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1 Quantum statistical physics

Ensembles thermalpotentials partitionfunction
SHO SFO particle in box pressure It integrals
Path integral for Sito Matsubara sums Exact PI

Thermal ensembles

Microcanonical f 8 H E UCSVN TS PV MN
du Tds Pdr MAN

densityoperator f Ts p t un
dy Tds Ndn

isolated system

T j F T V N U TS PvtMNCanonical I C
Hamiltonian de Sdt Pdu MAN

In thermal contact with the

surroundings Heatexchange

U o SE F Tr Ie P't

iiiTrp Z T V N






































































































































2

Statisticalphysics F T logZ

Indeed IF Sdt Pdu MAN

S JE boyz I boyz Trite P

Etf F U TS

Grand canonical pg e f
MN Heat particleexchange

numberoperator

iiiRIT YM F Mr PV

dr Sdt Pdu Ndu

Zgelv T M Tr e f Grand canonicalpartitionfunction

Again
I T log2go D E to logZge

also N Eu Tflog2g
P f Eloyzge

S 871 logZgettfloy2ge
t extensive V






































































































































3

N TElog2g Tf Tr pie min n

by2g a V P July2g EloyZ E
willsee

Again dr Sdt Pdu Ndu

5 85 boyz If boyz Tr milepam

Ft ee pin r E TS Mn

Note Gibbs entropy def Jeff I
Sgibbs Tr flagg I Tr p logy log21

FH
logZ t t Tr I MN f

logZ IKE min

It
E MN
y

R E TSgibuMN
ok






































































































































4

Simple harmonicoscillator

sho Imp mw q kq mwq

where q p i q9 pp 0

philatant mwq carat

p if a at Imp a at

Homo carat a at E date'ata culata

given that a at 1 Ex

Number states atlo 11 a'tale ataat lo atlo 11

at 10 1m mm 8
201anat 10nin It
Lol na a anat a o

n 11 n 1

abo n atain n anatalat lo man n n

Fm atalat

Numberoperator Ñ ata






































































































































5

Partitionfunction

Zoo Tr eβ MN
Tr e

plw.MN EBW

e βW I an e β
wMin

e βw I e plw.mg
n e.tw

1 e βw.us

MZ PE log 1 e plate

Particle number

N N Tr Nj TJuly2

T p
etpcw.ms eplwm.rs

l

ephus_ fee w NE O

Energy Either directly computing from trace E I Lnl 5in or

E 52 Ts µ n T log2g T logZge T logZge MTfullyZye

12 T Flag 1 e β n
µfoe ep p_ 1 wfBelw






































































































































6

Simple fermionic oscillator

Pauli exclusionprinciple anticommutationrules

a with it 1 2,2 252 0

Now only two States 2 10 11 211 O

atin 2 2 10 x ̅t it lo 0

Hamiltonian function Hsio w x ̅ x ̅at w Xk WIN

Partitionfunction

Zseo Trep mn etpoEncnleflwmilnse troc1teplw.rs

Intro Pw log 1 e plan

N T log2 etpewmtpe.tw epitome frow

E Tr deposition Efi get g e plant p

1 pam 1 e fwm we_
w r I coffolo






































































































































7

Particles in a box L
Z

Boundary cond 4 x y 2 0,2 0
i y

L 11

Ipil Number of quantized states

Eachmode is equivalent with a SHO with w ʰm i p Elmman

is i Ñ Nsi

and

2 Tre β Ñ I Z is

Now Api E
T boy2 T Inleg2 1T dipillogZp

VT 59 logZp
1 Thyz
P E Ebt v if I Tlog 1 e Plwm

P f of ITlogli e plw.rs






































































































































Number densities E V

n I fly2g 1 1s eptw.me

H v if epi I Eo EF
uppersigns fermions

lower i i bosons
Antiparticles

In relativistic fieldtheory these are included automatically Here we
must put them in by hand We can do this using Dirac hole interpretation

A state with n antiparticles corresponds to a positiveenergy state with

lack of n particles Then
same as forparticles

ñ jim e β 941 m EBW
e
Epw

e playin

E v 1 up effI ep
2Eo EF

upper
signs
fermion

Similarly if particles carry a conserved charge

Q V 92g Firm É 1

Chemical potential freeenergydifference due to adding removing a particle

dr udn Adding antiparticle requires pain creation so µ m Man

at low Tam anti particles suppressed by βm






































































































































DIGRESSION PI METHODS MOVETO NEXTHCK LINETOAVOD 9

Path integralmethods wemay define Qm transtionamplitudes
with PI

Startfrom the standardQFT case conceptuallysimple

f
quantum

classical

P b a 1K b a 1 a

where

K bia Iank e
s

2

where S Classical action and

Klc a K c b K b a 3

Correspondence Fa814 0 constructiveinterferenceonlyaround gee
t small classical physics at macro scales

Discretization
whyextra see later b

Em lie kv.tt dgik flox
t

a
S fat L fat 1mg v q

Ntl Go fa
12
9 EV 7m

9N1 46
t whyaverage






































































































































10
Determine k by applying 3 to interval tb E

t.lkqtb qa ta dq'kue ᵗᵈᵗÉᵗ EV12ᵗʰ
K g t.se gaita

Oodd

fdqlke.EE
9591 1 ieV q 1 qf9 soft K9bite Gasta

This is where weneed to tilt the time path convergenceofthegaussian
integral can be guaranteed by t 1 io E Ell is s

Then using

dygone Y him dyy e
bey u s Ibe

x

big 1 dafaa.s.in End ibe.FI Vitti diethe

K q.to fasta knF l ieV a É OCE K 9bitsE qata

IT

LHS RHS when 0 k Tm 1 kn

i K 9btbifasta m q
V A K 9btbifasta

Also life Klaits q t him kue 8 q q

onlyonesliceinterval no integration

K obeys the sameequation as U gaita qts qu.tl e gasta

hasthe same initial condition






































































































































11
Formal equivalence

Usingthe integral relation a e
a Nice ape

tap ibp

one can write

K19,5 gaita flog e
i Edt mg veg

DqDp
it t Pq En veg

s

Going backwards discretizing treatingp just as VG we see a Em Then

it is easy to show that 2ⁿᵈ line in s reproduces discretized K an.tn 9sts
However we see also that k ET NET Knki VII IT

one p integral foreachqinternal

KN
Kamiana him IE fagi e

ilitcanpiiiEiiiiij
eatsthe ear

him I Ii dg 2 e
ftp.eeipittttgiteatr.eteo

e
i xi̅ idri ipin

Operators

x ̅ or 0
x ̅

giventhis prescription forH in termsof commuting x ̅0,7 0
Not conjugatevariables

f e
or

e Pillin fil q e title
g

Cpilai
The last step is only valid if qi.li qp q al i p q

operatorsmust beWeyl ordered For example






































































































































12

Weylqp qp pq 2qpnq qi WeylGp q

qi 24,4 Gi gulp 9i
fit fi pn

K 9,5 gaita him fdqicq.ie g

himCale fÉÉqn e guy q e Iga

q t e quita U go.to G ta

Finite T we are interested in computing traces

2 Trp nléP in nléP fdg.iq qln

JdqLqlZ1m snlefiiqs fdq4qleβ q

We can write q'let lq q e tip q K trip9 ta q
and in particular

Imt

Ret
2 dg Kl ipq 0 q this

I

f q7q.ge eiftidetdmlt.it ip

fDq β e
tαE In measure Dqp

indexβrefers toperiodicity int






































































































































13where

LE dog t VCq

d

Of course we couldhave derived the Euclidean Itg
path integral directly without therecourse to

real time PI That would beperfectly

analogous towhat we did except that one 9
does not need the timepath tilting argument
Alsoin this case de mustbepositive along thepath for PI to exist

