appropriate restrictions of the
geodesic line.

Lemma 1.3. For any a ∈ Hn and any u ∈ a⊥, ja,u(R) = Hn ∩ 〈a, u〉. If a 2-plane
T intersects Hn, then T ∩Hn is the image of a hyperbolic line.

Proof. Clearly, the image of ja,u is contained in the 2-plane 〈a, u〉.
On the other hand, if a plane T = 〈u, v〉 intersects Hn at two distinct points p

and q, the geodesic line jp,u with

u =
q + 〈p|q〉p
|q + 〈p|q〉p|

passes through p and q. If we fix p ∈ Hn, there are exactly two unit tangent vectors
v and −v in TpH

n∩T , and the hyperbolic lines jp,v and jp,−v defined by these vectors
have the same image. Therefore, all points in Hn ∩ T are contained in jp,v(R) for
any p ∈ Hn. �

Lemma 1.4. For any a ∈ Hn, the tangent space TaH
n of Hn at a coincides with

a⊥.

Proof. The orthogonal complement a⊥ has dimension n because the Minkowski bi-
linear form is nondegenerate. Each vector in a⊥ is the tangent vector at a of a
smooth curve contained in Hn. �

We will not need this result at this point, but it is good to observe that the re-
striction of the Minkowski bilinear form to each tangent space defines a Riemannian
metric.
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We define the angle ∡(u, v) of any two vectors u, v ∈ TaH
n = a⊥ − {0}, using the

inner product induced from the Minkowski bilinear form:

∡(u, v) = arccos(〈u|v〉)
The inner product induces a norm

|u| =
√

〈u|u〉
on a⊥ for all a ∈ Hn.

The first hyperbolic law of cosines.

cosh c = cosh a cosh b− sinh a sinh b cos γ .

Proof. Let u and v be the initial tangent vectors of the hyperbolic segments from C
to A and from C to B. As u and v are orthogonal to C, we have as in the spherical
case,

cosh c = −〈A|B〉 = −〈cosh(b)C + sinh(b)u| cosh(a)C + sinh(a)v〉
= cosh(a) cosh(b)− sinh(b) sinh(a)〈u|v〉 . �

Theorem 1.5. Hyperbolic space is a uniquely geodesic metric space. Hyperbolic
lines, rays and segments are geodesic lines, rays and segments.

Proof. The fact that the hyperbolic metric is indeed a metric is proved in the same
way as Proposition 0.2 in the spherical case. Now we consider the increasing function

γ 7→ cosh a cosh b− sinh a sinh b cos γ,

which attains its maximum value cosh(a+ b) when γ = π. The claim on hyperbolic
lines, rays and segments follows from equation (1).

If p and q are distinct points in Hn, there is a unique 2-plane through them. Thus,
there is exactly one hyperbolic line through these points. As in the spherical case,
we see that the triangle inequality in hyperbolic geometry is an equality if and only
if the third point z lies in the hyperbolic segment between x and y. �

———

The law of cosines implies that a triangle in En, Sn or Hn is uniquely determined up
to an isometry of the space, if the lengths of the three sides are known. In Euclidean
space, the three angles of a triangle do not determine the triangle uniquely. In Sn

and Hn the angles determine a triangle uniquely. For Hn, this is the content of

The second hyperbolic law of cosines.

cosh c =
cosα cos β + cos γ

sinα sin β
.

This formula follows from the first law of cosines by a lengthy manipulation, see
[Bea, p. 148–150].

Recall that in Euclidean space, the law of sines states that the identity

a

sinα
=

b

sin β
=

c

sin γ

holds for any triangle. An analogous result holds in hyperbolic space:

The hyperbolic law of sines.

sinh a

sinα
=

sinh b

sin β
=

sinh c

sin γ
.
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Proof. The first law of cosines implies that
(
sinh c

sin γ

)2

=
sinh2 a sinh2 b sinh2 c

2 cosh a cosh b cosh c− cosh2 a− cosh2 b− cosh2 c+ 1
.

The claim follows because this expression is symmetric in a, b and c. �

1.3. Isometries. We will now study the isometries of hyperbolic space, that is,
mappings of hyperbolic space to itself that preserve distances. We begin by in-
troducing some convenient terminology: A group G acts on a metric space X by
isometries if there is a homomorphism Φ: G → Isom(X). Normally, one ignores the
homomorphism Φ in notation, and writes g(x) or g ·x or something similar to mean
Φ(g)(x). Similarly, one defines action by homomorphisms in a topological space, a
linear action in a vector space etc.

If a group G acts on a space X, and x is a point in X, the set

G(x) = {g(x) : g ∈ g}
is the G-orbit of x. The action of a group is said to be transitive if G(x) = X for
some (and therefore for any) x ∈ X. For any nonempty subset A of X, the stabiliser
of A in G is

StabG A = {g ∈ G : gA = A}, .
Clearly, stabilisers are subgroups of G.

———

It is good to remember some facts from Euclidean and spherical geometry: The
(Euclidean) orthogonal group of dimension n is

O(n) = {A ∈ GLn(R) : (Ax|Ay) = (x|x) for all x, y ∈ En}
= {A ∈ GLn(R) :

TAA = In} .
It is easy to check that if A ∈ O(n) and b ∈ Rn, then the mapping x 7→ Ax + b is
an isometry of En, and that the mapping x 7→ Ax is an isometry of Sn−1.

———

We will now introduce the corresponding group for Hn. Let J1,n = diag(−1, 1, . . . , 1),
and note that

〈x|y〉 = TxJy

for all x, y ∈ Hn. The orthogonal group of the Minkowski bilinear form is

O(1, n) = {A ∈ GLn(R) : 〈Ax|Ay〉 = 〈x|y〉 for all x, y ∈ R1,n}
= {A ∈ GLn(R) :

TAJ1,nA = J1,n} .
Clearly, the linear action of O(1, n) on R1,n preserves the two-sheeted hyperboloid
H n.

Let us write an (n + 1) × (n + 1)-matrix A in terms of its column vectors A =
(a0, a1, . . . , an). If A ∈ O(1, n), then a0 = A(x0) for x0 = 1, 0, . . . , 0) ∈ Hn. Thus
A(x0) ∈ Hn if and only if A00 > 0, and therefore the stabiliser in O(1, n) of the
upper sheet Hn is

O+(1, n) = {A ∈ O(1, n) : AHn = Hn}
= {A ∈ GLn(R) : A00 > 0, 〈Ax|Ay〉 = 〈x|y〉 for all x, y ∈ R1,n}
= {A ∈ GLn(R) : A00 > 0, TAJ1,nA = J1,n} ,

which is the identity component of O(1, n).
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The following observation is proved in the same way as its Euclidean analog:

Lemma 1.6. An (n + 1)× (n + 1)-matrix A = (a0, a1, . . . , an) is in O(1, n) if and
only if the vectors a0, a1, . . . , an form an orthonormal basis of R1,n. Furthermore,
A ∈ O+(1, n) if and only if A ∈ O(1, n) and a0 ∈ Hn. �

Using Lemma 1.6, it is not difficult to show that the following analog of the
Euclidean and spherical cases holds in hyperbolic space:

Proposition 1.7. O+(1, n) acts transitively by isometries on Hn. In particular,
Isom(Hn) acts transitively on Hn.

Proof. Let g ∈ O+(1, n), and let x, y ∈ Hn. By the definition of the hyperbolic
metric and of O+(1, n), we have

d(g(x), g(y)) = arcosh(−〈g(x)|g(y)〉 = arcosh(−〈x|y〉 = d(x, y) .

Transitivity follows from the fact that any orthonormal basis of R1,n whose first
vector is in Hn can be mapped to any other similar one by a transformation in
O+(1, n): If p ∈ Hn, and the vectors v1, v2, . . . , vn form an orthogonal basis of
p⊥ = TpH

n, then the matrix A = (p, v1, . . . , vn) ∈ O(1, n) gives an isometry which
maps (1, 0, . . . , 0) to p. �

Example 1.8. Let t ∈ R. The matrix

(2) Lt =



cosh t sinh t 0
sinh t cosh t 0
0 0 1


 ∈ O(1, 2)

acts on H2 as an isometry that preserves the intersection of H2 with any 2-plane
{x ∈ R1,2 : x2 = c}, in particular, it stabilises the geodesic line

ℓ = {x ∈ H3 : x2 = 0} .
For any point p = (a, b, 0) ∈ ℓ, we have

d(Lt(p), p) = arcosh(−〈Ltp|p〉) = arcosh((−a2 + b2) cosh(t)) = |t| .

———

For any θ ∈ R, let R̂θ =

(
cos θ − sin θ
sin θ cos θ

)
∈ O(2), and let

(3) Rθ = diag(1, R̂θ) =

(
1 0

0 R̂(θ)

)
=



1 0 0
0 cos θ − sin θ
0 sin θ cos θ


 ∈ O(1, 2) .

This mapping rotates the hyperboloid around the vertical axis by the angle θ. An-
other important mapping that comes by extension from O(2) is given by the matrix
diag(1, 1,−1), which is a reflection in the geodesic line ℓ defined above.

———

For each v ∈ L
2 and c < 0, the set

{x ∈ H2 : 〈v|x〉 = c}
is called a horosphere based at v. The mapping given by the matrix

(4) Ns =



1 + s2

2
−s2

2
s

s2

2
1− s2

2
s

s −s 1


 ∈ O(1, 2)
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maps each horosphere based at (1, 1, 0) ∈ L 2 to itself.

———

Composing some number of the above mappings we obtain further examples of
isometries of the hyperbolic plane. For example, if p ∈ H2, then there is some θ ∈ R

such that Rθ(p) ∈ ℓ. Now, L−1
d(o,p)(Rθ(p)) = L−d(o,p)(Rθ(p)) = (1, 0, 0), and for any

φ ∈ R, the mapping S = R−θ ◦ Ld(o,p) ◦ Rφ ◦ L−1
d(o,p) ◦ Rθ is an isometry that fixes p

and maps each sphere centered at p to itself. The mapping S is conjugate to Rφ in
Isom(Hn).

