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Approximation schemes for gravitational instability

Large-scale structures grew by gravitational instability around primordial seed
perturbations generated during inflation.

Standard perturbation theory
Expansion in powers of the amplitude of the perturbations around an
homogeneous FRW background
Applicability: small fluctuations

Newtonian approximation of general relativity involve weak gravitational
fileds and slow motion of particles

Applicability: scales λ such that Schwarzschild radius� λ� Hubble horizon

Post-Newtonian approximation is suitable for a system of slowing moving
particles bound together by gravitational forces but gravitational fields are not
assumed to be weak
Applicability: the mildly non-linear stage of the evolution of matter fluctuations.
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Globally plane-parallel configuration
⇒ initial inflationary seed and evolution of perturbations involve one spatial
direction

Evolution during matter-dominated epoch
⇒ Universe filled of pressure-less and irrotational fluid of Cold Dark Matter

Synchronous and comoving gauge
⇒ Lagrangian description

Conformal rescaling of the metric

ds2 = a2(τ)
(
−c2dτ 2 + γαβ(τ, q)dqαdqβ

)
where a(τ) ∝ τ 2 for the Einstein-de Sitter model

Einstein-de Sitter subtraction

⇒ dynamics in terms of ϑαβ = acΘα
β −

2

τ
δαβ =

1

2
γασ∂τγσβ
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Einstein equations

Dynamics in terms of ϑαβ = acΘα
β −

2

τ
δαβ =

1

2
γασ∂τγσβ

energy constraint ϑ2 − ϑαβϑβα +
8

τ
ϑ+ c2 (3)R =

24

τ 2
δ

momentum constraint Dαϑαβ = ∂βϑ

evolution equations ∂τϑ
α
β+

4

τ
ϑαβ+ϑϑαβ+

1

4

(
ϑµνϑ

ν
µ − ϑ2

)
δαβ+

c2

4

[
4 (3)Rαβ − (3)Rδαβ

]
= 0

Raychaudhuri equation ∂τϑ+
2

τ
ϑ+ ϑµνϑ

ν
µ +

6

τ 2
δ = 0

solution of continuity equation δ = (1 + δin)

√
γin

γ
− 1 δ :=

%− %EdS

%EdS

γαβ is the only one (tensor) variable

γαβ = γαβ +
1

c2
wαβ +O

(
1

c4

)
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The zeroth-order: Newtonian approximation

Newtonian limit (c →∞) of Einstein equation:{
energy constraint
evoluton equations

⇒ spatial curvature vanishes Ellis 1971

γαβ = δµνJ µαJ νβ

where J µα = δµα + ∂αSµ is the Jacobian matrix of the coordinate transformation from
Lagrangian to Eulerian (comoving) observers

Raychaudhuri equation

J αµ ∂2
τJ µα +

2

τ

∂τJ
J

=
6

τ2

(
1−

1

J

)
Momentum constraint

εαβγJ µβ ∂τJµγ = 0

Matarrese & Terranova MNRAS 1997

x(q, τ) = q + S(q, τ)

x
comoving

Eulerian

Lagrangian

q

from Peacock 1999

→ Lagrangian perturbation theory
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The Newtonian Zel’dovich solution

Lagrangian perturbation theory is an expansion in powers of the Jacobian matrix of
x(q, τ) = q + S(q, τ). The background is represented by the FRW models

→ Lagrangian and Eulerian (comoving) observers coincide

Zel’dovich approximation

The displacement vector and the Jacobian matrix are calculated from the equations at first order

x(q, τ) = q−
τ2

6
∇ϕ where ∇2ϕ = 4πGa2δ

BUT all dynamical variables are calculate exactly from their non-perturbative definition
→ ZA mimics the true non-linear behaviour

For plane-parallel perturbations Zel’dovich approximation yields an exact solution of the
Newtonian equations

Newtonian Zel’dovich solution

γZel
αβ =


(

1− τ2

6
∂2

1ϕ
)2

1
1


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The post-Newtonian expansion

