
 

8Maximally symmetric solutions and RWmetric

It can be shown that for an n dim spacetime M the maximalpossible

number of symmetries mathematically isometries M M is given by

8.1 ninth
2

fee Carroll pages 134 144 for details A maximally symmetric spacetime

is one for which the number of symmetries is given by 8 1

For n 4 there are three maximally symmetric spacetimes Minkowski

de sitter as and anti deSitter Ads

The Minkowski is easy to check ds dti dx dy4 dz is invariant

under
4 translation XM XM am

4 6 10 symmetries ie
6 Lorentz transf XM AM Xu yo generators of the

symmetry transformations

The two other maximally symmetric spacetimes IS and Ads have the

same symmetries but they are not flat

The Riemann tensor for a maximallysymmetricspacetime mustbe of the

form see Carroll for the derivation

82 Reign HCgqrgou gsugary
9
constant
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This yields Rou Rhoµ K gurgou grugoy

R ngou gov n dim M gh
H n 1 gov

8.3 R R u Rcn e n k te
n 1 h

Hence R const for the Max Symon sol's Do

The 4 d cases are

R O Minkowski

Rso as

Rao Ads

8.1 de Sitterspace R const O

The de Sitter spacetime can be emdedded in a 5 d Minkowski

spacetime
ds da'tdx4dy4dd dw

as the hyperboloid
8 4 U x y 124 w L const

The metric evaluated on the 4 d surface of thehyperboloid f embedded
metric gives the DS metric To find its expression introduce crdt

It X Eid on the hyperboloid 18.41 as

X LooshHDsinxcoso
8.5 u Lsinh Hd

y.dco.hu L sinXsinOcos4wLcoshLHL cosX
z LoohLHHsinXsinQsing
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U't x'ty't't w LYsinhctkicoshCHDsiixcoio

icoshltklsiixsiiocoi4 oosh.ttL sinisinttsing

coshtHDcoix

LYsinhftki coshCHDsiixcoio
tcoshttklsiixs.iocoshitkkoix

LYsinhctkicoshttksiix cosh.ttL co5x
L oh 8.5 satisfies 84

The inducedmetric on 84 is obtained by substitution 8.5 into

dis da'tdx4dy4dd dw which yields exercise

8.6 di dth dcoshYHHfdxtsiixcdo.es df

C J a at fxeto.IS d s metric of a 3 sphere i.e 3 d
o eto.IT Scale factor surface

4 C 0,273 N as 1 IN

l a t 0

The spatialpart of 8.6 describes a 3 sphere that shrinks until t o

and then grows

The ad's X E must both be constrained to 50,1T since

geo g 0 as x IT and g 0 as a IT The metric

becomes non invertible detg o and therefore we cannot extend the

Crd range beyond 0,13
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X const

As always we can use differentcrd's instead of tix 0,4 Start from

ds dukdxi dy4 dd dw

UL xkyi 24 wh.CN a wth x y't z L

and define

I Wth

Then W u LL RL i r x4y4z
F

and we can use ord's F X y z for the DS However these cover

only half of the manifold as

F o w u w a wth x y't z L

o Hy't I L
r I L

So I o w U r L or W u r L i e the mapping is not

single valued IX yid charts cannot be extended beyond w u lines

We need two separate patches to cover the manifold 0 CFC D



and a Fco and neither of these includes the boundary 1750

Let us concentrate on the patch

O c Ic N

N L X 4,2 L D

From w u t

w u a r

w Ift a

u Ift I

dw I d dF xdxtydytzdz

du 241 1k IF Xdxtydytzdz

dwt da IF
du du dI DF xdxtydyt2dz

Substituting these into the line element we get

dis da't dxi dy4 dd dw

fdwdukdwtdd dxttdy.dz

LI It xdxtydytzdzdttdxkdy.dz
L dF fxzdttdxytfqdtdyf.tl dFedzY
in
dI tIdx t dy Itza
I L InIa I 2 I 2 E 2



