



































































































































1Real time formalism
Wehave so far used exclusively the imaginary time formalism for
thermal field theory This followed from straightforward expressionof
the trace over thermal density operator as a pathintegral This method

allows us to compute all static observables in thermal equilibrium

However one can not use it to study any t dependent phenomena
Analternative formulation exists that introduces real time ranables This

formulation is more general and allows extension to dynamical out of

equilibrium systems At the least it provides an alternative formulation

which is often easier to use even in thermal limit

Two time histories

We will again use thescalar theory as our testcase andstartby considering
the two pointfunction

Heinbergpictureoperator

Ica Ica try Tr f IeatIce

For now let us assume that f is not known Wethen cannot write the
arrelabor as path integral in imaginary time as wedid before Instead

we write it using Schrodinger pictureoperator Is ok

Lotus Ica I Tr pmOctin those TÉÉÉÉt Iseult tin
2 try Tft






































































































































whereUHta is the fullunitary time evolutionoperatorof theSchrodinger
rates and gin flint is the density operator prepared at time tin
Asusual we can write

LOblultz.till0a7 f pleaplifIidtfaxLJ9t i Cla
914746

I Do expfiscal

Thefield bar is complete 1 JD 14741 and Kalp Iya ed as

wellas Isle167 901167 Inserting unit operator betweeneach

evolutionoperator we can turn Lotenocal into a path integral Beforedoing
that note that

IcaECM I DeaDentalfin 9 4410214

with followingthreeequivalent expressions for Kealy
ISDeclared

14,10214 19,1Ultinthose Ultatin Ulta til IsleUltatinttea

Cab Ultinthose Oct til IsleUltatin ya

Le IUltin t Ise Oct tf Olly til Isle UHtintled

a Todd'd
whetherGst

tin tlb

ontact does tin do
led If

not matter tin s q
a cat






































































































































3
We can write the pathintegral in several different ways Onepossibility
is to use the last expression inserting 1 between Olt ta and I ftp.t

14,10214 fDeckalUitm t Ise Oct tf 19 lect uftp.t.lgslxiUltatiles
Here

LetulttitalIsinultatin es fog f Dp expliscatt pace
Dola ya Cal f

Dpfexpliscn7tt_fIi

qJpecaexplisca1ttKalUlt.m
t Ise Oct 19 f DyJe anexp isle É

abl Orly f Dp Det peacecutexp is Iit lista7 it
And then finally

fkn
own

non
differentbranches Essential

GenEcu I 1061De I softp.mlo14 cxnceca exp is Iit Liste71
DC

the final time tf math h but otherwise ty is arbitrary
States 107 can beunderstood as corresponding to pitin I

Generalization to arbitrary n pointfunctions is obvious

wherewe inserted tf actuallymatters






































































































































Above wemade a pointof putting x x to differentparts of thetime

path This was necessary to computethe correlationfunction we wanted
ti

T2
D M X D xx EMICH

t
It

Ei

Theorderofoperators is essentialhere Pathalwaysmeets theoperatorofcod tint
no matter whether t t or not Anotherfunction of interest is

D hi a Decay yayyay
t

tfis
this canbeobtained from 0Ca tr by reversing 9 4 yea 6 x2 etc in

the integrand in the PI

There are still two possibilities thatcouldarise Wecouldextend thepathto

tf not between the times t tr but either after or before Theformer

choice would give tie i tell tf

D exex2 D x x

I ftp.DpILOlfmlo yea ace exp is it is ly7 in

IT yeayea Timeordered out of equilibrium propagator
Andthe latter

o tf
D xoxo DE x 4 T Oct 04 o

ya tea






































































































































where the arguments in the PI now are p cap x This is anti time
S

ordered propagatorbecause the timepathnews in thenegative direction

Keldyshpath
Becausethepaths have the same final point we can interpret the

two beaches as a single path going from ti tg ti

forward timeordered branch

Int

tint
ite tz I t

Retq Iftin iee Eay different

backward anti timeordered breach

The 4 different possibilities to place the time coordinates on the Keldysh

path gives rise to 4 different but related propagator
The convergence of the PI requires that bothpaths are tilteddown

Indeed considerfreetheorypartitionfunction contributionfrom forward

branch tfl ie

Z SDeyexp 51,9tl 01ait milo

fDp exp 1a ie tdtf 01 iris dit ti milo
Hi th

fDy exp if u my lyin ef km't 24 4141

Tergenel






































































































































G
For the backwardbranch the time runs in oppositedirection and so

the E prescription has to be opposite to tall tie

For partition function the real part of thepathfunction is not

essential It is just a fancyway to write 8ha yd Indeed removing
the fields in the PI expression for the propagator

2 DeaDentalfin19 f De Da exp ischit lista II

DeaDeb algin1974,1eat Dea alfalfa
th limit

f pay let la
Generating functional

The non equilibrium generatingfunction is nontrivial howeverWecan define it

is follows

2 Ijf Tr pm I expfiftiauxJ.no 17TLexpliftiauxJyx8 117

flat g detente exp I i 567 407

flat p I lot1pm197 exp Gabi stab Jyp
T E II 03

where the Shorthand Jay e fduxJak g ca was used and El Ezz l

and Giz Ez 0 Eg as matrix E 03






































































































































7
In terms of the complextime variable on Keldyshpath

213 f f Dp of1pm e exp i fatefax Let f old

Tr fateleap lift faxJoi

We derived our expression forthe 2point function assuming the coordinates were
on separate branches If wedefine

