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1. EUCLIDEAN GEOMETRY

1.1. Metric spaces. A function d: X x X — [0, 4+00[ is a metric in the nonempty
set X if it satisfies the following properties

(1) d(x,x) =0 for all x € X and d(x,y) > 0if = # v,

(2) d(z,y) = d(y,z) for all z,y € X, and

(3) d(x,y) < d(x,2) +d(z,y) for all z,y,z € X (the triangle inequality).

The pair (X, d) is a metric space. Open and closed balls in a metric space, continuity
of maps between metric spaces and other “metric properties” are defined in the same
way as in Euclidean space, using the metrics of X and Y instead of the Euclidean
metric.

Example 1.1. (a) The space R" with the Euclidean distance is a metric space, see
Section [L.2

(b) The circle S! with the distance between two points defined as their angle as
vectors in [E? is a metric space, see Section [2] for details and generalisations.

(c) Let X # (). The discrete metric d: X x X — [0,00[ is defined by setting
d(z,z) =0forall z € X and d(z,y) =1 for all z,y € X if 2 # y.

(d) It is easy to check that for any a > 1, the expression h,(st,) = |s — t|* does not
define a metric on R as it fails to satisfy the triangle inequality:

ho(0,2) >2=14+1=h(0,1) + ha(1,2).
On the other hand, it can be shown that A, is a metric if 0 < a < 1.

If (X1,d;) and (Xs,dy) are metric spaces, then a map i: X — Y is an isometric
embedding, if

da(i(z),i(y)) = di(z,y)

for all z,y € X;. If the isometric embedding 7 is a bijection, then it is called an
isometry between X and Y. An isometry i: X — X is called an isometry of X.
The isometries of a metric space X form a group Isom(X), the isometry group of
X, with the composition of mappings as the group law.
A map i: X — Y is a locally isometric embedding if each point x € X has a
neighbourhood U such that the restriction of i to U is an isometric embedding. A
(locally) isometric embedding i: I — X is

(1) a (locally) geodesic segment, if I C R is a (closed) bounded interval,
(2) a (locally) geodesic ray, if I = [0, +o0o[, and
(3) a (locally) geodesic line, if I = R.

1.2. Euclidean space. Let us denote the Fuclidean inner product of R"™ by

(z]y) = inyi -
i=1

The Euclidean norm ||x|| = +/(z|x) defines the Euclidean distance d(x,y) = ||z —1y]|.
The triple E" = (R™, (+|-), || - ||) is n-dimensional Fuclidean space.

Proposition 1.2. The Euclidean distance is a metric.

Proof. The first two properties of a metric are clear from the expression of the metric.
It suffices to show that the triangle inequality holds. Let z,y,z € E". Using the
linearity and symmetry properties of the inner product and Cauchy’s inequality, we
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get

don () = (2 — gt —y) = (x— 2+ 7 —ylr— =+ 2~ )
=(x—zlr—2)+2(xr—zlz—y)+ (z—ylz —y)
< dgn (7, 2)? + 2dgn (7, 2)dgn (2, y) + dgn (2, y)?
= (dgn (2, 2) + dn(2,9))*,

which implies the triangle inequality because all the terms in the inequality are
positive. 0

Euclidean space is a geodesic metric space: For any two distinct points x,y € E™,
the map

y—x
ly — x|’

is a geodesic line that passes through the points  and y. Indeed, for any xy € E™ and
any u € S"1, let jy,.: R — E" be the map

t—x+t

Jrou(t) = o + tu.
For any s,t € R, we have
Az (Jao.u(t), oo () = llwo + tu — (2o + su)|| = [[(t = s)ul| = [t — sl[Jul| = dg (¢, s).

The restriction j,4|[0 |-y 15 @ geodesic segment that connects x to y: j(0) = x
and j(||z — y||) = y. In fact, this is the only geodesic segment that connects = to y
up to replacing the interval of definition [0, ||z —y||] of the geodesic by [a, a+ ||z —yl|]
for some a € R. More precisely: A metric space (X, d) is uniquely geodesic, if for
any =,y € X there is exactly one geodesic segment j: [0,d(x,y)] — X such that

4(0) = = and j(d(z,y)) = y.
Proposition 1.3. Fuclidean space is uniquely geodesic.

Proof. 1f g is a geodesic segment that connects x to y and z is a point in the image
of g, then, by definition, ||z —z||+ ||z —y| = ||z —y||. But, using Cauchy’s inequality,
it is easy to see that the Euclidean triangle inequality becomes an equality if and
only if 2 is in the image of the linear segment jo jo—y- 0

Even if the proof of the above proposition appears obvious, it uses the connection
of the Euclidean metric with the inner product in an essential way. There are plenty
of examples of metric spaces arising from vector spaces endowed with a norm that
are not uniquely geodesic. For example, the expression

doo(7,y) = max{|r1 — y1, |12 — yal}

defines a metric on R?. It is easy to check that, among many others, the mappings

J1,J2: [0,1] = (R?,dy) defined by j;(t) = ¢(1,0) and

Jaolt) = {E(l, 1), ifq <t<l

t1—1t), if 3 <t <1

are both geodesic segments in (R?, d,,) connecting 0 to (1,0).
If a metric space X is uniquely geodesic and z,y € X, x # y, we denote the
(image of the) unique geodesic segment connecting x to y by [z, y].
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1.3. Isometries. We will now study the isometries of Euclidean space more closely.
The (Euclidean) orthogonal group of dimension n is

O(n) = {A € GL,(R) : (Az|Ay) = (z|x) for all z,y € E"}
={AcGL,(R): ATA=1,}.
Recall the following basic result from linear algebra:

Lemma 1.4. Ann X n-matrizc A = (a1, ...,a,) is in O(n) if and only if the vectors
ai,...,a, form an orthonormal basis of E™. O

It is easy to check that elements of O(n) give isometries on E" for any n € N:
Let A € O(n) and let z,y € E". Now

d(Az, Ay)® = (Azx — Ay|Az — Ay) = (A(z — y)|A(-y))
= (ATA(z —y)lz —y) = (x — ylz — y)
=d(z —y)*.
For any b € R™, let t,(x) = x + b be the translation by b. Again, it is easy to see
that translations are isometries of [E". The translation group is
T(n)={t,: b e R"}
Orthogonal maps and translations generate the Fuclidean group
E(n) ={z— Az +b: A€ O(n),b € R"}

which consists of isometries of E™.
If a group G acts on a space X, and z is a point in X, the set

G(z) = {9(z): 9 € g}
is the G-orbit of . The action of a group is said to be transitive if G(z) = X for

some (and therefore for any) x € X. A more elementary way to express this is that
a group G acts transitively on X if for all z,y € X there is some g € G such that

g9(x) =y.
Proposition 1.5. E(n) acts transitively by isometries on E". In particular, Isom(E™)
acts transitively on E™.

Proof. The Euclidean group of E" contains the group of translations T(n) as a
subgroup. This subgroup acts transitively because for any x,y € R"™, we have

Tyolz) = y. O
An affine hyperplane of E" is a subset of the form
H=H(Pu)=P+u",
where P,u € E™ and ||u|| = 1. The reflection in H is the map
ry(z) =z —2(x — Plu)u.
Reflections are very useful isometries, the following results give some of their basic
properties. For any mapping f: X — X, the fized point set of f is
fixf={reX: f(zx)=1x}.
Proposition 1.6. Let H be an hyperplane in E™. Then
(1) rg ory is the identity.
(2) rg € E(n). In particular, rg is an isometry, and if 0 € H, then ry € O(n).
(3) d(ru(z),y) = d(x,y) for allz € E* and all y € H.
(4) The fized point set of ry is H.
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Proof. We will prove (3) and leave the rest as exercises. Let x € E® and y € H. We
have ry(z) = © — 2(x — y|u)u, which implies
d(ru(x),y)* = (ru(@) = ylra(e) —y) = (@ —y = 2(z — ylw)ulz —y — 2(z — ylu)u)

= (@ —ylr —y) — 4z — yl(z — ylu)u) + 4((z — ylu)ul(z — ylu)u)

= (2 —ylz —y) = d(z,y)*. O

The bisector of two distinct points p and ¢ in E™ is the affine hyperplane
. n pP+q

bis(p,q) = {z € E" : d(w,p) = d(w,q)} = ==+ (p— )"
Proposition 1.7. (1) If ry(z) =y and x ¢ H, then H = bis(x,y).
(2) If p,a € E", p # q, then ruspq)(P) = ¢
(8) Let ¢ € Isom(E"™), ¢ # id. If a € E", ¢(a) # a, then the fized points of ¢ are
contained in bis(a, p(a)).

(4) Let ¢ € Isom(E"™), ¢ # id. If H is a hyperplane such that ¢|g is the identity,
then ¢ = ry.

Proof. (1) follows from Proposition [6.10f3).

(2) From the definitions we get

P+aq P—4q
Tbis(p,q) (p) p 2(p 2 |p q) Hp — q||2

(3) If ¢(b) = b, then d(a,b) = d(¢p(a), p(b)) = d(¢(a),b), so that b € bis(a, ¢(a)).
(4) Let @ ¢ H be a point that is not fixed by ¢. Claim (3) implies that H is contained
in bis(a, ¢(a)) and as the dimensions agree, we have H = bis(a, ¢(a)). Thus, by
Claim (2), rg(a) = ¢(a). But this holds for all a ¢ H. As rg|y = ¢y = idy, we
have ¢ = ry. ([l

Next, we want to prove that all isometries of Euclidean space E™ are affine trans-
formations with an orthogonal linear part.

Theorem 1.8. Isom(E") = E(n).

The idea of the proof is to show that each isometry of E" is the composition of
reflections in affine hyperplanes. In order to do this, we show that the isometry
group has a stronger transitivity property than what was noted above.

