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EXERCISE SET 1
PARTIAL DIFFERENTIAL EQUATIONS 2, 2013
DEADLINE 22.2.2013

. Recall concepts of partial derivative and differentiability. Does it follow
from the continuity of partial derivatives that function is differentiable or
vice versa? Does it follow from the existence of partial derivatives that
function is differentiable or vice versa? Whenever the answer is negative,
give a counterexample.

. Show that for

v:R" = R, go(x):{

it holds ¢ € C§°(R™).

. Prove Young’s inequality in the form (ie. e-version) given in the lecture
note.

. Prove Hélder’s inequality.

. Find a weak derivative (and show that it is a weak derivative) of

61/(|$|2_1) ’CU| < ]_
0, |z| > 1.

0, -l<z<0

w:(=1,1) = R, U(CE):{\/E, 0<z<l.

(a) Show that u ¢ Wlf)cl (R) where

1 <0
u:R— R, u(:v):{o :E;O
x )

(b) Show that [ uy’ dz = —¢(0) for every ¢ € C5°(R).

(a) Show that for a,b > 0 it holds that (a + b)? < Cj(a? + bP) and
aP + P < Cy(a + b)P for p > 0 where C1,Cs are independent of a, b.

(b) Show that [[u|ly k(g is equivalent with the norm

1/
Z </|Daupdx) : if 1 <p<oo.
jal<k ¢
(a) Show that n. * f = f *n..
(b) Let ¢ € C5°(Q) and f € Ll _(€2). Show starting from the definition
that o x f € C(R™).
. Show that if f € WP(Q) for 1 < p < oo, k € N, then
D%f.=n.x«Df in Q..

Tips: D*f. = f * D“n.. Use this together with the definition of a weak
derivative.
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If f € WEP(Q), for 1 < p < o0, k € N, then
fo— f in WEP(Q).

loc

Tips: Previous exercise. Also show that this does not hold for p = co.
Let u; — w in LP(£2). Show that there exists a subsequence (still denoted
by u;) such that u; — u a.e. in €.
Show by a counterexample, that the previous theorem does not hold
without passing to a subsequence.
Show that

Of (u) ;L Ou
a.e. in 2 when p = 1. Specify appropriate conditions for f.
Show that the following holds: Let u € W1P(Q) and Q bounded. Then
for

i=1....n

A {z e ulz) > A}
uy = min(max(u, —A),\)) =<u {xeQ: X<u(x) <A}
A {z e Q :u(z) <A}
we have
uy —u in WHP(Q)
when A — oo.
Let u;,v; € WHP(Q) and
w; — u,v; — v in WHP(Q).
Show that
min(u;, v;) — min(u,v) in WP(Q)

Show that if u, v € W, ?() then min(u,v) € Wy ().
Show that if 0 < u < v, u € WP(Q) and v € WP (), then u € W, P(Q).
Show that if u,v € W1P(Q) N L>(Q), then uv € WHP(Q) N L>=(£2), and
d(uwv)  Ou ov
= —v+u-—
a:Ej 81,‘]' al‘j
almost everywhere in . Does this hold without L*(2) in the assump-
tions?
Show that for

1 1

—+...+—=1

p1 Pm
and up € LPY(Q),..., up € LP™(Q), it holds

/Q|u1-...-um|dx§il_[1</ﬂ‘ui|pi dx)l/pi.

Show that ([ |ul? dz)'/1 < C(n,q) Jg W] dz fails in WHE(R).
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. Let p =n > 1. Show that then there exists C'= C(n) such that

</B(x’r) |u’q dy>1/q < CTP/Q(/B(LT) |Du‘p dy)l/p7

for any positive ¢ < oco.

WoP(R™) = W (R™).

W, P(B(0,1)) # W'P(B(0,1)).

Let © C R” be open and connected domain, u € W1P(Q). Show that if
Du =0 a.e. in Q, then u = ¢(= constant) a.e. in Q.

Let 2 C R™ be open and connected domain, u € Wol’p(Q). Show that if
Du =0 a.e. in €2, then u = 0 a.e. in €.
. 1 Show that Cantor function is not in W11(0,1).

1Bonus: You can earn an extra point, but this exercise is not required/taken into

account when calculating grade limits



