An Approach to Minimi
Function Evaluations in Gl

Tomi Haanpa
Department of Mathematical Infor
University of Jyvésk

8.3.2010

Postgraduate Seminar 8.3.2009
1 Jyvaskyla




Thesis

e Working title: Approximating the
e Supervisors: Kaisa Miettinen and Jussi

e Monograph, 2012

e Contribution: To approximate the Pareto Fro
can “move’ on it.

e Relation to this presentation: The approach wi
mate holes on the front.

Postgraduate Seminar 8.3.2009
2 Jyvaskyla




Content

e Global Optimization
e Lipschitzian

e Radial Basis Functions
e The Approach

e Numerical Examples

e References

Postgraduate Seminar 8.3.2009
3 Jyvaskyla



Global Optimization (1/3)

o A considered Global Optimization Pr .
min £(z),

reS
where
— S C R" is compact,
— J 18 a computationally expensive continuous fu

e In other words, the problem is to find out * € S
f(z™) < f(z) for allNEREE

with a small number of function evaluations.
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Global Optimization (2/3)

Solving techniques for computationally e
on a given data

D ={(z",y"), ..., (=g = .
e Support vector regression [Vapnik, 1998|
e A radial basis function method |Gutmann, 2001]

e The EGO algorithm [Jones et al., 1998]

However, each of the above methods requires a global o
lem to be solved.
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Global Optimization (3/3)

The goal and motivation of this study:

e Let us assume that we have an algorithm, which produce a solution can-
didate x¢ to the GOP.

o If € is close to a vector 27 for which the corresponding 4/ is far from the
so-far best known minimum of f, that is,

* : 1
Yy = min y
i=1.. k"

then f(x€) is close to g/, because f has been assumed to be continuous.
e We can save computation time by rejecting the evaluation of f(x).

e We want a computationally efficient approach to decide whether to eval-
uate f(x) or not.
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Lipschitzian (1/3)

Function f is said to be Lipschitzian,
[ > 0 so that

f(@) = fy)] < Ulz — y|| for

where || - || is a norm on R" (for example Fuclide
e Function f from R into R, f(x) = 2x, is Lipschif
[f(z) — fly)] = |22 — 2y| < 2|z

e A differentiable function f from R" into R is Lips
[ > 0so that ||V f(2)| < for all z € R™.

f(z) = fly)] < sup [[VF(2)[llz =yl <

z€eR™
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Lipschitzian (2/3)

Global optimization solving algorithms

o The DIRECT algorithm [Jones et al., 1
e Partition methods |Pintér, 1996

— Lower and upper approximations based on

file) = max (y' =1z -

i=1,...k
fulz) = min (y' + 1|z -
1=

— However, the Lipschitz constant [ must be know
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(3/3)
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Radial Basis Functions (1/3)

A basic Radial Basis Function |Buhma
based on D, is

k
g(z) = Nl — =
=

where

e coeflicients \; are solution of a system of linear eq

(llet —=z'l) - (2’ = =¥ | A

sl =) -+ o(lla® = 2| [Ax

e function ¢ from R into R is a given basis function.
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Radial Basis Functions (2/3)

The given basis function can be, for example,
e a polyharmonic spline: ¢(r) = rd d=1,3,5,...
e thin plate spline: ¢(r) = rlnr d=2.4,6,...

e multiquadric: ¢(r) = Vr2 4+ €2, € > 0

2
e Gaussian: ¢(r) =e " >0

We consider an RBF with a polyharmonic spline of third degree (d = 3),
because it is smooth and Lipschitzian on S. Let such an RBF be denoted by
frpF and let the Lipschitz constant be Ippp.

e We have an approximation [pgp for [.

e We have lower and upper approximations for f.
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Radial Basis Functions (3/3)

N i
e Michalewicz function: f(x) = — Zzzzl sin () (sin (%))

o frpp with 50 Hammersley points |[Kalagnanam and Diwekar, 1997

Contour of Michalewicz A radial basis function approximation
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The Approach (1/3)

By using the Lipschitzian property (Pa
can separate S into two regions:

e The most promising region Ay is a region wh
—Ai={z €S filz) < y*}

e The region A_1, which is out of interest, is a r
exI1STs.

—A1={z€S: filz) >y}
In this way, we
e can reject the costly evaluation of f(x), in the case

e and try to focus on evaluations on Aj.
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The Approach (3/3)

However,
e the approach does not produce solution
e it only approximates whether to evaluate o
This is based on how well fppp approximates

e [t is possible that fppp fails to approximate f,
by the lack of given information of f in D.

e In this case, the most promising region A; may loo
minimum of the GOP.
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Numerical Examples (1/2)

Test functions:

e Rosenbrock:

e Michalewicz:

2
fl@)=—) sin(z;)
=
e Ackley:
_L /iS22
f(x) =20+ e — 20e \/5 2i=1% _ o=
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Numerical Examples (2/2)

Contour of Rosenbrock Contour of Michalewicz Contour of Ackley

] o i 1

The most promising regions for Ackley
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Conclusion

e A computationally efficient approach has b
the most promising region where the true
exi1sts.

— The approach is based on lower and upper ap
quired approximation for the Lipschitz constant 11
basis function.

e The approach is able to decide whether to evaluate t
expensive objective function or not.

— One can save computation time by rejecting the func
which an approximated value is not going to be small
minimum value of GOP.
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