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Gravitational instability in cosmology

Approximation schemes for gravitational instability

Large-scale structures grew by gravitational instability around primordial seed
perturbations generated during inflation.

m Standard perturbation theory
Expansion in powers of the amplitude of the perturbations around an
homogeneous FRW background
Applicability: small fluctuations

m Newtonian approximation of general relativity involve weak gravitational
fileds and slow motion of particles

Applicability: scales A such that Schwarzschild radius < A < Hubble horizon

m Post-Newtonian approximation is suitable for a system of slowing moving
particles bound together by gravitational forces but gravitational fields are not
assumed to be weak
Applicability: the mildly non-linear stage of the evolution of matter fluctuations.



Gravitational instability in cosmology

m Globally plane-parallel configuration
= initial inflationary seed and evolution of perturbations involve one spatial
direction

m Evolution during matter-dominated epoch
= Universe filled of pressure-less and irrotational fluid of Cold Dark Matter

m Synchronous and comoving gauge
= Lagrangian description

m Conformal rescaling of the metric
ds® = a°(7) (—C2d7'2 +7a5(r,q)dq“dqﬁ)
where a(7) o 72 for the Einstein-de Sitter model

m Einstein-de Sitter subtraction ) 1
= dynamics in terms of ¥ = acOj — =65 = E*y‘”@,’ygg
T



Gravitational instability in cosmology

Einstein equations

. 2 1
m Dynamics in terms of ¥§ = ac©f — ;62‘ = E’y‘m Yo

24
energy constraint 9 — 19%195 + 219 +c2OR = ﬁé
momentum constraint Do0F = 00
evolution equations Or 195—|— V5 +095+~ (19“19” — 192) 55+ [4 (3)R§ - (3}726‘5] = (

Raychaudhuri equation 8.9 + 29 + 020 + 6 =0
T T

solution of continuity equation 0= (14 din), [T 9 § = & QFds
Y QEds

B 7.3 is the only one (tensor) variable
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Post-Newtonian plane-parallel dynamics

The zeroth-order: Newtonian approximation

Newtonian limit (¢ — o) of Einstein equation:
{ energy constraint

. = spatial curvature vanishes s 1971
evoluton equations

Tap = Bun TS

where Jt = 6 + 0,S* is the Jacobian matrix of the coordinate transformation from
Lagrangian to Eulerian (comoving) observers

x(q,7) =q+S(q,7)

Raychaudhuri equation

L4 a L PN
20T 6 1 - bl .
ag2 qp 4 S7TY 7 - = Lagrangian
juafja+7_j_7_2 1 7 . o —> . 5 grang
Momentum constraint
SQB’YJ/;BTJH"{ =0 ¢ e =“ .x it )
. > . comoving
Matarrese & Terranova MNRAS 1997 ° [ Eulerian

from Peacock 1999

— Lagrangian perturbation theory



Post-Newtonian plane-parallel dynamics

The Newtonian Zel'dovich solution

Lagrangian perturbation theory is an expansion in powers of the Jacobian matrix of
x(q,7) = q+ S(q, 7). The background is represented by the FRW models

— Lagrangian and Eulerian (comoving) observers coincide

Zel'dovich approximation

The displacement vector and the Jacobian matrix are calculated from the equations at first order

2
x(q,7) =q— %V@ where V2 = 47Ga%§

BUT all dynamical variables are calculate exactly from their non-perturbative definition
— ZA mimics the true non-linear behaviour

For plane-parallel perturbations Zel'dovich approximation yields an exact solution of the

Newtonian equations
Newtonian Zel’dovich solution

2 5 2
~Zel _ (1 ~ %% S0)
’yozﬂ - 1



Post-Newtonian plane-parallel dynamics

The post-Newtonian expansion

Post-Newtonian expansion of the metric

1
Zel =
’Yoceﬁ = Yap + ?Waﬁ

m initial conditions at the end of inflation wg;, = 713—0@6‘5

m evolution does not switch on the dependence on g2 and g nor the off-diagonal
components of the metric

m w3 = w3 from Einstein equations if p=¢ (T, ql)

Therefore the post-Newtonian expansion is performed according to

7'2 ) 2 1 T2 2 2 1
Vi1 = 1—€31<P +§ 1—€8190 wi

1
Y2 = 1+§W%

1
Y33 = 1+§W§

N .. 10
with initial conditions Wiin = Wg’in =-3¢



Post-Newtonian plane-parallel dynamics

The post-Newtonian equations

momentum constraint

27'8%(,0 2 2
7728%90 — 681 w5 = 0,:01w5

Raychaudhuri equation

2 4102 36
2 (1,1 2 1 2 1 _ 1 2
87- (Wl + 2W2) + ; (8"' (Wl +2W2) + 728§<p _ 6) - 7_2 (T2afcp _ 6) (Wl + 2W2 + 1090)
1602 72 (1203 w3 + 02w3 (6 — 7202 2402
energy constraint 5o 1% + (PO 015 + Ofw; (3 T0¢)) = 21@2
T207p — 6 (12020 — 6) 6 —7201p
2 802 18 (1203 p01w3 + 92w3 (6 — 7202
evolution equation - = 5 21@ + (T 1poLwy + 013 (3 T IL’D)) =0
T 72070 — 6 (7-28%9 _ 6)

initial conditions



Post-Newtonian plane-parallel dynamics

The post-Newtonian solution

2 2 2 452 2 252
_ T 5 1 2 2172C — 25707 p(D1p)* — 350p (—6 + 7207 )
= (1 - Ealw) = (-6+ ) < -