In the new variables tix 9 E the metric then reads

8.7 di II It dEtdy4dE

This describes an exponentially expanding spatially flat t const surfaces

have Euclidean geometry spacetime which corresponds to 1 so half of

the full IS manifold In cosmology inflation in the veryearly universe

and dark energy domination in the lateuniverse are approximatively

described by ds metric of the form 8.7

The causal structure of a spacetime is often described in terms of

conformal diagrams Penrose diagrams where cells are chosen s t

an infinite spacetime is mapped into a finite codpatch To construct

the conformal diagram of the DS space start from 8.6

di It L'cosh4HL DX'tsinxcdotesino df
C J N int
XEIO.IS
0 C TOit

4 C 0,21T

Define a new time and t as

18.8 cosh t L
L cost

The full interval N L t CN can now be mapped to

C E Iz If t it a

t Ia t a



1770Themetric in Ct X 0,4 becomes

ds
fzzsgz.tn

dth ig
dx'tsiixCdo hesin2odo7

2 L

L sin L
cott comity I t'I coati

8.9 ds
co µ

It't dxttsiixcdo h s.in'Edf

C E E E
XEIO.IT
O EIO.IT

4 C 0,21T

Light cones correspond to t IX can rotate QQ it motion
along x

and we can plot the entire spacetime as

I infinite
2 I l

ly y
Eachpoint corresponds to a

1 two sphere 0,4 exceptII A cannotcommunicate p l the edges x o X IT which
in thefuture i
could do it are points sin'x o

l inthepast I
l

I l
i

l
I i

l I

i l
l l
I l

t's I2 go infinite past x IT



What is the Izu that gives rise to ds solution

Ryu Hln Mgm

R Hln 1 n O n 4

Gyu Ryu L2gµR GR Lz4 3K ga 3kg

Gµ 8lThTm Ty 31
Sita 9M

Assuming the ideal fluid form In Stp quotpgy we see

that

Stp o and p 31
859

p g 31 and Tru 3gagm8Th

This kind of matter corresponds to vacuum energy with a

positive energy density
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8 2 Anti desitterspacetime Ads

The Adsspace corresponds to k Lo in 8 2 Embedded into a 5 a

space with the metric

18.10 ds dat du dxi dy4

ddttn.no
this corresponds to the hyperboloid

8.11 U V x'ty't z LL

Then define crel's H S 0,4 on the hyperboloid as

8.12 u Ls int coshes

L cost coshg

X L
sinhgcosoyLsinhgsinoco.cl
z L sinkssinosince

which satisfy 18.11 check Substituting 812 into 810 one obtains

exercise the Ads metric

8.13 di L C cosh's dt 1dg'tsink's dotting

n t c n t and t 12T are NOTthesame points

y
O g so although G12 appearsperiodic periodicity
O of IT in the embeddingspace is not necessarily

sinks l O o 21T a real property of the embeddedsurface
S o

see thecomments in ds case below es 8 6cannot
extend to Sao in thesecod's
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Using 2 we again get

Gru 3kg t 38 gyu

p g 31
8Th

But now R so implying that g Lo The Ads space therefore

corresponds to vacuum energy with negative energydensity

Neff
Is

k
4

7
Ads

Let us then work out the conformaldiagram of the Adt space We wouldlike

to map a et ca and n c g Coo and have light cones in 450

angles It turns out that we cannot achive all three simultaneously

thus we will leave t uncompactified To compactify g we define a new

Crd f as

cosh g I s t O C Sen X C To E
CosX

The metric becomes

di L f di't si dX't e Cdo't sit0daL
x s x x

1 six
cos'X Cosy



8.14 di f f It DX sin'XCdo4siiEd i
x

e n NE
Xt Io lightcones t IX

O E O IT

4 C 0,21T

Compare this to the DS metric 6.9 Thedifference are

di f It DX sin'XCdo4siiEd i

xet.IT in Ads it in ds

Theconformal factor

depends on X in Ads
on t in ds

In these crd's the Ads space is static but shrinks as function

of the radial crd X Constant time slice t const are not

Euclidean and not even 3 spheres as X does not extend up to IT

but x C o IET
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The conformal diagram for Ads is given by

1 Each point represent a twosphere Git
Het1 except for the dashed line x 0 which

i is a point sin X o

t'sX

ya inanity

I timelike surface

r

t X

t 01

X 0 X Iz

In Ads any
observer sees the spatialinfinity reache in finite time t

and it is possible for any two observers to communicate in the

future and have communicated in thepast The fact that the spatial

infinity is timelike also means that initialvalueproblems are not

well posed with initial data giver on spacelike surfaces information can

leak in from the spatialinfinity to any process



8.3 Robertson Walkenmetric 1830

The observed universe appears to be homogeneous and isotropic on

distance scales d 2100 Mpc galaxies du 0.1 Mpc but it is

not stationary From observations we know that the univese grows in

time and the matter properties have also evolved in time implying

that Rt const The universe is therefore not describedby a

maximally symmetric spacetime there is no timelike symmetry

What is the metric describing a homogeneous isotropic in spatialcallsxD
but time evolving spacetime In the comoving coordinates taxi
where homogeneity isotropy are manifest the metric must take