Generating function propagator

We now have a PI expressionfor 2
g79

2p f gye
SEH

Seg Idthe Pdt Lg veg

We can generalizethis to a generating function

2Gj f gye
8E9ItfidtjcelqcnThen21p1

21p.o Wegetthe 2pointcorrelationfunction

1 SZCpj
is Ep jagjit j

Ep fapp ganglia e sat






































































































































14

Basedon the derivationofthe PI its connection to operator formalism on p12

it is obvious that slinic is the T ordered propagator

y
T ordered

Δ titi Tr jT q taqlid T ganglia

where qtrq a Oli ii q inq e T2T1 qtpq.lt

i.e PI expectationvalues are automatically time ordered on T ordered

Translationinvariance KMS relation p q 09 id g

Notingthat 91 e ᵗqco e
t

qp i I V9

Hq 9H itg q if
Ali t2 q Haidtq deq

q t q Tc Tptz 917 H f I
Tr e β q a g re Trp e tqlo e e te ongc

Tr eβ q a e goose try e'digico q t

Tr ef é qu e Eco Trp
Tr e βgilt 5 fol Δ t tyo Dlt a Tr invariant

12ms Alt Tr eP a qco too

Tr ef q e eP e β q o Tract p éP jcos

Fp Tr T q Epgcol Δ p t

KUBO MARTIN SCHWINGER KM Relation






































































































































15
Propagator as greens function
Now take

Vo mw'q 715 t 2 2

Z p.j frog e
tide 9 ditwlftfdtjqfdtstcptsq.ie

OÉtw get

Dq e tlddtdfEE.at fdtjesqet

qs qijq 1 Fj's s q sj jsj
q's'q Ijaj

Z p e
didtjltlsli.tl jlt

morecarefullyinexercises

Thus indeed as notation already suggests
g

Aft
So solt isthe Greensfunction thatobeys

of w Dolt t Slt t

Setting salt w TI.gsolwnle.int

won't w Do wn.co 1 Do

Also KMS alt β T Easdale e up t

I
eiwnp 1 Wn 21Mt

Bosonic Matsubara frequencies






































































































































16
Matsubara sums
First compute propagator I

Doltw TI.gsolwnte.int v

T.E.ws eiwnt c

Note that Δ T w Δ 5,0 Δ 151,0

because T I n n leaves Solaw invariant
essential

ept
Now use the fact that ape

for 2 2nñTi dz

and e 0 121 x for TEC Pip
eft 1

CP
Doltw wÉ apr 1

sum is givenbyresiduesinsideC

ZIW
I flew new

eat
P sum isgivenbyresidues

eᵗPE1 outside pole
sign due to clocwire

21 e
w

e
wit et pathis absorbed to

eβ 1 wie E we

1 molw e molwle with Motul

In particular TI.nu atw 1 2molol






































































































































Partition function This is a very important topic Wewill do the
17

calculationexactly in Ex 1.6 Here we do a more heuristicQFT evaluation

followed by a regularization trick Theusual OFT evaluationuses F space

QFT evaluation Fourierspaceevaluation

f ourface term

Zβ Dq exp Pdi 91T dÉ w q't Cs

Scale I pr q p q

Side 91T dÉtw q't Sidy 912 oh pop q n

since kne Eia where ene f kn β kne

Dq ITknedg I knedq Dq invariant

Nti th integration is the trace over q

Gcp Ine n
one 2am complex

Eisegerbe

1929121 pwt In In ÉnÉcan'tpay
ftiiwitw.tn

a pwt qn1 w̅n part Req main
m

qi qnil I e qin UinIn unitarytransformation
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I dg det 89 Idin det u Idin

IdIndit I dRegindingin
we are a bit sloppy with thezeromodehere

Afterthesepreliminaries we can evaluate 2 p

2 p C det Father ce trlog.si C bike's

log2p Tr logs C log int pro c

f β indep
possibly

βW βdip

190In a log lean c

Pdw
w βso to wt c

drop

21 0 1 2no101 Eg log 1 eβ

This evaluation gives 2p and Z βj onlyupto an overall constant Usually
thatis good enough as all correlation functions evaluated from 2 βj are
independent of suchconstant

However P log2 would seem to depend on C SP ftp Also

we know from our quantum statistics calculation that C 0 How

does this resultemerge from a more rigorous calculation






































































































































Most straightforwardway is to perform PI consistently in thedirectspace
19

This is the topicof Exercise 1.6

Laine Vuorinen trick

The idea is to evaluate the infinite coefficient in the limit 0 0 where 2

can be evaluated also without PI However
zeromode becomesunbounded in

this limit and needs special care Hence onewrites

9 t go TI.ae
d w q t wq Eo witwh Ine

int

Then using Idte pomin one finds

de dtq.lt of w q t w q Iowitw qt

Performing Gaussianintegrals we get

Cp Er way

way

all coinclep terms for
non zeromodesabsorbed

to Clp Containsalso
independent Zeromode
of a contribution surface terms

Thegoal is to determine p in the w O limit But zeromode blows

out here because it contributes to the gaussian integral Idge






































































































































20
To circumventthis we consider a regulated system

where theaverage
variation over TE o p is restricted to some range sq Indeed

digit fat go ptI.qne.int go
0

do that q t 9 Theconstraintonly restrictsthezeromode which

now gives a contripution paq So we have

Zregβ w o Clp paqnt.ie

Onthe other hand computingdirectly
r p

Zreg p w o Igg q e
β
q

Sgdq 11 q e Ip sp q

Isdg Fte iight t
Combining the two results we get Cp ftp.twn
independentofsq whichthen gives

2 p T.at w twIoIEnts asitntpw

where one at last used II 1 sit thisofcoursehidessome
of the burdenofproof
Exercise 1.7
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2 Free bosonic field theory

Wewill studysimpleKlein Gordonfieldand then move to complexscalarfield
with nonvanishing charge and finishwith a study of Bose condensation