W Jap I i log Z Ja i
we can compute

87.1 Ifl Es en

Daba x til O'w
SJWSJack

where

D MN D 4 x Lying x 17.1

D xx DECK X TO a GLAD

D Ch k Delk x IT Ica Ica
D Ch k DECK x IT ICHIKI

are general outof equilibrium twopoint functions They are related but hold
different typesof information






































































































































8
The initialdensitymatrix

fin is in general not known but the expectation value Elp E
must be a functional of field configurations and since 147 form
a basis it can beexpanded as

nonGaussianterms

Elf E exp i k e ikaga t z kab g't

The function R Ka Kay whichparametrize Elf E canbe seen as

initial sources

Ka canbeabsorbed to thesourceJa but Ray is something genuinely new
Introductionof Kab and higherordertensors Kanewould allow as to construct

non equilibrium FTFT in form of the 2PI and n PI effective actions

There are generalizations of our familiar IPI effective action with the
difference that eg theeffetive II action is a function not onlyof
the classical field but alsoof classical 2 pointfunction

RPI Ip q I
pointfunction

Insteadof a perturbativeexpansionfor se we get a dynamicalequationfor it

This is nottheonlyway to construct out of eg fieldtheory One can generalize

the Rif to outof eq situation more heuristically usingDysonequation NPI

methods are needed to consistentlycomputeeg the self energy functions

appearing m those equations In some limits this canbedonewithout MPI though






































































































































g
Thermal limit Here we are less ambitious and contend us to find
real time formulation for thermalsystem In thermal system f fin et
is known and time independent

I writeas
a Euclidean PI as before

215p Dp Dp 4 let 14 D4 exp Gabi stab Jyp

Dp exp 11563 54 s

Here we endup integrating over all paths periodic over the full extentofthe
extended Keldyshpath

tintice C

tin ie

ht

C

Yg If Ret

Cp
tin if

From n we can derive all results necessary to set up real time FTFt And

our old ITF if we restrict sources to vertical complexpartofthepath

Otherpaths Equilibrium real time rules can be basedalsoon different

complex paths Indeed whensystem is thermal we can split the

matrix element 39 1 fly between ti and tf because f is t
independent Formally

e f r Eth
Yea Ica p Tr épitultin t Ise Oct t Vittal IsleUltatint






































































































































10

nowwale f e f s e she f n't and more the é between Ult tt
and UIttta Then going through the PI construction as beforeweget

Uc

215p De DeDeDe I 103 D4 exp i slot Ight
Yb

9111
Mood expticscas se.fi
Ya

Again this canbe expressed in the form 1 wherethecomplexpath now is

Inttint it
Gt tf

tin ie ie ftp.eaanpa c É
Ret

tin ip
Car

Eachdifferent pathchoice leads to different real time FTFT Feynman

rules Commonly used choice in the past was the symmetric o plz path

Nowadays one uses almost exclusively the Keldyshform 0 0

Vacuum limit Amusingly this can be seen directly fromthe PI in

the last form For any Osx at both a xp and p o d x p
go to x as t 0 As a result the matrix elements date f ly
and date la pick up only the vacuum state at ti and tf
Eg Yale o la s Loll 81yd r Ice r 81yd r Ice r

Restricting our sources to the forwardbranch we recover the usual
to generating function for vacuum vacuum transitions






































































































































Real time Feynmanrules giventhe above it is reasonable to take the

generic complex time path seriously and construct the Feynman rules

for a generic o on path C C U C O C O C
p o

We have

already shown that we may write

Z Cjp Tle P'tTelexplifjo

Dp exp if SK Je

Dp exp if pl is mile vie tip

eilat Cop exp if yFinite joy

Zolp e
if F exp if Je jeOckAjax's

Arbitrary Greensfunctions can nowobtained asfelons
So Ej atVeilvtj.cl

EabfdtVIgE

I C it s Zip jGela Am Ep Sjk sign j o

Inwhat follows we will restrict sourcesto G C only C and Cpo
are not needed in RTF That is

2 Pj ex 2 pj que zoey
e
it t ft e si1 jDojI

ch

Thisis all onehas in Keldyshoutofeg theory






































































































































12

Defining jilt t jet and just.tl jct tr ir we can write

f real
times

2CpjJe zgp
e
it V1 Fu

g
Idkd'x'JewOcala d jalxy

12 2 matrix

Weshallcompute the free propagators shortly First notehoweverthat

The vertexFeynman rule is

a a

a a if Ea
A fieldsmustbethe same

2222vertexhas oppositesignto 1111 vertex

h RTF all external lines havetheusual time evolution ogthyare 1 fields
Internal lines canbe 2 fields however Forexample

1

I e g t
a

and 1 a fi b 1

Obviously theoffdiagonalpartsof thepropagator are relevant

Propagator Delx x is clearly the complextime argument Greens function

which can be written as C time ordered function at an
t

É c 2

Ock x Gett t O x x EH t D x xD

IctE OLEI p LECHE Ict Il

WritingO functions in real time variable oneeasily finds






































































































































Dolt ta Olt ta when yet E C Dolt t Q It t Deltat

Gott ta G ta Fetz EC Ddt t Oz It t Deltati

Galt ta 2 1 ties taek Ddt t Ott t D tut
It ti o teh tec Ddt t OI ti ti D tut

Eg one recovers propagator listed on p7 To workoutexplicitexpression weneed

the RTF KMS relation Wework it out in operatorform

D It t I I LICEF Ect IDp Olt t I I Ect I fait p
Tr épidatioct s It Il
Tr ephoiciener ép Ict Il

