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Abstract. Classical extremal length (or conformal modulus) is a con-
formal invariant involving families of paths on the Riemann sphere. In
“Extremal length and functional completion” ([Fug57]), Fuglede initi-
ated an abstract theory of extremal length which has since been widely
applied. Concentrating on duality properties and applications to qua-
siconformal analysis, we demonstrate the flexibility of the theory and
present recent advances in three different settings:
(1) Extremal length and uniformization of metric surfaces.
(2) Extremal length of families of surfaces and quasiconformal maps

between n-dimensional spaces.
(3) Schramm’s transboundary extremal length and conformal maps

between multiply connected plane domains.

1. Introduction

Extremal length is an important method in geometric function theory.
The formal definition was introduced by Ahlfors and Beurling ([AB50]),
but the method already appeared in earlier works of Ahlfors, Warschawski,
Grötzsch, and others, see [Rod74] for an overview. We recall the definition.

Let Ĉ = C∪{∞} be the Riemann sphere equipped with the spherical dis-
tance and the associated area element dA. The conformal modulus mod(Γ)

of a family of paths Γ in Ĉ is

(1) mod(Γ) = inf

∫
Ĉ
ρ2 dA,

where the infimum is over all Borel functions ρ : Ĉ → [0,∞] satisfying∫
γ ρ ds ⩾ 1 for all rectifiable γ ∈ Γ.

The extremal length of Γ equals 1
mod(Γ) . We follow modern terminology

and talk about (conformal) modulus instead of extremal length.
Modulus can used to define quasiconformal maps: A sense-preserving

homeomorphism f : Ω → Ω′ between subdomains of Ĉ is K-quasiconformal,
K ⩾ 1, if

(2)
1

K
mod(Γ) ⩽ mod(fΓ) ⩽ Kmod(Γ) for all path families Γ in Ω.

The geometric definition (2) is equivalent with other familiar definitions of
quasiconformality (see [Väi71]), such as the analytic definition which re-
quires that f has integrable distributional partial derivatives and

(3) ||Df ||2 ⩽ KJf almost everywhere in Ω.
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Here ||Df || and Jf are the operator norm and the jacobian determinant of
Df , respectively.

If K = 1, then both (2) and (3) are definitions of conformal homeomor-
phisms f : Ω → Ω′. In particular, mod is a conformal invariant. The
conformality of the stereographic projection implies that the modulus of a
family of paths in C is not affected if we replace the spherical metric and area
element in (1) with the euclidean metric and Lebesgue measure, respectively.

The basic Grötzsch identity concerns modulus on rectangle R = [0, a] ×
[0, b]: If Γ1 and Γ2 are the families of paths in R connecting the verti-
cal, respectively horizontal, sides of the boundary, then mod(Γ1) = b

a and
mod(Γ2) =

a
b , see [Ahl66, pp. 6–8]. In particular, for every R we have

(4) mod(Γ1) ·mod(Γ2) = 1.

Combining (4) with the Riemann mapping theorem and conformal invari-
ance of modulus, we conclude that duality property (4) holds for all topo-

logical rectangles R in Ĉ and path families Γ1 and Γ2 connecting opposite
edges of the boundary of R.

Identity (4) also holds in any topological annulus, or a more general con-
denser, between the family Γ1 of paths connecting the two boundary com-
ponents and the dual family Γ2 of paths separating them. Another basic
identity concerns the family of paths Γr,R joining the boundary components

of concentric annulus D(0, R) \ D(0, r):

(5) mod(Γr,R) = 2π
(
log

R

r

)−1
.

Definition (1) extends to path families in Rn (with the euclidean metric
and Lebesgue measure). Moreover, exponent 2 can be replaced with any
1 ⩽ p < ∞, resulting in the p-modulus modp. The connecting p-modulus
of a condenser such as a topological annulus equals its p-capacity, a notion
which is widely applied e.g. in potential theory and Sobolev space theory
(see [Ric93, Proposition II.10.2]).

Conformal invariance of modp holds exactly when p = n. Modulus esti-
mates are fundamental in quasiconformal, quasiregular and related mapping
theories which started to develop in the 1960s and successfully extend geo-
metric function theory from C to Rn, see [Väi71], [Ric93], [GMP17].