Post-Newtonian expansion of the metric

γZel
αβ = γαβ +

1

c2
wαβ

initial conditions at the end of inflation wα
βin = − 10

3
ϕδαβ

evolution does not switch on the dependence on q2 and q3 nor the off-diagonal
components of the metric

w 2
2 = w 3

3 from Einstein equations if ϕ = ϕ
(
τ, q1

)
Therefore the post-Newtonian expansion is performed according to

γ11 =

(
1− τ 2

6
∂2

1ϕ

)2

+
1

c2

(
1− τ 2

6
∂2

1ϕ

)2

w 1
1

γ22 = 1 +
1

c2
w 2

2

γ33 = 1 +
1

c2
w 2

2

with initial conditions w 1
1,in = w 2

2,in = −10

3
ϕ
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The post-Newtonian equations

momentum constraint

2τ∂2
1ϕ

τ2∂2
1ϕ− 6

∂1w2
2 = ∂τ∂1w2

2

Raychaudhuri equation

∂2
τ

(
w1

1 + 2w2
2

)
+

2

τ

(
∂τ
(
w1

1 + 2w2
2

)
+

4τ∂2
1ϕ

τ2∂2
1ϕ− 6

)
=

36

τ2
(
τ2∂2

1ϕ− 6
) (w1

1 + 2w2
2 + 10ϕ

)

energy constraint
16∂2

1ϕ

τ2∂2
1ϕ− 6

+
72
(
τ2∂3

1ϕ∂1w2
2 + ∂2

1 w2
2

(
6− τ2∂2

1ϕ
))(

τ2∂2
1ϕ− 6

)3
=

24∂2
1ϕ

6− τ2∂2
1ϕ

evolution equation −
2

τ2
+

8∂2
1ϕ

τ2∂2
1ϕ− 6

+
18
(
τ2∂3

1ϕ∂1w2
2 + ∂2

1 w2
2

(
6− τ2∂2

1ϕ
))(

τ2∂2
1ϕ− 6

)3
= 0

initial conditions w1
1,in = w2

2,in = −
10

3
ϕ
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The post-Newtonian solution

γ11 =

(
1 −

τ 2

6
∂

2
1ϕ

)2

+
1

c2

(
−6 + τ

2
∂

2
1ϕ
)( 21τ 2C − 25τ 4∂2

1ϕ(∂1ϕ)2 − 350ϕ
(
−6 + τ 2∂2

1ϕ
)

3780

)

γ22 = 1 +
1

c2

(
−

10

3
ϕ +

5

18
τ

2(∂1ϕ)2
)

γ33 = 1 +
1

c2

(
−

10

3
ϕ +

5

18
τ

2(∂1ϕ)2
)

The initial condition C of the post-Newtonian growing mode is still undetermined..

it must be a second-order term ⇒ involve the primordial non-Gaussianity

By comparison with the second-order metric in Bartolo, Matarrese & Riotto JCAP 2005

C is found to be

C =
25

3

[
(1− 4 (aNL − 1)) (∂1ϕ)2 + (4− 4 (aNL − 1))ϕ(∂2

1ϕ)
]

where aNL is the primordial non-Gaussianity strength parameter
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The post-Newtonian solution

The post-Newtonian solution

γ11 =

(
1−

τ2

6
∂2

1ϕ

)2

+
1

c2

{[
5

108
τ2
(

(4 (aNL − 1)− 1) (∂1ϕ)2 + (4 (aNL − 1)− 4)ϕ∂2
1ϕ
)

+

+
5

576
τ4∂2

1ϕ (∂1ϕ)2

] (
6− τ2∂2

1ϕ
)
−

5

54
ϕ
(
6− τ2∂2

1ϕ
)2
}

γ22 = 1 +
1

c2

(
−

10

3
ϕ+

5

18
τ2(∂1ϕ)2

)
γ33 = 1 +

1

c2

(
−

10

3
ϕ+

5

18
τ2(∂1ϕ)2

)

Convergence of perturbative series

for γ11 O
(

1

(1+δ)2

)
+O

(
ϕ/c2

1+δ

)
+O

(
ϕ/c2

(1+δ)2

)
for γ22 O(1) +O

(
ϕ
c2

)
where from cosmological Poisson equation ϕ

c2 ∼
(
λproper

cH−1

)2

δ
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Application: cosmological back-reaction

It has been proposed that the observed increase in the expansion rate of the Universe
could be due to the back-reaction of the non-linear sub-horizon cosmic structures on
the background Universe expansion.

