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ABSTRACT. We consider functions that satisfy the identity

o .
ug(a:)—Q{sup uE+Bm(f)u6}+,B ()ugdy
B (a) e B.(x

for a bounded domain in R". Here € > 0 and «, and (3 are suitable
nonnegative coefficients such that o + 8 = 1. In particular, we show
that these functions are uniquely determined by their boundary values,
approximate p-harmonic functions for 2 < p < oo (for a choice of p that
depends on « and ), and satisfy the strong comparison principle. We
also analyze their relation to the theory of tug-of-war games with noise.

1. INTRODUCTION

The fundamental works of Doob, Hunt, Kakutani, Kolmogorov and many
others have shown the profound and powerful connection between the clas-
sical linear potential theory and the corresponding probability theory. The
idea behind the classical interplay is that harmonic functions and martin-
gales share a common origin in mean value properties. This approach turns
out to be useful in the nonlinear theory as well. The goal of this paper is
to study functions that satisfy a nonlinear generalization of the mean value
ltheorem

(1.1) ue(x) = % sup ue + inf ue p +f U dy,
B.(x) Be(z) Be ()

with fixed € > 0 and suitable nonnegative a and 3, with a + 5 = 1.

When u is harmonic, then it satisfies the well known mean value property
(1.2) u(z) = ][ udy,
B:(z)
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that is (1.1) with @« = 0 and 8 = 1. On the other hand, functions satisfying
(1.1) witha=1and =0

1
(1.3) ue(x) = B {sup ue + inf uE}

Be () Be(z)

are called harmonious functions in [6] and [7]. As e goes to zero, they
approximate solutions to the infinity Laplacian. To be more precise, Le
Gruyer proved in [6] (see also [15]) that a uniform limit when ¢ — 0 of a
sequence of harmonious functions is a solution to Agu = 0, where Agu =
|Vu|~2 D Uy Uy Upy = |Vu| ™2 (D?*u Vu, V) is the 1—homogeneous in-
finity Laplacian.

Recall that the p-Laplacian is given by
(1.4) Apu = div(|VulP~2Vau) = [VulP 2 {(p — 2)Acu + Au}.

Since the p-Laplace operator can be written as a combination of the Laplace
operator and the infinity Laplacian, it seems reasonable to expect that the
combination (1.1) of the averages in (1.2) and (1.3) give an approximation
to a solution to the p-Laplacian. We will show that this is indeed the case.
To be more precise, we prove that p-harmonious functions are uniquely de-
termined by their boundary values and that they converge uniformly to the
p-harmonic function with the given boundary data. Furthermore, we show
that p-harmonious functions satisfy the strong maximum and comparison
principles. Observe that the validity of the strong comparison principle is
an open problem for the solutions of the p-Laplace equation in R™, n > 3.

Consider a two-player zero-sum stochastic game in a domain {2 described
as follows: fix the step size € > 0 and an initial position g € 2. The players
toss a biased coin with probabilities a and 3, o+ = 1. If the result is heads
(probability «), they play a tug-of-war step ([15]) as follows: a fair coin is
tossed and the winner of the toss is allowed to move the game position to
any 11 € B(wo); while, if the result is tails (probability ), the game state
moves to a random point in the ball B.(z¢). They continue playing until
the game position leaves the domain 2. At this time Player II pays Player 1
the amount determined by a pay-off function defined outside 2. Naturally,
Player I tries to maximize the payoff while Player II tries to minimize it.
Equation (1.1) describes the expected payoff of the above game. Intuitively,
the expected payoff at the point can be calculated by considering the three
cases: Player I moves, Player IT moves, or a random point is chosen, with
their corresponding probabilities. For a more detailed description of the
game we refer to Section 2.

In this variant of the original tug-of-war with noise formulation of Peres
and Sheffield in [16] the noise is distributed uniformly on B.(x). This ap-
proach allows us to use the dynamic programming principle in the form (2.3)
to conclude that our game has a value and that the value is p-harmonious.
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There are indications, see Barles-Souganidis [3] and Oberman [14], that our
results based on the mean value approach are likely to be useful in applica-
tions for example to numerical methods as well as in problems of analysis,
cf. Armstrong-Smart [1], [2] (note that this last reference does not use tools
from probability theory). For a deterministic-control-based approach see [9]
and [10]. On the other hand, one can look at (1.1) as a nonlocal problem
analogous to the local p-Laplacian. For a nonlocal version of the evolution
problem with the p-Laplacian we refer to [8].

1.1. Main results. To begin with, we recall a heuristic argument from [11]
to gain insight on (1.1). It follows from expansion (1.4) that u is a solution
to Apu = 0 if and only if

(1.5) (p—2)Asu+ Au =0,

because this equivalence can be justified in the viscosity sense even when
Vu = 0 as shown in [5]. Averaging the classical Taylor expansion

Mw=u@ﬂ+VM@-@—x%+;D%@Xy—@iy—@%ﬂﬂw—wm7

over B.(x), we obtain

62

(1.6) u(z) — ]{BE(I) udy = fmAu(x) + 0(e?),

when u is smooth. Here we used the shorthand notation

1
udy = —— u dy.
][Ba(x) |Be(z)| JB.(2)

Then observe that gradient direction is almost the maximizing direction.
Thus, summing up the two Taylor expansions roughly gives us

u(z) — % {Bs;l&)) " +Bi:1(£)u}
o <) g v (o)t (o waie) )

&2
= —EAOO’U,(IL’) + O(?).

Next we multiply (1.6) and (1.7) by suitable constants o and 3, o+ 5 =1,
and add up the formulas so that we have the operator in (1.5) on the right

hand side. This process gives us the choices of the constants
-2 2

a="2 , and B= i .

p+n p+n

(1.8)

and we deduce

sup v+ inf u, + wdy + O(e3)
Be(x) Be(z) Be(z)
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as ¢ — 0.

Consider a bounded domain 2 C R™ and fix € > 0. To prescribe boundary
values for p—harmonious functions, let us denote the compact boundary strip
of width € by

. ={zeR"\ Q : dist(z,00) <e}.

Definition 1.1. The function u. is p-harmonious in ) with a bounded Borel
function F : T'. — R as boundary values if
o

ue(z) = 5 ] Sup Ue + inf w; p +f ue dy for every x € Q,
B.(z) Be(z) B:(z)

where a, B are defined in (1.8), and
ue(x) = F(x), for every x €T..

The reason for using the boundary strip I'. instead of simply using the
boundary 02 is the fact that for x € Q the ball B.(x) is not necessarily
contained in €.