Tr Ect'ip I Ep Ect It

Tr e f jct I Ict'tip I D ltrip t I E

Notethat if we moveto purecomplex time D't it o Ali and the

Kms conditionreduces to Alt sit p
suppress I I

DCt t In ep'teitttycoje.int m mleilttgygiltt'in
mim

In e
iEm t t iEnlt t tip Inigo m 12






































































































































14
Thisexpressionconvergesfor p Im t t O Similarly one can
show that out t exists for o Iml t t sp when provesthat
Oct t converges when p Im t t 0 Onthe boundaries it

canbe defined as a distribution limiting sense

Explicit freepropagator satisfies

Dot m Oda x ight t Ca x deH t EasSHH

We can godirectlyto Fourier representation art I coordinate

of we loft t E i felt t i t t e Golz

Integrating thisequation
one's

t t gives Ockx felt t o exx out t D exxD

8
I ftp.fdtddt i fig 9110 dDECo

now make the ansazi DS as e int t b e
int

Couppress hi dependence

and use

KMS D H D ttip a einteb e int acepure
int

bleingint

a a'eBw and b blew

Symmetry D't t D Lt b a and b beef a em

I w a b a't b w l ef ef I 1 a 2w et 1 a






































































































































a be Iwgp Iwf w and a b Iwf w et

Putting everything together we get

Ockn't e fftp.citi.co
I e

eiwelt t epwn
in tht

Alt z

g
signtho

SEI LiElko f ko 81k mi e
ik

O t t t é felt t

F t
complextimearguments

Dela x gigue
ik

Leeko Slam Alt t flu

This is the Mills representation

Onthe second to last line weused echo findeiht flare
t
show

effingé't herw

and on the last line

fdko Echo flu eiht e
thot fatherEiht echo fl b Gluflu

gameintent
HIIIII I tIdke

thotfno

From the mills representation we can directly read the differentpropegaton






































































































































test 16
I Assume te C t e 62 in 0 path

te te isThen t t and t's th it and OH t 0

realtimes

Ot x x It e
ik K d ok 21TElko f ko8thmi

Ot k D k CO LITEko f ko Ilk m

2 te G t e Cy Now t tr ir and t's th and OH t I

D x x foggye
ik K d

e
ok 21TElko Itf ko 8thmi

O h D k C
ok 21TElko Itf ko 8th m

The propagator require a little more work

3 t t eCy Now tetter and felt t Oct t iffy e to't t

gotin

then Idat e iktolt 2 Elko och'm InOlt e
int

e
int

I fdz é't e
int giant iggy In

Ie
it wa't

2Wh 21T gotin Gotin

i i
f In e

i

q win qtw.in

i i iI In C
i

q in q in aw in aw in






































































































































17
fye e

igot i

gm'tiz I 2ndyow

Renaming q k we can now combinethis termwiththe flu part

EwSchow Okey

D k D k Imai t La FlaElko 86 m Iw81gal

i

kemetin
71418 bow It fl k 8 kota

IF flikol
i

k metin
2nF 161 81k my

thermalpart
4 Similarly if t tie C we still have to t e IR and OHH Olt t

in real arguments Sotheonlychange inthe abovederivationis 0172 Ol t

This immediately leads to

D Ck DECK I'm in
t 2nF Iko 81h2m Dt k

Note that Of and Of do not depend on r

In early times one often used r f which leadsto symmetrical
D

D k DEL 2K E Nk f 141 8 k m o

Nowadays one uses almost exclusively the Kedysh path 6 0

for which the fullset is






































































































































18

i Keldysh pathDICK
gemsin

t 2nF 161 81h2m
RTF thermal

Ditch 0 116 propagators for a

real scalar fieldDID LIEtho f ko 81h2m

DIK 2KEcho Itf ko 81k my foot eph

ifEabThespectralfunction
The Mills representation can be derivedalternativelyby noting that

DcLt Edt Dlt Qi t D t

DUH OH Dlt DEH

Dlt Out felt

On Keldyshpath time arguments are real Cr o and we can immediately

see the connectionbetween O and the spectral function g whichis
defined as the commutator with real timearguments

flt I ICI Ico i ter

Indeed for0 0 g k D k D k 25Echo8th m and then
D Ck f ko p k and 0 k it flat p le






































































































































19
we can verifythespectralfunction directly fromthefieldoperator

Ict I fg age9 t aqte iq
x

f caftan

fduxe
th

ofCt Il 9 o p

fax e fgg agat c 9 cat a e it

Ikaw 8 EE

Jd's e
i f a 2,0cg8cgmy eit e it tiny

LITE ko 8 h m2

Notethat gtho plko and Echogtho 0

Spectral function is related to the canonical commutation relation

Ict Il Ect I isee I

I if I lol Ect Ip not
iEfit not

iffy ofe thotgthat not fYekog host

This sum rule is a general relation that holdsnonperturbatively
It iseasy to see that it isobeyedby the freespectralfunction






































































































































20
Chemicalpotential For a chargedscalarfieldDelta Oct t D ixx Olt Hoix x

with
D Laa LONGED
DEAN OKAYCITY

with chemical potential theKMSconditionreads K It yd I choosethesign

ofthecurrentoperator
tobeoppositeofthatinD It Iit IpTr let Itis eP f l
echoesCtiathere

