
9.1 Parameterised model

Consider now a family of models, determined by a parameter ✓ 2 T = Rd✓ :

p(✓)u (x1:T ) = M (✓)
1

(x1)G
(✓)
1
(x1)

TY

t=2

M (✓)
t (xt | x1:t�1)G

(✓)
t (x1:t).

and suppose that pr(✓) � 0 is a function such that

pu(✓, x1:T ) = pr(✓)p(✓)u (x1:T )

determines an unnormalised probability distribution p(✓, x1:T ) / pu(✓, x1:T ) on
T⇥ ST .

Remark 9.1. In particular, if p(✓)u (x1:T ) correspond to a parameterised SSM as in
(21), that is,

p(✓)u (x1:T ) = m(✓)
1
(x1)g

(✓)
1
(x1)

TY

t=2

m(✓)
t (xt�1, xt)g

(✓)
t (xt, yt),

(cf. Remark 8.8), and pr is the prior of the parameters ✓, then pu(✓, x1:T ) corre-
sponds to the conditional distribution (✓, X1:T ) | Y1:T = y1:T . This is what we care
about if we are interested in (full) Bayesian time-series analysis using SSMs. . .

9.2 Particle marginal Metropolis-Hastings algorithm

Suppose that n 2 N is fixed, and that q(✓, ✓0) is a Metropolis-Hastings proposal
on T.

Algorithm 9.2 (Particle marginal Metropolis-Hastings). Let ⇥0 2 T, and let

(V (1:n)
0

,X(1:n)
0

) be the output of PF Algorithm 8.15 with (n, M (⇥0)

1:T , G(⇥0)

1:T ). For
k = 1, 2, . . . , N , iterate:

(i) Sample ⇥̂k ⇠ q(⇥k�1, · ).
(ii) Run PF Algorithm 8.15 with (n, M (⇥̂k)

1:T , G(⇥̂k)

1:T ), and call its output

(V̂ (1:n)
k , X̂(1:n)

k ).
(iii) With probability

min

⇢
1,

pr(⇥̂k)q(⇥̂k,⇥k�1)
Pn

i=1
V̂ (i)
k

pr(⇥k�1)q(⇥k�1, ⇥̂k)
Pn

j=1
V (j)
k�1

�
,

accept and set (⇥k, V
(1:n)
k ,X(1:n)

k )  (⇥̂k, V̂
(1:n)
k , X̂(1:n)

k ); otherwise reject

and set (⇥k, V
(1:n)
k ,X(1:n)

k ) (⇥k�1, V
(1:n)
k�1

,X(1:n)
k�1

).
Report the following approximation of Ep[f(⇥, X1:T )]:

I(N,n)
PMMH

(f) :=
1

N

NX

k=1

Pn
i=1

V (i)
k f(⇥k,X

(i)
k )

Pn
j=1

V (j)
k

.
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Theorem 9.3. Suppose that q(✓, ✓0) > 0 for all ✓, ✓ 2 T. Then, for any fixed

n 2 N,
I(N,n)
PMMH

(f)
N!1���! Ep[f(⇥, X1:T )] a.s.,

whenever the expectation is finite.

Proof. (**) Let Q✓(x
(1:n)
1:T , a(1:n)

1:T�1
) stand for the distribution of all random vari-

ables X(i)
t and A(i)

t generated in Algorithm 8.15 with (n,M (✓)
1:T , G

(✓)
1:T ), and let

v(k)(x(1:n)
1:T , a(1:n)

1:T�1
) and x(k)(x(1:n)

1:T , a(1:n)
1:T�1

) stand for how the outputs V (k) and X(k)

are determined from X(1:n)
1:T and A(1:n)

1:T�1
. Define the following unnormalised distri-

bution (sic!)

⇡u(✓, x
(1:n)
1:T , a(1:n)

1:T�1
) = pr(✓)Q✓(x

(1:n)
1:T , a(1:n)

1:T�1
)

nX

k=1

v(k)(x(1:n)
1:T , a(1:n)

1:T�1
),

then Algorithm 9.9 may be seen as a Metropolis-Hastings with target ⇡ / ⇡u and
proposal q̃(✓, x(1:n)

1:T , a(1:n)
1:T�1

; ✓̂, x̂(1:n)
1:T , â(1:n)

1:T�1
) = q(✓, ✓̂)Q✓̂(x̂

(1:n)
1:T , â(1:n)

1:T�1
).

Theorem 8.22 implies that for any ' : ST ! R such that the integral below
is finite,

X

a
(1:n)
1:T�1

Z
Q✓(x

(1:n)
1:T , a(1:n)

1:T�1
)
⇣ nX

i=1

v(i)(x(1:n)
1:T , a(1:n)

1:T�1
)'

�
x(i)(x(1:n)

1:T , a(1:n)
1:T�1

)
�⌘

dx(1:n)
1:T

=

Z
p(✓)u (x1:T )'(x1:T )dx1:T .

This implies that for any function f : T⇥ ST ! R,

E⇡

Pn
i=1

v(i)(X(1:n)
1:T , A(1:n)

1:T�1
)f(⇥,x(i)(X(1:n)

1:T , A(1:n)
1:T�1

))
Pn

j=1
v(j)(X(1:n)

1:T , A(1:n)
1:T�1

)

�
= Ep[f(⇥, X1:T )].