Already before such n-dimensional considerations, Fuglede [Fug57] pre-
sented an abstract theory of modulus of systems of measures. In addition to
the path families discussed above, such systems include e.g. families of k-
dimensional surfaces in Rn as well as path families in general metric measure
spaces. The theory (and Fuglede’s lemma in particular) plays a fundamental
role in mapping theory as well as Analysis in metric spaces, which includes
Sobolev space ([Che99], [Sha00], [HKST15], [ACDM15], [AILP]) and poten-
tial ([BB11]) theories based on the upper gradients introduced by Heinonen
and Koskela ([HK98]).

We aim to illustrate the flexibility and wide applicability of the modulus
method by discussing extensions of duality property (4) in three different
settings. Our presentation is motivated by applications to conformal and
quasiconformal mappings, and although many of the results below hold for
all exponents 1 < p < ∞, we will only consider the conformally invariant
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cases. Except for the propositions in Section 4, which are fairly straightfor-
ward consequences of known uniformization theorems, none of the results
presented here are new.

In Section 2, we discuss the role of duality in recent developments on the
uniformization problem on metric surfaces, and in particular extensions of
the characterization of Ahlfors 2-regular quasispheres by Bonk and Kleiner
[BK02]. In Section 3 we discuss the (largely unknown) duality properties of
k- and (n−k)-dimensional surface families in Rn, and potential applications
to the quasiconformal parametrization problem along the lines of Semmes
[Sem96], Heinonen and Wu [HW10], and Pankka and Wu [PW14]. Finally,
in Section 4 we discuss the transboundary modulus introduced by Schramm
[Sch95], who applied the method to prove important results on conformal
uniformization problems such as the long-standing Koebe conjecture [Koe08].

2. Extremal length on metric surfaces

The goal in the non-smooth uniformization problem is to extend the clas-
sical uniformization theorem to metric spaces under minimal regularity as-
sumptions. Although the discussion below also applies to “metric surfaces”
with non-trivial topology, we assume for simplicity that X = (X, dX) is a

metric sphere, i.e., a metric space homeomorphic to the Riemann sphere Ĉ
and with finite two-dimensional Hausdorff measure H2.

Here H2 is a standard notion of area which can be defined in any metric
space, and the requirement H2(X) < ∞ rules out fractal spheres. It follows
from the coarea inequality and plane topology that if V is an open subset of
a metric sphere X then H2(V ) > 0, see e.g. [Raj17, Remark 3.4].

We seek uniformization by quasiconformal and quasisymmetric maps.
Definition (1) of conformal modulus mod extends to metric spheres by re-
placing the spherical metric with dX and area element dA with dH2 (we

normalize H2 so that dA = dH2 in Ĉ). Consequently, we can define quasi-
conformal homeomorphisms between metric spheres by using the geometric
definition (2), i.e., by requiring quasi-invariance of mod.

A homeomorphism ϕ : Y → Z between metric spaces is quasisymmetric if
there is a homeomorphism η : [0,∞) → [0,∞) so that

dY (y1, y0) ⩽ tdY (y2, y0) implies dZ(ϕ(y1), ϕ(y0)) ⩽ η(t)dZ(ϕ(y2), ϕ(y0)).

In 2002, Bonk and Kleiner ([BK02], see also [Sem91]) gave a character-
ization for the Ahlfors 2-regular metric spheres admitting quasisymmetric
parametrizations from the Riemann sphere.

THEOREM 2.1 ([BK02]). Let X be an Ahlfors 2-regular metric sphere.

Then there is a quasisymmetric homeomorphism f : Ĉ → X if and only if

X is linearly locally connected.

We say that X is Ahlfors 2-regular, if there is C ⩾ 1 so that balls B(x, r)
in X satisfy

(6) C−1r2 ⩽ H2(B(x, r)) ⩽ Cr2 for all x ∈ X and 0 < r < diam(X).

