
Finite temperature field theory (FTFT), fall 2025 Excercise 3-4.

1. Show that the critical temperature for forming the condensate in the non-relativistic limit
(Q/V ≪ m3, this is only an approximative condition) can be expressed as

Tc =
2π

m

(
Q

V

)2/3

ζ(3
2
)−2/3

and in the relativistic limit (Q/V ≫ m3) as

Tc =
( 3

m

Q

V

)1/2
.

2. Show carefully the following identitites on fermionic integrals

∫ N∏
i=1

dθ∗i dθe
−θ∗i Aijθj = detA

∫ N∏
i=1

dθ∗i dθkθ
∗
l e

−θ∗i Aijθj = detA(A−1)kl.

3. Show that in the low temperature limit m/T ≫ 1

J∓
T (m,T ) ≡ ∓T

∫ d3p

(2π)3
log(1∓ e−βωp) → J∓

T = Tn(T ),

where ω2
p = p2 +m2 and n is the number density. Moreover, show that the J−

T -function can
be expanded as:

J−
T (m,T ) = −m2T 2

2π2

∞∑
n=1

1

n2
K2(

nm

T
)

where K2(x) is the Bessel function of the second kind.

4. Compute also the related integral:

I−(m,T ) ≡
∫∑
∆0(ωn, ωp) =

∫ d3p

(2π)3
1

2ω
(1 + 2nB(ωp)) ≡ I−0 (m) + I−T (m,T )

Show that the thermal part of this integral has the expression

I−T (m,T ) =
mT

2π2

∞∑
n=1

1

n
K1(

nm

T
).
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Finally show also that mI−T (m,T ) = ∂mJ
−
T (m,T ).

5. Show that in the high-temperature limit

J−
T (m,T ) =

π2T 4

90
− m2T 2

24
+

m3T

12π
+

m4

2(4π)2

[
log(

meγE

4πT
)− 3

4

]
− m6ζ(3)

3(4π)4T 2
+O

(m8

T 4

)
for bosonic integral. Note that the third term arises purely from the zero mode. Similarly
for Fermions show that

J+
T (m,T ) =

7

8

π2T 4

90
− m2T 2

48
− m4

2(4π)2

[
log(

meγE

πT
)− 3

4

]
+

7m6ζ(3)

3(4π)4T 2
+O

(m8

T 4

)
.

The two first 2-3 terms in the expansions are easy, but the logarithmic corrections are much
harder. The difficulty comes from the fact that J ’s are not analytic around m = 0. Look
at section 2.3 of the book by Laine and Vuorinen or the paper by Doland and Jackw, which
you find temporarily from the course homepage.
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