Ip Tr et gift tis epregatip epro g of i E o

EM

try
Tr efifth I glttip eProcttip i tix

In momentum space this reads D ko ePWMD Cho Then from

g 03 o ephm 1 D DEW flym g ko
0 ko 1 tfthom Sth

Fromthese and ghe 2TElkoShimi

one easilyfinds Ex fix É
iDtt k

gem in
t 25 f Kol Elbow Elle m Only theM ruleneeds

a littlework Notethat
DECK Otta

f Iko Elbow
Dkk 2KEcho f Kom 81k m 014 f kom

Olko fl hotDID LIEtho Itf Koy 81h2m






































































































































27
Onpinchsingularities whenone employsRTF rules in computations one

regularly encounters products of d functions Thesepinchsingularities cancel

whenone sumsobey all contribution however Itshouldbe noted that RTF

propagator are distributions Sometimes it is usefulto rememberthis in the

calculations and use regulated 8 functions

i
once m I admire at aime in k me in

0 k D k

Example splitmass
freetheory interaction

L F Eé E
Forthefreepart we use theKeldysh propagators while the interaction Lagrangian

givesthe rented

a
x
b

IMEab

Weofcourse know that full theory is a free theorywith mass m meter

but it is instructive to analyze thesituation perturbatively

t t
t

t t
t
t a

x
b I ay end I

full ffree

D Di ill D a fabD t tip DnafabDbcEedDd t






































































































































let us compute to firstnontrivialorder To this and we write
2

Da
T Ineat

Klm in
2 thody i ntho f lol

On fools 2 it mho Olko dy

Da leftlolon Lit nth Old on Ex

Then

801 in Di DiaDa

in DE n10,0 0 11 twitter to D p
in of 2n07101 0 n 105 0

in OF m of D

MEm of m Of D Mgmt

Similarly one canshow that

SDI tipi DnafabDbcEcdDdr 12M 2

andeventually D Palm MgmPalm in Dalai t Onmeth

as expected

In this calculation it wasessential that we used thedistribution ntho8thmy

and not mew 81ktm Thesequantities are not thesamefor theregulated
8 function In Herethe use of new would not work in the mass derivative

formula because Finca 0 whileEminko O Theneedfor mehSlam
is necessary for the KMS condition to hold with regulated In function






































































































































23
Selfenergy in RTF theaboveexample canbehandledmoreefficiently by

moving to diagonal basis Actually we canhandle a generic selfenergy function

thisway We startby writing

Dab k Uae k if pity Uab k deto 1

with

F
Indeed

ro

ay m fi IfÉ IfÉ
ne Ere
OEO re

I f a
o n

t
or Dt B Pl

This is not restricted to free propagator U diagonalizesalso thefull propagator
To prove note first that Mills representation is trueforthefullpropagator
and based on it

ReDi a Refdh C
1kt Olt t fly g no

Refdig ashot Oct t fly g no
Refdhee z tf tho gtho

ReDez x Refdko e ik
t
fly gw

So the componentsoffull propagator are related similarly tofree one onlythe






































































































































24
common functiongtw changes Sothey are diagonalized by commonrotation

NowwritetheDysonequation IT is diagonalizedby0 I

1
Dai Dante t Didi it a Da D Did t it

1 18 1 1 it Il
Thus thesolutions D and D do not mix andone finds I define the

dispersionrelation

D D1
K2MZ T Ty

we now obtain

Dab Vac k tin

in
Udb 02

Full renmmationresultin our split mass example now follow fromsetting it y

We can compute all Tab from just In First write E in diagonalbasis

as

É É Reto ti mi ta O fTIE

and then use b o'o o and v0 26 to get

Tab Ree hi Im I t ti






































































































































We can then read Q m Elko f ko and Ottn echo Q th Ello 1 1141

Bet Retz Re j Retta Retz O

fKol Hit 147

ImIT Im a 2f in1 1 Imt wthPhd In

Tia LiEFF Imt Lechetho elkCPK na
C PY

sinhpigs

Lietho fho tankPhd Im In Lie ko f ko Im I I

Iz Lieho I fChol Imt ephIT EP I ems

Ignko
do all complexpartsfollowfrom IT To summarize

Bet Betty DR width

Im I jeBholasinhPhd I jiElko it I

Imt Imtiaz I PhkashEdit

I EP IT Rett Ret O and Retzz Rett

Theserelations arefullygeneraland obviously reducetherequired computational
work significantly






































































































