Proposition 1.9. Let p1,pa, ..., 0k, q1, G2, - .., q € E™ be points that satisfy

d(pi, p;) = d(4 ¢5)
for all 1,5 € {1,2,...,k}. Then, there is an isometry ¢ € Isom(E"™) such that
o(pi) = qi for alli € {1,2,... k}. Furthermore, the isometry ¢ is the composition
of at most k reflections in affine hyperplanes.

Proof. We construct the isometry by induction. If p; = ¢, let ¢; be the identity,
otherwise, let ¢ be the reflection in the bisector of p; and ¢;. Let m > 1 and assume
that there is an isometry ¢,, such that ¢(p;) = ¢; for all i € {1,2,...,m}, which is
the composition of at most m reflections.

Assume that ¢m(pm+1) 7& dm4-1- NOW; Q- --dm € bis(¢m(pm+1)7Qm+1) because
for each 1 < i < m, we have

d(qi, Gm(Pm+1)) = A S (Pi), O (Pms1)) = d(Pis Pmr1) = d(Gi, Gmyr) -
Thus, the map
Prmt1 = This(dm (pms1)samr1) © Pm
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FIGURE 1.
satisfies ¢4 1(p;) = ¢; for all 1 <i <m + 1. O

Note that Proposition [1.9] implies that if 7" and 7" are two triangles in E" with
equal sides, then there is an isometry ¢ of E" such that ¢(7") = T".

Proof of Theorem[1.8 We already observed that elements of E(n) are isometries. It
remains to show the opposite inclusion.

Consider the set {0,ey,...,¢e,} in E*. Note that this set is not contained in any
affine hyperplane. R"™.

Let ¢ € Isom(E™). Proposition implies that there is an isometry ¢g € O(n)
such that ¢o(d(e;)) = e; for all 1 < i < m and ¢o(¢(0)) = 0. Since the set of
fixed points of ¢g o ¢ contains the points 0,eq,...,e,, the fixed point set of ¢q is
not contained in any affine hyperplane. Proposition implies that ¢g o ¢ is the
identity map. Thus, ¢ = ¢,"'. In particular, ¢ € O(n), which is all we needed to
show. O

Let X be a metric space. The stabiliser of a point z € X is
Stabx = {F € Isom X : F(z) = z}.

Proposition 1.10. The stabiliser in Isom(E™) of any point x € E™ is isomorphic to
O(n). An isometry F of " fizes b € E"™ if and only if there is an orthogonal linear
map Fy such that F' =T, o Fyo Tb’l.

Proof. An element of E(n) fixes the origin if and only if it is an orthogonal linear
transformation. Thus the claim holds for 0. If b € E® — {0} and F' € Stabb, then
T, ' o FoT, € O(n) and for any A € O(n), T,oAoT, "' € fixb O

Proposition 1.11. For each affine k-plane P, there is an isometry ¢ € Isom(E")
such that

¢(P)={x e E": 2" = "2 = ... = 2" = 0}.
FEach affine k-plane of E" is isometric with EF.

Proof. This is a direct generalisation of Proposition [L.5. The details are left as an
exercise. n
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2. THE SPHERE
The unit sphere in (n — 1)-dimensional Euclidean space is
S ={x € " ||z|| = 1}.
Let us show that the angle distance
(1) dsn (x,y) = arccos(zly) € [0, 7]

is a metric. In order to do this, we will use the analog of the Euclidean law of cosines,
but first we have to define the objects that are studied in spherical geometry.

Each 2-dimensional linear subspace T' C R™*! intersects S™ in a great circle. If
A € S" and u € S" is orthogonal to A (u € At), then the path j,: R — S,

Jau(t) = Acost + usint,

parametrises the great circle (A, u) NS™, where (A, u) is the linear span of A and w.
The vectors A and u are linearly independent, so (A, u) is a 2- plane.

Lemma 2.1. If ds» is a metric, then ja, is a locally geodesic line.
Proof. Observe that as A and w are unit vectors such that (AJu) = 0, we have
(Jau(s)|jau(t)) = (Acoss +usins|Acost + usint)
= ||A||? cos s cost + (cos ssint + sin s cos t)(A|u) + sin s sin ¢||u||?
(2) = cosscost + sinssint = cos(s —t).
Thus,
d(jau(s), jau(t)) = arccos(jau(s)|janu(t)) = arccoscos(s —t) = |s — t|,

which implies that the restriction of j4, to any segment of length less than 7 is an
isometric embedding. O

Note that the computation applied with s = ¢t implies that the image of the
mapping ja, is contained in S'.

If A, B € S” such that B # +£A, then there is a unique plane that contains both
points. Thus, there is unique great circle that contains A and B, in the remaining
cases, there are infinitely many such planes. The great circle is parametrised by the
map ja,, with

B — (B|A) B - (A|B)A

A

IB = (BIAA[ /1 (A|B)?
Now j(0) = A and j(d(A, B)) = B.

If B = —A, then there are infinitely many great circles through A and B: the
map ja, parametrises a great circle through A and B for any u € A+

We call the restriction of any j4, as above to any compact interval [0, s| a spherical
segment, and u is called the direction of j4,. Once we have proved that d is a metric,
it is immediate that a spherical segment is a geodesic segment.

Our proof showing that the expression (|1]) defines a metric is based on the spherical
law of cosines. In order to prepare for this approach, we return briefly to Euclidean
geometry. A triangle in Euclidean space consists of three points A, B,C' € E" (the
vertices) and of the three sides [A, B], [B,C] and [C, A]. Let the lengths of the sides
be, in the corresponding order, ¢, a and b, and let the angles between the sides at
the vertices A, B and C be «, # and 7.

These quantities are connected via
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A

FIGURE 2.

Proposition 2.2 (The Euclidean law of cosines). In Fuclidean geometry, the rela-
tion
& =a®>+b* - 2abcosy
holds for any triangle.
Proof. The proof is linear algebra:
c=|B-A|P=||B-C+C—-AP=b+2(B—-C|C— A)+d*

=0 +2(B—C|C — A) + a* = b* — 2abcosy + a*. O

Proposition 2.3 (The Euclidean law of sines). In Fuclidean geometry, the relation

a b c

sina sin (8 - sin 7y
holds for any triangle.

The law of cosines can be proved without knowing that E™ is uniquely geodesic.
In fact, using the law of cosines, it is easy to prove that Euclidean space is uniquely
geodesic, compare with the case of the sphere treated below .

A triangle in S™ is defined as in the Euclidean case but now the sides of the
triangle are the spherical segments connecting the vertices.

Let ja.([0,d(C, A)]) be the side between C and A, and let j4,([0,d(C, B)])v be
the side between C' and B. The angle between j4,([0, d(C, A)]) and ja ([0, d(C, B)])
is arccos(u|v), which is the angle at A between the sides ja,([0,d(A, B)]) and
Jax([0,d(A, B)]) in the ambient space E".

Now we can state and prove
Proposition 2.4 (The spherical law of cosines). In spherical geometry, the relation

cos ¢ = cosa cos b + sin asin bcos y

holds for any triangle.

Proof. Let v and v be the initial tangent vectors of the spherical segments jc, from
C to A and j¢, from C to B. As u and v are orthogonal to C, we have

cosc = (A|B) = (cos(b)C + sin(b)u| cos(a)C + sin(a)v)
= cos(a) cos(b) + sin(b) sin(a)(u|v) . O
Proposition 2.5. The angle distance is a metric on S™.
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FIGURE 3.

Proof. Clearly, the triangle inequality is the only property that needs to be checked
to show that the angle metric is a metric. Let A, B,C € S™ be three distinct points
and use the notation introduced above for triangles. The function

v+ f(v) = cos(a) cos(b) + sin(a) sin(b) cos(7)
is strictly decreasing on the interval [0, 7], and
f(m) = cos(a) cos(b) — sin(b) sin(a) = cos(a + b) .
Thus, the law of cosines implies that for all v € [0, 7], we have
(4) cos(c) = cos(a) cos(b) + sin(a) sin(b) cos(y) > cos(a + b),
which implies ¢ < a + b. Thus, the angle distance is a metric. O

Note that the inequality is strict unless v = w. This also implies that for
triangles that are not completely contained in a great circle,

(5) c<a+b<2r—c.
We return to this observation in Section [l

Proposition 2.6. (S",ds) is a geodesic metric space. If dsn(A, B) < m, then there
s a unique geodesic segment from A to B.

Proof. If z,y € S with y # +x, then, by Lemma the spherical segment with
direction given by the equation is a geodesic segment that connects = to y. If
the points = and y are antipodal, then it is immediate from the expression of the
spherical segment that j,,(m) = —z. Thus, in this case there are infinitely many
geodesic segments connecting x to y.

If 7 is a geodesic segment connecting A to B, then any C'in ([0, d(A, B)]) satisfies

dS" (A7 C) + dS" (Oa B) = dS” (A7 B)

by definition of a geodesic segment. Equality holds in the triangle inequality if and
only if v = 7. In this case, all the points A, B and C lie on the same great circle
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and C' is contained in the side connecting A to B. Thus, the spherical segments are
the only geodesic segments connecting A and B. If A # +B, then there is exactly
one 2-plane containing both points. This proves the second claim. O

Note that the sphere has no geodesic lines or rays because the diameter of the
sphere is .

2.1. More on cosine and sine laws. The law of cosines implies that a triangle
in E” or S” is uniquely determined up to an isometry of the space, if the lengths of
the three sides are known. In Euclidean space the angles are given by

a2 + b2 — 2
2ab

and the corresponding equations for a and 3 obtained by permuting the sides and
angles, and in the sphere we have

cosy =

cosc — cosacosb

cosy = . _
sin a sin b

In Euclidean space, the three angles of a triangle do not determine the triangle
uniquely but in S" the angles determine a triangle uniquely. This is the content of

Proposition 2.7 (The second spherical law of cosines). In spherical geometry, the

relation

cos acos 3 + cosy
cosc =

sin « sin 3
holds for any triangle.