To prove our main results, we assume that 2 < p < co. The case p = c©
is considered in [6] and [15].

First, with a fixed boundary data, there exists a unique p-harmonious
function.

Theorem 1.2. Let Q C R™ be a bounded open set. Then there exists a
unique p-harmonious function in € with given boundary values F'.

Furthermore, p-harmonious functions satisfy the strong mazimum princi-
ple.

Theorem 1.3. Let 2 C R™ be a bounded, open, and connected set. If u. is
p-harmonious in Q with boundary values F, then

sup F' > sup u,.

I Q
Moreover, if there is a point xg € Q such that u.(xo) = supp_ F, then u. is
constant in €.

In addition, p-harmonious functions with continuous boundary values sat-
isfy the strong comparison principle. Note that the validity of the strong
comparison principle is not known for the p-harmonic functions in R, n > 3.

Theorem 1.4. Let 2 C R"™ be a bounded, open and connected set, and let u.
and ve be p-harmonious functions with continuous boundary values F, > I,
in Tc. Then if there exists a point xog € Q such that uc(xg) = ve(xo), it
follows that

Ue = v in £,
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and, moreover, the boundary values satisfy

F,=F mn I.

To prove that p-harmonious functions converge to the unique solution of
the Dirichlet problem for the p-Laplacian in 2 with fixed continuous bound-
ary values, we assume that the bounded domain 2 satisfies the following
boundary regularity condition:

Boundary Regularity Condition 1.5. There exists 8’ > 0 and p € (0,1)
such that for every § € (0,8'] and y € O there exists a ball

Bus(z) € Bs(y) \ Q2.

For example, when ) satisfies the exterior cone condition it satisfies this
requirement. This is indeed the case when 2 is a Lipschitz domain.

Theorem 1.6. Let €2 be a bounded domain satisfying Condition 1.5 and F
be a continuous function. Consider the unique viscosity solution u to
(1.9) { div(|VuP~2Vu)(z) = 0, x €

u(z) = F(z), x € 090,
and let us be the unique p-harmonious function with boundary values F.
Then

Ue = U uniformly in  Q

as € — 0.

The above limit only depends on the values of F' on 02, and therefore
any continuous extension of Flgq to I's, gives the same limit.

Organization of the paper. The rest of the paper is organized as
follows: In Section 2 we discuss the relation between p-harmonious functions
and tug-of-war games, in Section 3 we prove the maximum principle and
the strong comparison principle of p-harmonious functions, and finally in
Section 4, we prove the convergence result as € goes to zero, Theorem 1.6.

2. p-HARMONIOUS FUNCTIONS AND TUG-OF-WAR GAMES

In this section, we describe the connection between p-harmonious func-
tions and tug-of-war games. Fix ¢ > 0 and consider the following two-player
zero-sum game. At the beginning, a token is placed at a point zg € €2 and
the players toss a biased coin with probabilities o and 5, a + 8 = 1. If
they get heads (probability «), they play a tug-of-war, that is, a fair coin is
tossed and the winner of the toss is allowed to move the game position to
any 71 € Bo(xg). On the other hand, if they get tails (probability 3), the
game state moves according to the uniform probability to a random point
in the ball B.(z¢). Then they continue playing the same game from z.
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This procedure yields a possibly infinite sequence of game states xg, x1, . . .
where every xj is a random variable. We denote by x, € I'c the first point
in I'; in the sequence, where 7 refers to the first time we hit I'.. The payoff
is F(x;), where F': T'. — R is a given payoff function. Player I earns F(z,)
while Player II earns —F(x).

A history of a game up to step k is a vector of the first k+ 1 game states,
for example, (xg,x1,...,2x). We denote a set of all histories up to step k
by Hp, that is, it contains all possible sequences of game states of length k.
The set of all finite histories is denoted by

o
H =] H.
k=0

A strategy St for Player I is a function defined on H that gives the next
game position
Si(wo, 1, -, Tk) = Tp1 € Be(ay)

given a history h if Player I wins the toss. Similarly Player II plays according
to a strategy St

Let Q. = QUTI'. C R™ be equipped with the natural topology, and the
o-algebra B of the Borel measurable sets. The space of all game sequences

H® =0 x Q. x ...,

is a product space endowed with the product topology.

Let {fk}zozo, Fo C F1 C ... C Fso, denote the following o-algebras: the
o-algebra Fy, is generated by cylinder sets of the form

Ag X Ay X Ag X ... X Ap X Qe X ...
with A; € B and F is the o-algebra generated by U2, Fy.
For w = (wp, w1, ...) € H®, we define
rp(w) =wg, xx:H® —-R" k=0,1,...
so that x; is an Fjp-measurable random variable. Let
T(w) =inf{k : zx(w) €,k =0,1,...}.
This 7(w) is a stopping time relative to the filtration {F;}22 .

The fixed starting point xg and the strategies St and Sip determine a
unique probability measure Pg& 5y 0 H™ relative to the product o-algebra
F°. This measure is built by applying Kolmogorov’s extension theorem to
the initial distribution d,,(A), and the family of transition probabilities

TS5 (I’O(W), s 71:]6(("‘))’ A) = TS1,5m (w()a sy WE, A)
(0%

N W + 5551(“)0""7“’16)(14) + 55511(w0,...,wk)(A).
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To this end, we define probability measures inductively on finite products
as

18, (Ao) = 62y (Ao),
Mlgfgn(Ao X Ap X ..o X Ap_1 X Ag)

k—1,z9
= / TSy, 80 (Wo, - - - Wr—1, Ag) dpg g (Wo, - - - Wk—1)-
AgX A1 X .. XAp_1

Note that
k k
psfgn(Ag X Ay X ... x A) = Nsié}fO(AO X Ay X ..ox Ap x Q).

We only concentrate on the nontrivial case xg € Ag. The first two mea-
sures are

1, 1,
g (A x Ap) = /A » dpg’s, (wo,wr)
1

1
:/A dug, s, (T0,w1) = sy sy (w0, A1)
1
and

2
,LLS’IgfgvH(AO X A1 X Az) = A FSI’SH(ZIIO,Wl,AQ) dﬂSI,SH(-'L‘Oawl)-
1

The expected payoff, when starting from xy and using the strategies
St, 511, 18

(2.2) Eg s, [F(zr)] = - F(z;(w)) dPg o (w).

Note that, due to the fact that 8 > 0, or equivalently p < oo, the game
ends almost surely

Pg g, ({w € H®: 7(w) <oo}) =1

for any choice of strategies.