Linear local connectivity is a quantitative connectedness condition which
prohibits X from having cusps or ridges. We omit the precise definition.
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By the local-to-global principle, the classes of quasiconformal and qua-
sisymmetric homeomorphisms ϕ : Y → Z coincide when both Y and Z
have controlled geometry, see [HK98]. Ahlfors 2-regular and linearly locally
connected metric spheres have controlled geometry, see [BK02].

In [Raj17] we connected the uniformization problem to duality property
(4) by proving that the existence of a quasiconformal homeomorphism f :

Ĉ → X is equivalent to the following reciprocality condition: there is κ ⩾ 1
such that every topological rectangle in X and path families Γ1 and Γ2 as
in (4) satisfy

(7) κ−1 ⩽ mod(Γ1) ·mod(Γ2) ⩽ κ.

We also showed that “upper 2-regularity” of X, i.e., the second inequality
in (6), implies (7). Combining our results with the local-to-global principle,
we recover Theorem 2.1 using duality.

It was proved in [RR19] that the lower bound in (7) in fact holds in all
metric spheres, and moreover in [EBPC22] that the best possible constant
κ−1 is π2/16. Assuming that the upper bound in (7) also holds, i.e., that

there is a quasiconformal homeomorphism f : Ĉ → X, the best possible
quasiconformality constants were established in [Rom19]. Sharpness in each
of these results is demonstrated by the plane equipped with the L∞-norm.

Metric spheres for which the upper bound in (7) fails for every κ can be

constructed by collapsing large enough compact subsets E of Ĉ, such as the
unit disk, a segment, or a Cantor set of positive area. More precisely, one
chooses a continuous non-negative weight σ which vanishes at E, and equips
Ĉ with the associated length (pseudo)metric dσ (see [Raj17], [IR22]). Fine
connections between the reciprocality upper bound for such metrics dσ and
conformal removability of E have recently been studied in [IR22] and [Nta].

Another approach to Theorem 2.1 was discovered by Lytchak and Wenger
([LW20]) as an application of their theory of solutions to Plateau’s problem
in metric spaces. Their approach involves weakly K-quasiconformal maps,
i.e., continuous, monotone (i.e., the preimage of every point is connected)

and surjective mappings f : Ĉ → X satisfying one half of modulus inequality
(2), namely

(8) mod(Γ) ⩽ Kmod(fΓ) for all path families Γ in Ĉ.

Quasiconformal maps f : Ĉ → X are weakly quasiconformal. For the
metric spheres X = (Ĉ, dσ) above, the projection map π : Ĉ → X is always
weakly quasiconformal, and (strongly) quasiconformal only if X is recipro-
cal. Towards an ultimate uniformization result on metric spheres, the author
and Wenger conjectured that in fact every metric sphere admits a weakly
quasiconformal parametrization from Ĉ. Recently, Ntalampekos and Rom-
ney ([NRb],[NR23]) and Meier and Wenger ([MW], assuming X is locally
geodesic) proved that this is indeed the case.

We summarize our discussion in the following theorem which combines
the works mentioned above, culminating in [NRb], [NR23] and [MW], and
gives a satisfactory answer to the non-smooth uniformization problem in the
setting of metric spheres.
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THEOREM 2.2. Every metric sphere X admits a weakly 4
π -quasiconformal

map f : Ĉ → X. Moreover, the following properties hold.

(1) Constant 4
π is best possible.

(2) f is a quasiconformal homeomorphism if and only if X satisfies (7)

for some κ ⩾ 1.

(3) If X satisfies the second inequality in (6), then f is a quasiconformal

homeomorphism.

(4) If X satisfies the second inequality in (6) and is linearly locally con-

nected, then f is a quasisymmetric homeomorphism.

3. Extremal length of surfaces families

Let 1 ⩽ p < ∞. We say that the p-modulus modk,p(Λ) of a family of
k-dimensional surfaces Λ in Rn, 1 ⩽ k < n, is

(9) inf

∫
Rn

ρp dx,

where the infimum is over all Borel functions ρ : Rn → [0,∞] satisfying∫
λ ρ ⩾ 1 for all λ ∈ Λ.
In order to complete Definition (9), one should define the class of “k-

dimensional surfaces” λ and integration over them. When k = 1, a natural
choice is that of (locally) rectifiable paths, which results in a straightforward
generalization modp = mod1,p of the classical Definition (1).