The isometries introduced above are classified according to the conic sections
they correspond to. The mapping Lt and any of its conjugates in Isom(Hn) is called
hyperbolic because Lt maps each affine plane parallel to the (x0, x1)-plane in R1,2 to
itself, and these planes intersect the lightcone in hyperbola, which is degenerate for
the (x0, x1)-plane itself.

The mapping R(θ) and any of its conjugates is called elliptic because it preserves
all horizontal hyperplanes in R1,2 and their intersections with L 2, which are circles
centered at (1, 0, 0).

The mapping Ns and any of its conjugates is called parabolic because it preserves
all affine hyperplanes {x ∈ R1,2 : 〈v|x〉 = c}, which intersect L

2 in a parabola when
c < 0.

All of these examples can be generalised to higher dimensions:

• Lt is extended as the identity on the last coordinates to diag(Lt, In−2) ∈
O(1, n).

• Any Euclidean orthogonal matrix A ∈ O(n) gives an isometry diag(1, A) ∈
O(1, n).

• Ns is extended as the identity on the last coordinates to diag(Ns, In−2) ∈
O(1, n).

———

If T is an (m + 1)-dimensional linear subspace of Rn+1 that intersects Hn, then
T ∩ Hn is an m-dimensional hyperbolic subspace of Hn. If m = n − 1, then T is a
hyperplane. A modification of the proof of Proposition 1.7 gives

Proposition 1.9. Any two hyperbolic subspaces of Hn can be mapped to each other
by isometries of Hn. In particular, a k-dimensional hyperbolic subspace of Hn is
isometric to Hk. �

Any hyperplane T in R1,n is of the form T = u⊥ for some u ∈ R1,n − {0} because
the Minkowski bilinear form is nondegenerate. Let H = u ⊥ ∩Hn be a hyperbolic
hyperplane. Since H intersects Hn, it contains a vector v for which 〈v|v〉 = −1.
Sylvester’s law implies that 〈u|u〉 > 0, and after normalising, we may assume that
u is a unit vector. The reflection in H is the map

rH(x) = x− 2〈x|u〉u .
Reflections are very useful isometries, the following results give some of their basic
properties.

Proposition 1.10. Let H be a hyperbolic hyperplane. Then

(1) rH ◦ rH is the identity.

(2) rH ∈ O+(1, n).

(3) d(rH(x), y) = d(x, y) for all x ∈ Hn and all y ∈ H.
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(4) The fixed point set of rH is H

Proof. (1) This easy computation is left as an exercise.

(2) Clearly, rH is a linear mapping, and it is a bijection by (1). Using bilinearity
and symmetry of the Minkowski form and the fact that u is a unit vector, we get

〈rH(x)|rH(y)〉 = 〈x− 2〈x|u〉u|y − 2〈y|u〉u〉
= 〈x|y〉 − 2〈y|u〉〈x|u〉 − 2〈x|u〉〈u|y〉+ 4〈x|u〉〈y|u〉〈u|u〉
= 〈x|y〉 .

Thus, rH ∈ O(1, n). Furthermore, for any v ∈ H ,

rH(v) = v − 2〈v|u〉u = v,

so there are points in Hn which are mapped to Hn. Since rH is continuous and
preserves the Minkowski form, rH(H

n) ⊂ Hn, and therefore rH ∈ O+(1, n).

(3) For any x ∈ Hn and all y ∈ H , we have

〈rH(x)|y〉 = 〈x− 2〈x|u〉u|y〉 = 〈x|y〉 − 2〈x|u〉〈u|y〉 = 〈x|y〉,
where the final equality follows from the assumption u ∈ H⊥.

(4) This follows immediately from (2) by taking x = y ∈ H . �

———

The bisector of two distinct points p and q in Hn is the hyperplane

bis(p, q) = {x ∈ Hn : d(x, p) = d(x, q)} = (p− q)⊥ ∩Hn.

Proposition 1.11. (1) For any p, q ∈ Hn, the bisector bis(p, q) is a hyperbolic
hyperplane.

(2) If rH(x) = y and x /∈ H, then H = bis(x, y).

(3) If p, q ∈ Hn, p 6= q, then rbis(p,q)(p) = q.

(4) Let φ ∈ Isom(Hn), φ 6= id. If a ∈ Hn, φ(a) 6= a, then the fixed points of φ are
contained in bis(a, φ(a)).

(5) Let φ ∈ Isom(Hn), φ 6= id. If H is a hyperplane such that φ|H is the identity,
then φ = rH .

Proof. (1) Since 〈p − q|p − q〉 = −2 − 2〈p|q〉 > 0, (p − q)⊥ contains a vector v for
which 〈v|v〉 < 0, and therefore the hyperplane (p− q)⊥ of R1,n intersects Hn.

(2) follows from Proposition 1.10(3).

(3) Now, 2〈p|p− q〉 = 2(〈p|p〉 − 〈p|q〉) = −2− 2〈p|q〉 = |p− q|2. Thus,

rbis(p,q)(p) = p− 2〈p|p− q〉 p− q

|p− q|2 = q . �

(4) If φ(b) = b, then d(a, b) = d(φ(a), φ(b)) = d(φ(a), b), so that b ∈ bis(a, φ(a)).

(5) is an instructive exercise.

———

Propositions 1.10 and 1.11 give a new proof of Proposition 1.7.

———

Next, we want to prove that all isometries of hyperbolic space are restrictions to
Hn of linear automorphisms of R1,n:

11



Theorem 1.12. Isom(Hn) = O+(1, n).

The idea of the proof is to show that each isometry of Hn is the composition of
reflections in hyperbolic hyperplanes. In order to do this, we show that the isometry
group has a stronger transitivity property than wwidehat was noted above.

Proposition 1.13. Let p1, p2, . . . , pk, q1, q2, . . . , qk ∈ Hn be points that satisfy

d(pi, pj) = d(qi, qj)

for all i, j ∈ {1, 2, . . . , k}. Then, there is an isometry φ ∈ Isom(Hn) such that
φ(pi) = qi for all i ∈ {1, 2, . . . , k}. Furthermore, the isometry φ is the composition
of at most k reflections in hyperplanes.

p1

p2

q3

q2 = φ2 ◦ φ1(p2)

φ1(p3)

φ2 ◦ φ1(p3)

p3

q1 = φ1(p1)

bis(p1, q1)

bis(φ1(p2), q2)

φ1(p2)

Figure 3

Proof. We construct the isometry by induction. If p1 = q1, let φ1 be the identity,
otherwise, let φ1 be the reflection in the bisector of p1 and q1. Let m > 1 and assume
that there is an isometry φm such that φ(pi) = qi for all i ∈ {1, 2, . . . , m}, which is
the composition of at most m reflections.

Assume that φm(pm+1) 6= qm+1. Now, q1, . . . qm ∈ bis(φm(pm+1), qm+1): For each
1 ≤ i ≤ m, we have

d(qi, φm(pm+1)) = d(φm(pi), φm(pm+1)) = d(pi, pm+1) = d(qi, qm+1) .

The map φm+1 = rbis(φm(pm+1),qm+1) ◦ φm satisfies φm+1(pi) = qi for all 1 ≤ i ≤
m+ 1. �

Note that Proposition 1.13 implies that if T and T ′ are two triangles in Hn with
equal angles or equal sides, then there is an isometry φ of Hn such that φ(T ) = T ′.

12



Proof of Theorem 1.12. Let {a0, a1, . . . , an} be a set of points in Hn which is not
contained in any proper hyperbolic subspace. This is achieved by choosing them so
that they generate R1,n as a vector space. Proposition 1.13 implies that there is an
isometry φ0 ∈ O+(1, n) such that φ0(φ(a1)) = ai for all 1 ≤ i ≤ m + 1. Since the
set of fixed points of φ0 ◦φ contains the points a0, a1, . . . , an+1, the fixed point set of
φ0 is not contained in a proper hyperbolic subspace. Proposition 1.11 implies that
φ0 ◦ φ is the identity map. Thus, φ = φ−1

0 . In particular, φ ∈ O+(1, n), which is all
we needed to show. �

The same proof with “obvious” modifications works for Euclidean space and for
the sphere. The corresponding results are that Isom(Sn) = O(n + 1) and Isom(En)
is the group generated by On and the translations x 7→ x+ b, b ∈ Rn.

Corollary 1.14. Any isometry of Hn can be represented as the composition of at
most n+ 1 reflections.

Proposition 1.15. The stabiliser of any point x ∈ Hn is isomorphic to O(n).

Proof. Consider first the point x0 = (1, 0, . . . , 0) ∈ Hn. If A ∈ O+(1, n) fixes x0,
then the first column a0 of A is (1, 0, . . . , 0). As the other columns a1, . . . , an of A are
orthogonal to a0, we have ai = (0, xi) with xi ∈ Rn for all 1 ≤ i ≤ n. The restriction
of A to x⊥

0 preserves the Euclidean inner product induced by the Minkowski form.
Thus, A = diag(1, A0), with A0 ∈ O(n), and StabIsom(Hn)(x0) is isomorphic to O(n).

For any x ∈ H, let Lx be an isometry such that Lx(x0) = x. The map g 7→ Lx ◦g ◦
L−1
x is an isomorphism between the groups StabIsom(Hn)(x0) and StabIsom(Hn)(x). �

2. Models of hyperbolic space

In this section we consider a number of other models for hyperbolic space, that
is, metric spaces (X, dX) for which there is an isometry h : (X, dX) → (Hn, d).
Hyperbolic space is the class of all metric spaces isometric with the hyperboloid
model (Hn, d), and we can use any model that is best suited for the geometric
problem at hand. After this section we will often talk about the “upper half plane
model of Hn” etc.

2.1. Klein’s model. Each line in R1,n through the origin which intersects Hn, in-
tersects it in exactly one point, and it also intersects the embedded copy {1} × Bn

in R1,n of the Euclidean n-dimensional unit ball Bn(0, 1) in exactly one point. This
correspondence determines a bijection K : B(0, 1) → Hn, which has the explicit
expression

K(x) =
(1, x)√
1− ‖x‖2

.