26
RelationsbetweenGreensfunctions

Weparametrized De with D andDe De and D defined as

O x y Oy Xx

D ay 4463041

Delay 25106106 OHoyo D xy Olyox O ay

Delay LI OLIO Olyox D xy 06yoO ay

We can also define Retarded and advancedfunctions

Dray Okoyo Oca041 Okog flay
Daly Olyto S Oca441 Olyoxopkoyo

It is easy to see that De Drt D DatD Du

DE D Dr D Da Daz

f O D ORDA

e iht
Also using Oft i 9 51 if win f Quote
we get

iDrlt I I iGEtightA
andthen

iDalpoB it ifat Ott pitpie int i i GIFÉÉÉÉtggigglepA

I i da Cpog flyp got 11
18

spectralrepresentations

Po in






































































































































27
Thesearespectralrepresentationforthe retardedand advanced functions

Freefield flyp LIE g 8cgup Ip 8goop 8gotwi
i i

if rop Lw
potin up Potintwo
i i

Putin WE PIWE Elron

Moreover one defies ID Da Ig and éDa D If so that

Da DatDa EElt pit

whichgives anotherspectral relation

Clearly all Greens functions canbeexpressed intermsof f Thisextends to ITF

sa

fiiiiiij.fi fifth

2 point function via analyticcontinuation

offIdte 9 in em fly gig Effin.tt fiolglgo

I É






































































































































28
From thisexpressionwe canconnect sewnp with Dr and otherRTF correlation

function

Alion potiz iDr p
I liwn Po in éDap

These are examplesofanalyticcontinuation rules Wecanderive furtherconnections

by noting first that ImiDa p so that

D 2f to Im iDr
D 211 flu Im iDn
ImDn lmli DrtD 211 21141 Imion

continue a little with self energymaybe






































































































































25
Some examples of using RTF

Thermal masscorrection

In i i it i 14.3 fiton
i

2 Fiji him t 2 flintlockmil

Trae I fgigd f wa Tract It

Ourold result
1 loopeffectivepotential

i i it p s f o

Le fuas

III I aim t i flail

G 11 1 ayI my tf logh em

VanCa 11 1 logthem tf log11 em Again our

oldresult

Specialissuewith the partitionfunction

Thisexample shows that 2quaff is not the correctpartitionfunction Indeed

logZita iwate i logfog Dae
Soakie






































































































































I log ditDan I log at U 88 u dit v 1

I logditO I log at O Tr log0 Trlay0

5114 log mimetic 511th log I aim in

r

cut

cut

cut

If log unit 1111 log anil o

Thusthecontributions to freeenergy fromthe combined pathvanisheswith C

producing the correct vacuum limit whichCzthencancels Yet whenwe got the

rightVeitby computing first orlop what is going on

If weincludepathCp contribution extendedKeldyshpath which

is just thecorrect thermal result we got therightresult

ZGqueue ZMe ZG ite So Zque O is correct

Whenwe compute orlop we force the external leg to be l field
This restriction projects out only 11 component setting

Zep fdyEy EloydelOn 0 Restriction tophysicalfields

makesthedifference






































































































































31
Quasiparticles
Breaking I Ret t iIm I we can write first 101 on p241

I
IDF K2miTt iz K mi Ret i Int n

E mi REIT

k'm Re Imtyp
t i

Imt 2

Kimi Ret Int n

at ib De i a b

Similarly DE ia b Thenusing 02 and A1 on p.ly we can write

Inncipal part
K mi REIT 2 n ImeDab

k me Re Imeup k me re Iman ft n

Let us supposethat InIT is either small orzero but Rett is nonnegligible
this is the physical caseoften Wemight have for example a case where
Rett arises at one loop so that Rita g while ImIT arises onlyat two
loops and is a ga In this case itmakessense to makeapproximation

7 Im I

k me Re Ime p
É d k me Ret

s
Int O

o

Wgpk ko Wgp i to






































































































































32
The peakof the distribution defines thequasiparticledispersion relation

k m RettCho D O ko Wgp k
Ko

Ko liland we canexpand work Nk'tm

Iwo
WgpE

kf win ReICugp t EgRettthatwhowa t

III

Ignat hiwait
1 I tweet

q
ko way t O Chowan Z hotwip

Dai x I P
up w s 2 In Echota

We havemanaged to extend the RTF F rule to effective degrees of freedom

in the plasma Giventhispropagator we cancompute even interaction between

theseStates

Sum rule
Remember that thefullspectralfunction f must satisfy the sum rule
8 4hog 1 Here the full spectral function is

2 n IME
f D D t

game rept Ime p
l A n 0 tn






































































































































1 Im I 33
LE ko Kme Ret t Im nt

9
s LTE ko 8 K mi Ret 1 ZI WI 8 hotWgpe

So in the quasiparticle limit

fyeKoptho fdu It I 8 how l I Z

So the quasiparticleapproximation respects the sum ruleonly if 2 2 1 which

in general is not the case Theproblem is that the theapproximation accounts

onlyfor a pole partof the complex structure ofthepropagator or selfenergy
What is missing is the cut contribution fromthe additional complexstructure

of the propagator This structure holds informationof the inherently multiparticle
structure of the propagator that is not encompassed by the quasiparticle picture

I Shouldadd a discussionof thediscontinuity atthispoint inthenext time






































































































































1 loopself energywithmomentumdependence
Considertwoscalars y and s with interaction L Eggs

y
1 Real part in RTF calculation

gP

Iii i 9 i i sir if 2 fgig IP aime a m2 8am's

P mhm t 21Tmup t 8Ckpimi

principalpart
where my f wa and we used

i It Ema t it8ham Letusknit in
computeonly the red part This counts of themixed terms oneIPP pr

and one d function only

Reti 8ft La mut 81km P cumintcupia.me

I Eigswalnut painp planp k twist

I
HEfolk nut t

p'tas'wp taskpt

log
P't2sup 2step

P 2sup 2skp Ip log
P't2sup 2kp
p't2sup 2kp

Ip lay
p't2kp 4wipe

p 2kp Haipi
pi p

yx

I
1652p m

dwn meow f log p't2kp 4wipe

p 2kp 4wipe Bet Cpop
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2 Imaginarytime calculation Here we willneedcomplexcontinuationetc

I
i wa E ti'tmTe w t 12.2 fit wi will wi wio

Usingtheanalyticcontinuation Ault f ehotO'cholla
it

wecanwritethesum as
Eyebroch fogehot i flu god

I s fdidi Delideploy e
int i n p.lt

Idte'PotSaltSept

1444 fide e
thot iwm

it flu Itf nil pickle tho

i e
thotkos eph'd fufu picklewhoft Kothi

iwm

Iffhs switchhis ko

Idkdid y iwm
It flail flu InElko8Chowi atElkoElkowig452

Idkduo Kot iwmflko t
koki iwmf ki ElloElko 8hiwildhiwig

1 I 1 I 1Elqq.pe wq
iwmflh91holt E E2ie kj we iwmfthfiit

I frstrlestep we areunder

integral2w p hotwe iwm ko
welp
iwm ko iwm wip usetheleftresultwith E f step

I
foffflholfko no i

why
wi hotiwm wir






































































































































thiscanbedoneonlynow36
Finally putting this back tooriginalexpressionand continuing iwm Po we

won in koe koget
1

Rett Pop 82 gig fthotstho no p we hotpot wie

n ko t 0ko 258 k my odd in toe to

n ko 2h8 k my IEC 4 Suitm

I foggy2 muts ok mi planp pi
Samethat we got in RTF but somewhat longercomputation sumcouldhavebeen