When k ⩾ 2, the definition of surfaces is more involved because of issues
such as regularity and quasiconformal invariance. One may prefer both
intrinsic or parametrized surfaces depending on the problem at hand. Below
we consider intrinsic surfaces λ under varying regularity assumptions.

The first results concerning modk,p were proved by Fuglede [Fug57] for
families of Lipschitz k-manifolds. The theory of currents [Fed69] can be used
towards a general theory, although the invariance issue remains.

In the 1960s, properties of the conformally invariant modn were developed
by Gehring ([Geh61], [Geh62b]), Väisälä ([Väi61a], [Väi61b]), and Mostow
([Mos68]) to develop a theory of quasiconformal maps in Rn. While surface
families played a smaller role in the theory, (however, see [Rei70], [Aga71]),
they appeared in connection with symmetrization and the following duality
result proved by Gehring and Ziemer.

Let C(G,C0, C1) be a condenser, i.e., G is a bounded domain in Rn, and
C0, C1 ⊂ G disjoint compact sets. Denote by Γ the family of rectifiable
paths γ : [0, 1] → G so that γ(0) ∈ C0, γ(1) ∈ C1, and γ(t) ∈ G for all
0 < t < 1. Moreover, let Λ be the family of surfaces separating C0 and C1

in C(G,C0, C1) (see [Zie67] for the precise definition of Λ). Then

(10)
(
modn(Γ)

) 1
n ·

(
modn−1, n

n−1
(Λ)

)n−1
n

= 1.

Gehring ([Geh62a]) proved (10) under a smoothness assumption which Zie-
mer ([Zie67]) was able to remove using the theory of currents. He moreover
extended the result to cover general exponents ([Zie69]). See [JL20] and
[LR21] for recent extensions to metric spaces.
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When 1 < k < n − 1, the properties of modk,p are not well understood
and applications to quasiconformal maps are scarce, even though the closely
related differential forms and associated PDEs are fundamental in quasicon-
formal geometry (see e.g. [DS89], [IM93], [Iwa92], [BH01], [Pan08], [Pry19],
[Kan21a], [Kan21b], [HP]).

Freedman and He ([FH91]) studied modk,p in solid topological 3-tori T and
showed that duality (10) does not hold in T (see [Loh21] for a generalization
to metric tori.) They also considered other versions of modk,p and suggested
extensions to higher dimensions.

The most significant applications of surface modulus to quasiconformal
maps have been found by Heinonen and Wu ([HW10]) and Pankka and Wu
([PW14]), who extended the three-dimensional results of Semmes [Sem96]
by showing that for every n ⩾ 4 there are n-manifoldsX which geometrically
resemble Rn but are not quasiconformally equivalent to it. It follows that
Theorem 2.1 does not extend to any n ⩾ 3.

Both [HW10] and [PW14] apply classical spaces with “wild topology”,
such as the Whitehead manifold, equipped with the “good” metrics intro-
duced in [Sem96]. Roughly speaking, they show that specific families of sur-
faces, which arise from wildness and satisfy quasiconformal quasi-invariance
of modk,n

k
, also satisfy duality similar to (10) in Rn but not in X even if

equality is replaced with multiplicative bounds as in (7). Quasi-invariance
then implies that there cannot be quasiconformal maps f : Rn → X.

It is an open problem whether the duality results (4) and (10) hold for
modk,p when 2 ⩽ k ⩽ n − 2. We present a recent result of Lohvansuu
([Loh23]), which proves one half of duality under mild conditions.

Let Q ⊂ Rn be a compact set and assume that there is a homeomorphism
h : Q → In onto the unit n-cube In. Fix 1 ⩽ k ⩽ n− 1, and denote

A = h−1(∂Ik × In−k) and B = h−1(Ik × ∂In−k).

We assume that A, B and Q are locally Lipschitz neighborhood retracts,
and denote the Lipschitz homology groups with integer coefficients by HL

∗
(see [Loh23] for further details).