Proof. This formula follows from the first law of cosines by manipulation. The first
law of cosines implies
1+ 2cosacosbcosc — (cos? + cos? b + cos? ¢) D

. 9 2
sin“y=1—cos” v = - - = —
sin asin?b sin?

asin®b’
and D is symmetric in a, b and ¢. Thus, using the law of cosines, we get

(6)

coS a cos 3 + cos

sin o sin 3
cosa — cosbcosccosb —cosacosc  cosc— cosacosb
sin bsin ¢ smas;)nc sin a sin b — COSC 0

sin a sin bsin? ¢
Spherical geometry even has its own sine law
Proposition 2.8 (The spherical law of sines). In spherical geometry, the relation

sina sinb sin ¢

sina sinf  sinvy
holds for any triangle.

Proof. In the proof of the second law of cosines we saw that he first law of cosines
implies that

. 2 . . .
sin ¢ sin? a sin? bsin? ¢
D
The claim follows because this expression is symmetric in a, b and c. U
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2.2. Isometries.

Proposition 2.9. The orthogonal group O(n+ 1) acts transitively by isometries on
S™. In particular, Isom(S™) acts transitively on S™.

Proof. Let A € O(n + 1) and let € E""!. By definition of orthogonal matrices,
we have |Az||* = (Az|Az) = ||z||>. Thus, A defines a bijection of the sphere S™
to itself. Furthermore, for any x,y € S"*!, again by the definition of orthogonal
matrices,

cosh dsn (Ax, Ay) = (Az|Ay) = (x|y) = coshdsn(x,y),

which implies that the above mapping is an isometry.

Transitivity follows from the fact that any element of S™ can be taken as the
first element of an orthogonal basis of E™ or, equivalently, as the first column of an
orthogonal matrix. O

We will prove the analog of Theorem [1.8 for the sphere.
Theorem 2.10. Isom(S") = O(n + 1) O

The proof works as in the Euclidean case once we have defined hyperplanes and
bisectors in the appropriate, natural manner.

Let Hy be a linear hyperplane in E”. The intersection H = HyNS" is a hyperplane
of S*. Note that each hyperplane of S" is isometric with S*~!. The reflection ry in
H is the restriction of the reflection in Hy to the sphere: rg = rpy,|s». Note that by
Proposition [6.10)2) and Proposition [2.9) the image of rp,|s» is contained in S".
Proposition 2.11. Let H be an hyperplane in S™. Then
(1) ry ory is the identity.

(2) rg € O(n). In particular, ry is an isometry.

(8) d(ry(x),y) = d(x,y) for allz € S" and all y € H.

(4) The fized point set of ry is H.

Proof. (1), (2) and (4) are direct consequences of Proposition |6.10, We leave (3) as

an exercise. O

The bisector of two distinct points p,q € S™ is
bis(p, q) = {z € S" : dgn(2,p) = dsn(2,9)} .

Lemma 2.12. Let p,q € S*, p # q. Then bis(p,q) = (p — q¢)* N'S™. In particular,
the bisector is a hyperplane, it is the intersection of the Euclidean bisector of p and
p with the S™.

Proof. The points p, ¢,z € S™ satisfy ds» (x, p) = ds-(z, q) if and only if (p|z) = (q|z),
which is equivalent with (p — ¢|z) = 0. O
Proposition 2.13. Let x,y € S™ and let H be a hyperplane of S™.

(1) If ry(z) =y and v ¢ H, then H = bis(x,y).

(2) If p,q €S™, p # q, then 1) (P) = ¢

(3) Let ¢ € Isom(S"), ¢ #id. If a € S*, ¢(a) # a, then the fixed points of ¢ are
contained in bis(a, p(a)).

(4) Let ¢ € Isom(S™), ¢ # id. If H is a hyperplane such that ¢|g is the identity,
then ¢ = rg.
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Proof. (1) follows from Proposition [2.11(3).

(2) Using the definitions and the fact that 23 is in the Euclidean bisector of p and
q, we get

pP+q P—9q
This(pg)(P) =P = 2(p = ———Ip = @) ——5 =4
b (PQ)< ) ( 9 | >Hp_q||2
The proofs of (3) and (4) are formally the same as in the Euclidean case. O

We leave it as an exercise to check that the following result is proved in the same
way as their Euclidean counterparts.

Proposition 2.14. Let p1,p2, ..., Pk, q1,92, - - -, qx € S™ be points that satisfy

for all i,j € {1,2,...,k}. Then, there is an isometry ¢ € Isom(S") such that
o(pi) = q; for alli € {1,2,... k}.

Corollary 2.15. Any isometry of S™ can be represented as the composition of at
most n + 1 reflections. O

If a group G acts on a space X A is a nonempty subset of X, the stabiliser of A
in G is
Stabg A={ge G:9A=A}.
Clearly, stabilisers are subgroups of G.

Proposition 2.16. The stabiliser in Isom(S™) of any point x € S™ is isomorphic to

O(n).

Proof. The north pole e, is stabilized by the subgroup of O(n) that consists of
block diagonal matrices diag(1, A), where A € O(n). Proposition implies the
claim as in the Euclidean case, see Proposition [I.10] O

The proof of the following result is similar to that of its Euclidean analog, Propo-

sition [T

Proposition 2.17. Each k-plane of S™ is isometric with S¥. For each k-plane P,
there is an isometry ¢ € Isom(S™) such that

P(P) = {x € S": aFt? = 2F3 — ... = gt — 0}, O
2.3. Classification of isometries. The special orthogonal group of dimension n is
SO(n) ={A€O(n):det A=1}.

Let A € O(2). The columns of A form an orthonormal basis of E?. If we write the

cos 6

sing ) then orthogonality implies that the second column is either

first column as

(_ St 0) or ( sin 6 ) . Therefore, there are exactly two kinds of orthogonal maps
cos 6 —cosf

of the plane: the rotation by @,

~ (cosf —sinf
7 \sinf cosf

) € SO(2)

and the reflection in the line L = (—cos 4,sin §)*,

= (Cose sin 0 ) € 0(2) —SO(2).

sinf —cosf
The rotations form the normal subgroup SO(2) of O(2).
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Remark 2.18. (1) It is easy to check that Sy = RySo.
(2) Using complex numbers, Ry is multiplication by ¢ and the reflection Sy is the
mapping Sp(2) = 2.

As in the 2-dimensional case, SO(n) is a normal subgroup of O(n) of index 2. The
following property simplifies the treatment of SO(3):

Proposition 2.19. The nonidentity elements of SO(3) are rotations R,q by 6 €
10, 27| about an axis given by a unit vector v € S?.

Proof. Let A € SO(3). Let us show that 1 is an eigenvalue of A by considering
the characteristic polynomial x4. Now, using the facts that A is orthogonal, the
determinant is multiplicative and det A = 1, the determinant of a matrix and its
transpose agree, and that we work with 3 x 3-matrices, we have

xa(1) = det(A — I3) = —det(A(I3 — A")) = det(I3 — AT)
=det(l3 — A) = —det(A — I3) = —xa(1).

Thus, x4(1) = 0. This implies that A is conjugate in SO(3) with a block diagonal
matrix diag(Ap, 1) with A € SO(2), and the claim follows from the above classifica-
tion of the elements of SO(2) O
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3. MAP PROJECTIONS

3.1. The latitude-longitude map. Let x € S?. The latitude of x is
T

_57 5]7
which is the oriented angle of = from the equator {z € S? : z3 = 0}. The longitude of
T €S? — {+ez} is

0(x) = g —ds2(x,e3) = g — arccos(z|es) = g — arccos(z3) € |

: (21,72,0)ler) . 21
o(z) = sign(xq) arccos(~————————=) = sign(zy) arccos(———=) €] — m, 7|
(1, 22, 0)]] Vi + a3
where sign(t) = ﬁ for nonzero t and we set sign(0) = 1. The longitude is the

oriented angle between x and the geodesic segment from the north pole es to the
south pole —eg, called the 0-meridian (or the Greenwich meridian if we consider the
Earth). Here we have chosen the value 7 for the longitude on the international date
line which is the geodesic segment between the poles that passes through —e;. More
generally, the geodesic line between the poles determined by an equation ¢ = c is a
meridian and the circle determined by an equation 6 = c is a parallel.

The longitude and latitude of a point determine a bijection L: S? — {de3} —
| - 7, wx]5. 51

L(z) = (¢(x),0(x)) -
The inverse of this map is given by
L™(¢,0) = (cos ¢ cos b, sinpcosd, sinf) .
This map is good close to the equator but distances, areas and angles are badly
distorted close to the poles.
3.2. Stereographic projection. Let a € R—{0} and consider the projection plane
P,={r € E®:x3=a}. For any x € S?, let S¢: S* — P, be the map

Tr — e3

So(x) = (1 —a)

1— 3 + €3
that associates to x the unique point on P, that lies on the affine line through e3 and
x. The stereographic projection S*: S*—{e3} — E? is pry 0SZ, where prs(y) = (y1, y2)
is the orthogonal projection of E? to E? identified with the hyperplane E?* x {0}.
More explicitly,

x1 )
1-— 1'3’ 1-— .Tg) ’
Most often, one uses a = 0, which is the case where the projection plane passes
through the origin, or a = —1, which is the case where the projection plane is
tangent to the sphere at the south pole.

§4(x) = (1 = a)(

3.3. Inversion. Let ¢ € E" and let & € R — {0}. The mapping t.q: E* — {c} —
E"™ — {c} defined by setting

(z) T —c n
lealT) = 07— + ¢
- [ = c]]?

is the (a-)inversion with pole c. The number « is the power of the inversion ¢ .
Lemma 3.1. Sg = [’63,2(17@)|SQ—{63}'
Proof. Tt suffices to note that for z € S?, we have
Iz — es® = [l=[|* — 2(xles) + lles]|* = 2(1 — z3) . O
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The above Lemma means that we can deduce many basic properties of the stere-
ographic projection from those of inversions. Accordingly, we will now look at in-
versions more closely. The first technical properties are easy to check using directly
the definitions.