How to quantify this effect?

standard perturbative theory (even at second or high order) is inadequate to
evaluate back-reaction in the average Einstein equations
Kolb, Matarrese & Riotto, New Jour.Phys. 2006

in the Newtonian approximation back-reaction terms are negligible
Buchert & Ehlers, Astron.Astrophys. 1997
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Averaging Einstein equations

Spatial average of a scalar field

〈Ψ(t)〉D :=
1

VD(t)

∫
D

Ψ(q, t)
√

h(q, t)d3q

√
h is the determinant of spatial metric in synchronous and comoving gauge

VD(t) :=
∫
D

√
h(q, t)d3q is the volume of the coarse-graining domain ≈ Hubble

volume

By smoothing the scalar Einstein equations, effective Friedmann equations for the

average scale factor aD =
(

VD
VD0

)1/3

are obtained
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Effective Friedmann equations

Effective Friedmann equations(
ȧD
aD

)2

=
8

3
πG%eff(

äD
aD

)
= −

4

3
πG

(
%eff +

3Peff

c2

)
%̇eff
D + 3

ȧD
aD

(
%eff +

Peff

c2

)
= 0(

a6
DQD

)�
+ c2a4

D
(
a2
D〈R〉D

)�
= 0

Buchert Gen.Rel.Grav. 2001

Effective fluid

%eff
D = 〈%〉D −

QD
16πG

−
c2〈R〉D

16πG

Peff
D = −

c2QD
16πG

+
c4〈R〉D

48πG

weff =
Peff

%eff
=
QD − c2/3〈R〉D
QD + c2〈R〉D

Buchert Gen.Rel.Grav. 2001

The effects of the cosmic structures are encoded in:

Kinematical back-reaction

QD := 2
3
〈(Θ− 〈Θ〉D)2〉D − 2〈Σ2〉D

variance in the mean expansion rate

average shear

Σα
β = Θα

β − (1/3)Θδαβ

Mean spatial curvature

〈(3)R〉D =
1

VD

∫
D

(3)R
√

h d3q
average curvature of inhomogeneous
space-time
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Post-Newtonian results for back-reaction

Post-Newtonian expression for kinematical back-reaction and mean spatial curvature:

Kinematical Backreaction and mean spatial curvature

QD = −
2a4τ2

27

(
1

VD

∫
D
∂2

1ϕ d3q

)2

−
10aτ2

81c2VD

∫
D
∂1(∂1ϕ)3 d3q

= −
2

3
(〈∂r1 v1〉D)2 +

10

3c2aτ
〈∂r1 v3

1〉D

〈(3)R〉D =
20a

3c2VD

∫
D
∂2

1ϕ d3q

Post-Newtonian expression for average expansion rate:

Average expansion rate

〈Θ〉D = 3H

(
1−

5

12c2
〈
(

1 + δ
)

v2
1〉D
)

⇒ Negligible post-Newtonian correction
for plane-parallel dynamics
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Caustic formation

Density contrast and spatial curvature diverge

Density contrast and spatial curvature

δ =
τ 2∂2

1ϕ

6− τ 2∂2
1ϕ

+
5τ 2

[
(∂1ϕ)2 (5∂2

1ϕτ
2 + 42(3− 4aNL)

)
− 168(aNL − 2)ϕ∂2

1ϕ
]

42c2 (τ 2∂2
1ϕ− 6)

2

(3)R =
(20/3)∂2

1ϕ

c2a2 (1− τ 2∂2
1ϕ/6)

but the average quantities are finite

Average density and mean spatial curvature

〈ρ〉D = %EdS

(
1 +

5a3

36c2VD

∫
D
τ 2 (∂1ϕ) d3q

)
= %EdS

(
1 +

5

4c2
〈
(
1 + δ

)
v 2

1〉D
)

〈(3)R〉D =
20a

3c2VD

∫
D
∂2

1ϕ d3q
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Conclusions

Post-Newtonian extension of the Zel’dovich Newtonian solution for plane-parallel
dynamics has been provided

It has been explicitly shown that Lagrangian approach allows to obtain a
quantitative estimate of back-reaction

The divergences due to the caustic formation is completely eliminated by the
spatial average

No relevant back-reaction effect is found for post-Newtonian plane-parallel
dynamics

Villa, Matarrese & Maino accepted for publication in JCAP

Future work

Analysis of the photon geodesics to study e.g. the luminosity-distance relation

Extension of post-Newtonian Zel’dovich expansion to a (more complex!) full 3D
calculation

Villa, Matarrese & Maino in preparation
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