
Quantum field theory, spring 2017, Excercise 10.

1. Let us define the (axial) gauge condition

η · A(x)− ω(x) = 0,

where ηµ is some constant 4-vector. Show that QED is ghost-free also in this gauge (Faddeev-
Popov determinant is independent of the field A), and compute the FP-corrected Lagrange
density for the theory. Compute the photon propagator in η-gauge when ξ parameter ap-
pearing in the Gaussian weight in the integral over ω’s (∼ exp

∫
ω2/2ξ) goes to zero.

2. Show that the tensor function D−1
µν (k) ≡ −gµνk2 + kµkν does not have an inverse which

satisfies the equation D−1
µν (k)Dνρ(k) = δρµ. Show also that D−1

µα(k) is actually a projection
operator. Then show that a tensor

D−1
µν (k, α) ≡ −gµνk2 + αkµkν

with α 6= 1 does possess an inverse and compute it.

3. Show that in the Yang-Mills theory the field strength tensor Fµν = − i
g
[Dµ, Dν ] obeys the

Bianchi identity
[Fµν , Dρ] + [Fνρ , Dµ] + [Fρµ, Dν ] = 0.

4. Show that also Yang-Mills theory is ghost-free in the axial gauge.

5. Show that a gauge-field “mass term” AµA
µ is not gauge invariant in QED or in Yang-Mills

theories. Consider then the theory

L = |Dµφ|2 +m2|φ|2 − λ

4
|φ|4 − 1

4
FµνF

µν ,

where φ is a complex scalar field, Dµ ≡ ∂µ − igAµ and Fµν ≡ ∂µAν − ∂νAµ. Assume that
m2 > 0, so that the mass of the |φ| field appears to be complex. Show that the energy-
minimum of the theory corresponds to the configuration Aµ = 0 and

√
2|φ| = 2m/

√
λ ≡ v.

Redefine the scalar field as
√

2φ ≡ v + φ1 + iφ2 and write the L in terms of these new
parameters. Show that the mass of the field φ1 is positive. However, your L now contains a
mixing term ∼ Aµ∂µφ2. To get rid of it choose the gauge

f(Aµ, φ) = ∂µAµ + ξgvφ2 = 0

and perform the steps involved in the FP-procedure as before. Write the final Lagrange
function for the theory and show in particular that as a result of the gauge-fixing the mixing
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term has vanished and all fields have quadratic, clearly identifiable mass terms. (MA = gv,
mφ2 =

√
ξgv and mφ1 =

√
2m). Did you break the gauge symmetry of the theory?

6. Derive the photon propagator from the final form for the Lagrangian in the previous
excercise.
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