Lemma 3.2. (1) (z — cltca(x) —¢) = a for all x € E" — {c}.
(2) teaotes = F(x—c)+e
(3) tea © lew = 1d, in particular, .. is a diffeomorphism.

(4) If a > 0, then fixi.o = S(c, /a).
Proof. Exercise. 0

If r > 0, then ¢, is also called inversion in the sphere S(c,r), which is reasonable
considering Lemma [3.2(4). This is the case we will mainly be interested in.

The following proposition collects a number of important mapping properties
of inversions. A generalized hyperplane or a generalized sphere in E" is either a
hyperplane or a sphere. If U and V are open subsets of E” or S", a mapping
F:U — V is (locally) conformal if it preserves angles. This happens exactly when
at every point in U, the differential DF'(z) is a multiple of an orthogonal matrix by
a nonzero real number.

Proposition 3.3. Let ¢ € E" and let « € R — {0}. The inversion tcq

(1) stabilizes the hyperplanes containing c,

(2) maps the spheres containing c to hyperplanes not containing ¢ and conversely.
(8) maps spheres not containing c to spheres not containing c.

(4) is conformal.

Proof. (1) is clear from the expression of the inversion.
(2) It suffices to consider the case ¢ = 0. The sphere consists of the points that
satisfy the equation ||z|* = 2(z|a) for some a € E® — {0}. Thus, tg.(z) = 5

and we have (1|a) = §, which is the equation of a hyperplane.

(3) Again assume ¢ = 0. Consider x1,22 € S(a,r), points that are not necessarily
distinct, that lie on the same line L . The orthogonal projection of a to L is “2&
The Pythagorean theorem gives the two equations

|21 + z2||* + ||lz1 + 22 — 2a]]* = 4]|a|)?
and
|21 — z2|)* + ||lz1 + 22 — 2a]]* = 47,

that imply (x1]z2) = ||a||* — 2. Thus, 23 = tg |g2—r2(x1). As this holds for all such
pairs of points, we have ¢ |jq2—2(S(a,r)) = S(a,r). Using Lemma we have

(6]
LO,O( == Ha||2 _ T2 LO,”(ZH27T2 )
which implies
(e
L07a(S(a, T)) = ||a||2——7“2 S(a, T) .

(4) Observe that t.o = T 0194 © T-.. Translations and dilation by « are clearly
conformal mappings so it suffices to prove the claim for the standard inversion ¢ ;.
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Note that

1 —x? 4 x5 + 73 —211 1 —21115
Diga(z) = W —221T5 T3 — 22 + 22 —2x9%3
a: —27173 —2woxy a4 a3 — a3
1 9 2 1wy 173
SRR T (e
r v T1T3 Toxz T3
1 2
= I3 — zxt
|2 [

where 27 is the transpose of x as a matrix. Observe that Dig;(z)” = D (z) and
that

1 4 4 1
Dig1(7)* = ——1I3 — zal + zaleasl = —15.
[l fl> ]l [l ]|® ]2
Thus, Dy, (x) is a multiple of an orthogonal matrix. O

Corollary 3.4. The stereographic projection is a conformal map. It maps circles on
the sphere not passing through the north pole to circles. It maps the (complements
of the north pole in) circles passing through the north pole to lines. 0

3.4. Mercator’s projection. The latitude-longitude map of the sphere to a square
in the plane is a standard method to determine the location of a point on the
surface of the Earth. However, it is not well suited for navigation because it is not
conformal. This can be seen as follows: Let P = (0,sinf, cosf) be a point in the
Eastern hemisphere. The tangent directions at P, that is, the unit sphere of P+
consists of the vectors

v(t) = (sint, — costsinf, costcos ),

where t is the angle with the direction from the North, measured in the clockwise
direction. Let L be the longitude-latitude map. The derivative vector of the path
L ojP,v(t) at P is
DL o jpyw)(0) = (—secBsint, cost)

Thus, the angle that DL o jp,)(0) makes with the direction (0,1) that points to
the North on the map can be computed to be

cost
Vsec?fsin®t + sin?6’
The distortion of the angle increases rapidly as we approach the north pole.

One way to solve this problem is to stretch the north-south direction by a factor
that increases close to the poles in order to define a conformal map. We will follow
a different route to achieve the same goal. Let us identify the plane E? with the
complex plane in the usual way, identifying the point (x,y) with the complex number
z = x 4+ 1y. The complex logarithm function is defined as the local inverse of the
complex exponential map. More precisely, let log: C — {0} — C,

arccos(

log(z) = log |z| + i arg z,

where
12| = [|(z, y)ll
is the module of z and .
arg z = arccos(ﬂ) €| —m,
z

is the argument of z. It is a standard fact of complex analysis, that we take as given,
that log is a conformal map, see |?].

16 12/12/2014



301

200
15[

1.0

0.5 1.0 15 20 25 3.0

FIGURE 4. The blue curve shows the sine of the angle on the sphere
and red curve shows the sine of the corresponding angle in the
longitude-latitude map at longitude 0.5.
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FIGURE 5. The blue curve shows the sine of the angle on the sphere
and red curve shows the sine of the corresponding angle in the
longitude-latitude map at longitude 1.5.

Lemma 3.5. The complex logarithm is a bijection that is continuous outside the
negative ray | — oo, 0[. It maps circles centered at the origin to vertical segments and
rays of constant argument to horizontal affine lines. 0

The Mercator projection is the map M = —ilogoSY: §? — {4e3} — E?

M(x) = (9(a), 5 los(a3 +3) ~ los(1 — )

= (¢(x),logcot O(x)) .

Proposition 3.6. The Mercator projection is a bijection that is continuous away
from the international date line. It maps parallels to horizontal segments and merid-
1ans to vertical affine lines. 0
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We saw above that the Mercator projection is obtained from the longitude-latitude
map by stretching in the North-South direction by a factor that grows towards the
poles. The great advantage of using the Mercator projection is that a straight
line on the map intersects the meridians at a constant angle. This is convenient for
navigation purposes because it corresponds to keeping a constant compass direction.
The straight lines in a Mercator map are called lozodromes. A loxodrome segment
is almost never the shortest path between its endpoints, it coincides with a segment
of a great circle only if it is a segment of the Equator.

3.5. Some Riemannian geometry. The (differential geometric) length of a piece-
wise continuously differentiable path 7: I — S? is

(= 1.

where 7(t) is the tangent (derivative) vector of the path for each t € I.

Proposition 3.7. Let A, B € S?, A # B. Let j be a spherical segment that connects
A and B. Then ((j3) < £(1) for all piecewise continuously differentiable paths T.

Proof. Using an isometry of S?, we can assume that A and B are contained in the
O-meridian. Using longitude-latitude coordinates, consider the continuous map proj
defined by proj(¢,0) = (0,0) whose image is contained in the 0-meridian. Clearly,
{(j) < t(projor) < €(7). O

In the computation of the length of a path 7, the norm of the tangent vector
7(t) is computed in the tangent plane 7(¢#)* at 7(¢). Using the coordinate maps, we
get

The inner product of the tangent spaces can be used to define the area of a subset
of the sphere. This gives the expressions

Area A = / cos 0dfd¢
L(A)

in the longitude-latitude coordinates and

4dxqd
Area A = / $—1$222
so(ay (14 [l=[1?)

in the coordinates given by the stereographic projection.
Proposition 3.8. The area of S? is 4.
3.6. Cylindrical projection. The mapping C: S? — {£e3} — S'x] — 1, 1[C E3,
C(z) = ( 7 , o2 ,Ig)
Va2 + a3 \/x? + a2l
maps the complement of the poles to a cylinder bijectively. As x3 = cos#, this

projection preserves area. On the other hand, the distortion of angles is even worse
than in the longitude-latitude map.
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4. TRIANGLES IN THE SPHERE

Let 0 < a < 7. The area of the (spherical) sector S, = {x € §*: 0 < ¢(z) < a}
and any of its isometric images is easily seen to be 7-4m = 2a.

Proposition 4.1 (Girard). The area of a triangle with angles «, 5 and 7y is o +
B+~ —m.

Proof. Let A, B and C be the vertices of the triangle. The antipodal points —A,
—B and —C determine a triangle (—A)(—B)(—C) that is isomorphic with ABC.
The three great circles (4, B)NS?, (B,C)NS? and (C, A) NS? determine six sectors
with angles «, «, 3, 3,7, that cover the sphere. In the complement of the great
circles, the triangles ABC and (—A)(—B)(—C) are both covered by three sectors,
other points are contained in one sector. Thus,

4 = AreaS* = 2(Area S, + Area Sz + Area S,) — 4 Area ABC = 4a — 4 Area ABC,
which gives the claim. O

We know that the sum of the angles of a triangle in E? is w. (Prove this!) On the
sphere, the situation is different:

Proposition 4.2. The sum of the angles of a triangle in S? is greater than .

Girard’s result implies the claim but we give a proof that avoids the use of ar-
guments involving area or integration. In order to do this, we introduce a useful
construction.

Let ABC be a triangle in S? such that the vertices do not all lie on the same great
circle. Let A*, B*,Cx € §? be the unique points that satisfy the conditions

(A*|B) =0 = (A*|C), (A*|A) >0
(7) (B*|C) =0 = (B*[A), (B*[B) >0

(C*|A) =0 = (C*|B), (C*|C)>0,
that is, for each vertex of the triangle, we pick the intersection point of the line
orhogonal to the plane that contains the other two vertices, on the same side of
the plane as the original vertex. We call A*, B* and C* the polar vertices and

(ABC)* = A*B*C* the polar triangle of ABC'. Let a*, b* and ¢* be the side lengths
and o, f* and v* be the angles of (ABC)*.

Lemma 4.3. The polar vertices are linearly independent and ((ABC)*)* = ABC.

Proposition 4.4. Let ABC be a triangle in S* such that the vertices do not all lie
on the same great circle. Then
at+a =b+p " =c+y ' =d+ta=0"+p=c"+y=m.