2hu
lein Gordonfield

I one 1102 w̅ 8

Canonical quantization 18.7 x ̅ jit i83 E J
x ̅ t j t Feet F j t 0 21

Field operator
densityof thestates

it Egof ape.ir apeipix

I exit f915Op iwpape
P inpatpe

Canonical rules 2.1 imply that apGp atpatp O while

Mom

apapt Cp8 p p

where DpCp 1 Beyond this restriction one is free to choose Go

at will It is interesting to keep Op Cp free for now and

write down the Hamiltonian






































































































































fax Eg f 2 5 apa apap

Iso 3

1 Éᵈ afar win

1 Éᵈ atop 12
Vacuumpart independentofchoiceforCp Op

If wewant to set 11 copaptapt we need to choose

2 1 cop D VIT Cp

plp 0 apaplo Cpd o 1

This is thenormalizationusedabovewith SHO In QFT oneoftenuses a

covariantnormalization Cp 2n 2wp which then implies Op
p

With this normalization invariant

154 f 2 1 ape atpe

apafi 2 2wp8 p p plp wV Npe

A 1s fatap v12

fc2tt p wpaptap FFE
urially 1 unitvolume






































































































































Partition function generatingfunctional
23

Now

2 p Tr e f Dpa alk e paces

001am_gap gg
e
foldt dx 10,90

wherewe formallymade the samereplacements as with SHO partition function

fdtdx 00 ex mid

i
1111 then

mid fxed.com

Le 0,90
Sell

Alternatively we can use the Hamiltonianform

2 β Do Di
Sxe it 0 0 Le x t

where we used IT 00 10,0 One can alsowritegenerating functional

2 p.j Do exp 5,10 5ej

Whence 00 pexp E Δ EYE E 1 jhe E

discretize a matrix TAX

Z p exp j Ye DolkXE j E
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Propagator

1 8Zp.j
E sjlolsjle.io j o

T x ̅ 101

This propagator is also the Greens functionforequation

of D m Doltx ̅ 8 e 83

Fourier space Δ tip Sp Alt x ̅ e gives

d up Doltp 8 t of p'tm

This is the sameequation solved for SHO earlier with co cop So we

know the result

Downp ah cop on Lint

and also Doltp 2 meetup e moelwp.se

Evaluating KG field 2 did'x BE set PL

Introducing 00 p26 p
3 0 β i

x ̅ t p I Atp e
pi

a e

p pie T2






































































































































25

de G 1 β Spp Intros w ptmeld.epsfdt tlwntwaltfaoxettr
h.a

Eren
In p w̅n pop 14am

Again measure is invariant in F transform which is unitary and

we getdirectly Red Dino nso Re Imp

log Z p by fc.DEpexp 1pIB'lwitwi lxp1

log m.to dl0nplexp p'lwitwflxp1

logTopic copy Iplogp writer

V 1 1 12ᵗʰ log 1 e pwr Jf mit

P I log2 JF m T

While we again derived this result schematically in OFT fashion we knowfrom

our earlierwork with SHO PI that this is an exact result

The F integral and its fermionic analog Jf popup regularly in FTFT
calculations






































































































































Noninteracting complex scalar field withaction
26

α 10,01 m 012

Decomposing 0 tix L E 1190it So wealready

know that 2 p 2 pl.ro if no charge However we havecontinuous

symmetry

e L L

Noether

conserved current charge 85 0 of on
complexconj

82 8 offgd mdth.c

a o_ ix hic 0

irrelevantdepends

ondefofchange
Ouj 0 where jM i 00 0 0 0

if e jra pm
Charge

Q faxjocal fax i 1T 04

where IT 84 800 0 0 0 0 idt0

Note that in component notation Ii 0 0
04 idek it it

90 100 Taitz

Q fdix 4 tick it it hic fax 0,1T 02in






































































































































27Partition function with µ 0

2 Bp Tr eplaying

DID70000 exp xp to d 4 ma

we still kept the notation 0 0 despitemoving to Euclidean space

Here I IT 0070 m 0

Q i I 10 17

Combining all terms containing w̅ we get

It to g if I

I T x ima int

Effie nine int

After Shift I in it it tip the integrals

can be performed and give just a constant Also noting that

idid we are then fett with the Lagrangianform for the PI

2 pp 100 00 exp f om 0 170 1701 m1012

Now move to F space






































































































































1Tx ̅ β p e
iwnttip.tt

28

one finds first from periodicity requirement Ttpx ̅ t x ̅ wn 2Mt

Also did iwn 0x iconOn whence

2 pp 0 00 exp pIÉ p planting mÉÉp Inco

We can read off the propagator

1
DownP µ contin wñ

So chemicalpotential appears as a shift of Matsubara frequency

ion o icon µ Periodicityof i x ̅ then implies wn 2ant

RMS condition Derivation is identical to SHO Define K MN

so that grand canonical f e Pk Now assume Oct β

Alt x ̅ Tr ft i E x ̅co

I Tr éP dlt.se é cos e rifle.net
eMPÑeβ IT EP EMP

FrePMTr ep Ico x ̅ top
empi ftp.ejemd
efrdle p x ̅

topCPMTr Pt Flip 101 EPM Alt p x ̅






































































































































If one only had this information to goby onecould now introduce
29

Fourier transformation

Δx i x ̅ IfΔnw p e Pot ipx ̅

Then imposing the KMS conditiongives withoutsolving s explicitly

1 epre Pop Po Lint in

Evaluating 2 p.m Chemical potential

poses but a minor complication Now in µ

already with some experience wemay write
on 15

Rep

P log21pm Trlog a

Eplog p cutin wil

Wp 2w1

Jp do I luntin w

FEEL
epium

i eplan 11 I epita

1 do epheme

I 1ft log 1 e parties






































































































































Bose condensation 30

If system has a charge then it has conserved particlenumber At

high T all particles fit into available phasespace At very low T

however theremay not beenough phase space charge starts to

accumulate to ground state which has zero free energy

Wemissed condensateabovewhenwemoved fromdiscretized is to

continuousone Thecorrectway is to set

i x ̅ e I gulp e
int tip x

is

complexcondensate fluctuatingstatesumintegral thatdoesnot
properlycountthe n o p to state

Using this the evaluationof theprevioussection is correctedto

βµ DXpDying exp pvmm p wain cop 0m p

Totintegrated

lay21pmE p t mile If β log 1 eplots
w

what is this

Treat as a variational parameter requiring

2pm mi 9 0 9 0 if 1m m






































































































































So the condensate can only form if the free energy of the ground state
3

Fgs WgM m M 0

We now determine from charge conservation

2 Tlogk
Denote q I F 1 2 d Sdt Pdv Ndu

N 81 off
2cm e

p epilm _epitome

high's e
p epilm _epilton 9Mit particles9 0

bothget smaller for smaller T

and eventually 0 as β x T 0

for Qs 0 change assume Q 0 need µ 0

signof µ for a fixedβ up particledensity
increases if Mis increased

to keep q fixed as T decreases must increase µ
but this can be doneonly until µ m

