
Funktionaalianalyysi
Exercises 1, 15.1.2018

1. Let V be a K-vector space. Let I 6= ∅ be an index set and let Hα be a vector
subspace of V for every α ∈ I. Prove that the intersection

⋂
α∈I

Hα is a vector subspace.

2. Let V be a vector space and let X ⊂ V , X 6= ∅. Proe that

〈X〉 =
{ k∑

i=1

λixi : λi ∈ K, xi ∈ X, k ∈ N− {0}
}
.

3. Prove that `∞(K) and `1(K) are vector subspaces of F (N,K).

4. Prove that
c(K) = {ω ∈ F (N,K) : ∃ lim

n→∞
ω(n) ∈ R}

is a vector subspace of F (N,K) and that lim: c(K)→ K,
limω = lim

k→∞
ω(k) ,

is a linear mapping.

5. Prove that C0
(
[0, 1],R

)
is an infinite-dimensional real vector space.

6. Let U be a vector space and let (W, ‖ · ‖W ) be a normed space. Let L : U → W be
a linear bijection. Prove that

‖u‖ = ‖Lu‖W
defines a norm in U .

7. Let I ⊂ R be a compact interval. Prove that
‖f‖C1,1 = ‖f‖∞ + ‖f ′‖∞

is a norm in C1(I).

8. Let V be a normed space and let
S(0, 1) = {x ∈ V : ‖x‖ = 1}.

Let prS : V − {0} → S(0, 1) be the mapping defined by setting prS(x) = x
‖x‖ for all

x ∈ V − {0}. Prove that prS is continuous.
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