Proof. The situation is completely symmetric so it suffices to prove a + o* = .
Let u,v € A+ = (B*,C*) be the directions of the edges AB and AC, respectively.
Recall that (u|v) = cosa and (B*|C*) = cosa*.

Now, u € (A, B) implies that (u|C*) = 0 and similarly we have (v|B*) = 0.
Furthermore,
B — (B|A)A B|B*

(BAA L (BB

1B — (B]A)A] 1B — (B]A)A]
and similarly (v|C*) > 0. Thus, we have either the points u, B*, C* and v on
the circle (B*,C*) in this order or in the order B*, u, v and C* with the right
angles between v and B* and v and C* overlapping in both cases. The claim follows
easily. 0
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Lemma 4.5. The perimeter of a spherical triangle is at most 2w. If the perimeter
15 27, then the vertices are all contained in the same great circle.

Proof. This follows from the inequality and the fact that this inequality is an
equality if and only if v = 7. O

We can now give a second proof of Proposition Proposition [£.4] implies that
a+pB+y+a*+b"+c* =3r. Asa*+b*+ ¢* < 21 by Lemma [4.5] we get the claim
of Proposition [4.2] 0

The following converse of Lemma [4.5] holds

Proposition 4.6. Let 0 < a,b,c < 7w. Ifa+b>c, b+c>a, c+a > b and
a+b+c < 2m, then there is a triangle in S* with side lengths a, b and c. All such
triangles are isometric.

Proof. We use the law of cosines in the construction: Note that if such a triangle
exists, then the angle at C' satisfies the cosine law. Therefore, we can compute it if
we know that

(8)
because then %&‘;ZO“’ is in the range of cos, and we can proceed with the con-

struction. The pair of inequalities ¢ < a + b < 27 — ¢ implies

‘cosc—cosacosb‘

- - <1,
sin a sin b

cosc > cos(a + b) = cosacosb —sinasinb.

The inequalities b+ ¢ > a and ¢+ a > b give |a — b| < ¢, which implies
cosc < cos(a —b) = cosacosb+sinasinb.

These two inequalities give
—sinasinb < cosc — cosacosb < sinasinb,

which implies the inequality . Now we can place the sides of length a and b
starting at C' in the correct angle v. The cosine law implies that the lengths of the
side opposite to C' is indeed c.

The triangles are isometric by Proposition [2.14 0
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5. MINKOWSKI SPACE

5.1. Bilinear forms and Minkowski space. Let V and W be real vector spaces.
A map ®: VxW — Ris a bilinear form, if the maps v — ®(v, wp) and v — P (vg, w)
are linear for all wy € W and all vg € V. A bilinear form ® is nondegenerate if
e O(x,y) =0 for all y € W only if z =0, and
e O(x,y) =0 for all z € V only if y = 0.
If W=V, then & is symmetric if &(z,y) = ®(y,x) for all z,y € V. It is
e positive semidefinite if ®(z,x) >0 for all x € V,
e positive definite if ®(z,z) > 0 for all z € V — {0},
e negative (semi)definite if —II is positive (semi)definite, and
e indefinite otherwise.
The quadratic form corresponding to a bilinear form ®: V' x V' — R is the function
q:V = R, g(x) = ®(x,z). A positive definite symmetric bilinear form is often
called an inner product or a scalar product.

If V is a vector space with a symmetric bilinear form ®, we say that two vectors
u,v € V are orthogonal if ®(u,v) = 0, and this is denoted as usual by u L v. The
orthogonal complement of u € V' is

ut={veV uluv}

Let us consider the indefinite nondegenerate symmetric bilinear form (-|-) on R™**
given by

(zly) = —zoyo + inyi = —zoy0 + (Z|y) = 27 Jy,
i=1

where J; ,, = diag(—1,1,...,1) and = (x¢,21,...,2,) = (x0,Z). We call (-|-) the
Minkowsks bilinear form, and the pair
Ml,n — (Rn+1, <’>)

is the n + 1-dimensional Minkowsk: space.

We say that a vector is
e lightlike if (z|x) =0,
o timelike if (x|x) < 0, and
e spacelike if (x|z) > 0.
The names come from Einstein’s special theory of relativity, which lives in M3,

Minkowski space has a number of geometrically significant subsets: The subset of
null-vectors is the light cone

L ={x e M"™ : (z]z) = 0}.
The variety
A" ={x e M"" : (z]z) = -1}
is a two-sheeted hyperboloid, and its upper sheet is
H" = {z € M"(z|z) = —1, vy > 0}.

The variety
A = {x e M"" : (z]|z) = 1}
is a one-sheeted hyperboloid.
The following is an important observation on time-like vectors.

Lemma 5.1. If u,v € H", then (u|v) < —1 with equality only if u = v.
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Proof. Using the Cauchy inequality for the Euclidean inner product in R™ for the
first inequality and a simple calculation for the second, we have

n n n
(u|vy = —ugug + g uv; < —uguy + E u? E v?
=1 i=1 =1

:—uovo—i-\/u%—l\/vg—lg—l.

Cauchy’s inequality is an equality if and only if v and v are parallel, and the final
inequality is an equality if and only if ug = vy. This implies the claim on equality. [J

Proposition 5.2. Let vi,v, € M7,

(1) If vy and vy are timelike, then (vi,vq) # 0.

(2) if vy lightlike and vy is timelike, then (vi|ve) # 0.

Proof. (1) is a direct consequence of Lemma 5.1 We leave (2) as an exercise. [

Corollary 5.3. The restriction of the Minkowski bilinear form to the orthogonal
complement of a timelike vector is positive definite. 0

5.2. The orthogonal group. The orthogonal group of the Minkowski bilinear form
is

O(1,n) = {A € GL,(R) : (Az|Ay) = (z|y) for all z,y € M""}
={A€GL,(R) : "AJ1 A = J1,} .
Clearly, the linear action of O(1,n) on M!" preserves the light cone and the two-
sheeted hyperboloid 7.

Let us write an (n + 1) X (n + 1)-matrix A in terms of its column vectors A =
(ag,ay,...,a,). If A € O(1,n), then ag = A(xg) for (zg = 1,0,...,0) € H". Thus
A(xg) € H" if and only if Agy > 0, and therefore the stabiliser in O(1,n) of the
upper sheet H" is

0% (1,n) ={A€O(1,n) : AH" = H"}
={A € GL,(R) : Ay > 0, (Az|Ay) = (z]y) for all z,y € M""}
={A € GL,(R) : Ay >0, "AJ, , A= T},
which is the identity component of O(1,n).
A basis {vg,v1,...,v,} of MY is orthonormal if the basis elements are pairwise

orthogonal and if (vg|vg) = —1 and (v;|v;) =1 foralli € {1,2,...,n}. The following
observation is proved in the same way as its Euclidean analog:

Lemma 5.4. An (n+1) x (n+ 1)-matric A = (ag, a1, ...,a,) is in O(1,n) if and
only if the vectors ag,a,...,a, form an orthonormal basis of M. Furthermore,

A€ O%(1,n) if and only if A € O(1,n) and ay € H". O
Example 5.5. (1) Let ¢t € R. The matrix

cosht sinht 0
L; = | sinht cosht 0] € SO(1,2)
0 0 1

stabilises any affine hyperplane
H.={zxeM"?:2y=c}.
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(2) For any 6 € R, let Ry = (Z?r?g _EE;Z> € O(2), and let
1 10 0
Ry = diag(1, Ry) = ( = ) = |0 cosf —sinf | € 0F(1,2).
0 R(6) 0 sinf cos 6

This mapping is a Euclidean rotation around the vertical axis by the angle 6. The
rotation Ry stabilizes each affine hyperplane

E,={reM“?:z5=r}.
Another important mapping that comes by extension from O(2) is given by the
matrix diag(1,1,—1), which is a reflection in the hyperplane Hj defined above.
(3) For each v € £? and ¢ < 0, the affine hyperplane
P,y ={z e H*: (v|z) =t}
The mapping given by the matrix

2 o2
1 +2% —72 S

Ns = % 1—- 87 S S O(la 2)
S —5 1

maps each horosphere based at (1,1,0) € £? to itself.
(4) All of the above examples can be generalised to higher dimensions:

e [, is extended as the identity on the last coordinates to diag(L:, I,,—2) € O(1,n).

e Any Euclidean orthogonal matrix A € O(n) gives an isometry diag(l,A) €
O(1,n).

o N is extended as the identity on the last coordinates to diag(Ns, I,,—2) € O(1,n).

A modification of the proof of Proposition gives the following result.

Proposition 5.6. The identity component of the orthogonal group of Minkowsk:
space acts transitively on H™.

Proof. We use the notation of Example . If = € H", then r = (/||Z]]? = 1, ).

There is some Ry € O(n) such that ReZ = ||Z||ey, and thus, Re(z) = (\/[[Z]] — ||CL’||61).
Furthermore,

LarsinhHilleo - (\/ Hf||2 -1, ||IH€1) .
This implies that H" is contained in the O™ (1, n)-orbit of . O
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6. HYPERBOLIC SPACE
The metric space (H",d), where
d(x,y) = arcosh(—(z[y)) € [0, oo,

is the hyperboloid model of n-dimensional (real) hyperbolic space. The metric d is
the hyperbolic metric.

We still need to show that the hyperbolic metric is a metric. The proof follows
the same idea that was used to treat the angle metric for the sphere S™.

Let @ € H", and let u € at such that (u|u) = 1. Recall that the restriction of the
Minkowski bilinear form to a' is positive definite by Corollary The mapping
Jau: R — H",

Jau(t) = acosh(t) + usinh(t),
is the hyperbolic line through a in direction u. It is easy to check that, indeed, the
image of j, , is contained in H" and that for all s,¢ € R, we have

(9) A(Jau(t); Jau(s)) = [s —t].

As in section [2] for the sphere, if we show that d is a metric, then j,,, is a geodesic
line. We define hyperbolic segments and rays as the appropriate restrictions of the
geodesic line.