done somewhat fasterusingcontourintegration but still

d Imaginarypart in Rif calculation
pop 3

tho Dh

P
iz p ie

ITYpop if 7 21gyuLiElkoFtw8th m Lite potoo ftpko 8 up my

if giggig IiElloFtw8th m InElkoftw8th m 21Ipokoki

Considerpo 0 both 0 Kinematicconstraints now imply 420 ko20

Twpp if 1,1 2we1 swe
Fslwulfwa 2k s p k k

Similarly using a p p ppom p p

backwardscattering

eppoflwalfewi e ef flan flwi
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I CupP if 12,9
2we
12,9ozwelltffwal it f wa 2k Stp k k

forwardscattering
and then

fsign

MT Eli I E 1,9oz
we
12,9oz

we
it2ftwa 2k Ipokoki
thermaldecayrate

Onecannothelpnoting theconnectionof of t and I with theusual

backward and forwardscattering terms in the Boltzmann equationfor h

describingthe processes ss oh and h so respectively Likewise Imt

is just the thermallycorrecteddecay rate or damping rate Indeed

5 I

i
n

g

i M if 2 InR g j s t t

then accountingforthe symmetry factor I in the final state theusual BE for f
b

92112,9oz
we
12,9
awe
cut Ipokoki

x flap it Ftw it flaw 1 flap flailflail

falwp it app l flan it wp.pl

Looks like we are onto something interesting Yes in RTFone canformulate

out of eg thermalfield theory in the onshell limit bysimply continuing fog
into an outofequilibrium distributions in the F rules More on that on part4






































































































































38
Fermion field in RTF
Fermionfields are introduced analogously to bosons justmovingto anti
commutation relations First we write the Mills representation

Salt Quit yet I Tco
p Att I o 4 It Dp

Alt S t Oct t 8h
SH Galt s t s t

SEH I Qelt g t

For a free field S I Eco 4 it Dp

Ao Jakeheyy
thesigndefinition
varies in literature

faux e
i

qq E lagusage it t biting eia's

agitate before p

faux e
i

qq E Kaiaft pusgias.cae it

bitbi Uscg Iggye it

520,8CE91

fduxe.im F2i0lq slqmyI yggsgle
i9
qq.gg

e it

LitElko k m 81k m






































































































































35
KMS condition

S t Tr e
BCM 414 o

Tr er Eco

effigy
e PM Site ip

Where I again and 4.11,141141 idk g dap and Q fax Itg
whereby 10,43 4 In the momentumspace

5741 ePlumstag

S s it er M s ho ftw SCho Felton filled

with Filhom 5 tho l f therm f tho
epithet

Based onthemillsrepresentation

Sulu fEY e Oct flu y 21Techo k m 8th m

Now f Ey eihtOct 2,1k m ithw dhow

G Kem e
int

Kim emit ki Hwa E






































































































































e in't 40

I Li qin hem e
int
came

int

In f e I
notwatinkoway y

Ktm

If e them now'm
in
waitin i k kit

iqLay
2W

to wit ien
2W

Em't in1 201471

Eye
ikot

ram
i

k myin
A ko 258 btw

i
Sullo Ktm

yamyin
fChom 01ko 21T8th m

FFA fluty Ol ko

Similarly one canderive an expression for Sa Thefinal resuban

i
Sulk Ktm

yamyin
fChom 01ko 21814 m

i
Saath Ktm aime

in
fChom 01ko 2k814m

Jiako S Cho LaEcho Fehom Ktm 8th m

dz ko 5 ho LaEcho 1 Fehom Kem 8th m

Somealternativeforms

fiftyg 01ko Otho ftwy Otto fifthly felllol new meth

Elko boy 014Filhoy Olhalf lholy Mello 01ko

Elko l f hop Gko Otho meth 0141 014 Mello






































































































































41
Quasifermions
Just as for bosons we can derive general resultsfor fermionicthermal

propagator including interactions usingtherotatedbasis Wecanagainwrite

Sab Ue It 8 Ue where 5 justgo

This followsfromthe fact that Jfk y j's x ygo

Let usactuallyderiveUe Start by writing Up EE and then note

San 1 a LEE IIa

I Casal 1 1

Inmomentumspace S p
im
in

so that Sit 80,1minto p m in
i

Sesit
i

P m in p m in
21T Dtm 8p m

It is theneasy tosee that a be 1

I
a Vine

AC Me O

ab a n
I

b

now na gu any

in Iha
engine exmen xeplikolecon

and gift
Utne Unfe i ko o ey c ever e

e

IF Me i to u






































































































































and similarly be O me Vint inte iko o

IF Fifth how
f bi ereeek

A

Up
me É

ee thenÉ re
rn

e ee

u rail Eira

GivenUeand Ut we candiagonalize theDysonequation in diagonalbasis

Se So t Sofi2 Se Sitti 2 Se 1 e s fi
Then as withbosons S P e

p m e
It jostgo

FromDyson 5 Sj tis I diagonalized byUe inverted backbyUE

e4 ee en

Iab ne t.ee É 8 f Yemen

en ee en ze e e th
Me l geek ex Heth stem

n
Ie't E z z jell ay

E 2 2 ex 2

Thus I meEe't 8
2 n text 2

Ft e 1 n I ex y z

I eh ez gogo
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Let us now define I I 802,1 Then 2 85,80 802nA and we can

write

I et e 5 It It icothE Ii
Iittieholwth IhoM It

where I Zit if where It 2,121 and Iii ÉCE 24 an

bothHermitean Sowe find the connections

I It and It Ello wthElon It

Onthe other hand
et 1 0 ex1 Q extat

E I Et em et Li Q Q E me IA
2 One O H ne EA Li ne O EA LiethoFloy IA

I E E enee Lilo Oye m It

Li Qme 0 11ne 27 Lila me IA Lieko 1 flam It
pPhong

That is IA EEN I E EEko ItePKM I

Fermion sum rule canonicalcommutationrelation 4cal Itu deg h

feeltit 4,14 Italy go fYESCho4 80






































































































































Quasifermions just as we did for the scalarfield we can introduce
quasifermions as an effectivedescription inplasma Let us define 5 880