The value of the game for Player I is given by

ui(zo) = supinf EY ¢ [F(z;)]
SI SII 1,911

while the value of the game for Player II is given by

uir(wo) = infsup Eg g, [F(27)].
I

The values uf(xo) and uf;(xo) are the best expected outcomes each player
can guarantee when the game starts at xg.

We start by the statement of the Dynamic Programming Principle (DPP)
applied to our game. Given the transition probabilities (2.1) we obtain
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Lemma 2.1 (DPP). The value function for Player I satisfies

uj(z0) = = { sup uj+ _inf u5yp+ 8 wSdy,  mEQ,
(2.3) 2 B. (o) Be(z0) Be(wo)

ug(zo) = F(xo), xo €T

The value function for Player II, u%;, satisfies the same equation.

Formulas similar to (2.3) can be found in Chapter 7 of [13]. A detailed
proof adapted to our case can also be found in [12].

Let us explain intuitively why the DPP holds by considering the expec-
tation of the payoff at xp. Whenever the players get heads (probability
a) in the first coin toss, they toss a fair coin and play the tug-of-war. If
Player I wins the fair coin toss in the tug-of-war (probability 1/2), she steps
to a point maximizing the expectation and if Player II wins, he steps to a
point minimizing the expectation. Whenever they get tails (probability 3)
in the first coin toss, the game state moves to a random point according to
a uniform probability on B.(xg). The expectation at xy can be obtained by
summing up these different alternatives.

We warn the reader that, in general, the value functions are discontinuous
as the next example shows.

Example 2.2. Consider the case Q = (0,1) and

1, =z>1
Flz)=uf(z)=<" -
(#) = (@) {0’ T

In this case the optimal strategies for both players are clear: Player I moves
€ to the right and Player II moves ¢ to the left. Now, there is a positive
probability of reaching x > 1 that can be uniformly bounded from below in
(0,1) by C = (2/a)~(1/#+1) This can be seen by considering the probability
of Player I winning all the time until the game ends with > 1. Therefore
uf > C > 0 in the whole (0,1). This implies a discontinuity at = 0 and
hence a discontinuity at * = . Indeed, first, note that u. is nondecreasing
and hence

] a 6 2e a 6 2e
Efpa -1 e € o~ sd —_ 52_ e Ed
uf(e—) ;/mEstgpQul(y)Jr%/o uf dy 2%61( £ )+2€/0 ug dy,

because supj,_, <. ui(y) = uf(z + ¢) and inf|, <. uf is zero for z € (0,¢).
However,
2e
uf(e+) > %C Flim S sup ui(y) + f/ uf dy > %C +uf(e—)
TNE 2 |z—y|<e € Jo

because sup|,_y<. uf(y) = uf(z +¢) > uj(2e—) and inf, < uf > C for
T >E.



p-HARMONIOUS FUNCTIONS 9

By adapting the martingale methods used in [15], we prove a comparison
principle. This also implies that u and uf; are respectively the smallest and
the largest p-harmonious function.

Theorem 2.3. Let 0 C R™ be a bounded open set. If v is a p-harmonious
function with boundary values F,, in I'c such that F, > Fu? then v > uj.

Proof. We show that by choosing a strategy according to the minimal values
of v, Player II can make the process a supermartingale. The optional stop-
ping theorem then implies that the expectation of the process under this
strategy is bounded by v. Moreover, this process provides an upper bound
for uj.

Player I follows any strategy and Player II follows a strategy S?I such that
at rp_1 € Q he chooses to step to a point that almost minimizes v, that is,
to a point xy € Be(xg—_1) such that

v(xp) < inf  v4n27F
Be(zk-1)

for some fixed n > 0. We start from the point xg. It follows that

E?°

8158, [v(zk) + 027" | 20, ..., z4_1]

< @ Cinf v4+n27F+ sup vy +p vdy 4+ n27F
Be(zp-1) Ee(mk—l) Be(zp—1)
< w(wg-1) + 72" *Y,

where we have estimated the strategy of Player I by sup and used the fact
that v is p-harmonious. Thus

My = v(xy) + 127"
is a supermartingale. Since F,, > Fuf at I'c, we deduce

uf (rg) = supinf E?I),Sn [Fus (x7)] < sup Eg?,so [Fyo(zr) +n277]
SI SH SI 11

< sup liminf B2 g [v(@0z) 4+ 72~ T 9]

Sy k—oo SLSIOI
< supEY o [Mo] = v(z0) + 1,
SI 1,211

where 7 A k = min(7, k), and we used Fatou’s lemma as well as the optional
stopping theorem for Mj. Since n was arbitrary this proves the claim. [J

Similarly, we can prove that uf; is the largest p-harmonious function:
Player II follows any strategy and Player I always chooses to step to the
point where v is almost maximized. This implies that v(zy) — n27" is a
submartingale. Fatou’s lemma and the optional stopping theorem then prove
the claim.
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Next we show that the game has a value. This together with the previous
comparison principle proves the uniqueness of p-harmonious functions with
given boundary values.

Theorem 2.4. Let Q C R™ be a bounded open set, and F a given boundary
data in I'c. Then u7 = uy;, that is, the game has a value.

Proof. Clearly, uj < uf; always holds, so we are left with the task of showing
that uf; < uf. To see this we use the same method as in the proof of the
previous theorem: Player II follows a strategy SIOI such that at xx_1 € §,
he always chooses to step to a point that almost minimizes uj, that is, to a
point zj such that
uf(xy) < inf  uf 4 n27F,
Be(zg-1)

for a fixed n > 0. We start from the point xg. It follows that from the choice
of strategies and the dynamic programming principle for u; that

B go [uf () + n27 % | xo,. .., wp_1]
< 9 € : € —k € —k
< sup uf + inf wuf+n2 + 5 uf dy +n2
2 Be(zp_1) Be(wg-1) Be(zg-1)
= uf (2p_1) +n2~*D,
Thus

My, = uf () + 2"

is a supermartingale. We get by Fatou’s lemma and the optional stopping
theorem that

ufp(xo) = gilf sglp ES o, [F(zr)] < sng E?I),S?I [F(xr) +n277]

< supliminf Y’ oo [uf (27nk) + n2~ (TAR)]
St k—oo 1911

< Sup Eg?,sg [ui (zo) + 1] = ui(wo) + 7.
I

Similarly to the previous theorem, we also used the fact that the game ends

almost surely. Since 1 > 0 is arbitrary, this completes the proof. ([

Theorems 2.3 and 2.4 imply Theorem 1.2.