lowest T Tc at which all particles are on fluctuating states

wesolvethisby setting eLp ephemi epitome

To Tc q mustbesolved

numerically






































































































































32

At low temperatures T Tc we

balance by the condensate

9particles
cond

q Lem 9 MT particles

IT q q mit parties

T
2 1

171 191mipartial
Here 0,5m Tc 0,1214m

and finally fond 2cm q q m t particle

Onecould attemptto treat condensate formally as a d function contribution

to f p setting awawardly

l

eplam
8 wpm q qmitpartner q qmitpartner epitome

But can any IR enhanced distribution be thoughtof as a condensate

No if it is not associated with conserved charge






































































































































33
3 Higherspin fields

Now move to Fermions gauge fields Still noninteracting

Keywords Anticommutationrules grassmannnumbers feeds Kms relation

gauge fixing Abelian gauge field non abeliangf

Fermions Free Lagrangian

L it 04 my 4

canonical momentum I If it

Canonicalanticommutationrules 4ft it it t.gl idapSay
FactI Iftg O

Iiit.tl IGHT 0

Field operator

Ict It fgyp I afufp e t bsptvsepje.ir

Choosing normalization uts p ucs p utes f vissp Rundos thecanonical

commutationrelations imply

af aft 65 6ft 2 32 8G p






































































































































while other anticommutators vanish
34

Hamiltonian function

H fate fax 4 2

Jdk inti i 4 it if r m 4

fax F i f m 4

Inserting fieldoperators into this expression one finds

I
pap orCaptapi bptb cop

Conserved charge is symmetric under e4

Ouj 0 where jux 4 x84 x

0 for Q faj fax4 4 fdxglt.IS

We can now write L 4 L it 0 4 L

21pm Tr e β itma
4 0,4 4 4 5804

04 04 exp It Alix MEN






































































































































35

foot capl sx.it
fi1 iem

t

Ip refers to fact that integration is over antiperiodic field
configurations 4 β x ̅ 4 0 x ̅ and 4ᵗβx ̅ Bx Here

4 x is mathematically a grassmann valued field

Digression Grassmannnumbers

Assume Qi and Oj are G numbers QQ Ojai

0 0 010 a bo mostgeneral function
C numbers

Thus for example eat It at at

Integration

fat 10 do40 1another G number

010 a bo a do b do0 a be do b do0

where we used do Edf This must hold for all E felt 0

Furthermore we set doo 1 do 10 do atbo b

Grassmann integration is then formally equivalent to G derivative

8010 atbo b






































































































































Notealso that fdydoOn 1 due to anticommutation rule Anyodd
16

permutation of dydoOn changes thesignof integration
Nowconsider complexG numbers

it and Q it

Then dodo 00 1 and in particular dodo e
b

b

Generalization
Fobo 1 00 5

III dodo e i III data I AirQ

I da.de Oj EAjry.oki

I dodo IeAlk Anan Ok Otten

En hnAlk Anan det A

Fermionicpathintegral
Ket states 0 a 0 etc

Lbehave like 6 numbers

lo e
at
o 1 oat lo a o 010 010

01 401 90 401 1 at Coat 4010 Colet

One thenfinds

lo Lol 1 ad 1 o.at lo Colo Lola oatlo

I a






































































































































Unit operator trace With theQ states then
37

do do e
0
107101 dodo 1 00111 oat lolol 11 ad

fdoo 0 010 Lol Oat10710190

103201 117411 1

do'dO e
0
1 011107 dodo 1 0 0 ollitat A 1 oat lo

do do 0 01011107 Cola0 0at o

LolAlo al Ali Tr A

Where we assumed that O I 0 etc Eg I a rata

Tr corresponds to antiperiodic PI over O weighted by e
t

Pathintegral for SFO

2 fdotdo e
0
1 Ole p o

Idodo e
0
10,710,1

fda e
0
4 01 e

e
t e

e
I e
et
o

Now it take e
e ata o it title o e

e o is ti

exp OiOi 0 Gi EHOH ti

expf e 04,1 ACoinOi

The rightmost point is ok Nothingspecial The leftmostpoint requires some
care because it has O






































































































































38

dodo e
00
01e

1
fdondo 10N

dodo fdondo e
0 0

010 e
e 0 0

dodo fdondo exp 0 0 GEN EH 0 0

dodo fdondo exp e to
ON

H 0 01
a

antiperiodicSo in total boundarycondition

2 dodo e
00

01 e β 0

OfO

III doido exp EIo it
guy

00 00 exp fdi 0 0 0 10101

Periodicpath integral over Grassmann field 0 0 t

Fermionic generating functional

Y Salinityapp min 5104847
LF.IT

it sen aer

2 pm exp xp514
Δ e É 2 XE
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i 8ZprizinΔf t x ̅
21pm 8210282177 2 50

Ipp DIDY i x ̅ Ico Sye IDF Y

Tr ft iii x ̅ Ico T Icex ̅ 101

Because and I are anticommuting fields is I anti timeordered

product

4 i x ̅ Fco Olt 41Tx ̅ Fco OCT 104 I x ̅

Fermionic KMS relation Again denote K I Ma

Alt x ̅ Ip Tr fT It x ̅ Fco Tso

the iritis

ffftrfepiflostltp.is i t Rao

ÉfTr ép Ili p Flo ePMF t p T

Here oneused I into I Hott Itp 4,45 8

II f IF oet 1 4,484,1 det
f 4 ᵗ 0,4 I OH H delt
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e p It x ̅ eβ e p et ot Ict x ̅ 4 t p x ̅

QI 1 T I ftp.T QI x ̅ Q 1 in

ePr I t.ae PM eprice x ̅

Onecan now F transform

Δf i Ap pp epottip
x ̅

Then the KMS condition implies
FermionicMatsubarafrequency

WFn

e preippo 1 po 2 1 IT is

where F refers to fermionic frequencies TheFermionic

frequency requirement could have been seen abo from antiperiodicityof

4 Anyway one can read off from A on p 35

Inpo

Δ pop
1

8 twenty trip in
_in in

RePo

In crucial difference to bosons there are no

Fermionic zero modes That is even the
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lightest thermalized fermionic excitationhas a thermal mass at

at high T one can integrate fermions out from effective field theories

that attempt to describe bing wave length modes later

Fermion gas pressure

PCmps ptlogZlpp ptlogf tipD4plexp ftp.ssitulp
f x 18 defAB detadetB

lagTpdet s nips detigo 1

log det wentin it p igm

log det
went in is 5 im

im wentin ir p

2 log win in p m

2 flaws
201

Werim tW

Impo29,1dm ad

earn
β I in

Repo

Foil epilima
epilot

2 f dw 1 I ephemes
spin 7

24 1 1 log ite plot

particle antiparticle
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Abeliangaugetheorywequankzegau.ge