Lemma 6.1. For any a € H" and any u € a*, j,.(R) = H" N {a,u). If a 2-plane
T intersects H"™, then T NH" is the image of a hyperbolic line.

Proof. Clearly, the image of j,, is contained in the 2-plane (a,u).
On the other hand, if a plane T' = (u,v) intersects H" at two distinct points p
and g, the geodesic line j,, with

_ g+ {plg)p
lq + (plg)p|

passes through p and ¢. If we fix p € H", there are exactly two unit tangent vectors
v and —v in T,H"NT, and the hyperbolic lines j,, and j, _, defined by these vectors
have the same image. Therefore, all points in H" N T" are contained in j,,(R) for

any p € H". 0

Lemma 6.2. For any a € H", the tangent space T,H" of H" at a coincides with
i

a.

Proof. The orthogonal complement a* has dimension n because the Minkowski bi-
linear form is nondegenerate. Each vector in a' is the tangent vector at a of a
smooth curve contained in H". OJ

We define the angle £ (u,v) of any two vectors u,v € T,H" = at — {0}, using the
inner product induced from the Minkowski bilinear form:

£ (u,v) = arccos({u|v))
The inner product induces a norm
|ul = v/ {ulu)
on a* for all a € H™.
Proposition 6.3 (The first hyperbolic law of cosines).

cosh ¢ = cosh a cosh b — sinh a sinh b cos 7y .
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Proof. Let u and v be the initial tangent vectors of the hyperbolic segments from C'
to A and from C to B. As u and v are orthogonal to C', we have as in the spherical
case,

coshc = —(A|B) = —(cosh(b)C + sinh(b)u| cosh(a)C + sinh(a)v)
= cosh(a) cosh(b) — sinh(b) sinh(a)(u|v) . O

Theorem 6.4. Hyperbolic space is a uniquely geodesic metric space. Hyperbolic
lines, rays and segments are geodesic lines, rays and segments.

Proof. The fact that the hyperbolic metric is indeed a metric is proved in the same
way as Proposition [2.5in the spherical case. Now we consider the increasing function

~ + cosh a cosh b — sinh a sinh b cos ,

which attains its maximum value cosh(a + b) when v = w. The claim on hyperbolic
lines, rays and segments follows from equation @

If p and ¢ are distinct points in H", there is a unique 2-plane through them. Thus,
there is exactly one hyperbolic line through these points. As in the spherical case,
we see that the triangle inequality in hyperbolic geometry is an equality if and only
if the third point z lies in the hyperbolic segment between x and y. O

The law of cosines implies that a triangle in E”, S™ or H" is uniquely deter-
mined up to an isometry of the space, if the lengths of the three sides are known.
In Euclidean space, the three angles of a triangle do not determine the triangle
uniquely. In S™ and H" the angles determine a triangle uniquely.

For H", this is the content of

Proposition 6.5 (The second hyperbolic law of cosines).

cos a cos 3 + cosy

coshec = - :
sin a sin 8

Proof. This formula follows from the first law of cosines by a lengthy manipulation
analogous to the proof of Proposition [2.7] O
Proposition 6.6 (The hyperbolic law of sines).

sinha  sinhb  sinhc

sina sinf siny
Proof. The first law of cosines implies that
(sinh c) 2 sinh? a sinh? bsinh? ¢
sin 7y

~ 2coshacoshbcosh e — cosh? a — cosh?b — cosh®c+ 1
The claim follows because this expression is symmetric in a, b and c. O

6.1. Isometries.

Proposition 6.7. O"(1,n) acts transitively by isometries on H™. In particular,
Isom(H") acts transitively on H".

Proof. Let g € O"(1,n), and let x,y € H". By the definition of the hyperbolic
metric and of O (1,n), we have

d(g(w),g(y)) = arcosh(—(g(x)|g(y)) = arcosh(—(z|y) = d(z,y).

Transitivity follows from the fact that any orthonormal basis of M'" whose first
vector is in H" can be mapped to any other similar one by a transformation in
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O*(1,n): If p € H", and the vectors vy, vs,...,v, form an orthogonal basis of
pt = T,H", then the matrix A = (p,v1,...,v,) € O(1,n) gives an isometry which
maps (1,0,...,0) to p. O

Example 6.8. (1) Let ¢t € R. The matrix

cosht sinht 0
L; = [ sinht cosht 0] € O7(1,2)
0 0 1

acts on H? as an isometry that preserves the intersection of H? with any 2-plane
{z € M"? : 2o = ¢}, in particular, it stabilises the geodesic line

(={r el 2y=0}.
For any point p = (a,b,0) € ¢, we have
d(L,(p), p) = arcosh(—(L;p|p)) = arcosh((—a® + b*) cosh(t)) = [t|.

cosf) —sinb

(2) For any 6 € R, let Ry = ( ) € SO(2), and let

sin 6 cos 6
R 1 0 1 0 0
Ry = diag(1, Ry) = ~ =10 cosf —sinf | € OF(1,2).
0 R(0) 0 sinf cos

This mapping rotates the hyperboloid around the vertical axis by the angle 6.
(3) For each v € £? and ¢ < 0, the set

{r € H*: (v]x) = c}

is called a horosphere based at v. The mapping given by the matrix
2

2
1+%5 -5 s

No=| 2 1-2 s|€0(12)
s -s 1

maps each horosphere based at (1,1,0) € £? to itself.

(4) Composing some number of the above mappings we obtain further examples of
isometries of the hyperbolic plane. For example, if p € H?, then there is some # € R

such that Ry(p) € ¢. Now, L;(;p)(Rg(p)) = L_gop)(Ro(p)) = (1,0,0), and for any

¢ € R, the mapping S = R_p 0 Lyop) 0 Ry © L;(IO ) © Ry is an isometry that fixes p
and maps each sphere centered at p to itself. The mapping S is conjugate to Ry in
Isom(H").

The isometries introduced above are classified according to the conic sections
they correspond to. The mapping L; and any of its conjugates in Isom(H") is
called hyperbolic because L; maps each affine plane parallel to the (xg, x1)-plane
in M'2 to itself, and these planes intersect the lightcone in hyperbola, which is
degenerate for the (xg,z1)-plane itself.

The mapping R(f) and any of its conjugates is called elliptic because it pre-
serves all horizontal hyperplanes in M*? and their intersections with .#?, which
are circles centered at (1,0,0).

The mapping N, and any of its conjugates is called parabolic because it pre-
serves all affine hyperplanes {z € M'? : (v|x) = ¢}, which intersect .£? in a
parabola when ¢ < 0.
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As in the Euclidean and spherical geometries, we wil now study a fundamental
class of isometries, reflections in a hyperplane. If T is an (m + 1)-dimensional linear
subspace of R™"*! that intersects H", then T'N H" is an m-dimensional hyperbolic
subspace of H". If m = n — 1, then T is a hyperplane. A modification of the proof
of Proposition [1.5| gives

Proposition 6.9. Any two hyperbolic subspaces of H" can be mapped to each other
by isometries of H™. In particular, a k-dimensional hyperbolic subspace of H" is
isometric to HP". ([l

Any hyperplane T' in M'" is of the form T' = u™ for some u € M'" — {0} because
the Minkowski bilinear form is nondegenerate. Let H = u™ N H" be a hyperbolic
hyperplane. Since H intersects H", it contains a vector v for which (v|v) = —1.
Proposition implies that (u|u) > 0, and after normalising, we may assume that
w is a unit vector. The reflection in H is the map
(10) rg(r) = — 2(x|u)u.

The proofs of the basic properties of reflections are natural modifications of those
in the spherical case. Note that the expression defines a mapping in Minkowski
space, fixing the hyperplane T'. The reflection in hyperbolic space is, in fact, the
restriction of a reflection of Minkowski space.

Proposition 6.10. Let H be a hyperbolic hyperplane. Then

(0) rg imaps H" into itself.

(1) ry ory is the identity.

(2) rgy € OF(1,n).

(3) d(ry(x),y) = d(z,y) for allx € H" and ally € H.

(4) The fixed point set of ry is H

Proof. (0) Let x € H". Using bilinearity and symmetry of the Minkowski form and
the fact that u is a unit vector, we get

(ra(z)|ra(z)) = (z — 2(zlu)ulz — 2(zfu)u)
= (zlz) = 2(z|u) (z|u) — 2(z|u) (u|z) + 4(z|u)(z|u) (u|uw)
= (z|x) = —1.
Thus, rg(z) € 2", Furthermore, for any v € H,
rp(v) =v—2(vlu)u = v,

so there are points in H" which are mapped to H". Since ry is continuous and
preserves the Minkowski form, ry(H") C H".

(1) This easy computation is left as an exercise.
(2) Clearly, ry is a linear mapping, and it is a bijection by (1). Again, using
bilinearity and symmetry of the Minkowski form and the fact that « is a unit vector,
we get
(re(2)|ru(y)) = (v = 2(zlu)uly — 2(ylu)u)

= (ly) = 2(ylu)(xlu) — 2(z|u) (uly) + 4(z|u) (y|u) (ulw)

= (zly) -
Thus, ry € O(1,n). Claim (0) gives rg € O*(1,n).
(3) For any « € H" and all y € H, we have

(re(z)ly) = (z = 2(z[u)uly) = (zly) — 2(z|u)(uly) = (z[y),
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where the final equality follows from the assumption u € H+.
(4) This follows immediately from (3) by taking z =y € H. O

The bisector of two distinct points p and ¢ in H" is the hyperplane
bis(p,q) = {w € H" : d(w,p) = d(z,q)} = (p — q)" NH".
Proposition 6.11. (1) For any p,q € H", the bisector bis(p,q) is a hyperbolic
hyperplane.
(2) If ry(z) =y and v ¢ H, then H = bis(x,y).
(3) If p,q € H", p # q, then Thisp.q)(P) = q-

(4) Let ¢ € Isom(H"), ¢ # id. If a € H", ¢(a) # a, then the fized points of ¢ are
contained in bis(a, ¢(a)).