Proof of Theorem 1.2. Due to the dynamic programming principle, the val-
ues of the games are p-harmonious functions. This proves the existence
part of Theorem 1.2. Theorems 2.3 and 2.4 imply the uniqueness part of
Theorem 1.2. O

Corollary 2.5. The value of the game with pay-off function F coincides
with the p-harmonious function with boundary values F'.
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3. MAXIMUM PRINCIPLES FOR P-HARMONIOUS FUNCTIONS

In this section, we show that the strong maximum and strong comparison
principles hold for p-harmonious functions. The latter result is interesting
since the strong comparison principle is not known for p-harmonic functions
in R™ for n > 3.

We start with the strong mazimum principle: The p-harmonious function
ue attains its maximum at the boundary. Furthermore, if this value is also
attained inside the domain, then wu. is constant.

Proof of Theorem 1.3. The proof uses the fact that if the maximum is at-
tained inside the domain then all the quantities in the definition of a p-
harmonious function must be equal to the maximum. This is possible in a
connected domain only if the function is constant.

In Section 4 below, we will prove (see Lemma 4.3) that a p-harmonious
function u. with a boundary data F' satisfies
sup |u| < sup|F|.
Q

£

Assume then that there exists a point xg € ) such that
ue(xg) = sup ue = sup F.
Q e

Then we employ the definition of a p-harmonious function, Definition 1.1,
and obtain

Q@ .
us(xg) = =< sup us+ _inf wuc 4+ Ue dy.
2 Be(x0) Be(zo)
Since uc (o) is the maximum, the terms
sup ue, _inf w., and ][ Ue dy
Be(o) Be (o) Be(z0)

on the right hand side must be smaller than or equal to u.(z¢). On the
other hand, when p > 2, it follows that «, 8 > 0 and thus the terms must
equal to uc(xg). Therefore,

(3.1) ue () = ue(wo) = SUp U

for every x € B.(xg) when p > 2. Now we can repeat the argument for
each x € B.(x¢) and by continuing in this way, we can extend the result to
the whole domain because €2 is connected. This implies that u is constant
everywhere when p > 2.

Finally, if p = 2, then (3.1) holds for almost every x € B.(xo) and conse-
quently for almost every x in the whole domain. Then since

ue(x) = ]{B ( )ugdy
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holds at every point in 2 and u. is constant almost everywhere, it follows
that u. is constant everywhere. O

Using similar ideas we prove the strong comparison principle: Let u. and
ve be p-harmonious with boundary data F, > F,, in I'.. Then if there exists
a point xg € Q with u(zg) = ve(xp), it follows that

Us = Ve In €,
and, moreover, the boundary values satisfy
F,=F, in T..

The proof heavily uses the fact that p < oco. Note that it is known that the
strong comparison principle does not hold for infinity harmonic functions.

Proof of Theorem 1.4. According to Corollary 2.5 and Theorem 2.3, F, >
F, implies u. > v.. By the definition of a p-harmonious function, we have

ue(xg) = & sup ue + inf w.p+f ue dy
2 | B.(ao) B (x0) B (x0)

and
o .
ve(xg) = =< sup v+ _inf v. p+f ve dy.
2 Be(z0) B (z0) Be(z0)
Next we compare the right hand sides. Because u. > v., it follows that

Sup ue < sup v,

BE(fDO) E5(1'0)
inf u. < inf wv., and
(3.2) Bo(wo)  Be(wo)

][ ue dy < ][ Ve dy.
Be (o) Be (o)

Ua(l’o) = Ua(l“o),
we must have equalities in (3.2). In particular, we have equality in the third
inequality in (3.2), and thus

Since

U = Vg almost everywhere in  B.(zo).
Again, the connectedness of {2 immediately implies that
Ue = Vg almost everywhere in QUT'..
In particular,
F,=F, everywhere in  T'.

since F, and F, are continuous. Because the boundary values coincide, the
uniqueness result, Theorem 1.2, shows that u. = v. everywhere in 2. O
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4. CONVERGENCE TO THE p-HARMONIC FUNCTION AS € — 0

In this section, we show that p-harmonious functions with a fixed bound-
ary data converge to the unique p-harmonic function. First, we prove a
convergence result under additional assumptions by employing game theo-
retic arguments from [15] and [16]. Then we present a different proof that
avoids the technical restrictions. The second proof uses a fact that although
p-harmonious functions are, in general, discontinuous, they are, in a certain
sense, asymptotically uniformly continuous.

Let 2 be a bounded open set. We assume below that u is p-harmonic
in an open set € such that QU I, C Q. In addition, we assume that
Vu # 0 in €. This assumption guarantees that u is real analytic according
to a classical theorem of Hopf [4], and thus equation (4.1) below holds with
a uniform error term in ). Later we show how to deal directly with the
Dirichlet problem without this extra assumption.

Theorem 4.1. Let u be p-harmonic with nonvanishing gradient Vu # 0 in
Q' as above and let u. be the p-harmonious function in  with the boundary
values u in I'e. Then

Ue = U uniformly in

as € — 0.

Proof. The proof uses some ideas from the proof of Theorem 2.4 in [16]. As
stated at the end of Section 2, the p-harmonious function with boundary
values coincides with the value of the game and thus we can use a game
theoretic approach.

Recall from the introduction (see also [11]) that u satisfies

(4.1) u(z) = e sup u+ inf wp +p udy + O(e%)
2 Be(x) Be(2) Be(x)

with a uniform error term for x € Q as ¢ — 0. The error term is uniform
due to our assumptions on u.

Assume, for the moment, that p > 2 implying « > 0 so that the strategies
are relevant. Now, Player II follows a strategy SPI such that at a point
Zp_1 he chooses to step to a point that minimizes u, that is, to a point
xp € Be(xg—1) such that

u(zg) = inf  wu(y).

Be(xkfl)
Choose C > 0 such that ‘0(53)| < C1e3. Under the strategy S

Mk = u(xk) — Clki83
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is a supermartingale. Indeed,

ESO S%( (:ck) —Clk63 |x0,...,xk_1)
(4.2) < @ sup u+ inf wp+pS udy — Crke’
2 | Botar1)  Belar-1) Be(2-1)

S u(:nk_l) — Cl(ki — 1)63.

The first inequality follows from the choice of the strategy and the second
from (4.1). Now we can estimate ufj(x¢) by using Fatou’s lemma and the
optional stopping theorem for supermartingales. We have

ugr(zo) = gllf Sup Eg; 5, [F (27)]
< SupES SO[ (1‘7—)]

= sup ES e [u(z:) + Cyre® — 01753]
T 3T
< S}gle (hkrggéfES? 50 [u(zn) — C1(T A K)ED] + Che ES?,S{’I[ ])

< u(xg) + C° supES S%[ 7].