Let ΛA be the collection of the images of relative Lipschitz k-cycles of
Q \ B that generate HL

k (Q,A), and define the modulus of ΛA as in (9),

where integration over λ ∈ ΛA is with respect to Hk. Similarly, let ΛB be
the dual family of (n− k)-dimensional surfaces which are the generators of
HL

n−k(Q,B).

THEOREM 3.1 ([Loh23]).

(11)
(
modn

k
(ΛA)

) k
n ·

(
mod n

n−k
(ΛB)

)n−k
n

⩽ 1.

The validity of the opposite inequality in Theorem 3.1 is not known.

Question 3.2. Does equality hold in (11)?

Recently, Kangasniemi and Prywes ([KP]) proved that duality does hold
if one replaces the modulus defined in (9) with a p-differential form mod-
ulus of families of Lipschitz surfaces. Moreover, their result extends from
Rn to Lipschitz Riemannian manifolds. Surface modulus in the context of
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extensions of Whitney’s geometric integration theory (see [Whi57], [Hei05])
to metric spaces has been considered in [RW13] and [PRW15].

4. Transboundary extremal length

Transboundary modulus is a generalization of the classical modulus and a
powerful tool for solving both classical and modern uniformization problems.
The method was introduced by Schramm ([Sch95]) who studied uniformiza-

tion of conformal maps between multiply connected subdomains of Ĉ.
The main open problem in the field is Koebe’s conjecture ([Koe08]) which

asserts that every such domain admits a conformal map onto a circle do-
main whose collection of complementary components consists of disks and
points. The most significant partial result is the following theorem by He
and Schramm ([HS93]) (Koebe himself proved the finitely connected case).

THEOREM 4.1 ([HS93]). Every countably connected1 domain G ⊂ Ĉ
admits a conformal map onto a circle domain.

See [HS93] for further references, [ER], [KN], [NRa], [NY20], [Raj] and
[You16] for recent results related to the conjecture, and [BM13] for a notable
development of transboundary modulus towards modern uniformization.

Schramm ([Sch95]) applied transboundary modulus to give a simplified
proof for Theorem 4.1 and to establish a cofat uniformization theorem: every
subdomain of Ĉ whose complementary components are uniformly Ahlfors 2-
regular satisfies Koebe’s conjecture.

We recall the definition. Given a domain G ⊂ Ĉ, we denote by C(G) the

collection of connected components of Ĉ \G and let Ĝ = Ĉ/ ∼, where

x ∼ y if either x = y ∈ G or x, y ∈ p for some p ∈ C(G).

Let πG : Ĉ → Ĝ be the associated projection map.
Fix a Borel function ρ : Ĝ → [0,∞] and a path γ : [a, b] → Ĝ. Then

γ−1(πG(G)) has countably many components Oj ⊂ [a, b], j ∈ J . We denote

γj = γ|Oj and αj = π−1
G ◦ γj , and define∫

γ
ρ ds =

∑
j∈J

∫
αj

ρ ◦ πG ds,

where the integral is understood to be infinite if one of the paths αj is not
locally rectifiable.

Let Γ be a family of paths in Ĝ. A Borel function ρ : Ĝ → [0,∞] is
admissible for Γ if ∫

γ
ρ ds+

∑
p∈C(G)
|γ|∩p ̸=∅

ρ(p) ⩾ 1

1i.e., the collection of connected components of Ĉ \G is countable
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for each γ ∈ Γ. Here |γ| is the image of γ. The transboundary modulus of Γ
with respect to the domain G is

modG(Γ) = inf
ρ

{∫
G
(ρ ◦ πG)2 dA+

∑
p∈C(G)

ρ(p)2
}
,

where the infimum is over admissible functions ρ.
It is straightforward to check that conformal invariance (as well as quasi-

invariance (2)) holds for transboundary modulus. For finitely connected
domains whose complementary components are suitably round, such as the
cofat domains above, modG behaves somewhat like the classical modulus
mod; one can prove qualitative estimates similar to the Grötzsch identity
and (5) ([Sch95], [Bon11], [Raj], [NRa]).

Such estimates are not valid in general domains, but one could still hope
for duality (4) to hold for transboundary modulus. It is not difficult to show
that duality holds for finitely connected domains. Countably connected
domains are more challenging, but one can rely on Theorem 4.1 to prove
duality.