The proof is complete once we are convinced that the Markov chain
(⇥i, X

(1:n)
1:T , A(1:n)

1:T�1
), and consequently V (1:n)

i ,X(1:n)
i )i�1, is Harris, which follows be-

cause it is ⇡-irreducible Metropolis-Hastings.

Remark 9.4 (*). If we are only interested in the variable ⇥ in p, the PMMH Algo-
rithm 8.15 may be seen as an instance of a so-called pseudo-marginal Metropolis-
Hastings algorithm [1, 14].

9.3 Conditional particle filter (*)

The PMMH is a relatively simple combination of the PF and Metropolis-Hastings.
It can, however, get ‘stuck’ (many rejects), when

P
j V

(j)
k�1

gets over-estimated
(unusually high value). The paper [3] contained also another scheme, which has
better scalability properties wrt. T . It is based on a modified conditional particle
filter (CPF) algorithm.

Algorithm 9.5. CPF(n,M (✓)
1:T , G

(✓)
1:T , X

⇤
1:T )
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(i) Set X(1)

1
= X⇤

1
and sample X(2:n)

1

i.i.d.⇠ M1. Set X
(1:n)
1

= X(1:n)
1

.

(ii) Calculate !(i)
1

:= G1(X
(i)
1
) and set !̄(i)

1
:= !(i)

1
/!⇤

1
where !⇤

1
=

Pn
j=1

!(j)
1
.

For t = 2, . . . , T , do:
(iii) Sample A(2:n)

t�1
independently with P(A(i)

t�1
= j) = !̄(j)

t�1
, j 2 1:n.

(iv) Set X(1)

t = X⇤
t and sample X(i)

t ⇠Mt( · | X
(A

(i)
t�1)

t�1
) for i = 2:n.

(v) Set X(1)

t = (X(1)

t�1
, X⇤

t ) and X(i)
t = (X

(A
(i)
t�1)

t�1
, X(i)

t ) for i = 2:n.

(vi) Calculate !(i)
t := Gt(X

(i)
t ) and set !̄(i)

t := !(i)
t /!⇤

t where !⇤
t =

Pn
j=1

!(j)
t .

Draw B ⇠ Categorical(!̄(1:n)
T ) and output X(B)

T .

Remark 9.6. The CPF defines a Markov transition in the trajectory space ST . It
turns out that the transition is reversible with respect to p(✓) / p(✓)u , again thanks
to Theorem 8.22.

Remark 9.7. When Mt(xt | x1:t�1) = Mt(xt | xt�1) and Gt(x1.t) = Gt(xt�1:t),
the CPF may be substantially enhanced by applying it together with so-called
backward sampling [32] (or the equivalent ancestor sampling [15]). That is, instead

of selecting one of X(1:n)
T , the output is ‘reselected’ among all particles X(1:n)

1:T as

follows: (X(B1)

1
, . . . , X(BT�1)

T�1
, X(BT )

T ), where BT = B and for t = T � 1, . . . , 1:

P(Bt = i | Bt+1 = j) / !(i)
t Mt+1(X

(j)
t+1

| X(i)
t )Gt+1(X

(i)
t , X(j)

t+1
). (25)

The backward sampling version of the CPF is also p(✓)-reversible [6]. (Note also
that if Gt(xt�1:t) = Gt(xt), then the term Gt+1( · ) vanishes from (25).)

Remark 9.8. When using the CPF n has to increase in T linearly n = O(T ), but
with the backward sampling modification, n need not be increased wrt. T [cf. 13].

9.4 Particle Gibbs (*)

Algorithm 9.9 (Particle Gibbs). Let ⇥0 2 T and X0 2 SpT such that
pu(⇥0,X0) > 0.

For k = 1, 2, . . . , N , iterate:
(i) Xk  CPF(n,M (⇥k�1)

1:T , G
(⇥k�1)

1:T ,Xk�1).
(ii) Sample ⇥̂k ⇠ q(⇥k�1, · ), and with probability

min

⇢
1,

pu(⇥̂k,Xk)q(⇥̂k,⇥k�1)

pu(⇥k�1,Xk)q(⇥k�1, ⇥̂k)

�
,

accept and set ⇥k  ⇥̂k; otherwise reject and set ⇥k  ⇥k�1.
Report the following approximation of Ep[f(⇥, X1:T )]:

I(N,n)
PG

(f) :=
1

N

NX

k=1

f(⇥k,Xk).

Theorem 9.10. The particle Gibbs defines a Markov transition which leaves p
invariant.
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Proof. Step (i) is a component-wise update of Xk�1 ! Xk by the CPF that leaves

the conditional / p
(⇥k�1)
u invariant, and the step (ii) is a Metropolis-within-Gibbs

step.

Remark 9.11. Consider the PMMH output, and sample Ik ⇠ Categorical(W (1:n)
k ),

where W (i)
k = V (i)

k /(
Pn

j=1
V (j)
k ), then we may also use

Î(N,n)
PMMH

(f) :=
1

N

NX

k=1

f(⇥k,X
(Ik)
k ),

which remains consistent, but it worse in terms of variance.
Analogously, it is direct to use a more ‘refined’ estimator in the PG, where

the selection of output (sampling of B in Algorihm 9.5) is ‘Rao-Blackwellised’. . .

Remark 9.12. Some authors refer also the CPF as ‘particle Gibbs’, but the ter-
minology here follows the terminology in the original paper [3].
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