This inequality and the analogous argument for Player I implies for u. =
[S— 15
ufp = uj that

(4.3) u(xg) — Cye° 1SanE < ue(zo) <ulzg) + Cye? supIEIO 50 [7].

S9 SII[ ] St,

Letting ¢ — 0 the proof is completed if we prove that there exists C' such
that

(4.4) E g7 < C=72

To establish this bound, we show that
Mk = *u($k)2 + u(x0)2 + 0252k

is a supermartingale for small enough ¢ > 0. If Player II wins the toss, we
have
u(zg) —u(xp_q) < —Cse
because Vu # 0, as we can choose for example C3 = inf,cq|Vu| /2. It
follows that
2
Eg?,sﬁ[((u(xk) —u(zp-1))" |20, - - . Th—1]

CVC;),2
2

(4.5)

> ((—035)2—1—0)—1—6-0: g”.

| Q
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We calculate

Eou sl = Mica Lo, 3]
= IE?I) 50 [—u(z)? + u(zp_1)? + Cae? |z, . . ., 21
(4.6) 7 2
=B g - uton) st i
—Eg g0 [2(ulzr) — wlwp—1))u(@r-) [0, k] + Coe”.

By subtracting a constant if necessary, we may assume that u < 0. Moreover,
u(xg—_1) is determined by the point zj_1, and thus, we can estimate the
second term on the right hand side as

_E?I),S{’I 2(u(zk) — u(@p—1))u(@p—1)| 20, ..., Th_1]

— —2u(zy_1) (Ego golu(@r) |20, ..., wp1] - u(xk_l))
911
<2 HuHOOC’ls?’.

The last inequality follows from (4.1) similarly as estimate (4.2). This to-
gether with (4.5) and (4.6) implies

Egl so [My, — M1 | o, . .., wx—1] <0,

when
—2a032 /2 + 2 |Jul|,, C1e3 + Cae® < 0.

This holds if we choose, for example, Cy such that C3 > 2,/Cs/a and

take ¢ < Co/(2|u||o, C1). Thus, My, is a supermartingale. Recall that we
assumed that p > 2 implying a > 0.

According to the optional stopping theorem for supermartingales
ECE(IJ,S?I [M’T/\k‘] S MO — 07
and thus

02521[52?’ s [r A <EY s (@ pg)? — u(zo)?].

The result follows by passing to the limit with & since u is bounded in 2.

Finally, if p = 2, then the mean value property holds without a correction
for v due to the classical mean value property for harmonic functions and
the claim immediately follows by repeating the beginning of the proof till
(4.3) without the correction term. O

Above we obtained the convergence result for p-harmonious functions un-
der the extra assumption that Vu # 0. Now we show how to deal directly
with the Dirichlet problem and give a different proof for the uniform conver-
gence without using this hypothesis. The proof is based on a variant of the
classical Arzela-Ascoli’s compactness lemma, Lemma 4.2. The functions u.
are not continuous, in general, as shown in Example 2.2. Nonetheless, the
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jumps can be controlled and we will show that the p-harmonious functions
are asymptotically uniformly continuous as shown in Theorem 4.6.

Lemma 4.2. Let {u.: Q — R, ¢ > 0} be a set of functions such that

(1) there exists C > 0 so that |uc(x)| < C for every e > 0 and every
z €,
(2) given n > 0 there are constants ro and €y such that for every e < &g
and any x,y € Q with |x — y| < ro it holds
|ue () — ue(y)| <.

Then, there exists a uniformly continuous function u : @ — R and a subse-
quence still denoted by {uc} such that

Ue — U uniformly in  Q,
as e — 0.
Proof. First, we find a candidate to be the uniform limit u. Let X C Q be a
dense countable set. Because functions are uniformly bounded, a diagonal
procedure provides a subsequence still denoted by {u.} that converges for

all z € X. Let u(z) denote this limit. Note that at this point u is defined
only for x € X.

By assumption, given n > 0, there exists rg such that for any z,y € X
with |z — y| < rg it holds

u(z) —u(y)| <n.
Hence, we can extend u to the whole Q continuously by setting

Our next step is to prove that {u.} converges to u uniformly. We choose
a finite covering

and g9 > 0 such that
ue () = ue ()], [u() — ulzi)| <n/3
for every x € B,(z;) and £ < g¢ as well as
|ue (i) — u(xi)| <n/3,

for every z; and € < gg. To obtain the last inequality, we used the fact that
N < oco. Thus for any x € Q, we can find z; so that = € B,(z;) and

|ue(z) — u(z)|
< Jue () = ue ()| + Jue (i) — w(z)| + Ju(zi) — u(z)]
<n,
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for every € < g9, where ¢ is independent of . [l

Next we show that for fixed F', a family of p-harmonious functions, with ¢
as the parameter, satisfies the conditions of Lemma 4.2. First observe that
p-harmonious functions are bounded since

in F(y) < Fz,) < max F
min F(y) < F(zr) < max F(y)

for any z, € I'; implies:
Lemma 4.3. A p-harmonious function u. with boundary values F satisfies

(4.7) min I (y) Sus(z) < max F ().

€

Next we will show that p-harmonious functions are asymptotically uni-
formly continuous. We give two proofs for this result. The first proof applies
Theorem 2.3 and a comparison with solutions for the p-Dirichlet problem in
annular domains. We also use Theorem 4.1 for these solutions, which satisfy
the conditions of the theorem. The proof utilizes some ideas from [16] but
does not explicitly employ probabilistic tools.

Lemma 4.4. Let {u:} be a family of p-harmonious functions in Q with a
fized continuous boundary data F. Then this family satisfies condition (2)
in Lemma 4.2.

Proof. Observe that the case x,y € I'; readily follows from the continuity of
F, and thus we can concentrate on the cases z € Q, y € ', and z,y € Q.

We divide the proof into three steps: First for x € Q, y € I'., we em-
ploy comparison with a p-harmonious function close to a solution for the
p-Dirichlet problem in an annular domain. It follows that the p-harmonious
function with the boundary data F' is bounded close to y € I'c by a slightly
smaller constant than the maximum of the boundary values. Second, we
iterate this argument to show that the p-harmonious function is close to the
boundary values near y € I': when ¢ is small. Third, we extend this result
to the case x,y € ) by translation, by taking the boundary values from the
strip already controlled during the previous steps.