The map K becomes an isometry when we define a metric on B(0, 1) by setting

dK(x, y) = d(K(x), K(y)) = arcosh
1− (x|y)√

1− ‖x‖2
√

1− ‖y‖2
.

The metric space (B(0, 1), dK) is the Klein model of n-dimensional hyperbolic space.

Proposition 2.1. As sets, the geodesic lines of the Klein model are Euclidean seg-
ments connecting two points in the Euclidean unit sphere.

Proof. A geodesic line in Hn is the intersection of Hn with a 2-plane in R1,n. The
intersection of this plane with Bn(0, 1)×{1} is the preimage under K of the geodesic
line. �
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The above observation makes it easy to show that the parallel axiom does not
hold in Hn.

2.2. Poincaré’s ball model. Each affine line that passes through the point (−1, 0) ∈
R × Rn = R1,n which intersects Hn, intersects it in exactly one point, and it also
intersects the n-dimensional ball {0} × Bn(0, 1) embedded in R1,n in exactly one
point. This correspondence determines a bijection P : B(0, 1) → Hn,

P (x) =
(1 + ‖x‖2
1− ‖x‖2 ,

2x

1− ‖x‖2
)
.

This expression is found by computing for any x ∈ B(0, 1) that the point yt =
(0, x) + t(1, x) on the line through the points (0, x) and (−1, 0) of R× Rn = R1,n is

in Hn if and only if t = 1+‖x‖2
1+‖x‖2 .

The map K becomes an isometry when we define a metric on B(0, 1) by setting

dP (x, y) = d(P (x), P (y)) = arcosh
(
1 + 2

‖x− y‖2
(1− ‖x‖2)(1− ‖y‖2)

)
.

The metric space (B(0, 1), dP ) is the Klein model of n-dimensional hyperbolic space.

Proposition 2.2. As sets, the geodesic lines of the Poincaré model are the inter-
sections of the Euclidean unit ball with Euclidean circles which are orthogonal to the
unit sphere.

Proof. The map h = K−1◦P is an isometry between the Poincare and Klein models.
A computation shows that

h(x) =
2x

1 + ‖x‖2 .

(This can be done by observing that h is a radial map and then solving the equation

(1, y)√
1− y2

=
(1 + x2

1− x2
,

2x

1− x2

)

with 0 ≤ x, y < 1.) On the other hand, the inversion S in the sphere centered at
(−1, 0) of radius

√
2 has the expression

S(x) =
(1− ‖x‖2
1 + ‖x‖2 ,

2x

1 + ‖x‖2
)
,

so that if pr : En+1 → En is the Euclidean orthogonal projection, we have h = pr ◦S.
See Appendix ?? for a short review of some basic properties of inversions.

Note that {0} × S(0, 1) is contained in the fixed sphere of S. The inversion S
maps any circle orthogonal to {0} × S(0, 1) to a circle on the unit sphere in En+1

orthogonal to {0} × S(0, 1). These circles are the intersections of the unit sphere
with 2-planes parallel to the x0-axis, and thus, pr maps them to the geodesic lines
of the Klein model. As h is an isometry, the result follows. �

Note that the mapping S in the proof of the above result is (the inverse) of the
stereographic projection.

14



2.3. The upper halfspace model. Let

Un = {x ∈ Rn : xn > 0}
be the n-dimensional upper halfspace. Let S be the inversion in the sphere of center
(0,−1) ∈ Rn−1 ×R = En of radius

√
2. Now, the map F = S|B(0,1) : B(0, 1) → Un is

a bijection, which becomes an isometry if we use the metric

(5) dU(x, y) = dP (F
−1(x), F−1(y)) = arcosh(1 +

‖x− y‖2
2xnyn

)

in Un. The metric space (Un, dU) is the upper halfspace model of n-dimensional
hyperbolic space.

Proposition 2.3. As sets, the geodesic lines of the upper halfspace model are the
intersections of Un with Euclidean circles and lines which are orthogonal to En−1 ×
{0}.
Proof. The inversion used in the definition of the upper halfspace model maps lines
and circles to lines or circles and preserves angles. See Appendix ?? for the basic
properties of inversions. �

In practical applications, it is good to remember that a circle is perpendicular to
E× {0} ⊂ E2 if and only if its center is in E× {0}.
2.4. Riemannian metrics. The restriction of the Minkowski bilinear form 〈·|·〉 to
the tangent space TpH

n = p⊥ of any point in the hyperboloid model is positive
definite, and it defines a Riemannian metric on the hyperboloid.

The Riemannian length of a piecewise smooth path γ : [a, b] → Hn is

ℓ(γ) =

∫ b

a

√
〈γ̇(t)|γ̇(t)〉 dt .

The length metric of the Riemannian metric of Hn is

dRiem(x, y) = inf ℓ(γ),

where the infimum is taken over all piecewise smooth paths that connect x to y.
By definition of the Riemannian metric as the restriction of the Minkowski bilinear

form to each tangent space, the group O(1, n) acts by Riemannian isometries on the
hyperboloid. Thus, it is not surprising that the following result holds:

Proposition 2.4. The length metric of the Riemannian metric of hyperbolic space
is the hyperbolic metric.

Let us prepare for the proof with some technical results:

Lemma 2.5. Any sphere of radius r in Hn is isometric with the Euclidean sphere
of radius sinh r if we use the Riemannian metric.

Proof. As everything is invariant under isometries, it suffices to consider the sphere
centered at x = (1, 0, . . . , 0). If y ∈ S(x, r), then cosh r = −〈y|x〉 = y0. Thus,

S(x, r) = {(y0, ȳ) ∈ R1,n : y0 = cosh r, ‖ȳ‖ = sinh r} = ({cosh r} × En) ∩Hn .

This means that the tangent space of S(x, r) is contained in {cosh r} × En, which
implies that for any p ∈ S(x, r), the restriction of the Minkowski bilinear form
to TpS(x, r) ⊂ TpH

n is the standard Euclidean inner product. This proves the
result. �

Lemma 2.6. For any p ∈ Hn, any geodesic ray starting from p intersects any sphere
centered at p perpendicularly.
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Proof. Exercise. �

Let x ∈ Hn, and let (r, u) be spherical coordinates for TxH
n with r ≥ 0 and u a

unit vector. The exponential map expx : TxH
n → Hn,

expx(ru) = x cosh r + u sinh r = jx,u(r)

is a bijection because Hn is uniquely geodesic. We call the spherical coordinates of
TxH

n the spherical coordinates of Hn centered at x. Note that this agrees with the
usual definition of the exponential map in Riemannian geometry.

Lemma 2.7. The Riemannian metric of Hn in spherical coordinates is

dr2 + sinh2(r) du2 .

Proof. Apply the above two lemmas. �

Proof of Proposition 2.4. Let x, y ∈ Hn, and let γ : [0, 1] → Hn be a path that
connects x to y. In spherical coordinates centered at x, γ = r(t)u(t), so Lemma 2.7
gives

〈γ̇(t)|γ̇(t)〉 = ṙ(t)2 + sinh2(t)〈u̇(t)|u̇(t)〉,
and thus, the length of the curve γ is

ℓ(γ) =

∫ 1

0

√
〈γ̇(t)|γ̇(t)〉 dt =

∫ 1

0

√
ṙ(t)2 + sinh2 r(t)〈u̇(t)|u̇(t)〉 dt

≥
∫ 1

0

|ṙ(t)| dt ≥ r

that is, at least the length of the hyperbolic geodesic segment with the same end-
points. �

Proposition 2.4 allows us to use the Riemannian structure of hyperbolic space in
any of the models introduced above. The expressions in the Poincaré and upper
halfspace models are particularly useful. The proof of the following result is a
straight-forward computation.

Proposition 2.8. (1) The Riemannian metric of the ball model is 4(·|·)
(1−‖x‖2)2 .

(2) The Riemannian metric of the upper halfspace model is (·|·)
x2
n

.

Proof. (1) For all tangent vectors u, v in TxB(0, 1), we have

〈DP (x)u|DP (x)v〉 = 4(u|v)
(1− ‖x‖2)2 .

(2) is proved in the same way, using the map F−1 instead of P . �

Note that both Riemannian metrics in Proposition 2.8 are conformal metrics:
their expressions are a positive function times the Euclidean Riemannian metric of
the underlying subset of En.

———

The Riemannian structure defines a natural volume form and a volume measure
on hyperbolic space: If V is for example an open subset of n-dimensional hyperbolic
space, and λn is the n-dimensional Lebesgue measure, the volume of V is

Vol(V ) =

∫

V

2n dλn(x)

(1− ‖x‖2)n
16



in the Poincaré ball model and

Vol(V ) =

∫

V

dλn(x)

xn
n

in the upper halfspace model.

Example 2.9. As the isometry group acts transitively, the volume of each ball of a
fixed radius is the same. Thus, it suffices to consider one ball that has a convenient
center. The Euclidean radius of a ball of hyperbolic radius r centered at 0 in the
Poincaré model is obtained by solving for R in the equation

r = d(0, (R, 0)) =

∫ R

0

2s

1− s2
= log

1 +R

1−R
.

This shows that the Euclidean radius of a hyperbolic ball centered at the origin of
the Poincaré model is tanh r

2
. In order to compute the volume of the ball of radius

r, recall that the Lebesgue measure is given in the spherical coordinates (x ↔ (r, u))
by dλn(x) = rn−1dVolSn−1(u), and thus, using a change of variables s ↔ tanh t

2
, we

get

Vol(B(x, r)) = Vol(B(0, r)) = Vol(Sn−1)

∫ tanh r

2

0

2nsn−1

(1 + s2)n
ds

= 2n−1Vol(Sn−1)

∫ r

0

sinhn−1 t

2
coshn−1 t

2
dt

= Vol(Sn−1)

∫ r

0

sinhn−1 t dt.

In the 2-dimensional case we easily get an explicit expression Vol(B2(0, r)) = 4π sinh2 r
2
.

It is clear from the expression of the volume, that for all x ∈ Hn, we have

Vol(Bn(x, r)) ∼ Vol(Sn)

2n−1
e(n−1)r ,

as r → ∞. Thus, the volume of balls in hyperbolic space grows exponentially with
the radius, much faster than in Euclidean space.