1/ 10 5 )
—14 = (=0 + 270
V22 +c2( 3<p+18‘r(1tp)>

1 10 5 , )
—14+ = (——p+ 2725
V33 +C2( 3<p+187'(190)>

The initial condition C of the post-Newtonian growing mode is still undetermined..

m it must be a second-order term = involve the primordial non-Gaussianity

By comparison with the second-order metric in Bartolo, Matarrese & Riotto JCAP 2005
C is found to be

C = 2?5 [(1 —4(an — 1)) (Dr19)* + (4 — 4 (an — 1)) w(afso)]

where ap; is the primordial non-Gaussianity strength parameter



Post-Newtonian plane-parallel dynamics

The post-Newtonian solution

The post-Newtonian solution

= (1= Tote) + 5 {25 (46w~ 0~ 1 @ + (om 1)~ a)02) +

5 5
+—1*p (3190)2} (6 —72070) — — (6 — Tzafw)z}

576 54
1/10 5 , . o
=ld4+= (== —7°(0
Y22 +C2( 3<P+18T(14P))
1 10 5
-1 = (= ~ .2 b} 2
733 +62( 3<P+187(1<p)>

Convergence of perturbative series

1 A/J/Cz Ap/cz
om0 (gl +o (45) +o (i)
for 22 0(1) + O <c£2)

2
. . . A
where from cosmological Poisson equation c% ~ (%) 1



Post-Newtonian estimation of cosmological back-reaction

Application: cosmological back-reaction

It has been proposed that the observed increase in the expansion rate of the Universe
could be due to the back-reaction of the non-linear sub-horizon cosmic structures on

the background Universe expansion.

How to quantify this effect?

m standard perturbative theory (even at second or high order) is inadequate to
evaluate back-reaction in the average Einstein equations
Kolb, Matarrese & Riotto, New Jour.Phys. 2006

m in the Newtonian approximation back-reaction terms are negligible

Buchert & Ehlers, Astron.Astrophys. 1997



Post-Newtonian estimation of cosmological back-reaction

Averaging Einstein equations

Spatial average of a scalar field

WO)o = 5o [ W0 VA e

VD(t)

® V h is the determinant of spatial metric in synchronous and comoving gauge

m Vp(t) == [, +/h(a, t)d*q is the volume of the coarse-graining domain = Hubble
volume

By smoothing the scalar Einstein equations, effective Friedmann equations for the

1/3
average scale factor ap = (\\/}T?) are obtained
0



Post-Newtonian estimation of cosmological back-reaction

Effective Friedmann equations

Effective Friedmann equations

ap\2 8 Effective fluid
— ) = -7Goer
(31)) 3 © geff _ <Q> o QD . C2<R>D
i\ _ 4 . 3P D 732 167G, 167G
) 37O | e + 2 peif _ Op HR)p
5 p 2 167G 481G
s 432 (gef,+ esz) —0o vy = P _ QD = /3 (R)p
. 22 24 o € ¢ Qeff 9p + 2(R)p
(aD QD) +cap (aD <R>D) =0 Buchert Gen.Rel.Grav. 2001
Buchert Gen.Rel.Grav. 2001
The effects of the cosmic structures are encoded in:
Kinematical back-reaction m variance in the mean expansion rate

m average shear

= 2((0 — 2y p —2(x2
9p = 3((® - (©)p)*)p — 2(T)p T35 = 05 - (1/3)06%

Mean spatial curvature
m average curvature of inhomogeneous

(CRYp = VL/ GRVh d3q space-time
D JD



Post-Newtonian estimation of cosmological back-reaction

Post-Newtonian results for back-reaction

Post-Newtonian expression for kinematical back-reaction and mean spatial curvature:

Kinematical Backreaction and mean spatial curvature

2a%72 /1 2 10ar2
Op = — j/a2 d3) /aa3d3
D > (VD 1p d’q sy 1(O1)

10
= (<8F1V1>D) + <8f1 >
37'
20a
BR), — /82 d*q
(MR)p = 32y, %

Post-Newtonian expression for average expansion rate:

5
<9>D:3H(1 122<<1+5) >)

= Negligible post-Newtonian correction
for plane-parallel dynamics



Post-Newtonian estimation of cosmological back-reaction
Caustic formation

Density contrast and spatial curvature diverge

Density contrast and spatial curvature

2820 572 [(Oup)? (50272 + 42(3 — 4an)) — 168(an. — 2)pdi¢]
6 — 720%¢p 42¢2 (120%p — 6)2

Gp_ _ (20/3)3¢
c2a? (1 — 720%¢/6)

)=

but the average quantities are finite

Average density and mean spatial curvature

_ 533 2 3 _ 5 =\ 2
(p)D = 0Eds (1 + 36V /D 77 (Orp) d q) = 0Eds (1 + 12 ((1 + 6) Vi)D
<3)R . 203 / (91 d3
C2VD



Post-Newtonian estimation of cosmological back-reaction
Conclusions

m Post-Newtonian extension of the Zel'dovich Newtonian solution for plane-parallel
dynamics has been provided

m It has been explicitly shown that Lagrangian approach allows to obtain a
quantitative estimate of back-reaction

m The divergences due to the caustic formation is completely eliminated by the
spatial average

m No relevant back-reaction effect is found for post-Newtonian plane-parallel
dynamics

Villa, Matarrese & Maino accepted for publication in JCAP

m Analysis of the photon geodesics to study e.g. the luminosity-distance relation

m Extension of post-Newtonian Zel'dovich expansion to a (more complex!) full 3D
calculation

Villa, Matarrese & Maino in preparation
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