fieldsusing theFaddeer Popov method inpathintegral
Fint note that

Ei For doti dito
LA 12Fun E E B Eijeijn 7 5

with Fw Outo duter which is invariant in gauge transformation

An AT An Qux a arbitrary scalar field

All these configurations describe thesame physics B E Hugedegeneracy

Canonical quantization need to constrain tophysical subspace

Path integral quantization need to define PI for Z

Indeed asa result of G degeneracy thepartitionfunction

Znave IDA TEha

Moving to Euclidean space AnE iso t of Ai Ao I

is not defined one can not use this tocreate a generating function

Problem is that writing






































































































































43
to 8m2 5

ha Sx 4Ent AM 8m gov AM

one can Show that theoperator QA QA OA OA

quAOMA OnAvOVA

Edm Indu A dad A A andA

Au gris 210 Am
does not have an inverse A 8 De d.EEAm

To fix this one has to impose a α gaugeorbits

gauge fixing condition Af
GLAD 0G AT 0

whichpicsjust one member of each

gauge orbit
respectthe PI measure
f

But this must be donewithout biasingthe PI democracy Eachpath
is equally good FP method delicately extracts the G dependence by introducing
a unit operation

fax8 x x 1
1 App An Do 8 G AT

flxolfa.nofdx8 fa 1
where

App Ap dit FadderPoporfunctional

determinant






































































































































First note that Afp is gauge invariant A A o

Sip AY J Dα 8 GLA integralover all gauges

Dak 8 GAY still integralones all gauges

App An

Then it iseasy to seethat
inversant

invariant

2naivep DA p AppAn Da 8 G A 3 e

invariant foreach A integration range is a tox

Out providesjust a finiteshift
so for eachα we can transform A An everywhere

Da DA β App An
8 GAn e

A

Δ FPcut
constraintonshell

f Da 2pm p
I infinitegauge volumeextracted

Eg

2physp DA β App An
8 GAn e

A

Precise form depends on gaugechoice what is G A

Introduce the ghosts






































































































































Black body radiation this isjust a fancy name We are again
s

evaluating the free partition function Here it is a little more

interesting due to G dependence

Axialgaugechoice Az 0 special caseof 2 A 0

with y 00,01

In this case FP determinant is simple

Sfp A det 81 13 det 03 Am

Usingthis the functional 8 constraint we get

2 p detlo DADADaze
blast

Short

In zero T theory we would drop detOz an an irrelevant constant Nothere

writing

fghs Aml dude Indu AV
13 0 go or

xp AoAn A 1 0 80 dodz

e main
do

Moving to F space dodi conpi did Piti anti

Wnp compa

logZ log det p logdet w

witrpijiji.peWhPL Pipe
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Now

det w waitin war

ware pin ifpipe
Pipe

P l iii e war iii want are ii Ii I

p whip's wit war wap with ri wappi

Wnpc comp withp compip

con'tp p witpi wipi wipe contra con'pj ppi p witp
r

Thus we get FP determinant cancels thispart

log2 Trloyp Trlag pi witpi Tr logwith

We recognize a familiar structure and write immediately
2phynpolstates

D tvlay2 21 1 log 1 eβ

vacuumdrop

This can be in fact evaluated all the way because
my o

88 27102 It tidy if 31514 ET

It is customary to denote det contribution by a vacuum loop

lay 2
g ghost kills extra longitudinal d o f
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Photon propagator Axial gauge can becumbersome in PT

Covariant gauges can be induced by

Gw An OMAM w 0

AfpAn det
8 0 Anton w

def or
82

Final trick is to do no integral over differentchoices of W

I2 p
go.ge

kewefCDwJe kEwfDAIpDerlAp 8 Gaap e
f

Tito lost explly figent
Nu p dappapp

Leg A dm 1 1 dad A

Δ 2AM dmp 1 1 papu A AMAT A

invertible

Spv due 1 E II Pp an p
with con 2inT

Photon pressure again can be computed in covariantgauge It

particularitysimple in Feynmangauge where 1 Now

directly hereNe 1






































































































































73 ne

P pflagZ flog dit d dit duo

2Irtlag ditCoy

2 Itr lay wit f 255101

For a general one can write

su ta duo Py te empt f Pt Pin

Noting that Pimp's 0 pimp Pia PIP Pha

log det Smu lag detf Int Pt Tr log f Pat pin

TrEG Pt Pt Tr I a Pt Pio

Tr layp't Tr lag Epa

Qtrhype Trey
0 in dim rg or infiniteconstant

fromghost we divided out in definitionof
a partitionfunction

P Tr layp Triage pflagN e Iris's e bye

log f Dw Ee
Sxsw

Tr layp t
Itr log






































































































































Interacting boronic field theory
9

The formal PT machinery is similar to To QFT OnlytheFeynman

rules are slightly different continuous p an it 7

This affectsmainly the integralscoming from loop diagrams
and hows depends on formulation imaginary vs real time

Keywords Perturbative expansion Finite T Feynman rules renormalization

Self interacting scalar field
Consider first

Le dmp 120 VI Leo VI p

Now the generating function becomes

2 β.j 00pexp Ty Leo Vice jx

exp SysV Dppexp 5 40 50

Zfp exp SysV exp f jixelDolte4 jle

Z p Z p.j
loop corrections

This step is highly non trivial does PI converge to full result
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Now the Grand potential becomes even clearer

r flagz log20 log2 Rotor

det connected loops etc

Quartic self interaction

192 704
To compute an approximation for 2 we need to expand

log 2 p log e 148 1155

É f et ljsj
connected

jo

IV f e jsj.jo

Where we used even more compact notation by This creates

the well know PT Evenmore log2 p only pis the connected

diagrams

legzp I

included in 2






































































































































51Lowest order calculation It 1 El jsj t

I 1 4 g et
Sisi

jo

IT I S j Ilja
4 waystoconnect

Ipl Elo Ip pv scope

ftp.t
SP E f ftp

Of course we can compute this also diagrammatically from
FTFT Feynman rules by inspection or by Wickrotation from to rules

propagation rule

I

waitup

e f

f t

I
addsumthin

SP I 43 Fwiw I him t

This result has the problemof being infinite of course






































































































































Indeed using our complex integration techniques we can compute
52

wits I t eff
r

Sp T ftp.zzepe So

51 3 of epton Io IT

vacuumpart thermal part finite

f Imam Ecm3 e Ilm d a ctj.fi tj
1Fj4amM M I E

me Tip a E isolme
711

311 re log4T 1 hyth Oct

Need to renormalize diverges

Renormalization Lagrangiandefined in termsof local operators
All observations have finite resolution Lagrangianparameters are not

observable In our modeltheory

L x m 0m 1202 4,0 Minkowski

Redefine formally sofar

2 1 2 87 m m 8m
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Then L x mix L Xrmi R 2 un dmon 4,8

So mi V Armi dx dm8s
where

Sx 2x 1 wavefunction renormalization

8m Zymp dml mm mass renormalization

d 2 12 87 Tr couplingconstant renormalization

In BPHZ scheme used here are treated as interactions giving Euclidean

p8y 8m tipsy ism 2

Minkowski

Renormalization schemes choiceofparameters couplingconstant later

P MI
Ap p p mk Trip o p ME

eg Tp mi 0 ON shell scheme

Jpatrlphlp.mn
renormalizationpoint

Alternatively Dhcp mi

Info O p O scheme

IpatrP no






































































































































54One loopcalculation

Minkowski rules IR Euclidrules
i

pts nitwit
p2mr

it
Selfenergycorrection what is the blob in givensetof rules wrt IT

a 1

prime primatitt prime prime primel t prime
i I

pi.my ftp mt pie prema
1 ping patI

Eg Tr i 0 in Minkowskirules Te 0 inEuclideanrules

µdPe samedirectlyfromYd E rules
with

time i i E 1 p.im 1 11 p.im II
dim

12µF
d p

reg 2 p me
1
itomi

Mᵗ mn4 e 1 lithe
E

ru

Einstein again aces

11th Eg 1 logthe p independent constant
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Full self energy in vacuum