3. Geometry

In this section, we investigate a number of geometric properties of hyperbolic
space using the various models according to the needs of the situation.

As the Riemannian metric of both the Poincaré ball model and the upper halfspace
model are conformal with the Euclidean Riemannian structure, the angle between
two tangent vectors is in these models is the same as the Euclidean angle. This
allows us to prove the following facts on triangles in hyperbolic space. We say that
a triangle is degenerate if it is contained in a geodesic segment.

Proposition 3.1. (1) The sum of the angles of a nondegenerate triangle in hyper-
bolic space is strictly less than π.

(2) For any 0 < α, β, γ < π for which α+ β + γ < π, there is a triangle with angles
α, β and γ.

Proof. Any three points in the hyperboloid model Hn are contained in the intersec-
tion of Hn with a 3-dimensional linear subspace of R1,n, which is an isometrically
embedded copy of the hyperbolic plane. Furthermore, the geodesic arc between any
two of these points in is contained in the same 2-plane. Thus, any triangle is always
contained in an isometrically embedded copy of H2 in Hn, so in the proof below, it
suffices to consider the hyperbolic plane. We may assume that one of the vertices A
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is the origin in the Poincaré disk model. Thus, two sides of the triangle are contained
in two radii of the ball and the third one is contained in a circle which is orthogonal
to the boundary of B(0, 1).

(1) Consider the Euclidean triangle with the same vertices as T . The angles β and
γ are strictly smaller than the corresponding angles in the Euclidean triangle. This
implies the result as the angles of an Euclidean triangle sum to π.

(2) Sketch: Fix the side containing A and B to be contained in the positive real
line. Then consider the family of circles Cs, s ∈ [0, 1[ that are orthogonal to the
Euclidean unit circle and form an angle β with the segment [0, 1[ at the point of
intersection s. When s is small, the side from B to C is very close (in the underlying
Euclidean space) to the euclidean segment connecting B and C. When s increases,
there is a unique parameter 0 < t < 1 for which the circle Ct is tangent to the ray
that forms an angle α with the positive real line. Continuity implies that all angles
0 < γ < π − α− β are realised for some parameter in ]0, t[. �

———

In the proof of the above result we made the following observation which is im-
portant in itself:

If the sides of a triangle in hyperbolic space are all short, then the
angle sum is almost π.

A related observation that uses the hyperbolic law of cosines, equality of angles and
the second order Taylor polynomials of the hyperbolic functions is

If the sides of a triangle in hyperbolic space are all short, then the
sides satisfy the Euclidean law of cosines up to a small error.

3.1. Polygons. Any hyperplane P divides Hn into two open hyperbolic halfspaces
which are the two components of the complement of P . If I is a finite or countable
index set and (Hi)i∈I is a collection of closed halfplanes in Hn with nonempty inter-
section P =

⋂
i∈I Hi such that (∂Hi)i∈I is a locally finite collection of hyperplanes

(that is, for any compact K ⊂ Hn, the set {i ∈ I : K ∩ ∂Hi 6= ∅} is finite), then P
is a locally finite polytope in Hn. In dimension n = 2, polytopes are called polygons
and in dimension n = 3, polyhedra.

Three halfplanes in H2, whose pairwise intersections are nonempty and not half-
planes, define a polygon with three sides that are geodesic segments, rays or lines.
On the other hand, any nondegenerate triangle in H2 defines a bounded polygon:
The side [A,B] is contained in a geodesic line LC . Let HC be the closed halfplane
determided by LC that contains C, and define the halfplanes HA and HB in the same
way. Now, P = HA ∩ HB ∩ HC is a polygon, which we also refer to as a triangle.
Note that there are more general polygons with three sides than the bounded ones:

Figure 4
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In Subsection 3.4, we will prove the following result:

Proposition 3.2. The area of a triangle is π − (α+ β + γ).

Proposition 3.3. Let n ≥ 3 and let 0 < θ1, θ2, . . . , θn < π be angles that satisfy the
equation

(6)

n∑

i=1

θi < (n− 2)π .

Then, there is a polygon with angles θ1, θ2, . . . , θn in this cyclic order around the
boundary of the polygon.

Proof. See [Bea, Thm. 7.16.1] for the complete proof. The proof for polygons, all
of whose angles are equal, is more straightforward: Assume that θ1 = θ2 = · · · =
θn = θ ∈]0, π[. The condition (6) implies that θ + 2π/n < π, and thus, Proposition
3.1(2) implies that there is a unique triangle T with angles θ/2, θ/2, 2π/n. Let R be
the rotation by angle 2π/n that fixes the origin in the disk model. This map is an
isometry of the hyperbolic plane. If we place T such that the vertex with angle
2π/n is at the origin of the disc model and then the n copies T,R(T ), . . . , Rn−1(T )
of this triangle cover a neighbourhood of the origin and make up an n-gon, all of
whose angles are equal to θ.

�

———

Note that unlike in Euclidean geometry, there are no right-angled quadrilaterals in
H2. On the other hand, there are right-angled n-gons for all n ≥ 5.

———

Proposition 3.4. The area of a compact n-gon with angles θ1, θ2, . . . , θn is

(n− 2)π −
n∑

i=1

θi .

Proof. Let A be a vertex of an n-gon P . Divide P into triangles P1, P2, . . . , Pn−2 with
angles αi, βi, γi by adding the n− 3 geodesic segments that connect P to the sides
which are not adjacent to P in the boundary of P . The area of Pi is π−(αi+βi+γi).
The angle sums of the triangles add up to

∑n
i=1 θi, and their areas add up to the

area of P . �

3.2. Geodesic lines and isometries. We already know that the geodesic lines of
the upper halfspace model are, as sets, the intersections with Hn with Euclidean
circles and lines that are orthogonal to En−1 = E× {0}. The following easy lemma
records the expressions of the geodesics as mappings:

Lemma 3.5. Let x ∈ Rn−1 and y > 0. The maping γ : R → Hn,

γ(t) = (x, yet)

is a geodesic line in the upper halfspace model. For any isometry g ∈ IsomHn, the
mapping g ◦ γ is a geodesic line. �

In the upper halfspace model, it is often convenient to move a geodesic line by an
isometry such that the endpoints of the geodesic in the model are 0 and ∞. The
following results on isometries allow to do that and a bit more.
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Lemma 3.6. Let a ∈ En−1 × {0}, and let r > 0.

(1) The inversion in the sphere Sn−1(a, r) preserves the upper halfspace and its
restriction to the upper halfspace model is an isometry.

(2) The Euclidean reflection in a hyperplane orthogonal to En−1 ×{0} preserves
the upper halfplane and its restriction to the upper halfspace model is an
isometry.

Proof. Let us prove (1): The first claim is clear. To prove the second, it is enough

to show that the expression ‖x−y‖2
xnyn

is invariant under the reflection. Now

f(x)− f(y) =
x− a

‖x− a‖2 − y − a

‖y − a‖2 =
(x− a)‖y − a‖2 − (y − a)‖x− a‖2

‖x− a‖2‖y − a‖2 ,

which gives

‖f(x)−f(y)‖2
f(x)nf(y)n

= ‖x−a‖2‖y−a‖4−2(x−a|y−a)‖x−a‖2‖y−a‖2+‖x−a‖4‖y−a‖2
‖x−a‖4‖y−a‖4

‖x−a‖2‖y−a‖2
xnyn

= ‖x−y‖2
xnyn

.

The proof of (2) is an exercise. �

Proposition 3.7. Let x1, x2, x3 and y1, y2, y3 be two triples of distinct points in
Rn−1 ∪ {∞}. There is an isometry of the upper halfspace model of Hn which is the
restriction of a continuous map g : Rn ∪ {∞} → Rn ∪ {∞} such that g(xi) = yi for
all i ∈ {1, 2, 3}.
Proof. The maps

• Tb(x) = x+ b for any b ∈ Rn−1 = Rn×{0} ⊂ Rn+1, (horizontal translations)
• ι(x) = x/‖x‖2, (inversion in the Euclidean unit sphere)
• Lλ(x) = λx for any λ > 0 (dilation), and
• Q(x̄, xn) = (Q0(x), xn) for any Q ∈ O(n− 1)

are isometries of the upper halfpace model by Proposition 3.6 and they are clearly
continuous mappings of the one point compactification of Rn to itself.

It suffices to show that we can use the above isometries to map x1, x2, x3 to
∞, 0, (1, 0, . . . , 0). The claim then follows by composing such a map with the inverse
of another one. If all points x1, x2, x3 are finite, map x1 by a translation T−x1

to
0 and then by the inversion ι to ∞. Rename ι ◦ T−x1

(x2) and ι ◦ T−x1
(x3) to x2

and x3. Map x2 to 0 by a translation. This map keeps ∞ fixed. Map x3 (again
renamed) to the unit sphere by a dilation and then to (1, 0, . . . , 0) by the extension
of an orthogonal map of En−1. These two maps fix ∞ and 0. �

Corollary 3.8. Let x1, x2, x3 and y1, y2, y3 be two triples of distinct points in Sn−1∪
{∞}. There is an isometry of the ball model of Hn which is the restriction of
a continuous map g : En ∪ {∞} → En ∪ {∞} such that g(xi) = yi for all i ∈
{1, 2, 3}. �

The proof of Proposition 3.7 gives the following useful corollary:

Corollary 3.9. (1) The subgroup of Isom(Hn) generated by dilations and transla-
tions acts transitively on Hn.

(2) The subgroup of Isom(Hn) generated by dilations and orthogonal maps acts tran-
sitively on Hn. �

Lemma 3.10. Let L be a geodesic line in Hn, and let p ∈ Hn. There is a unique
point πL(p) ∈ L for which d(p, L) = d(p, πL(p)). Furthermore, if γ : R → Hn is a
geodesic line, then the function s 7→ d(γ(s), p) is convex.
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Proof. Using Proposition 3.7, we may assume that L is the geodesic line with end-
points 0 and ∞ in the upper halfspace model. There is an isometrically embedded
copy of H2 in Hn that contains L, p and any geodesic line through p and an point of
L. Thus, we can assume that n = 2. Using a dilation, we can assume that ‖p‖ = 1,
which means that p = (cos θ, sin θ) for some 0 < θ < π. For any s > 0, we have

cosh d(es, p) = 1 +
cos2 θ + (es − sin θ)2

2es sin θ
=

cosh s

sin θ
≥ 1

sin θ
= cosh((0, 1), p) .