(5) Let ¢ € Isom(H"), ¢ # id. If H is a hyperplane such that ¢|g is the identity,
then ¢ = rpy.
Proof. (1) Lemma [5.1] implies that

P —dlp—q) = —2-2(plg) > 0.
Thus, (p—¢)* contains a vector v for which (v|v) < 0, and therefore the hyperplane
(p — q)* of M intersects H".
(2) follows from Proposition [6.10](3).

(3) Now, 2(plp — ¢) = 2({plp) — (pla)) = —2 — 2(plq) = |p — ¢|*. Thus,
q

This(pa) (P) = P — 2(plp — @m =q. O
(4) If ¢(b) = b, then d(a,b) = d(¢(a), ¢(b)) = d(¢(a),b), so that b € bis(a, p(a)).
(5) is an instructive exercise.

Next, we prove that all isometries of hyperbolic space are restrictions to H" of
linear automorphisms of M"":

Theorem 6.12. Isom(H") = O"(1,n).

The idea of the proof is to show that each isometry of H" is the composition of
reflections in hyperbolic hyperplanes. Again, the proof follows the same ideas as in
the Euclidean and spherical cases.

Proposition 6.13. Let pi,p2, ..., Pk, q1, G2, - - -, q € H™ be points that satisfy

d(pi, pj) = d(a, q5)
for all i,j € {1,2,...,k}. Then, there is an isometry ¢ € Isom(H") such that
o(p;) = qi for allt € {1,2,... k}. Furthermore, the isometry ¢ is the composition
of at most k reflections in hyperplanes.

Proof. The proof is formally exactly the same as that of Proposition [I.9 O

Note that Proposition implies that if 7" and 7" are two triangles in H" with
equal angles or equal sides, then there is an isometry ¢ of H" such that ¢(7") = T".

Proof of Theorem[6.13. Let {ao,as,...,a,} be a set of points in H" which is not
contained in any proper hyperbolic subspace. This is achieved by choosing them so
that they generate M as a vector space. Proposition implies that there is an
isometry ¢o € O%(1,n) such that ¢o(¢(a;)) = a; for all 1 < i < m + 1. Since the
set of fixed points of ¢y o ¢ contains the points ag, a1, . .., a,1, the fixed point set of
¢o is not contained in a proper hyperbolic subspace. Proposition implies that
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$o © ¢ is the identity map. Thus, ¢ = ¢, '. In particular, ¢ € O (1,n), which is all
we needed to show. O

Corollary 6.14. Any isometry of H™ can be represented as the composition of at
most n + 1 reflections.

Proposition 6.15. The stabiliser of any point x € H™ is isomorphic to O(n).

Proof. Again, we follow the proof of the spherical case. The details are left as an
exercise. [
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7. MODELS OF HYPERBOLIC SPACE

In this section we consider a number of other models for hyperbolic space, that
is, metric spaces (X,dx) for which there is an isometry h: (X,dy) — (H",d).
Hyperbolic space is the class of all metric spaces isometric with the hyperboloid
model (H",d), and we can use any model that is best suited for the geometric
problem at hand. After this section we will often talk about the “upper half plane
model of H"” etc.

7.1. Klein’s model. Each line in M'" through the origin which intersects H",
intersects it in exactly one point, and it also intersects the embedded copy {1} x B"
in M of the Euclidean n-dimensional unit ball B"(0, 1) in exactly one point. This
correspondence determines a bijection K: B(0,1) — H", which has the explicit
expression

1
Ka)= 2t .
V1= |z
The map K becomes an isometry when we define a metric on B(0, 1) by setting
1 — (z[y)

VI=lzPv1=Tyl*

The metric space (B(0, 1), dx) is the Klein model of n-dimensional hyperbolic space.

di(z,y) = d(K(z), K(y)) = arcosh

Proposition 7.1. As sets, the geodesic lines of the Klein model are Fuclidean seg-
ments connecting two points in the Fuclidean unit sphere.

Proof. A geodesic line in H" is the intersection of H" with a 2-plane in M. The
intersection of this plane with B™(0,1) x {1} is the preimage under K of the geodesic
line. 0

The above observation makes it easy to show that the parallel axiom does not

hold in H".

7.2. Poincaré’s ball model. Each affine line that passes through the point (—1,0) €
R x R® = M!'" which intersects H", intersects it in exactly one point, and it also
intersects the n-dimensional ball {0} x B"(0,1) embedded in M in exactly one
point. This correspondence determines a bijection P: B(0,1) — H",
1+ ||z 2
P(z) = , :
TP T= o)

This expression is found by computing for any x € B(0,1) that the point y, =
(0,2) +t(1,2) on the line through the points (0,z) and (—1,0) of R x R = M"" is

in H" if and only if ¢t = i”z”j

The map P becomes an isometry when we define a metric on B(0, 1) by setting

eyl
(L= {l=[I*)(X = llwl*)
The metric space (B(0,1),dp) is the Poincaré model of n-dimensional hyperbolic
space.

dp(z,y) = d(P(z), P(y)) = arcosh (1 + 2

Proposition 7.2. (1) The mapping P is conformal.

(2) As sets, the geodesic lines of the Poincaré model are the intersections of the
Fuclidean unit ball with Fuclidean circles which are orthogonal to the unit sphere.
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Proof. (1) A computation shows that for all tangent vectors u,v in T, B(0,1), we

have
4(ulv)

(1= fl=[1?)*
(2) The map h = K~! o P is an isometry between the Poincaré and Klein models.
A computation shows that

(DP(z)u|DP(z)v) =

B 2z
L
(This can be done by observing that h is a radial map and then solving the equation
(1,y) 1+2% 2z
N G i)
with 0 < 2,y < 1.) On the other hand, the inversion ¢(_1 )2 in the sphere centered
at (—1,0) of radius /2 has the expression
1—||=|? 2z
T ol T+ o)

so that if pr: E**1 — E" is the Euclidean orthogonal projection, we have

L(7170)72 (.I) = (

h = pr Ol(-1,0),2 -

Note that {0} x S(0, 1) is contained in the fixed sphere of ¢(_1 ) 2. The inversion
L(—1,0),2 Mmaps any circle orthogonal to {0} x S(0,1) to a circle on the unit sphere
in E"*! orthogonal to {0} x S(0,1). These circles are the intersections of the unit
sphere with 2-planes parallel to the xy-axis, and thus, pr maps them to the geodesic
lines of the Klein model. As h is an isometry, the result follows. O

Recall that the restriction to {0} x B(0,1) of the mapping ¢(_1,)2 in the proof of
the above result is (the inverse) of the stereographic projection.

7.3. The upper halfspace model. Let
U" ={zeR":x, >0}
be the n-dimensional upper halfspace. Let 1 1) 2 be the inversion in the sphere of
center (0, —1) € R*! x R = E” of radius v/2. Now, the map
F = 110201 B(0,1) = U"
is a bijection, which becomes an isometry if we use the metric

an dy(z,y) = dp(F~*(z), F~'(y)) = arcosh (1 + —Hgg;zy)

in U". The metric space (U",dy) is the upper halfspace model of n-dimensional
hyperbolic space.

Proposition 7.3. As sets, the geodesic lines of the upper halfspace model are the
intersections of U™ with Euclidean circles and lines which are orthogonal to "1 x

{0}

Proof. The inversion used in the definition of the upper halfspace model maps lines
and circles to lines or circles and preserves angles. O

In practical applications, it is good to remember that a circle is perpendicular to
E x {0} C E? if and only if its center is in E x {0}.
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8. SOME GEOMETRY AND TECHNIQUES

In this section, we investigate a number of geometric properties of hyperbolic
space using the various models according to the needs of the situation.

8.1. Triangles. The mappings used to define the Poincaré model and the upper
haplspace model are conformal is very useful. In particular, the angle between two
tangent vectors is in these models is the same as the Euclidean angle. This allows us
to prove the following facts on triangles in hyperbolic space. We say that a triangle
is degenerate if it is contained in a geodesic segment.

Proposition 8.1. (1) The sum of the angles of a nondegenerate triangle in hyper-
bolic space s strictly less than .

(2) For any 0 < a,b,ci for which a+b > ¢, b+ ¢ > a and ¢+ a > b, there is a
triangle with side lengths a, b and c. Any two such triangles are isometric.

(8) For any 0 < o, B,y < m for which a+ 5+ v < 7, there is a triangle with angles
a, B and v. Any two such triangles are isometric.

Proof. Any three points in the hyperboloid model H" are contained in the intersec-
tion of H" with a 3-dimensional linear subspace of M, which is an isometrically
embedded copy of the hyperbolic plane. Furthermore, the geodesic arc between any
two of these points in is contained in the same 2-plane. Thus, any triangle is always
contained in an isometrically embedded copy of H? in H", so in the proof below, it
suffices to consider the hyperbolic plane. We may assume that one of the vertices A
is the origin in the Poincaré disk model. Thus, two sides of the triangle are contained
in two radii of the ball and the third one is contained in a circle which is orthogonal
to the boundary of B(0,1).

(1) Consider the Euclidean triangle with the same vertices as 7. The angles § and
~ are strictly smaller than the corresponding angles in the Euclidean triangle. This
implies the result as the angles of an Euclidean triangle sum to 7.