I if t o Knw mi Sfp'tdm

Onshell scheme

dpt pl of 0

TIME IT nomi Sit 0 Sm Tianmi
at one loop Traun pl O

Full thermal self energy now with finite T rules

IT I who t dm

12 Iot I Eisolmi I top egg It

We thusget a finite T dependent self energy correction
OnShell

A p TIron up'tmi t I mi É
an'tp in E thermal correction to dispersion relation

For T my imagT rules

It I dp É É512 I It It
I pyron p'tmist m2 t emit II thermalmass






































































































































56Now goback to our evaluationof thepressure Euclideanrules now

SP I
V

cotton I'm what Mac

21 TactIT That tract It Nac

IT Nac Trie Jatt

Vacuum counterterm is something one can add to Lagrangiananytime

for F L faxFri L N
invariant

So at 1 loop level thepressure is
definitionofm

pdefinitionoffrac

P I

It It 1 Ei

finitecorrection Followsfrom

defining the on shell mass

here zero and the vacuum

energy
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Coupling constant renormalization Choose the scheme

8
2 4

Apr 0 0,0 i t u channels

3 3

2
1

Tr 3.121 12 84.3.32 prima R

d ftp.myz 21mGo Go iBomimaio

Proofof no T dip divergences to 2 loops
I Selfenergy

A

up at
g p17

5 8.34.3 8.4.3.2 4.3.2 4 3 2

81 time pts
Iemlefihm.m.mn

dftfptmg.to pfme sYp 8mi

Rfp mgz
ppt.mn

fgflpimffesfpcp.FI
Hlmimm 8k 8m

Spp p Gilm
m Spprime fritt Io It

Go Gt
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It GotGt Go p Io EdHlmm m k 8 I 8m

TG ARTGo 7 Goto 11Ho Hot H 8Ék 8m
HommmkT 0

3 Got IfHo 8k I'm

8 How.me

8m 1 mi8 Ho am Goto

ERHo EiGoto 8yk Sit Ed Hock Holmi Kimi Fulto pi.my
Hommmk

This combination is finite Remain the terms ARTGo and_1 Hot
Div Structureof

soft

finite
hard

T dep not killedbyct's onlyhard killed byat's

3 Eet palm finite Art Go finite

Theremaining ct contribution sof T deppartof I exactly cancelsthis
IT is finite In particular all potentially T clipmfinitiescancel






































































































































59
the 2 loop contribution to pressure comes from followingterms

Couplingconstant renormatization

1b1 2 a

p'dolts

I I
a

UV counterterms corrections OK

Adding 1 1a and 1b gives

8Pa I
V Suiti

i'Ve
1756.6.2 treat pipe 8m11 6 2 ÉÉ t prime

128m palm

Citrix l 2T init l aid Fp mp Got6

why tract Go tract I
8ᵗʰ 260Tvii It Tm

Iiii Ecole t

Hdmi phmi
pm12

Remains the divergence structureof






































































































































GO

1

divf 1 Y

2.4
61 1 Go 2 ii finite

1260T 1 antiHolp finite

Wethenget

8P2b

État2MTuat If
GoTractI GoTrac tractIt Got

E deppartrestrictedto softmomenta

1 Holp Hmi phmisfilp.am finite
FiniteT Ofunction

Got I finite

Summing the two weget 8Pa 8Pa is finite The T dependent

divergences went away in particular In all

8Pa TPG I finite TO part
T O part absorbed to 1






































































































































Infrared divergence Daisy resummation
61

We still have a problem this time at IR Indeed

8Pa IF f pimp IF Gt
Got6 Go

contains an IR divergence for m 0

I anion to toeh
G fantasy 8m I two two m pain

Go Gt Tfor mall w

Gt 2 1 2 for me 0 PT breaksdown

at IR at finite T

Basketball is IR safe however

1

miso m O
1

if r pq r p qtr
a 3 6 7 dpdqdrdeadepdsdpp.fi 24Sep finite

Theproblem is that T 0 corrections create an effective man It but
we are still espending PT wrongmanlesspropagator Wealreadysaw that

thermal loop correction induced mphm.itFy so resummingthe leading
loopcorrections shouldhelp Question is how one does this consistently
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Daisy resummation for pressure
It is important to realize that IR divergence comesentirely fromthe n O mode

67 Tf El

All otherintegrals 6 are IR finite because of the thermal mass 2ñnT

only need to resume the n O mode

There is alsointuitive reasoning for this zeromodes
have long wave lengthand it is natural thattheir Amm
interactions are screened by no modes

17424 screening mass

Also the IR divergence in diagram wasjust the first in a series
To order An the most IR divergent diagram is

Hardmodes Symmfactorof subdiagram

i Sn 1st Sti
2N

N

Zero motileonly orderof laysto orderN s to circle

Add all possible it's
1 c r

6 2 I rI oriented

atb Σ Y a b

LI LI Let I k dÉ di I E RI c8m 1 2kt 8m 1

each sub o

e.g.IE E E
note that all
graphs with
N 3 are finite






































































































































63To w wp

p TI wip one signfromeachvertex a

N 1 term

fp log 1 IT To 50

fp logwotwp IT logwitwp Ito

denote thisby So Δn o

I 27150
fromzeromodeonly

Here refers to resummed zeromode propagator Δ of It
This is still valid alsofor m 0 And that is fine Wemay have Tssm 0

Now remember our One loop result

I Ipt Tt It no

o tap t.o.tt no Latino

It titty It not both or

finite contributions

So the full 1 loop ring resummedresult is diagrammatically

P F no
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Po I It logp'tm't It logtrim Earl it Into

i hoffoop
Now use Ip pym MF Exercise correction

It II IT k It if Tsm

So for Tsm the t looppart is an modified Thenuse

If logp'tm Ifdm of prime If dmmi If c

Y mint t
Mft125

lm O
o III ya he 1 t

Thus the ring contribution is na whichis larger than the 2 loop arrections

P e got t 1 get t

restricted to Tom
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Full daisy resummation
Howabout resumming all matrubaramodes Sometimes onemight like to dothis

so let'stry
n dipprop

II town
N t term

log 1 IT Do Ito

logwntup IT logwitwf Ito

I It T Ivae

Now this is of course still divergent In addition to It It Trae

that gotextracted there is the divergence Go in the N 2 term

This is cancelledby Lrestablychoren
only Go div parts

we did notneedthese above because for thezeromade

Sp Émile Imf me fm.FI Fm Uv finite

do combiningwith SP subtracting the appropriateat's one can write

a finite ring connected P

I
Themixedtermfrom 2 loopcontribution JP

P TFGo
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I 1 1 IT It Trae ITGo