The function s 7→ arcosh(cosh(s)/ sin θ) is easily seen to be convex. �

The map πL : H
n → L is the closest point map of L. Note that for any p /∈ L, the

geodesic arc [p, πL(p)] is orthogonal to L.

Proposition 3.11. The closest point map is 1-Lischitz. More precisely, for any
p, q ∈ Hn,

d(πL(p), πL(q)) ≤ d(p, q)

with equality only if p, q ∈ L.

Proof. Normalize so that L is the geodesic line with endpoints at 0 and ∞. For any
x ∈ L,

π−1
L (x) = {y ∈ Hn : ‖y‖ = ‖x‖} .

Let us minimize the hyperbolic distance between any pair of points x, y ∈ Hn such
that πL(x) = πL(p) and πL(y) = πL(q). The Euclidean distance ‖x− y‖ is minimal
when x and y are on the same ray from 0 and the product xnyn is maximal when
x and y are on L. The claim now follows from the expression (5) of the hyperbolic
metric. �

For any r > 0, the r-neighbourhood of any nonempty subset A ⊂ Hn is

Nr(A) = {x ∈ Hn : d(x,A) < r} .
The following obsevation is a straightforward exercise:

Lemma 3.12. The r-neighbourhood of the geodesic line L with endpoints 0 and ∞
in the upper halfspace model is the Euclidean cone

Nr(L) = {x ∈ Hn : cos∠0(L, x) >
1

cosh r
} . �

Figure 5

If L′ is a geodesic line in the upper halfspace model, we can map it to L by a com-
position of the isometries used in Proposition 3.7. These isometries are conformal
maps which map the set of spheres and hyperplanes in Rn∪{∞} to itself. It is easy
to see that the neighbourhoods Nr(L

′) are cones or bananas with opening angles
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at the endpoints given by Lemma 3.12, see Figure 5. As the isometry used to map
the ball model to the upper halfspace model is an inversion, the r-neighbourhoods
of geodesic lines in the ball model are bananas.

3.3. The boundary at infinity. In the Poincaré ball model, hyperbolic space
appears to have a boundary, the Euclidean unit sphere. However, this set is not
a subset of hyperbolic space, and it is not difficult to see that Hn is a complete
metric space (exercise, use the fact that closed balls are compact). However, the
unit sphere Sn−1 has a natural geometric meaning as the boundary of infinity of Hn,
as we will now see:

Two geodesic rays ρ1, ρ2 : R → Hn are asymptotic, if

sup
t∈[0,∞]

d(ρ1(t), ρ2(t)) < ∞ .

Asymptoticity defines an equivalence relation ∼ in the set of geodesic rays of Hn.
The set

∂∞Hn = {geodesic rays ρ : R → Hn}/∼
is the boundary at infinity of Hn.

Proposition 3.13. Two geodesic rays ρ1, ρ2 : R → Hn are asymptotic if and only
if they have the same endpoint in the Poincaré ball model or in the upper halfspace
model.

Proof. As the inversion used to identify the two models in Subsection 2.3 is a con-
tinuous map of Rn ∪ {∞}, it suffices to consider the upper halfspace model.

Assume that the geodesic rays ρ1 and ρ2 have the same endpoint in the upper
halfspace model. Using Proposition 3.7, we can assume the endpoint is ∞. Now,
there are x̄, ȳ ∈ En−1 and xn, yn > 0 such that ρ1(t) = (x̄, xne

t) and ρ2(t) = (ȳ, yne
t).

We estimate the distance in the definition of asymptoticity:

d(ρ1(t), ρ2(t)) ≤ | log xne
t

ynet
|+ ‖x̄− ȳ‖

max(xn, yn)et
≤ | log xn

yn
|+ ‖x̄− ȳ‖

max(xn, yn)
| ,

which implies asymptoticity.
If the rays ρ1 and ρ2 have different endpoints in the model, we can assume that

these points are ∞ and 0. Now, ρ1 is as above and ρ2(t) = (0, yne
−t). Clearly,

d(ρ1(t), ρ2(t)) ≥ d(ρ1(t), (0, xne
t))

for all t ∈ R+. Thus, we have for big t,

d(ρ1(t), ρ2(t)) ≥ 2t− | log xn − log yn| → ∞
as t → ∞. This shows that the rays are not asymptotic. �

Corollary 3.14. The boundary at infinity of Hn is naturally identified with Sn−1.

Proposition 3.15. Any isometry of Hn extends to a bijection ḡ of ∂∞Hn defined by

ḡ([ρ]) = [g ◦ ρ] .
Proof. If ρ1 and ρ2 are geodesic rays and g ∈ IsomHn is an isometry, then for all
t ∈ R, we have

d(g ◦ ρ1(t), g ◦ ρ2(t)) = d(ρ1(t), ρ2(t)) .

Thus the boundary map is well-defined. The fact that it is a bijection follows from
similar computations. �

We can now express Proposition 3.7 in a more intrinsic way:

Proposition 3.16. Let x1, x2, x3 and y1, y2, y3 be two triples of distinct points in
∂∞Hn. There is an isometry g of Hn such that ḡ(xi) = yi for all i ∈ {1, 2, 3}. �
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3.4. Triangles with vertices at infinity. We now extend the definition of trian-
gles and allow some of the vertices to be points at infinity of Hn: A (generalized)
triangle consists of three distinct points A,B,C ∈ Hn ∪ ∂∞Hn, called the vertices,
and of the geodesic arcs, rays or lines, called the sides, connecting the vertices.

We begin by proving an analog of the second law of cosines for a special kind of
generalized triangles. Note that the first law of cosines cannot be generalized to this
setting as the triangle in question has two infinitely long sides.

Proposition 3.17. Let A,B ∈ Hn and let C ∈ ∂∞Hn. Then

(7) cosh c =
1 + cosα cos β

sinα sin β
.

β

α

β

α

A

B

Figure 6

Proof. We use the upper halfplane model and normalise so that A and B are on
the Euclidean unit circle and C = ∞. Assume that argB < π

2
≤ argA. Then

A = (− cosα, sinα) and B = (cos β, sinβ). The result follows from equation (5). �

The special case of equation (7) with β = π
2
:

cosh c =
1

sinα

is known as the angle of parallelism.

———

Note that equation (7) agrees with the second law of cosines if we define that

the angle at a vertex at infinity is 0.

From now on, we will use this convention.

———

Proposition 3.2 is contained in the following, more general result:

Proposition 3.18. The area of a (generalized) triangle is π − (α+ β + γ).

Proof. Any triangle T can be described as the difference of two triangles with at
least one vertex at infinity. By the additivity of area and angles in the hyperbolic
plane, we may restrict to this special case. Using Proposition 3.7, we can assume
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that C = ∞ and that A and B are on the Euclidean unit circle, possibly in the
boundary at infinity. Now, the area of T is

∫

T

dλ2(x)

x2
2

=

∫ cos β

− cos(α)

∫ ∞

√
1−x2

1

dx1dx2

x2
2

=

∫ cos β

cos(π−α)

dx1√
1− x2

1

= π − α− β . �

A triangle, all of whose angles are in the boundary at infinity, is called an ideal
triangle. Proposition 3.18 implies that the area of an ideal triangle is π. Note also
that the area of any triangle is at most π.

3.5. Balls and horoballs. In this section, we observe that hyperbolic balls in the
upper halfspace model and in the Poincaré ball model are balls in the Euclidean
metric. Furthermore, we give a gemetric interpretation to the Euclidean balls in
these models that are tangent to the boundary at infinity.

Proposition 3.19. Balls in the upper halfspace model and in the Poincaré ball model
are Euclidean balls in the model space.

Proof. By symmetry, balls centered at the origin of the ball model are Euclidean
balls. The inversion that maps the ball model to the upper halfspace model is an
isometry, and on the other hand it preserves generalized spheres. Thus, the images
of the balls centered at the origin are hyperbolic and Euclidean balls. The hyperbolic
center of these balls can be mapped to any other point in Hn by one of the isometries
used in the proof of Proposition 3.7. These mappings preserve generalized spheres,
which implies that all balls in the upper halfspace model are Euclidean balls. The
rest of the claim follows by one more application of the inversion that maps the ball
model to the upper halfspace model. �

———

Note that the Euclidean radii and centers of the balls hardly ever coincide with the
hyperbolic ones.

———

Next, we will give a geometric meaning to the Euclidean balls and halfspaces that
are contained in the ball or upper halfspace models and are tangent to the sphere at
infinity. Note that these subsets cannot be balls because their diameters are infinite.

Let p ∈ Hn and ξ ∈ ∂∞Hn. The Busemann function of ξ with respect to p is the
function βξ,p : H

n → R,

βξ,p(q) = lim
t→∞

(t− d(ρ(t), q)) = lim
t→∞

(d(ρ(t), p)− d(ρ(t), q)),

where ρ is the geodesic ray whose endpoint at infinity is ξ and such that ρ(0) = p.
The superlevel sets β−1

ξ,p([t,∞[) are (closed) horoballs, and the level sets β−1
ξ,p(t) are

horospheres centered at ξ.

Proposition 3.20. (1) The Busemann function is well-defined.

(2) In the upper halfspace model, horoballs are Euclidean balls tangent to Rn−1 or
Euclidean halfspaces {x ∈ Hn : xn ≥ c}. In the ball model, horoballs are Euclidean
balls tangent to Sn−1.