(2) The proof is analogous with that of Proposition [4.6| without the upper bound on
the lengths. We use the hyperbolic law of cosines in the construction. If a triangle
with the asserted properties exists, then the angle at C' satisfies the cosine law.
Therefore, we can compute what this angle needs to be if we know that

cosh acoshb — cosh ¢
(12) } sinh a sinh b |

The inequality ¢ < a + b implies
cosh ¢ < cos(a + b) = coshacosh b + sinh asinh b,

which gives
cosh a cosh b — cosh ¢

—-1<
sinh a sinh b

The inequalities b+ ¢ > a and ¢+ a > b give |a — b| < ¢, which implies
cosh ¢ > cosh(a — b) = coshacosh b + sinh asinh b,

and we get
cosh acoshb — cosh ¢

sinh a sinh b
Now we can place the sides of length a and b starting at C' in the correct angle ~.
The cosine law implies that the length of the side opposite to C' is indeed c.
The triangles are isometric by Proposition
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(3) Sketch: Fix the side containing A and B to be contained in the positive real
line. Then consider the family of circles Cj, s € [0, 1] that are orthogonal to the
Euclidean unit circle and form an angle 5 with the segment [0, 1] at the point of
intersection s. When s is small, the side from B to C'is very close (in the underlying
Euclidean space) to the euclidean segment connecting B and C'. When s increases,
there is a unique parameter 0 < ¢t < 1 for which the circle C; is tangent to the ray
that forms an angle o with the positive real line. Continuity implies that all angles
0 <~y <7m—a— [ are realised for some parameter in |0, ¢[. O

In the proof of the above result we made the following observation which is im-
portant in itself:

If the sides of a triangle in hyperbolic space are all short, then the angle sum
is almost .

A related observation that uses the hyperbolic law of cosines, equality of angles
and the second order Taylor polynomials of the hyperbolic functions is

If the sides of a triangle in hyperbolic space are all short, then the sides satisfy
the Euclidean law of cosines up to a small error.

8.2. Geodesic lines and isometries. We already know that the geodesic lines of
the upper halfspace model are, as sets, the intersections with H" with Euclidean
circles and lines that are orthogonal to E"~' = E x {0}. The following easy lemma
records the expressions of the geodesics as mappings:

Lemma 8.2. Let x € R"! and y > 0. The mapping v: R — H",

A1) = (2, ye)

1 a geodesic line in the upper halfspace model. For any isometry g € IsomH", the
mapping g oy 1S a geodesic line. 0

In the upper halfspace model, it is often convenient to move a geodesic line by an
isometry such that the endpoints of the geodesic in the model are 0 and co. The
following results on isometries allow to do that and a bit more.

Lemma 8.3. Let a € E"! x {0}, and let r > 0.

(1) The inversion in the sphere S" ! (a,r) preserves the upper halfspace and its re-
striction to the upper halfspace model is an isometry.

(2) The Euclidean reflection in a hyperplane orthogonal to E"~! x {0} preserves the
upper halfplane and its restriction to the upper halfspace model is an isometry.

Proof. Let us prove (1): The first claim is clear. To prove the second, it is enough
llz—yll?

to show that the expression S is invariant under the inversion. Now if ¢ is the
inversion, we have
Wr)—uy) _ x—a  y—a _(z—d)lly—al’ - (y—a)|z—al?
r? |z —al? |ly —al]? |z —all*|ly — a? ’
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which gives

) — Sl
|z —all®lly — all* = 2(z — aly — a)||lx — al*ly — al* + ||z — a|*[ly — af?
|z — all*lly — af*
TnlYn
|z — all*[ly — al|?

|z —yl?
TnYn

The proof of (2) is an exercise. O

Proposition 8.4. The maps

o Ty(z) =z +0b for any b € R"! =R" x {0} C R™™, (horizontal translations)
o (z) = x/|z|]? (inversion in the Euclidean unit sphere)

o Ly(x) = Az for any A > 0 (dilation fixring 0), and

b Q(jvxn) = (QO(‘%)axn) fO’I" any QO S O(TL - 1)

are isometries of the upper halfspace model.
Proof. Exercise, compute directly or use Proposition 8.3 0

Corollary 8.5. The subgroup of Isom(H™) generated by dilations fizing 0 and hor-
1zontal translations acts transitively on the upper half plane model of H™.

Proof. If x is in the upper half plane,

T (21 ,20,.2n1,0)(®) = (0,...,2,) = Ly, (0,...,0,1).

Thus,
T = T(xl,xz,...:cn_l,[)) o L$n (0, .0, 1) . g

Proposition 8.6. Let w1, x5, 23 and yi,ys,ys be two triples of distinct points in
R U {oco}. There is an isometry of the upper halfspace model of H™ which is the
restriction of a continuous map g: R" U {oo} — R™ U {oo} such that g(x;) = y; for
all i € {1,2,3}.

Proof. The mappings given in Proposition [8.4] are clearly continuous mappings of
the one point compactification of R™ to itself.

It suffices to show that we can use a combination of these isometries to map
x1,To, 3 to 00,0, (1,0,...,0). The claim then follows by composing such a map
with the inverse of another one. If all points xy,x9, x5 are finite, map x; by a
translation 7_,, to 0 and then by the inversion ¢ to co. Rename ¢t o T, (z3) and
toT . (r3) to x9 and x3. Map x5 to 0 by a translation. This map keeps oo fixed.
Map x3 (again renamed) to the unit sphere by a dilation and then to (1,0,...,0)
by the extension of an orthogonal map of E®~!. These two maps fix oo and 0. [

Corollary 8.7. Let x1, 1o, x3 and yy,y2, y3 be two triples of distinct points in S*1U
{oo}. There is an isometry of the ball model of H" which is the restriction of a
continuous map of the closed unit ball of E"*1 to itself such that g(x;) = y; for all
i€ {1,2,3}. O
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8.3. Balls. In this section, we observe that hyperbolic balls in the upper halfspace
model and in the Poincaré ball model are balls in the Euclidean metric.

Proposition 8.8. Balls in the upper halfspace model and in the Poincaré ball model
are Fuclidean balls in the model space.

Proof. By symmetry, balls centered at the origin of the ball model are Euclidean
balls. The inversion that maps the ball model to the upper halfspace model is
an isometry, and on the other hand it preserves generalized spheres. Thus, the
images of the balls centered at the origin are hyperbolic and Euclidean balls. The
hyperbolic center of these balls can be mapped to any other point in H" by one
of the isometries of Proposition These mappings preserve generalized spheres,
which implies that all balls in the upper halfspace model are Euclidean balls. The
rest of the claim follows by one more application of the inversion that maps the ball
model to the upper halfspace model. O

Note that the Euclidean radii and centers of the balls hardly ever coincide
with the hyperbolic ones.
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9. RIEMANNIAN METRICS, AREA AND VOLUME

The restriction of the Minkowski bilinear form (|-} to the tangent space T,H" = p*
of any point in the hyperboloid model is positive definite, and it defines a Riemannian
metric on the hyperboloid.

The Riemannian length of a piecewise smooth path 7: [a,b] — H" is

b
() = [ VEOR@) dr
The length metric of the Riemannian metric of H" is

dRiem(za y) = inf 5(7)7

where the infimum is taken over all piecewise smooth paths that connect x to y.

By definition of the Riemannian metric as the restriction of the Minkowski bilinear
form to each tangent space, the group O(1,n) acts by Riemannian isometries on the
hyperboloid. Thus, it is not surprising that the following result holds:

Proposition 9.1. The length metric of the Riemannian metric of hyperbolic space
1s the hyperbolic metric.

Proposition allows us to use the Riemannian structure of hyperbolic space in
any of the models introduced above. The expressions in the Poincaré and upper
halfspace models are particularly useful.

The Riemannian structure defines a natural volume form and a volume measure
on hyperbolic space: If V is for example an open subset of n-dimensional hyperbolic
space, and ), is the n-dimensional Lebesgue measure, the volume of V' is

2" d\p ()

Vol(V) = / —_—
v (1= lz][?)m
in the Poincaré ball model and
d\,
Vol(V) = / ()
14

n
CETL

in the upper halfspace model.

Proposition 9.2. The volume of a ball in hyperbolic space is

vol(B(x,r)) = Vol(S"l)/ sinh" ' ¢ dt.
0

In the hyperbolic plane, we have
VbKBQQLr»::4wsmh2g.

Proof. As the isometry group acts transitively, the volume of each ball of a fixed
radius is the same. Thus, it suffices to consider one ball that has a convenient center.
The Euclidean radius of a ball of hyperbolic radius r centered at 0 in the Poincaré
model is obtained by solving for R in the equation

B2s 1+ R
T:d(0,<R,0)):/ I_SQZIOgm.

0

This shows that the Euclidean radius of a hyperbolic ball centered at the origin of
the Poincaré model is tanh 5. In order to compute the volume of the ball of radius
r, recall that the Lebesgue measure is given in the spherical coordinates (z <> (r,u))
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by d\,(z) = r""'d Volga-1(u), and thus, using a change of variables s <+ tanh £, we
get
) tanh 5 QnSnfl
Vol(B = Vol(B(0 = Vol(S"~ o
ol(B(z, 1)) = Vol(B(0,1) = Vol(s™) [ s

= 2" Vol(S" ™) / sinh™ ! Ecoshn_1 ! dt
; 2 2

= Vol(S" ™) / sinh™ ™! ¢ d. O
0

It is clear from the expression of the volume, that for all z € H", we have
VOI(S”) e(n—l)r

on—1 ’
as r — oo. Thus, the volume of balls in hyperbolic space grows exponentially with

the radius, much faster than in Euclidean space.
In the proof of the previous result, we obtained the following useful observation

Vol(B" (z, 7)) ~

Lemma 9.3. The Fuclidean radius of a hyperbolic ball centered at the origin of the
Poincaré model is tanh 3. 0J

Proposition 9.4. The area of a triangle is m — (a + B + 7).

FIGURE 6.

Proof. Any triangle T can be described as the difference of two "triangles with one
vertex at infinity" by which we mean subsets of the hyperbolic plane as in Figure [f]
and their isometric images. By the additivity of area and angles in the hyperbolic
plane, we may restrict to this special case. Using Proposition [8.6] we can assume
that that A and B are on the Euclidean unit circle and that the vertex C' has been
moved to inﬁnity Now, the area of T is

d)\ cos 8 dx.d cos 3 d
/ 2 / / o “2—/ S S
cos(a) cos(m—a) 1-— x3

Proposition 9.4] gives a new proof of Proposition [8.1)(1).
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