Ioop
logwitwf T Jp 12THjan ITGo

JoVmitT Jillment t Et fan ITGo

Tmmedthermalintegral

Let us now checkthe finiteness of this result

Jo mint fit East long
y

tell t itolm 12 Eat by

4 Go iBolomin Emtby1mi
1 m IT

Jo mint tall Go

1

our
m log 1 2min log It it 2 by 1 1 1

This is finite and 00 as T 0 So all is well No theterm

is still IR divergent eg blow upwhen m 0 The resuminationfailed

Theproblemis with themixed correction 1T Go from the 2 loop contribution

coming from 8Pa E






































































































































67
If we replace Golm here with Golm Tt then the offending log term just
drops This is weird though because Go came from 8seg the counterterm

So if we want to resume the whole thing we should apparently somehow

replace by everywhere in the 2 loopterms

Is there a systematic way to do this Yes the 2PI expansion

This is however beyond thescope of this course maybe

Daisy resummation fortheself energy
Leading IR divergences areagain n o loops IT It Tring
with

IT ITo It no
and

Tring É Sn Nti a N sit

To Tip Tfp If e it to Tio

1
IT T Sp palmitt Sppim

It Mt m ms i II
so the ringcorrection to man is
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Full Daisy resummation of self energy
To do full Daisy resumination we againneedmore it's at 2looplever

I
no 12TRITTGo

2

leftoverdivergence
from 2hoop
renomalized

IT IT p p
ÉÉiÉp

m
artifatmie

17 TA s

Flitt Ha 1

It Eti S.la mp ptmtnt s Ttfs2

ftp nt
alptme ftp e

12 Vm4ñT If VmtñT t 12 itolm 12it ibofmi.at
thermalresummed Ir Eg byFmc

This is UV finite It_function Ok

Io imñT if m t iBolmmio

if mini Eat It log1 m it Eat it log Tt
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6 mint log 1 E It finite but again

Theculprit is the same as before the TRITTGo term Resumming

the vacuum mass in 60 here would remove the log termassociated with

It R finite

Superdaisyresummation Gapequation
One can extend our previous results to superdaisy resummation by
generalizing the ring equationfor IT to a gap equation

so 1 ptman 2 prime too p a

note that this is UV finiteby our previous argument and its IR problem

for m O is similar to full ringresult Thisequationcaptures diagrams
of the type

etc

Deriving thegapequation more precisely including consistent renormalization of's

is not that easy It is best done with 2PI techniques

Asstated before these full resummations may be desirable for continuity in
m t But they may be useful also in other

contexts due toother reasons
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Large N expansion
Consider amodel where where N 1 But still

he 20m01 01 4 5

This is O N symmetricmodel where x ̅ I and

x ̅ Epi I 2 40 Ed 54

eg at two loop level due to simple combinatorics

v2

i i N

So at large N limit the simple bubblediagrams dominate and

1 when va

That is the SD result from the Gap equation is the exact result for 6 N

theory in N x limit






































































































































71Other interactions somesimple 2 loop results

Yukawa theory

L ou 10 0 Flix m 4 9504

Le 210m 14 4.0 T1 ix ̅1m14 yTxy
gov s 8mV

where IM 180,8 ju jr 28ᵗʰ Indices are raised lowerd

by 8 and Suv

Pp ji.jo pipu Pi
Tr Ip kapuTr juju 4k p

mound
del hip

juxj̅ 8,8 Kaja jrjmk 2k d 1 I d 1 x ̅

Fujmj 8m 8780 fund dtl

1

P wp
i Po Wnetin

im Titty pr cone in p

a y 8Epi 8 Epi

Fermion linewithin aloop I
Eachvertexcarries

8 Epi dwild EpiBosonline within a loop plme

Kroneckerdelta
Cased fermion loop add sign






































































































































Pressure in Yukawa theory to order 8ᵗʰ yo mmassless case
7

m O limit

P i i

x y

From p 63 thescalar part is just

Sl't Eat 4T
no

Renormalization in limit p 0 my70

5 1

i

Efp
pinpy

y f Tr III IIk Kmp Ckppm 84 492
62mg hp2mg

8xp

2y p iBoO m m p2FI E hey dxp 0

do E E heyEy

Allthat 8 does is cancelling the vacuum IR dio partfromthe 2loop diagram

Syp soft

t

In fact in dim reg one can just put my O and p O to begin with and

then use theresult f 1 0 No divergence no counter term






































































































































73
In this definition the IR singularity log Ems and cancels

the UV divergence This is standard resut with thedimReg in the massless

limit At any rate we can compute the 2 loop diagram not worrying

ofeither IR or UV divergences

fermionloop 01 k q k q 6 q

8Pa E ct f y
pq É

s kepq at
7

k4q p
12 YF up Kappa

8 kepq at

yi ftp.p.ie tie ct

2y 2171011,110 I 10 T

Whereweusedthefact that in massive limit I 0T It o where

t refers to bosons fermions and finally If o 7712 and If o 424

Ringcorrection because 0 the ring correction now simple

Prug 7
where

m t 2 y Éht artyp D

E IfCombinin all to order go

7r 4y
Pynama 1 2 288

parlay
t






































































































































74
QED the QED Lagrangian in Euclidean space is SE SE

he T i x ̅ ie mg 4 Fate

which gives F rules hmm dno 1 E 11

ejn

TheQED pressureup to e

pvp i m

1 Freegas limit FTT 2 Ent

Renormalization p O limit my 0 there is no correction in dein reg

ii e correction

K
dPfa I win fepngfp.mg

kjmk8u
k'p'q on 119 1 Ship.iq

e Nf
TrEñÉjj

Pikq k pq2
8 ktp f 1 E part

k q k q kg pi

d1 Nge ftp.u.gptf 8lktpq tet

4e2Nf
pF wp u ie

FiNsT






































































































































Gaugeinvariance
75

1
α ftp.n.gpkq2Tr kPIX dkpg

ftp.n.gp4
q2 2k.pqp p'k.q dkepg

4k.pq.p k p k p q4p qp q k p q.tk p2

2p'le.q p lqkl k q p p k q

4k pgp 2p kp q4 p fth

ftp.u.qp
qz 9

k 2kg p 94k 8 ktpq

mn ti fu In our at 4 pet ii
dreg symm

4ftp.u pt
t

0

Ring correction First we need the photon mass

In m IGetN r
421

on
K

E
Smoduo suidu.EE

Bosonic on
fermionic dmvduo If o duidvi If o I 10
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8 Ito I leftwatt