S Up f f U where S P m En i a

es si

To compute this explicitly we should be ableto invert S 5151 For

most general I t this is cumbersome so let us only consider a restrictedform

I alpoply blpoply pop

Here X Jiu where ur is theplasma 4velocity and a b c an scalarfunctions

Inthe plasmaframe UM C1o Theform i coversvector like g

Ige

interactions

such as AED QCD

Herewe will also dropthe antihermiteanpart egwe willnotconsiderwidth

The dispersionrelation is givenby det p m IH 0 with theform I

this becomes

dit CtaPtby med 0

Wework in theplasmaframeanddefine 9 I that I rp
go lta potb rpotb e rnpo

Mc E M t C
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def f m O s q mi e go INg'tme

rnpo I rp t mec

Po We

We will see that we can have rn 20 forpo 0 so therewill be two trances

ofparticle like solutions Here refers to usualparticles and to new collective

excitationsoftencalledholes Fornegative frequencies one finds the samesolutions

given no CD Po sew where Se ti in particle and 5 1 in antiparticle

sectors Inverting propagatoris simple

92mg

Pop rj pym
5 f me s Atme

qr mi

Mar quasiparticlepoles particleantiparticle on

q2mi e
d 9mi Cpo ifwe 2 2

1
Po sie LIMP Ipo scheop

particles t and holes t

5 58 E pÉ at Eng
Etmeso
WI

ZE
LI Po row It so I

ZI PI
Po ScWI

where we wrote 2 88 This lookscomplicated but is not Werecognize the

matter Hamiltonian H air rid.ptme80
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Indeed it iseasy to show that

Haltt h II p mgo
EP tmi
my

Gray
any

WE

do PI are idempotent and obey PIPI PIdss So 5 clearly describes

quasiparticle like excitations

Thethermalwavefunction renormalizationfactors 2 are givenby

ZI gimpy
p

rnpot M Po M
up er

Ipo rnpot M
p we

rEp mpotUp't g Actually indep
of Sc

We dropped the antihermiteanpart so wehave to puttheFeynman prescription

converge factorback so that

5 If
2 1PI p m't in pi cop in

posaw potsaw t inpo scottish

as poset ishTt É po ft y

25WPogu in

because Pit PE Thus 5 If 2 PI Ppts t it ftp saw
and

5 St If Luiz PI 8Po sew ifthosh

we thenget
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I If ZIPI TIP pots t anti ocpos.nl

Wheremetho Fe IpoIt ftp.ly ff lpoltsyu Thisform itselfis a result

of a resummation Wehave solved the propagator includingsome forward

scattering corrections to the dispersion relation

Gauge fields in RTF
In the ITF the gauge field propagators followed straightforwardly fromthe
scalar field structures Following the Fadden Popovgauge fixing abo ghosts
and Goldstonemodes got thermalized We shall follow similar path in the

RTF formulation Let us point out however that in theRTFone could choose

differently and thermalize only the physicalexcitations This is due to

thefact that for gauge fields the partition function is formally a rum just
over the physicalStates

p Iip ep't j Z Tr Ie P't

where A is a projection operator ontophysicalStates I E i phys hi ph1
Whatever one decides to do with anphysicalsales then should not matter

This lineof argument has indeedbeenfollowedbyg Landsholt and Rebaha
These rules lead to significantly simplifiedcalculations in somecases best

then to intricacies in others Here we willonly follow the traditionalpathof
FP gauge fixing in the PI






































































































































48
Re gauge propagator
Let us start from Regauge fixed quadratic Lagrangian for a massive field

Lo I Idrag duAi I MayA Ant Elda i

Where indices a b are NIN indices The Marsmatrix May canalways be

diagonalized by a rotation ofgauge fields so we can restrictourselvesto a

04 like situation The massless photon propagator will beobtained in the

limit M 0 at the end Thepropagator com corresponding to the

quadratic lagrangian i is

D m gmt f 1 08 Dua x x gma felt t 8 I I at

As usual without the f factor this equationdoes not have a solution Icould
not be inverted However given a finite Ye we canmake a guess

Dur gyuD Rt andBCI t Inserting this to k gives

g I I MY0 212 GIFFEN
B gradit t Glee

Let us start by choosing

D M DIE t M delt t S E E

and

B aD I tim bolt t EM abt bDe
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then f 1 0 t Dt EM ao t bDe