To start, we choose B,s(z) C Bs(y) \ §, § < ¢’, by Condition 1.5, and
consider a problem

div(|VuP=2Vu)(z) =0, x € Bys(2) \ Bus(2),
);

(4.8) u(z) = supp,,ynr. Iy T € OB,5(2
u(x) = supp_F, x € OBys(2).
We denote r = |z — z|. This problem has an explicit, radially symmetric

solution of the form

(49) U(T) = ar_(n_p)/(p_l) + b
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when p # n and
(4.10) u(r) = alog(r) + b,

when p = n. We extend the solutions to Bysyo-(2) \Eug_gg(z) and use the
same notation for the extensions. Now because Vu # 0, Theorem 4.1 shows
that for the p-harmonious functions {uf,, 4}, which are defined as the values
of the game in the set Bysic(2) \ Bus—c(z) with boundary values u, it holds
that

Ufund — Us uniformly in = Bysie(2) \ Bus—e(2)
as € — 0.
It follows that

’u?und - u‘ = 0(1) in §45+£(2’) \B/L(S—E(Z)a
where o(1) — 0 as ¢ — 0. For small enough ¢, the comparison principle,
Theorem 2.3, and the explicit solutions above imply that in Bs(y) N Q C
Bss(z) N Q2 there is 6 € (0,1) such that
u <ufqt+o(l)<u+o(l)< sup F+60(supF — sup F).
Bss(y)Nle re Bss(y)Nle

Observe that by writing down explicitly @ and b in (4.9) or (4.10) above, we
see that 0 < 6 < 1 does not depend on §.

To prove the second step, we solve the p-harmonic function in Bs(z) \
B,,5/4(z) with boundary values supp,, (y)nr. I at 0B,5/4(2) and from the
previous step

sup F+60(supF — sup F)
Bss(y)nle L. Bss(y)nT'e
at 0Bs(z). Again the explicit solution and the comparison principle implies
for small enough £ > 0 that

u. < sup F+60*supF — sup F) in Bsa(y) N Q.
B55(y)ﬂF5 Ie B55(y)ﬂF5

Continuing in this way, we see that for small enough € > 0 that

u. < sup F+60%supF— sup F) in Bs 4 (y) N Q2.
Bss(y)Nle Ie Bss(y)NTe

This gives an upper bound for u. The argument for the lower bound is
similar. We have shown that for any n > 0, we can choose small enough
0 > 0, large enough k, and small enough ¢ > 0 above so that for x € Q,y € I'.
with |z — y| < §/4F it holds

(4.11) |ue(z) — F(y)| <n.

This shows that the second condition in Theorem 4.2 holds when y € T'..

Next we extend the estimate to the interior of the domain. First choose
small enough § and large enough k so that

(4.12) |F(z") = F(y)| <n
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whenever |z’ —¢/| < /4%, and € > 0 small enough so that (4.11) holds.

Next we consider a slightly smaller domain
Q={zeQ : dist(z,00) > §/4**2}
with the boundary strip
I={zeQ : dist(z,00) < §/4k+2).

Suppose that z,y € Q with |z — y| < §/4%*+2. First, if 2,y € T, then we can
estimate

(4.13) |ue(2) — ue(y)| < 3n

by comparing the values at « and y to the nearby boundary values and using
(4.11). Finally, let ,y € © and define

F(z)=us(z—x+y)+3n in T.
We have

F(2) >u(z) in T N

by (4.11), (4.12), and (4.13). Solve the p-harmonious function @, in 2
with the boundary values F' in I'. By the comparison principle and the
uniqueness, we deduce

Us(7) < Ue(z) =ue(z —x+y)+3n=u(y) +3n in Q.

The lower bound follows by a similar argument. (]

The second proof for Lemma 4.4 is based on the connection to games
and a choice of a strategy. In Lemma 4.6, we prove a slightly stronger
estimate that implies Lemma 4.4. The proof of this lemma avoids the use
of Theorem 4.1 but we assume a stronger boundary regularity condition
instead.

At each step, we make a small correction in order to show that the process
is a supermartingale. To show that the effect of the correction is small also
in the long run, we need to estimate the expectation of the stopping time
7. We bound 7 by the exit time 7* for a random walk in a larger annular
domain with a reflecting condition on the outer boundary.

Lemma 4.5. Let us consider an annular domain Br(z) \ Bs(z) and a ran-
dom walk such that when at xi_1, the next point xi is chosen according to
a uniform distribution at Be(xg—1) N Br(z). Let
™ =inf{k : x) € Bs(2)}.
Then
C(R/6)dist(0Bs(2), zo) + o(1)
o2
for xo € Br(2)\ Bs(z). Here o(1) = 0 as ¢ — 0.

)
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Proof. We will use a solution to a corresponding Poisson problem to prove
the result. Let us denote

ge(x) =E*(77).

The function g. satisfies a dynamic programming principle

96(33) :][ gedy +1
B:(z)NBgr(z)

because the number of steps always increases by one when making a step to
one of the neighboring points at random. Further, we denote v.(x) = £2g.(x)
and obtain

ve () :][ ve dy + €°.
<(z)NBr(2)

This formula suggests a connection to the problem

Av(w) = —2(n+2), € Bree(2)\ Bil2),

(4.15) %(x) =0, z € 9B5(z),
87:/) =0, T € 8BR+€(Z)a

where % refers to the normal derivative. Indeed, when B.(x) C Brys(2) \

Bs(2), the classical calculation shows that the solution of this problem sat-
isfies the mean value property

(4.16) v(x) = ][ vdy + 2.
B:(z)

The solution of problem (4.15) is positive, radially symmetric, and strictly
increasing in r = |z — z|. It takes the form v(r) = —ar? —br> " +¢, if n > 2
and v(r) = —ar? — blog(r) + ¢, if n = 2.

We extend this function as a solution to the same equation to Bs(z) \
Bjs_.(z) and use the same notation for the extension. Thus, v satisfies (4.16)
for each B.(x) C Brye(2)\ Bs_c(2). In addition, because v is increasing in
r, it holds for each x € Br(z) \ Bs(z) that

][ fudyg][ vdy = v(x) — 2.
<(z)NBr(2) Be(x)

It follows that
E™[v(xy) + ke? |20, ..., xp_1] = ][ vdy + ke? = v(xp_q) + (k — 1)e2,
Be(zk-1)

if Be(zx_1) C Br(2) \ Bs_<(2), and if B.(zx_1) \ Br(2) # 0, then

E*[v(xy) + ke? |20, ..., xp_1] = ][ vdy + ke?
Be(zk—1)NBR(2)

gf vdy = v(wy1) + (b — 1)e2
Bs (mkfl)
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Thus v(z) + ke? is a supermartingale, and the optional stopping theorem
yields

(4.17) E% [v(za) + (75 A k)e?] < v(wo).
Because z,+« € B;s(z) \ Bs_<(2), we have
0 < —E*[v(z+)] < o(1).