Info tie_ withe Ito I o

It lo Ipco T I 101 It o

Kff daidui duodro I o validforboth
bosonic
Fermionis um

In 4eNf dav duiSui duodro If o 8e N SmoduoIt o

T Nfduodio mi t Smodo
Debyemass

Thus only the longitudinal polarizationmode of thephotongets a thermalmass

Thismeans that onlytheelectricfield is screened but magneticfield which

comesfromspatial components only Bi EijuFjn is not screened at this

level The ring sum thenpicksonly one component

dPmg MEET
on
36BIT

All together to order e

P 5 12 Ent ns.T If






































































































































77Non Abelian gauge symmetry
The PI Quantization very similar to QED Thedifference is that gaugetransf

is non linear hence onegetsghosts even in simplegauges

Introduction Consider a model where L Felix m 4i is invariant under

global SU n transform

4 Ufj where U E e
T

and ItaTb ifabet
t structurefunctions

tomakethis theory locally invariant we write

L Flip my 12 Tr FmFM

where the covariant derivative or dipdu igtj.IT
d

and the gauge invariant

Yang Mill fieldstrengthtenoris

Fm I DmDu Out duty t ig tb T AiAi

anti duAi t gf Aya ta Fanta

variance of Fixx impliesthat when 4 Vat e toy
T A Uo T AUtt igU Ut

Infinitesimally 84 i 074
SAY Ig0,0 t fabO'A Ex showthese
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The obviously GI YM Lagrangian is

128 fundamentalreps

Lym Tr Fri TTT Fitbit Fi fam

Thequadratic part of Lyn is just sum over QED like fields in
addition to which we pick cubic and quadratic self interactions

Gauge fixing
Again we introduce covariantgauge condition Gala onAM wa 0

2 DAY p A 00 8 Elad es

00 DAY Δp A s Gaan
SE EFF

Zpays NIE DAYp Δp A exp fx FquFam Omar

with log N E log I DO expl xp Tr loge

Ghosts

Theseappeardue to nonlinearity In Rg gauge

ΔÉ A det
80 A

det or 8 on f A805
Bosonicdeterminant

As usual we express this as a fermionicintegral over ghost fields c and I

Ep A DcDc
Cad 8 ou gf Ai c

β
Δ periodic
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Note despite their Grassmann nature ghosts shouldobey thesame periodic

boundary conditions as gaugefields bosonicMatsubarafrequencies

So the full G fixed YM theory Generatingfunction is

2 Piji a a Nie exp f Ema DAY Dc Dc

exp x Lane j Ai Cala Naca

where free 0mA d A dust Ca 8 C

An SMD 1 1 dot A Ea 8 Cb

dud Sudo

Quadraticpart is foreacha thesame as forQED so we get

mammi b dab dm 1 E PYE p witcops

and

dab bosonic matsubara frequencies

The interaction Lagrangian is Fu duaiduai gf Aha

AmCaCs 1 gf CoucalA c after apartial integration

92f dati Quai A A's 848

1 fabefadeAsAs A A 818
From these we canwifer the F rules Eg the ghost rule using
A dee dtete c f a é bote and ate b e
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Co
ap gfdetl2ME.IT

atadtc10
amp

M C

a I gf igp igf p

40192ft days 0pA As 8 8 dtankdtupdt.gg 0

threedifferentig f K 8ᵗʰ Kp 8 88
contractions

f pad pp8 848PM
Alwaystake

f 9,89 q 89 8ᵗʰ8 d from'A

aM

1k igf Smu p k dg k g u dup q Plm

hit
by an igV1 p p k q a igV1 p p k q

ol
p.ua
igviiicpikai kipigtAqiulitigated pdtgg.to

thug
g fabfed dupdur durdue

fearfebd smuder Surdue

c d r feadfe dmsp Supsur Exercise

g c gCii

Finally there is the coupling to fermions Ii 99And 4
9M
E igtg.im

i j



Pressure in QCD to order g
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P Go new men

i 72
fermions infundrepresentation

2 N1 F 4 N N T 1
2263

T

g Incity

1922 I f f I dude during

using facdfbed C2Gday Ncsab ENc8ab Nc NcN 1

gNclNi1 did 1 I ro 3N Ini e 7

This can bealsocomputed contracting directly the vertex

401 9 fab fadeAFA AFA 848 10

941 fade 8 s fundap 88 sandup 8 s Super 88 LEAD

fangasad sins Ff firm Ifo
del del

NcNo1 d del 1,101

For the rest let us use the Feynman gauge
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I

v9 p k q V1 p Piki 9
pokeyEgg 92

p k P72is

V1 p k q V1 p k g v1ftp.kg V1 p p k q

f f Smu p k dg k g u sup q plm dmu p k dg k q dup q Plm

fi i Eeeac uiian acuaa n

2 pk p q k k q pq p lengthp
2 p k q2 k q k p q gp
kep ktg atp 21h47tp't 2 w plg p.lt gp k g

3 phkt q 3 k p q2

NfNf 1 3d pH q
3p

Git IN.CN 1 d 1 g Ipu
P

8 pekey

IN.IN 1 3dg I Co
2 Nacni 1 g Et

v

Ytd 21g2
f anfback on

a I igfp

k pig
8 k pg

18
g'Nelvi 1 hit scapes NINE 1 g Et

in Eta
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Finally the fermioniccontribution is

Tr Epiggut
8 5 a 1 trial agile

K

Lege TjTj ftp.u.gkpiqzsnudktp 9
k q h g 1k4g p

NfNcCan d 1 ftp.u.gptf 8ktpq

alvin 2 a Evening

Alltogether then to order g

Paco Ni 1 Nene T g ve l 3 Not 1 It
E ni 1 NotEnt T Fa 721 t

1 a T

We still miss the ring correction To compute this weagainneed towork
out the Gluonmass

Thermal gluon mass Wework in Feynmangauge

a a a

ajk 5
IT
y
celled thug we went are we

It
Ta gCiii g Eiii Ito
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g I fearfeb smuda Sundua Ito

g'NcdabdfuvIj.co

b

2 Vis P 4 9 Viii Pik9 gupp.mg2 If q kq2
p o

922
v o 4,4 Virico u e

K

2 Viii o K K Viii o 4,4

j f ᵈf ᵈ
omkp 2dapk Sanka dunks 2dapkv darkal

Ncs 2dmuk 2 1 2 4 d 1 2 1 2 Kaku

2Nc8
ʰ
Sauk 2d 1 kuku

Tg g'Nc8ab 8m 2d 1 4 4 dmisui daodrolI.co

g'Nc8ab dnv d 1 daisui duodro Iflo

fdqufbdkvgugup.gg in wec Tc 92
age

g2N.dk kfE 8bNc dmidui Smoduo If1o

then
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Tat w̅ the g N 8 d 1 dmu 8miSui duodro I o

492N8ᵗʰ droduo I o NcT 8 duodo

Finally

I gNT Tj at fFnscu q

g N 28ᵗʰ4 Why
kt

2g N8ᵗʰ daidi Smoduo Smu
Fico yNg8 duodo I

Tuv 2N Nf T 8 Suoso MET 8 Smodro

transversemodes m T D Longitudinalmodes MIT 2N Nf T

The ring contribution thenbecomes

Spring ni 1
3 E got Raft

322525 T

and the full QCD pressure to ordergo is

Paco it 1 Is 96 5 1st 4

10.084
0.031 slowishconvergence

0.06forα 0,12