Proposition 4.2. Let G ⊂ Ĉ be a countably connected domain and let

J1 ∪ J2 ∪ J3 ∪ J4 ⊂ G be the boundary of a topological rectangle R ⊂ Ĉ
with boundary edges Jj in cyclic order. Moreover, let Γ1 be the family of

paths joining πG(J1) and πG(J3) in πG(R), and let Γ2 be the family of paths

joining πG(J2) and πG(J4) in πG(R). Then

modG(Γ1) ·modG(Γ2) = 1.

We prove Proposition 4.2 in Section 5. Duality does not hold without the
countability assumption; if G is the complement of a Cantor set of positive
area, then an argument involving parallel segments and Fubini’s theorem
shows that one can choose (geometric) squares R in Proposition 4.2 so that
modG(Γ1) ·modG(Γ2) becomes arbitrarily large.

Thus the duality upper bound does not hold in general. The following
extension of Proposition 4.2 however shows that the duality lower bound
holds for all domains that satisfy Koebe’s conjecture.

Proposition 4.3. Suppose domain G ⊂ Ĉ admits a conformal map onto a

circle domain. Then

(12) modG(Γ1) ·modG(Γ2) ⩾ 1

for all topological rectangles R as in Proposition 4.2.

We prove Proposition 4.3 in Section 5. We do not know if the duality
lower bound holds in general.

Question 4.4. Does (12) hold for all domains G ⊂ Ĉ?

By Proposition 4.3, a negative answer to Question 4.4 would give a nega-
tive answer to the Koebe conjecture. On the other hand, a positive answer
could be considered evidence towards the Koebe conjecture.
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5. Proofs of Propositions 4.2 and 4.3

Let G ⊂ Ĉ be a domain satisfying the assumptions of either of the propo-
sitions, and let R be a topological rectangle with edges Jj ⊂ G as above.

Proposition 5.1. There is a conformal homeomorphism f : R∩G → G′ ⊂
Q = [0, 1]× [0, b], b > 0, with a continuous extension f̃ to ∂R, so that

(i) f̃ maps each Jj onto a boundary edge Ij of Q, and

(ii) the collection of bounded complementary components of G′ consists

of points and squares whose sides are parallel to coordinate axes.

Proof. Recall that countably connected domains satisfy Koebe’s conjecture

by Theorem 4.1. In particular, since G is assumed to satisfy the assump-

tions of one of the propositions, we may assume that G is a circle domain.

Schramm’s cofat uniformization theorem ([Sch95, Theorem 4.2)] then shows

the existence of a conformal map f from R ∩ G onto a domain satisfying

Condition (ii). We modify Schramm’s method to construct f so that also

Condition (i) is satisfied, leaving the details to the reader. See [Nta20],

[Raj17] for similar arguments.

We first assume that R ∩ G is finitely connected. There is a unique

minimizer ρ0 : Ĝ → [0,∞] of modG(Γ1) for the path family Γ1 defined in

Proposition 4.2, i.e., ρ0 is admissible for Γ1 and

(13)

∫
G
(ρ0 ◦ πG)2 dA+

∑
p∈C(G)

ρ0(p)
2 = modG(Γ1).

The restriction of ρ0 to R∩G is the gradient of a harmonic function u which

extends continuously to constant u = 0 on J1 and constant u = 1 on J3.

Moreover, u has a harmonic conjugate v which equals 0 on J2 and b =

modG(Γ1) on J4. One can check that

f = (u, v) : R ∩G → G′ ⊂ [0, 1]× [0, b]

is a conformal homeomorphism satisfying Conditions (i) and (ii).

The above argument works for all finitely connected domains, without

conditions on the shapes of the bounded complementary components. See

[Bon16] for a similar construction.

We now assume that R ∩ G is infinitely connected. Since G is a circle

domain, the collection {p1, p2, . . .} of complementary components with pos-

itive diameter is countable (or finite). Moreover, we may assume that the

complement of G equals the closure of the union of sets pj .