Proof. The Busemann function is defined in terms of the hyperbolic metric, and thus,
it suffices to consider the case ξ = ∞ and p = (0, 1) ∈ Rn−1 ×R+ = Hn. Let ρ(t) =
(p̄, pne

t) and let x = (x̄, xn). A computation using, for example, the expression (5)
of the hyperbolic metric shows that t − d(ρ(t), x) converges to log pn − log xn as
t → ∞. This proves the claims. �
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Let L be a geodesic line and let ξ ∈ ∂∞Hn be one of its endpoints. The horocyclic
projection map of L with respect to ξ is the mapping hL,ξ : H

n → L defined by
setting hL,ξ(p) to be the unique point on L which is on the horocycle centered at ξ
that passes through p. In other words, βξ,p(hL(p)) = 0. Note that if η is the other
endpoint of L, the maps hL,ξ and hL,η are not the same.

Proposition 3.21. The horocyclic projection is 1-Lipschitz. More precisely, for any
p, q ∈ Hn,

d(πL(p), πL(q)) ≤ d(p, q)

with equality only if p, q ∈ L.

Proof. Exercise. �

In the proof of the second claim of Proposition 3.13 we employed the horocyclic
projection to the geodesic line that contains one of the geodesic rays studied in the
proof, with respect to the endpoint ∞.

4. Möbius transformations and isometries

4.1. The Poincaré extension. In this section, we take a closer look at the isome-

tries of the upper halfspace model and the Poincaré model. Let Ên = En ∪ {∞} be
the one point compactification of En. The set of generalized hyperplanes (or gener-

alized spheres) of Ên consists of the Euclidean spheres and the hyperplanes with the
point ∞ added to each hyperplane. This is a reasonable convention because the im-
age of a generalized sphere under an inversion is a generalised sphere, and the same
holds for Euclidean reflections in hyperplanes, see Appendix ??. In this context,
both inversions in spheres and Euclidean reflections in hyperplanes are referred to
as reflections (in generalized hyperplanes) or as inversions (in generalized spheres).

The group Möb(Ên) generated by all reflections in generalized hyperplanes of Ên

is the general Möbius group of Ên. Its elements are called Möbius transformations.

The general Möbius group Möb(Sn−1) of Sn−1 is the subgroup of Möb(Ên) generated

by the restrictions to Sn−1 of the reflections in the spheres in Ên that are orthogonal
to Sn−1.

Example 4.1. (1) Translations x 7→ x+ a, a ∈ En, are compositions of reflections
in two parallel hyperplanes: If

RH = Rx0,u(x) = x− 2(x− x0|u)u
is the reflection in the hyperplane H = x0 + u⊥, then

Rx2,u ◦Rx1,u(x) = x+ 2(x2 − x1|u)u
is a translation, and we can choose x1, x2 and u such that 2(x2 − x1|u)u = a.

(2) Orthogonal maps are are compositions of reflections in hyperplanes that intersect
at the origin.

(3) Dilations x 7→ λx, λ > 0 are compositions of inversions in two concentric spheres:
For any α, β > 0, we have

ι0,β ◦ ι0,α =
β

α
x .

The results in Appendix ?? imply the following basic properties:

Proposition 4.2. Möbius transformations are conformal. They map generalized
hyperplanes to generalized hyperplanes.

The following result justifies considering spheres and hyperplanes as one family:
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Theorem 4.3. If H is a generalized sphere and φ is a Möbius transformation that
fixes H pointwise. Then φ is the reflection in H or the identity map. Furthermore,
any two reflections are conjugate in the general Möbius group.

Proof. See [Bea, Thm. 3.2.4]. �

In particular, Theorem 4.3 shows that inversions in spheres and reflection in hy-

perplanes are completely analogous transformations in Ên: Let x ∈ S(a, R) ⊂ En.
The inversion ιx,r, for any r > 0, maps S(a, R) to a hyperplane H ∪ {∞}. The map
ιx,r ◦ ιa,R ◦ ιx,r is a Möbius transformation which is not the identity map and which
fixes H ∪ {∞} pointwise. Theorem 4.3 implies that ιx,r ◦ ιa,R ◦ ιx,r = RH .

———

Lemma 3.6 implies that we can extend any Möbius transformation of Ên−1 to an
isometry of the upper halfplane model of Hn as follows: A Möbius transformation
A ∈ Möb(n− 1) is the composition of reflections r1, . . . , rk in generalized spheres of

Ên−1: A = r1◦· · ·◦rk. Let r̃1, . . . r̃k be the reflections in the generalized spheres of Ên

that intersect Ên−1 perpendicularly at the fixed generalized spheres of the reflections
r̃1, . . . r̃k. The Poincaré extension of the Möbius transformation A is the isometry

Ã = r̃1 ◦ · · · ◦ r̃k of the upper halfspace model. Similarly, any Möbius transformation
B ∈ Möb(Sn−1) is the composition of the restrictions to Sn−1 of the reflections in
spheres S1, . . . , Sm orthogonal to Sn−1, and the Poincaré extension of M , defined as
the composition of the reflections in the spheres S1, . . . , Sm is seen to be an isometry
of the ball model, using Lemma 3.6 and the inversion that maps the ball model to
the upper halfspace model.

Proposition 4.4. The group Möb(n− 1) acts transitively by isometries on Hn.

Proof. Use Corollary 3.9 and Example 4.1. �

Theorem 4.5. (1) The isometry group of the n-dimensional Poincaré model is the
Poincaré extension of Möb(Sn−1).
(2) The isometry group of the n-dimensional Poincaré model is the Poincaré exten-
sion of Möb(En−1 ∪ {∞}).
Proof. (1) We will use the map P from the ball model to the hyperboloid model
defined in section 2.2. Recall that we know the isometry group of the hyperboloid
model and the stabilizer of each point in it from Section 1.

The generalised (n− 1)-spheres that are orthogonal to Sn−1 and pass through the
origin of the ball model and are orthogonal to the unit sphere are exactly the linear
(n−1)-planes of En. The Euclidean reflections in these hyperplanes are isometries of
the Poincaré model. Thus, the stabilizer of 0 in the isometry group contains a copy
of O(n). It is straightforward to check that if Q is any orthogonal transformation
of En, then P conjugates Q to diag(1, Q) ∈ StabIsom(Hn)(1, 0). Since Isom(Hn) and
Möb(n − 1) act transitively by isometries on, respectively, the hyperboloid model
and the ball model, the claim follows.

(2) The map S conjugates the isometries of the ball model with those of the upper
halfspace model, and it conjugates the groups of Möbius transformations Möb(Sn−1)

and Möb(Ên−1) with each other. �

4.2. Isometry groups in low dimensions. We can use complex Möbius trans-
formations to describe isometries of the hyperbolic plane and hyperbolic 3-space.

The special linear groups with real and complex coefficients are

SL2(R) = {A ∈ GL2(R) : detA = 1}
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and

SL2(C) = {A ∈ GL2(C) : detA = 1} ,
and the special unitary group of signature (1, 1) is

SU(1, 1) = {A ∈ SL2(C) : A
∗JA = J} =

{(
a b
b̄ ā

)
: |a|2 − |b|2 = 1

}
,

where J = diag(−1.1) and A∗ = T Ā.

Recall from complex analysis (see for example [Ahl]) that any matrix A =

(
a b
c d

)

with a, b, c, d ∈ C and detA 6= 0 determines a Möbius transformation A : Ĉ → Ĉ,

(8) Az =
az + b

cz + d
.

The kernel of this action is {± id}. It is easy to check that the mappings defined
by equation 8 are indeed Möbius transformations in the sense of the definition in
section 4.1. This follows, for example from the following result and Example 4.1,
which shows that the mappings

z 7→ −1

z
= −

(
1

z̄

)

and

z 7→ z + b

that appear in Proposition 4.6 are Möbius transformations.

Proposition 4.6. Let K ∈ {R,C}. The group SL2(K) is generated by the elements
(
0 −1
1 0

)
and

(
1 β
0 1

)
,

with β ∈ K.

Proof. Assume α, β, γ, δ ∈ K with γ 6= 0. Then, since αδ − βγ = 1, we have
−β + αδγ−1 = γ−1, and therefore, we have the following equation in SL2(K):

(
α β
γ δ

)
=

(
1 αγ−1

0 1

)(
0 −1
1 0

)(
γ 0
0 −β + αδγ−1

)(
1 γ−1δ
0 1

)
.

The claim now follows from observing that for any α ∈ K− {0}, β ∈ K, we have
(
α β
0 α−1

)
=

(
α 0
0 α−1

)(
1 βα−1

0 1

)

and(
α 0
0 α−1

)
=

(
1 −α
0 1

)(
0 −1
1 0

)(
1 −α−1

0 1

)(
0 −1
1 0

)(
1 −α
0 1

)(
0 −1
1 0

)
. �

Let f ∈ Möb(Ê1), f(x) = ax+b
cx+d

be a Möbius transformation. The Poincaré exten-

sion of f to H2 is f : H2 → H2, f(z) = az+b
cz+d

. This can be seen, for example, using
the Proposition 4.6 and observing that the reflections in the Euclidean unit circle
and the imaginary axis have simple expressions using complex numbers

ι0,1(z) =
z

|z|2 =
1

z̄

and
RiR(z) = z − 2Re z = −z̄ .
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Similarly, the Poincaré extension of any element of SU(1, 1) to the ball model is
given by equation (8).

There is an explicit expression for the Poincaré extension of elements of SL2(C) to
isometries of the upper halfspace model of H3 using Hamiltonian quaternions: If we
write an element of the upper halfspace as (z, tj), t > 0 and j is a quaternion that
satisfies j2 = −1, ij = −ji, then the Poincaré extension is given by

(
a b
c d

)
(z, tj) =

(az + b)(cz + d) + ac̄t2 + tj

|cz + d|2 + |c|2t2 .

See for example [Bea, Thm. 4.1.1]

Proposition 4.7. (1) PSL2(R) = SL2(R)/{± id} is the subgroup of index 2 in the
isometry group of the upper halfplane model of H2 that consists of the orientation-
preserving isometries.

(2) PSL2(C) = SL2(C)/{± id} is the subgroup of index 2 in the isometry group of the
upper halfspace model of H3 that consists of the orientation-preserving isometries.

(3) PU(1, 1) = SU(1, 1)/{± id} is the subgroup of index 2 in the isometry group of
the Poincaré disk model of H2 that consists of the orientation-preserving isometries.