Furthermore, the estimate
0 <w(xg) < C(R/6)dist(0Bs(2),x0)

holds for the solutions of (4.15). Thus, by passing to the limit on & in (4.17),
we obtain

e2E®o [T*] < v(zg) — Elu(z+)] < C(R/6)(dist(0Bs(z), xo) + o(1)).

This completes the proof. [l

Next we derive an estimate for the asymptotic uniform continuity of the
family of p-harmonious functions which implies Lemma 4.4. For simplicity,
we assume that ) satisfies an exterior sphere condition: For each y € 952,
there exists Bs(z) C R™\ 2 such that y € 0B;s(z). With this assumption, the
iteration used in the first proof of Lemma 4.4 can be avoided. To simplify
the notation and to obtain an explicit estimate, we also assume that F' is
Lipschitz continuous in I'..

Lemma 4.6. Let F and Q be as above. The p-harmonious function u. with
the boundary data F satisfies

(4.18) |ue(z) — ue(y)| < 2Lip(F)d + C(R/6)(|z — y| + o(1)),
for every small enough & > 0 and for every two points x,y € QUL .

Proof. As in the first proof of Lemma 4.4, the case x,y € I'c is clear. Thus,
we can concentrate on the cases x € 2 and y € ', as well as z,y € Q.

We utilize the connection to games. Suppose first that x € Q and y € I'..
By the exterior sphere condition, there exists Bs(z) C R™ \ € such that

y € 0Bs(z). Player I chooses a strategy of pulling towards z, denoted by
S7. Then

My, = |z, — 2| — Ce%k
is a supermartingale for a constant C' large enough independent of €. Indeed,

EE%,SH[‘mk — Z‘ ‘ Ty - ,mk,l]

o
< —{leg—r — 2| +e+ |ag—1 — 2| —€e}+ B |x — z| dx
2 B5($k71)

< |zp_y — 2| + Ce2.
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The first inequality follows from the choice of the strategy, and the second
from the estimate

][ |z — 2| dx < |zp_y — 2| + Ce2.
Bs(xk—l)

By the optional stopping theorem, this implies that

(4.19) Eg%SHHxT —z|] <l|zo — 2|+ Cﬁ}Eﬁ%SH [7].

Next we estimate E@%,SH [7] similarly as in Lemma 4.5. Player I pulls
towards z and Player II uses any strategy. Then by using the same function
as in Lemma 4.5, and its radial concavity, we may estimate

EQEE%SH [7] < SZEg%,Sn [7*] < C(R/J)(dist(0Bs(z),x0) + o(1)).
Since y € 0B;s(2),
dist(0Bs(2), z0) < |y — o],
and thus, (4.19) implies
B g llar — 2l < C(R/8)(Jz0 — y] + o(1)) + 6.
We get
F(z) = C(R/6)(|x — y| + o(1)) — Lip(F)é < Egz g [F(x-)]
< F(z)+ C(R/O)(|x —y| + o(1)) + Lip(F)o.
Thus, we obtain

Sglp lgv}f ]Eg(I):SII [F(ajT)] = lg«}lf Ez’% ST [F(IT)]

> F(z) — C(R/8) (w0 — y| + o(1)) — Lip(F)3
> F(y) - 2Lip(F)8 — C(R/8)(|zo — y| + o(1)).

The upper bound can be obtained by choosing for Player II a strategy where
he points to z, and thus, (4.18) follows.

We can then translate the estimate inside the domain similarly as at the
end of the proof of Lemma 4.4. For completeness, we also give a probabilistic
proof from [16] for this fact.

Let z,y € Q and fix the strategies Si, St for the game starting at x.
We define a virtual game starting at y: we use the same coin tosses and
random steps as the usual game starting at x. Furthermore, the players
adopt their strategies Sy, S} from the game starting at x, that is, when the
game position is yx_1 a player chooses the step that would be taken at xp_1
in the game starting at x. We proceed in this way until for the first time
xp € T'c or yi € T'e. At that point we have |z — yx| = |x — y|, and we may
apply the previous steps that work for z € Q, yr, € I'c or for xy,yr € I'c. U

Note that, thanks to Lemmas 4.3 and 4.4 (or alternatively Lemma 4.6),
the family u. satisfies the hypothesis of the compactness Lemma 4.2.
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Corollary 4.7. Let {u.} be a family of p-harmonious functions with a fixed
continuous boundary data F. Then there exists a uniformly continuous u
and a subsequence still denoted by {uc} such that

Ue — U uniformly in .

Next we prove that the limit v in Corollary 4.7 is a solution to (1.9).
The idea is to work in the viscosity setting and to show that the limit is
a viscosity sub- and supersolution. To accomplish this, we utilize some
ideas from [11], where p-harmonic functions were characterized in terms of
asymptotic expansions. We start by recalling the viscosity characterization
of p-harmonic functions, see [5].

Definition 4.8. For 1 < p < co consider the equation
—div (|Vu[P~2Vu) = 0.

(1) A lower semi-continuous function wu is a viscosity supersolution if
for every ¢ € C? such that ¢ touches u at x € Q strictly from below
with Vo(x) # 0, we have

—(p = 2)Ax(z) — Ad(z) = 0.

(2) An upper semi-continuous function w is a subsolution if for every
¢ € C? such that ¢ touches u at x € S strictly from above with
Vo(x) # 0, we have

—(P = 2)Ax(z) — Ag(z) < 0.
(3) Finally, u is a viscosity solution if it is both a sub- and supersolution.

Theorem 4.9. Let F' and Q) be as in Theorem 1.6. Then the uniform limit
u of p-harmonious functions {uc} is a viscosity solution to (1.9).

Proof. First, u = F on 02 due to Lemma 4.4, and we can focus attention
on showing that u is p-harmonic in 2 in the viscosity sense. To this end, we
recall from [11] an estimate that involves the regular Laplacian (p = 2) and
an approximation for the infinity Laplacian (p = c0). Choose a point z € Q
and a O2-function ¢ defined in a neighborhood of z. Let x5 be the point at
which ¢ attains its minimum in B, (z)
¢(x7) = min P(y).
y€B:(x)

It follows from the Taylor expansions in [11] that

Y€ B: () YyEBe(z)

(4.20) . 2(5122) <(p_ 2)<D2¢>(x) (xig— x) ’ <:1:§€— x) > +A¢(x)>

+ o(e?).