We approximate G with finitely connected domains Gj = Ĉ\{p1, . . . , pj}.
Since G is a circle domain, it is also a cofat domain. Thus Schramm’s

extended Carathéodory kernel convergence theorem ([Sch95, Therorem 3.1])

applied to the conformal maps fj : R∩Gj → G′
j constructed above gives the

existence of a limit map f satisfying the requirements of the proposition. □
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We denote by Λ1 the family of paths joining the projections of the vertical
boundary edges of Q in πG′(Q), where Q is the rectangle in Proposition 5.1,
and by Λ2 the corresponding family of paths joining the projections of the
horizontal boundary edges. We claim that

(14) modG′(Λ1) ⩾ b and modG′(Λ2) ⩾
1

b
.

Both estimates are proved using the same argument, so we only consider Λ1.
By Property (ii) above, the collection of bounded complementary compo-

nents of G′ with positive diameter consists of a finite or countable number
of squares Qk ⊂ Q. We fix an admissible function ρ : Ĝ′ → [0,∞] for Λ1.
Without loss of generality, we may assume that

(15)
∑

p∈C(G′)

ρ(p)2 < ∞

(recall that C(G′) is the collection of complementary components of G′).
Given 0 < t < b let γt = πG′ ◦ It ∈ Λ1, where It is the horizontal segment
parametrized by arclength starting at (0, t) and ending at (1, t), and πG′ the
projection map. By admissibility,

(16) 1 ⩽
∫
γt

ρ ds+
∑

p∈C(G′)

ρ(p) for every 0 < t < b.

Moreover, since ρ(p) > 0 for at most countably many point components
p ∈ C(G′) by (15), we conclude from (16) that in fact

(17) 1 ⩽
∫
γt

ρ ds+
∑
k

ρ(Qk) for all but countably many 0 < t < b;

here and in what follows, we identify the points x ∈ G′ and complementary
components p of G′ with their projections in Ĝ′. Integrating (17) over t and
applying Fubini’s theorem, we obtain

b ⩽
∫
G′

ρ dA+
∑
k

δkρ(Qk) = I1,

where δk is the sidelength of Qk. Applying Hölder’s inequality yields

I21 ⩽
(
|G′|2 +

∑
k

δ2k

)
·
(∫

G′
ρ2 dA+

∑
k

ρ(Qk)
2
)
= I2 · I3.

Here | · |2 denotes the Lebesgue measure. Notice that

I2 = |G′|2 +
∑
k

|Qk|2 ⩽ |Q|2 = b,

so combining the estimates gives

(18) b ⩽ I3 =

∫
G′

ρ2 dA+
∑
k

ρ(Qk)
2.

Since (18) holds for all admissible functions, we conclude the desired bound
(14) for Λ1. Proposition 4.3 follows by combining Proposition 5.1, (14), and
the conformal invariance of transboundary modulus.
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We now assume thatG is countably connected. Then domainG′ in Propo-
sition 5.1 is also countably connected. We claim that now also the opposite
inequalities to (14) hold, i.e.,

(19) modG′(Λ1) ⩽ b and modG′(Λ2) ⩽
1

b
.

It is again sufficient to consider Λ1. Let ρ : Ĝ′ → [0,∞] be the function
defined by ρ(z) = 1 for z ∈ G′, ρ(Qk) = δk for squares Qk above (recall
that δk is the sidelength), and ρ(p) = 0 elsewhere. Let γ ∈ Λ1, and denote
by π1 : C → R be the projection to the real axis. Then the countability
assumption yields

1 ⩽ |π1(|γ| ∩G′)|1 + |π1(∪{Qk ∈ |γ|}|1 ⩽
∫
γ
ρ ds+

∑
Qk∈|γ|

δk.

We conclude that ρ is admissible for Λ1. Since∫
G′

ρ2 dA+
∑

p∈C(G′)

ρ(p)2 = |G′|2 +
∑
k

δ2k = |Q|2 = b,

we conclude the desired bound (19) for Λ1. Proposition 4.2 follows by com-
bining Proposition 5.1, (14), (19), and the conformal invariance of trans-
boundary modulus.

Acknowledgment. We are grateful to Dimitrios Ntalampekos for the dis-
cussions on Koebe’s conjecture, which inspired Question 4.4.
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