the form

8.16 di cet't aYH8ijdxidxJ
maximally symmetric Euclidean

time dependent
scale factor 3 space invariant underspatial

translations and rotations

and since homogeneity isotropy are realsymmetries of the spacetime

this ad system should cover the entire manifold

The metric on the t const surfaces

18.17 dit a'CAVijdxidxjgijltdxidxjdt.ro
is maximally symmetric so that the Riemann tensor of these 3 d

surface must take the form

818 3Rijhe k gingje g egD ka4HViaje Vietjka
const



From this we get 1840

8.19 3Rje k giigje giegji
k 3gje gje

2ka4HVje

8.20 13112 92 6k

The maximally symmetric 3 space is invariant under rotations spherically

symmetric so that in spherical ad's see Chapter 5

z
8.211 dil att emr'd t ride dd do't sin'ody

t const

R a f 2rIrB12

Raa a t e RHB 1 I

Ros att e
2B rd B 2 1 sin 0

3 R e 2B2ydrBt

Comparing these to 18.19 we get
2B 2B

ZdrB 2km 2k e Tm e

c rt B 1 I 2kHz 2k r Vz rL

822sin 0 833

2B
e 1 DI

e Yi am

e tremor i aan

2B 2
e l 2km t ter

l ki





The three different values of k correspond to different

geometries of the t const surface

k I
3
R o open

k o 3 12 0 flat

k I 3 Rao closed

The physical meaning of these can be illuminated by switching to a

new radial coordinate X definedby

8.24 DX L
I Kryk

so that 18.23 becomes

8.25 di It a'CH DX't See N

where Sk X r X determined by 8.24

X d
q
siYr r six

8.261 Suck if
k t
k O

sinhX k 1

For k O

ds's It aYt xdN

Euclidean 3 space

t const slices have flat Euclidean geometry topology can be 112 infinite

or e g 3 torus finite



For k o 1870

ds's It't a4H DX't sin'Xd
3 sphere S

t const slices have the geometry and topology of 3 sphere themanifold

is finite L O Cr L 11k

For k LO

ds's It't a4H DX't Sinhala
3 d space W const negative curvature H 3 hyperboloid

themanifold is infinite assuming thesimplest topology

8 31 Friedmann equations

The non zero components of the Ricci tendon and the Ricciscalar compated

for the RW metric 8.23 are given by exercise

Roo 31 Razer'llher R
8.271 a

R aii 2d 2k Rss Rassino
I K r2

12 6 LEY Eat

Assume the matter consists of ideal fluids with

8.28 Tru Stp UyUu pgyu UM 1,5 in comovingard's

if the fluid moves wit comoving
allfluidsmusthave calls theuniverse will not
sameuh due to
homogeneity isotropy

be homogeneous c isotropic
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Substituting 8.27 and 8.28 into the Einstein egs

Ryu Lagyuk 85Gt
results two independent egs known as the Friedmann egs

18.29 8Ifes ka

8.30 o
a 4Igels isp

These govern the evolution of the scale factor act The time dep

quantity aai is called the Hubble raki

8.31 HH L
a

Defining the critical density as

8 32 go 3tI
l
Esa tat k a'HYE

8Th

We can recast 8.29 into the form

8 33 k a'H sa e e so Leo

S Sc k o

s Sees 0

Cosmological observation tell that g Se up to observational errors and hence

our universe is described by the case k O
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The energymomentum tensor 8 28 satisfies the continuity equation

TMTyu o

Contractin this with no yields

U JMCSipluuu Gplfenqjuu U.MU grudmp O

C's p c Stp COnce q wonadt p o

3h Larkin o

y

is 3H Stp o 18.34

This follows also from 18.31 and 8.32 but the form 8,36 is often

useful Assuming the equation of state is constant

p Wey W const

we can integrate 8.34 to get
341W

8.35 g So i So a constants

Substituting this into the Friedmann 8.31 one can then solve for act

The common cases in cosmology are

radiation p Lys ga a 4 axtY2

matter p o g La 3
a

43

Vacuumenergy p g const g const a Lett H const

A more detailed discussion of the Friedmann cosmology and RW

geometry is postponed to the Cosmology course