% { max ¢(y) + min ¢(?J)} + ¢(y) dy — ¢(x)
Be(z)
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Suppose that ¢ touches u at x strictly from below and that Ve¢(x) # 0.
Observe that according to Definition 4.8, it is enough to test with such func-
tions. By the uniform convergence, there exists sequence {z.} converging to
x such that u. — ¢ has an approximate minimum at z., that is, for n. > 0,
there exists x. such that

Uf—:(x) - gb(.%‘) > Ue(xs) - ¢($s) = Ne-

Moreover, considering ¢ = ¢ — ue(ze) — ¢(xe), we can assume that ¢(z.) =
ue(x:). Thus, by recalling the fact that u. is p-harmonious, we obtain

2 Es(xs) Bs(l's)

a .
e 2 —¢(ze) + { max ¢+ min ¢} +5 ( )¢(y) dy,
Be(xe
and thus, by (4.20), and choosing 7. = o(¢?), we have

o (- 2)(D*(x) (xl;x> : (@) )+ Adla)

0> ——no
~2(n+2

+o(£?).
Since Vo(z) # 0, letting ¢ — 0, we get
B
0> An+2) (p — 2)Axp(x) + Ap(2)) .

Therefore u is a viscosity supersolution.

To prove that u is a viscosity subsolution, we use a reverse inequality to
(4.20) by considering the maximum point of the test function and choose a
function ¢ that touches u from above. O

The above theorem gives the existence of a viscosity solution to (1.9).

End of the proof of Theorem 1.6. We just have to observe that since the vis-
cosity solution of (1.9) is unique, then we have convergence for the whole
family {u.} as e — 0. O

Acknowledgements. The authors would like to thank Petri Juutinen
for useful comments.

Part of this work was done during a visit of JDR and MP to University of
Pittsburgh. They want to thank for the friendly and stimulating atmosphere
found there.

JM partially supported by NSF award DMS-1001179.

MP partially supported by The Emil Aaltonen Foundation, The Fulbright
Center, and The Magnus Ehrnrooth Foundation.

JDR partially supported by project MTM2004-02223, MEC, Spain, by
UBA X066 and by CONICET, Argentina.



(1]

[10]
[11]

[12]

[13]

[14]

[15]

[16]

p-HARMONIOUS FUNCTIONS 25

REFERENCES

S. N. Armstrong and C. K. Smart, An easy proof of Jensen’s theorem on the unique-
ness of infinity harmonic functions. Calc. Var. Partial Differential Equations, 37,
(2010), 381-384.

S. N. Armstrong and C. K. Smart, A finite difference approach to the infinity Laplace
equation and tug-of-war games. To appear in Trans. Amer. Math. Soc.

G. Barles and P. E. Souganidis, Convergence of approximation schemes for fully
nonlinear second order equations. Asymptotic Anal. 4 (1991), 271-283.

E. Hopf, Uber den funktionalen, insbesondere den analytischen Charakter der
Lésungen elliptischer Differentialgleichungen zweiter Ordnung. Math. Z. 34 (1932),
194-233.

P. Juutinen, P. Lindqvist and J.J. Manfredi, On the equivalence of viscosity solutions
and weak solutions for a quasi-linear elliptic equation. STAM J. Math. Anal. 33
(2001), 699-717.

E. Le Gruyer, On absolutely minimizing Lipschitz extensions and PDE A (u) = 0.
NoDEA Nonlinear Differential Equations Appl. 14 (2007), 29-55.

E. Le Gruyer and J. C. Archer, Harmonious extensions. SIAM J. Math. Anal. 29
(1998), 279-292.

H. Ishii and Nakamura, A class of integral equations and approzimation of p— Laplace
equations. Calc. Var. Partial Differential Equations. 37, (2010), 485-522.

R.V. Kohn and S. Serfaty, A deterministic-control-based approach to motion by cur-
vature, Comm. Pure Appl. Math. 59(3) (2006), 344-407.

R. V. Kohn and S. Serfaty, A deterministic-control-based approach to fully non-linear
parabolic and elliptic equations. To appear in Comm. Pure Appl. Math.

J. J. Manfredi, M. Parviainen and J. D. Rossi, An asymptotic mean value character-
1zation of p-harmonic functions. Proc. Amer. Math. Soc. 138(3), (2010), 881-889.
J. J. Manfredi, M. Parviainen and J. D. Rossi, Dynamic programming principle
for tug-of-war games with noise. To appear in ESAIM Control Optim. Calc. Var.,
DOI:10.1051/cocv/2010046.

A. P. Maitra, W. D. Sudderth, Discrete Gambling and Stochastic Games. Applica-
tions of Mathematics 32, Springer-Verlag (1996).

A. M. Oberman, A convergent difference scheme for the infinity Laplacian: construc-
tion of absolutely minimizing Lipschitz extensions. Math. Comp. 74(251):1217-1230,
2005.

Y. Peres, O. Schramm, S. Sheffield and D. B. Wilson, Tug-of-war and the infinity
Laplacian, J. Amer. Math. Soc. 22 (2009), 167-210.

Y. Peres, S. Sheffield, Tug-of-war with noise: a game theoretic view of the p-
Laplacian. Duke Math. J. 145(1) (2008), 91-120.

JUAN J. MANFREDI
DEPARTMENT OF MATHEMATICS
UNIVERSITY OF PITTSBURGH
P1rTsBURGH, PA 15260.
manfredi@pitt.edu

MIKKO PARVIAINEN

DEPARTMENT OF MATHEMATICS AND STATISTICS
P.O. Box 35

40014 UNIVERSITY OF JYVASKYLA

FINLAND

mikko. j.parviainen@jyu.fi



26

J. J. MANFREDI, M. PARVIAINEN, AND J. D. ROSSI

Jurio D. Rosst

DEPARTAMENTO DE ANALISIS MATEMATICO
UNIVERSIDAD DE ALICANTE

AP. CORREOS 99, 03080, ALICANTE, SPAIN.

On leave from

DEPARTAMENTO DE MATEMATICA, FCEYN UBA
CrupaD UNIVERSITARIA, PAB 1 (1428)

BUENOS AIRES, ARGENTINA.

julio.rossiQua.es