Proof. (1) The isometries that are defined by elements of SL2(R) are analytic func-
tions, thus they are orientation-preserving. For any A ∈ SL2(R), the mapping
Ā = A ◦RiR = RiR ◦ A : H2 → H2,

(9) Ā(z) =
−az̄ + b

−cz̄ + d

is an orientation-reversing isometry of the upper halfplane. Furthermore, if f is an
isometry of H2, then f = A or f = Ā for some A ∈ SL2(R) because any reflection

in a generalized sphere orthogonal to Ê1 is of the form and it is easy to check that
for any A,B ∈ SL2(R), Ā ◦ B̄ = AB ∈ SL2(R).

Let Φ: Isom(H2) → Z/2Z be the mapping which associates k mod 2 to f ∈
Isom(H2) if f can be written as a composition of reflections f = r1◦f2◦· · ·◦rk. One
can check that Φ is well defined, and clearly, Φ is then a surjective homomorphism.
The kernel of Φ is PSL2(R) < Isom(H2), which proves [Isom(H2) : PSL2(R)] = 2.

(2) See [Bea, Sect. 4.1].

(3) One can check by a direct calculation using the epression of the hyperbolic metric
of the ball model given in section 2.2 that PU(1, 1) < Isom(H2). The proof is similar
to that of (1). �

Note that, in fact, we found all orientation-preserving isometries of H2 and H3 in
our proof of Proposition 3.7.

Remarks 4.8. (1) The trace of a matrix is invariant under conjugation:

tr(BAB−1) = trA

for all A,B ∈ PSL2(C). Since the kernel of the map from PSL2(C) to Isom(Hn)
is ±I2, the traces of the two matrices associates with an orientarion-preserving
isometry differ by a sign, we can define a map tr2 : Isom+(H

3) → R+. This map is
invariant under conjugation, and it classifies the elements of PSL2(R) and PSL2(C) in
three types. Items (2) to (4) below elaborate on the classification of PSL2(R).

(2) Using the representation of orientation-preserving isometries of H2 by Möbius
transformations, it is straightforward to check that an orientation-preserving isom-
etry A of H2 which is not the identity has one or two fixed points in H2 ∪ ∂∞H2.
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More precisely, the fixed points of the transformation

(
a b
c d

)
are

a− d

2c
±

√
tr2A− 4

2c
.

From this formula, we see that an isometry A ∈ PSL2(R) has

• no fixed points in H2 and two fixed points in ∂∞H2 if tr2 A > 4,
• one fixed point in H2 and no fixed points in ∂∞H2 if tr2A ∈ [0, 4[, and
• no fixed points in H2 and one fixed point in ∂∞H2 if tr2A > 4.

(3) Using the above results, one can show that any two Möbius transformations
A,B ∈ SL2(R) or A,B ∈ SL2(C) with tr2A = tr2B are conjugate in Isom(H2)
and Isom(H3), respectively. For example, if A ∈ SL2(R) with tr2A > 4, then
A has two fixed points, which we may assume are 0 and ∞. Now, the equations for
fixed points and the determinant imply that A = diag(λ, λ−1), which implies that
tr2A = (λ + 1/λ)2. Conjugating with the map z 7→ −1/z, we may assume that
λ > 1. Similarly, B is conjugate with diag(λ, λ−1). The other cases are proved in a
similar way.

(4) The above remark implies that An isometry A ∈ PSL2(R)− {id} stabilizes

• the geodesic line that connects its two endpoints if tr2A > 4,
• all hyperbolic balls centered at its fixed point if tr2A ∈ [0, 4[, and
• all horoballs based at its fixed point if tr2A > 4.

In section 1.3, we introduced three types of isometries, elliptic, hyperbolic and para-
bolic. Orientation-preserving isometries can be classified into these three categories
according to the trace and, by the above observation, according to the number and
nature of their fixed points: An isometry A ∈ PSL2(R)− {id} is

• hyperbolic if tr2A > 4,
• elliptic if tr2A ∈ [0, 4[, and
• parabolic if tr2A > 4.

The first two cases are easier, for the claim on parabolic elements, one can compute
an expression of the Busemann function in the hyperboloid model to see that the
set we called a horosphere in section 1.3 is indeed a horosphere according to the
definition given in section 3.5.

5. Hyperbolic manifolds and discontinuous groups

In this section, we study quotient spaces of hyperbolic space under the action of
discontinuous groups of isometries. If the elements of the groups in question have no
fixed points in hyperbolic space, then the quotient spaces are metric spaces which
are locally isometric with hyperbolic space.

A group G < IsomHn acts discontinuously on Hn, if for any compact subset
K ⊂ Hn, the set {g ∈ G : g(K)∩K 6= ∅} is finite. If G acts discontinuously, we say
that G is a discontinuous group of isometries.

Example 5.1. The following cyclic subgroups of Isom(Hn) are discontinuous. Note
that in the case of the hyperbolic plane, the examples corresponds to the three types
that we considered in Examples 4.8.

(1) Let λ > 0, λ 6= 1, and let Lλ(x) = λx. The group

〈Lλ〉 = {Lk
λx : k ∈ Z}
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is a discontinuous group of isometries of the upper halfspace model of Hn. The
half-annuli

Ak = {x ∈ Hn : λk ≤ ‖x‖ < λk+1} = Lk
λA0

are disjoint and they contain exactly one point from each 〈Lλ〉-orbit. If x ∈ Ai and
y ∈ Aj , then, using the proof of Proposition 3.11, we see that

d(x, y) ≥ (|i− j| − 2)| logλ| ,
and thus, a compact subset K of Hn being bounded satisfies K ⊂ ⋃M

k=N Ak = AK .
If |k| ≥ M −N , then Lk

λ(AK) ∩ AK is empty, which implies that the cardinality of
the set {g ∈ 〈Lλ〉 : g(K) ∩K 6= ∅} is at most M −N .

A0

0 10 1 λ

A1

V−1 V0 V1

Figure 7

(2) Let b ∈ Rn−1 = Rn × {0}, b 6= 0, and let Tb(x) = x + b. The group 〈Tb〉 is a
discontinuous group of isometries of the upper halfspace model of Hn. The vertical
strips

Vk = {x ∈ Hn : k‖b‖2 ≤ (b|x) < (k + 1)‖b‖2}
are disjoint and they contain exactly one point from each 〈Tb〉-orbit. Any compact
subset K of Hn is contained in some ball B(a, R). The Euclidean radius of B(a, r) is
an coshR, which implies that K is contained in a finite union of the strips Vk, and
the claim follows as in part (1).

(3) Let Rk be the rotation Rk(z) = e2πi/kz in the Poincaré disk model of the hy-
perbolic plane. The group generated by Rk is finite (of order k), so it is discontin-
uous. On the other hand, if α ∈ R − Q, then the 〈z 7→ e2πiαz〉-orbit of any point
z ∈ H2 − {0} is dense in the circle {w ∈ H2 : ‖w‖ = ‖z‖}, and therefore

The action of the group G on Hn defines an equivalence relation ∼ in Hn by
setting x ∼ y if and only if Gx = Gy. In other words, x ∼ y if and only if there is
some g ∈ G such that g(x) = y. The quotient space which is the set of G-orbits is
denoted by G\Hn (or very often Hn/G).

Example 5.2. When n = 2, then the quotient spaces in Examples 5.1(1) and (2)
are homeomorphic to to an annulus. Geometrically, the quotient spaces of examples
(1) and (2) are very different: The proof of Proposition 3.11 implies that the image
of the positive imaginary axis in 〈Lλ〉\H2 is the shortest curve (a closed geodesic) in
its free homotopy class of curves that are homotopic to the boundary components
of the annulus. On the other hand, considering the images of horocycles centered
at ∞ shows that there is no shortest loop in the corresponding homotopy class on
〈Tb〉\H2. Note that the quotient maps π : H2 → 〈Lλ〉\H2 and π : H2 → 〈Tb〉\H2 are
local homeomorphisms.

Theorem 5.3. A group G < Isom(Hn) is discontinuous if and only if all G-orbits
are discrete and closed, and the stabilizers of points are finite.
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Proof. Assume first that G is discontinuous. Let x ∈ Hn, and assume that y is an
accumulation point of the orbit Gx. There is a sequence (gi)i∈N ∈ G, such that
gi(x) → y as i → ∞ with gi(x) 6= gj(x) if i 6= j. The set {gi(x) : i ∈ N ∪ {0}} ∪ {y}
is compact. But now for all k ∈ N, we have gk(x) ∈ gkK ∩ K. Thus, the set
{g ∈ G : gK ∩K 6= ∅} is infinite, which is a contradiction as we assumed that G is
discontinuous. Thus, the orbit Gx is discrete and closed. The fact that the stabilizer
of any point is finite is clear from discontinuity because points are compact sets.

Assume now that each G-orbit is discrete and closed and that stabilizers of points
are finite. Assume that the group G is not discontinuous. Then there is a compact
set K ⊂ Hn such that the set {g ∈ G : gK ∩ K 6= ∅} is infinite. Thus, there is a
sequence (gi)i∈N ∈ G such that gi 6= g±1

j when i 6= j and such that giK ∩ K 6= ∅
for all i ∈ N. For each i ∈ N, there is some xi ∈ K such that gi(xi) ∈ K. As
K is compact, by passing to a subsequence, there are points x, y ∈ K such that
xi → x and yi → y as i → ∞. All the maps gi are isometries, so we have

d(gj(x), y) ≤ d(gj(x), gj(xj)) + d(gj(xj), y) = d(x, xj) + d(gj(xj), y) → 0

as j → ∞. The sequence (gj(x))j∈N is infinite because otherwise the stabilizer of x
is infinite. Thus, y is an accumulation point of Gx, which is a contradiction. �

In fact, it is enough to check the condition of Theorem 5.3 for just one point to
conclude discontinuity of the group:

Proposition 5.4. Let G < Isom(Hn). If the G-orbit of x ∈ Hn is discrete and
closed and the stabilizer of G is finite, then the same holds for any point in Hn. In
particular, G is discontinuous.

Proof. Assume that y0 is an accumulation point of Gy. Then, since stabilizer of x is
finite and all elements of G are isometries, the closed ball B̄(y0, d(x, y)+1) contains
infinitely many points from Gx. But such a set has an accumulation point and thus,
Gx cannot be discrete and closed.

Assume that the stabilizer of a point y is infinite. Then, since the stabilizer of x
is finite, the StabG(y)-orbit of x has an accumulation point. �

Corollary 5.5. A group G < Isom(Hn) is discontinuous if for some x ∈ Hn, Gx is
discrete and closed and the stabilizer of x is finite. �

Let us define a function d : G\Hn ×G\Hn → R by

d(Gx,Gy) = min
g,h∈G

d(g(x), h(y))

for any Gx,Gy ∈ G\Hn. It is easy to check that d(Gx,Gy) = d(x,Gy) = d(Gx, y).
The proof of the following basic result uses the facts that the G-orbits of a discon-
tinuous group are closed and that all the maps under consideration are isometries.

Proposition 5.6. If G is a discontinuous group of isometries of Hn, then (G\H, d)
is a metric space.

Proof. Let Gx 6= Gy. Then, d(Gx,Gy) = d(x,Gy) > 0 because Gy is closed and
x /∈ Gy. It is clear that d is symmetric, so it remains to check the triangle inequality.
Let Gx,Gy,Gz ∈ G\Hn. Now,

d(x, g(y)) + d(y, h(z)) = d(x, g(y)) + d(g(y), gh(z)) ≥ d(x, gh(z)) .

Thus,

d(Gx,Gz) = d(x,Gz) ≤ d(x,Gy) + d(y,Gz) = d(Gx,Gy) + d(Gy,Gz) . �
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———

If none of the elements of G−{id} have fixed points in Hn, then we say that G acts
without fixed points and the action of G on Hn is said to be free.

———

Proposition 5.7. If G is a discontinuous group of isometries of Hn that acts on
Hn without fixed points, then the quotient map π : Hn → G\Hn, π(x) = Gx, is a
locally isometric covering map.

Proof. Let x ∈ Hn, and let s = 1
4
d(x,Gx−{x}). Let us show that the restriction of

π to B(x, s) is an isometry. Let y, z ∈ B(x, s). If g ∈ G− {id}, then

d(y, g(z)) ≥ d(x, g(x))− d(x, y)− d(g(x), g(z)) ≥ 4s− 2s = 2s .

Thus, d(Gx,Gy) = d(x, y).
The quotient map is surjective by definition, and the preimage of the open set

B(Gx, s) = π(B(x, s)) is the disjoint union
⊔

g∈G B(g(x), s) =
⊔

g∈G gB(x, s), which
implies that π is a covering map. �

Example 5.8. In Examples 5.1(1) and (2), the groups act freely, and the quotient
maps are locally isomorphic covering maps. For any λ 6= 1, let Xλ = 〈Lλ〉\H2 with
the quotient metric. The shortest homotopically nontrivial curve on Xλ has length
| log λ|. Thus, the spaces Xλ and Xµ, λ, µ > 1 are isometric if and only if λ = µ. On
the other hand, if Yb = 〈Tb〉\H2, b ∈ R − {0}, with the quotient metric, then Yb is
not isomorphic with any Xλ because there is no shortest loop in the free homotopy
class parallel to the boundary components of the annulus.

Furthermore, all the metric spaces Yb, b 6= 0 are isometric. To see this, note
that for any b 6= 0, 〈Tb〉 = 〈T−b〉, so we only need to consider the case b > 0.
The mapping L√

b induces an isomorphism from Y1 to Yb: Assume that w = T k
1 z.

Now L√
b(w) = L√

bT
k
1 L

−1√
b
L√

b(z) = T k
b L

√
bz, which means that the points L√

b(z)

and L√
b(w) are equivalent under the action of the group generated by Tb. This

implies that L√
b induces a mapping from Y1 to Yb by the rule L√

b(〈T1〉x) = 〈Tb〉x.

Clearly, L−1√
b

induces its inverse mapping. The induced mapping is an isometry by

Proposition 5.7.
In example 5.1(3), the rotations Rk have a fixed point at 0, and the quotient map

is not a covering map and it is not locally isometric in any neighbourhood of 0. In
this case, the quotient space is a cone.

———

If G < Isom(Hn) acts on Hn freely and discontinuously, then the quotient space
G\Hn is a hyperbolic manifold: Each point Gx has a small neighbourhood given by
the proof of Proposition 5.7 which is isometric with a ball in Hn.

———

A subset F ⊂ Hn is a fundamental set of G < Isom(Hn) if it contains exactly one
point from each G-orbit. A nonempty open subset D ⊂ Hn is a fundamental domain
of G if

• the closure of D contains a fundamental set of G,
• gD ∩D = ∅ for all g ∈ G− {id}, and
• the boundary of D has measure 0.
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Proposition 5.9. If G < Isom(Hn) has a fundamental domain, then G is discon-
tinuous.

Proof. The orbit of any point in the fundamental domain is discrete and closed,
and the second condition in the definition of a fundamental domain implies that the
stabilizer of such a point consists of the identity. The claim follows from Proposition
5.4. �

Let G < Isom(Hn) be a discontinuous group, and let x ∈ Hn be a point that is
not fixed by any element of g. The set

D(x) = {y ∈ Hn : d(x, y) < d(g(x), y)}
is a Dirichlet domain of G centered at x.

Proposition 5.10. Let G < Isom(Hn) be a discontinuous group and let w ∈ Hn.
Then G has a Dirichlet domain centered at w. The Dirichlet domain D(w) is a
locally finite polytope which is a fundamental domain of G.

Proof. Note that if we set for any g ∈ G,

Hg(w) = {x ∈ Hn : d(x, w) < d(x, g(w))},
then each Hg is a hyperbolic halfspace and

D(w) =
⋂

g∈G−{id}
Hg(w).

The collection (Hg)g∈G is locally finite because d(w, ∂Hg(w)) = 1
2
d(w, g(w)) and

therefore, by discontinuity, any ball centered at w intersects only a finite number of
the collection of hyperplanes (∂Hg)g∈G. Local finiteness implies that D(w) is open
and the boundary of D(w) is contained in the measure zero subset

⋃
g∈G ∂Hg of Hn.

Let us show that G has a fundamental set F that satisfies D(w) ⊂ F ⊂ D(w).
Discreteness and closedness of the orbit Gz imply that there is some z∗ ∈ Gz for
which d(z∗, w) = d(Gz,w). Let us choose one such z∗ for each orbit, and let

F = {z∗ : Gz ∈ G\Hn} .
Clearly, F is a fundamental set that contains D(w). Furthermore, if the open interval
]w, z∗[ intersects some Hg, g ∈ G−{id}, then, by definition of the halfspace Hg, we
have

d(g−1(z∗), w) = d(z∗, g(w)) < d(z∗, w) ,

which is a contradiction. Thus, F ⊂ D(w). �

Note that the halfspace Hg in the above proof is one the component of the com-
plement of the bisector bis(w, g(w)) that contains w.

We conclude with an important example of a discontinuous group of isometries
of H2.

Example 5.11. The classical modular group Γ = SL2(Z) acts by isometries on H2.
We will show that the action is discontinuous and we will study the quotient space.
Note that if Im z > 1, then z is not a fixed point of any elliptic element of Γ: If
z = Az = az+b

cz+d
, then, since the coefficients a, b, c, d are real,

Im z =
Im z

|cz + d|2 .

If c 6= 0, then |cz + d|2 > |c|| Im z| ≥ | Im z| > 1, but this is not possible. Thus, the
only possibility is c = 0 and d = ±1, which implies z = Az = z + b. But such a
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mapping has a fixed point in H2 if and only if b = 0. Thus, the only elements of Γ
that fix z are ±I2.

Let Az = z + 1 and Bz = −1
z
. We will show that for any t > 1, the Dirichlet

domain centered at ti has a simple form:

D(ti) = P = HA ∩HA−1 ∩HB = {z ∈ H2 : −1

2
< Re z <

1

2
, |z| > 1} .

The inclusion D(ti) ⊂ P is immediate from the definition of D(ti).

To prove the other inclusion, let z ∈ P and let C =

(
a b
c d

)
6= I2 such that

Cz ∈ P . If c = 0, then a = d = ±1 and b 6= 0. This implies

|ReCz| = |Re z + b| ≥ |b| − |Re z| > |b| − 1

2
≥ 1

2
,

so that Cz /∈ P . Thus, we must have c 6= 0. Now, since |z| > 1 and |Re z| > 1
2
, we

have

|cz + d|2 = c2|z|2 + 2cdRe z + d2 > c2 + d2 − |cd| = (|c| − |d|)2 − |cd| > 1 .

This implies ImCz < Im z. Applying this observation to the point Cz and the
transformation C−1 gives the opposite inequality ImCz < Im z, which is a contra-
diction.

It is best to think of P as a 4-sided polygon with vertices at ∞, ρ = eπi/3, i and
−ρ̄ with angles 0, π

3
, π, and π

3
, respectively, at the vertices. The transformation A

identifies the vertical sides and B identifies the two sides on the Euclidean unit circle.
The quotient space Γ\H2 is homeomorphic to a 2-plane. Geometrically, it is locally
isometric with the hyperbolic plane at all points except at Γi and Γρ = Γ(−ρ̄),
where it has cone points of angles π and 2π

3
, respectively. Using Proposition 3.18 ,

we see that the area of Γ\H2 is π/3.
The classical modular group has a number of important subgroups that act on

H2 without fixed points, for example, the level p principal congruence subgroup

Γ(p) = {γ ∈ Γ : γ ≡
(
1 0
0 1

)
mod p}

and the commutator subgroup [Γ,Γ] generated by all elements of the form γ1γ2γ
−1
1 γ−1

2

with γ1, γ2 ∈ Γ.
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Suggestions for reading material

• Sections I.2 and I.6 of [BH] contain material on the various models of hyper-
bolic space. A different approach to the hyperbolic plane can be found in
[And] and Chapter 7 of [Bea].

• Hyperbolic trigonometry is treated extensively in the second half of Chapter
7 of [Bea].
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