E 1 D D n't E 1 M D Dtem Dq

t 1 I am D af dolt t 8K E O a b Iz

So the directspaceGauge propagator is

Dmv gyuDII t m Ig Oct t m DW t em 13

D is ofcourse ourfamiliar scalar fieldpropagator so we can proceeddirectlyas
before Wemaygodirectly tomomentumrepresentation

our gyu YI ul É I c my 014

Ik U k Dick
my o

Dickiemy
old

where Dickmy
i

main
and Uca rn

e

fi n funPkk

Vin Cantin

Inthe distribution representation then Ex Cotati VT

Dru in gm 1 E pÉÉm kinetic

gm it 2571141781k m The 2571141 old EM

unphysical themedmodesphysicalthermalmodes






































































































































SO
as usual Dmv22 Dmv and is theoffdiagand we find

Dru is Dsv gyu GI atEcho flu 8Wm
Kyle 25Echo f ho8 K EM

and Dmv z D v e f D Did f l f

Finally then

fur Di DI anecho ga hat sci ri Thecu emy

Soeachgauge fieldpropagatorcontains umphysicalStates In theunitarygauge
they vanish of course but in general no This mean that in ex gauges we

need to introducealso thethermal ghosts andGoldstonemodes in SSB theories

Ghosts we can nowjust write the result based on thefactthat

Lghost Ead oms e gf In c

ghosts are then likemassless bosonicfields theyobeybosonicKMS boundary

conditions just as do thegauge fields so we get

Dogma Ein gig sa t Litepo8 I n m
8p
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Gauge Fieds M O limit photon gluonpropagators

Ourmasterequation 131 on p49 is singularwhenM20 but we canget the limit

using e'ltopital's rule him f e list if lying hi 0 and lining exists

Here x M N 0

bigDev guDLI t 0 duds limoIm Oct t m DW t em

g DLI to 1 3 dud Oli ti ni me

In the momentumspace this becomes

Dmv gmt l E Kpk ofUlu KiEin'tin
O Ki

Ein 016
MO

Uk ti Égirl mining und

We can rewrite
i

Wain E no in

I Étain welldefinedforK'to really

So we canwrite fin gig sa t Lie ko8 Einem 84

oil I am a esh TÉ M
Kukuof in n so limit






































































































































52
QED and QCD plasma
To finishthis course we perform two detailed computationsof fermionicand

gauge field excitations in the GED and OCD plasma

I Plasmino dispersion relation particlesandholes
The l loopquark self energy correction in the QCDplasma is

p

if ME
É I Ep

J i j
t igot

In i tilgilt't'm ftp.qiipyisip.gg S m ping 2Thelp8pam

weonlywanttheHermiteanpartof 2 5 It jo This comessolelyfromthe
crossterms of the propagators post pyo

ptk o p

2 IgfClo ft ftp.gympi2enplpotkol8
pas m

pjamdiner Sip's
Casimir

pak 2m
mppo 8 piagain Ig G t m

Iggy name vi mitsu rp 2kpt 42 2kp t m

all by t c
ITI C

Now use the following relations Tr KI a k't bko
yYTry In akot b






































































































































53
a Har 42 True

i
b Ept Tr KE Trait

do weneed to compute threedifferenttraces Trent Trent and TraEa

E dpofdppkt gypgw.ysh.tw 18pop topop

ITE 2g N am I Mito
K me 2kp

84 m ya m gap
843

k Im 2kp k'tm I 2hopo I 2kpz 2 aso

Capo I 2kpz Cy k Im Ihop

Edtcapita I log
CHP.lt
pkCt11o2f2py 2klplayGcPolt2pkCIlpo

2pk

y boy
Ktm 2 10 21h

Ipl poKtm I 2Kopo Lpk

Ftr I Laning si
nfdpfpmiwntIFhtwmI nomFeFpeip

k.ptK2ITrk4 295 n Gfp w's'Ipemenelio Jlp'm warp mento84

Now fdz
koPo kpzit
Gcpo apk

LIZ 4 14 26ps

Cet2plet

I Cy help It t ftp.t
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Idz
koPotk kpz
CIpo akp

dz hook I
c t c up

C 2kpz

I
C 24Po 2k hitm2
4up

l Pol 1 Tpl Ipo

I Trx 4 KIAN dpp top Yi p belwp melw.lt 1 j L p motel

I Try4 201g gig un p.mnlioldpim4 w ti menp4d8lp

2 IN g Édp phew leap letup Mlp lhp lip thop l cpl

This is howthese expressionback into a on p 57 we get a b Cc first
These Id integrals are easilycomputednumerically However we are here interested

only onthehardthermalloop limit 145L defined as Tsm and Tas ko which

corresponds to softmodes in hightemperatureplasma Here we cansimplify

ATL limit
w Ii kIsgnepolw

kÉgpo2w wtsk w sk

l po log
Ktm I 24010 2ph a log

k 2p letsgncpo w

k tm I 2kopo Lpk k 212lktsgnlp.tw

log g lay t log s t mind

LI lapo t letro o Elp letp log IIIT log É

log1 log 2






































































































































SS
And Eliot e Ipo s 2log t log III lay É

slag log117 log II
x I 21g I E t WII WII WII
I 2log Ye

Implementing these approximations on traces weget

small
Ftr I 40NmugsgetGdp Nlp nop top I legit neglect

Similarly drop b term in others

I Imi

I Trk 4 2 N TEfdpphelp nypl 1 NT 1 1 9121 y't

I TrXIA 2 N ÉGdpp help lip letup Mlp l Cup l lup

gin
pay

2logE Gdpp melplenolp É in log

a Ep Itr42 4TryIitNow we finallyget b it tree Itrust
g
limit 40

awn 1 Eulogies a

blais I w Y lag112 4
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Where we finallydefined thethermalmass

Mf gcanT2 o f
9 in QCD when 3

CI in QED where I 1

Theseare the famous ATL self energyexpressionsderivedbyWeldon is to's

Using the above expression for a and b and dropping m one can now

write the dispersionrelation as

Ita w t b I Ita k e It a wek b

we k wa 1 Ealy it w Y lag1

w Ik t ME Il t É log I we indeed have two

physical branches

In the limit ka w one finds

we I K ME Il to I 1 1 tf wraightmi

ME to
plasm of

a

frequency
WE Mi tf k

3

Thegroupvelocity ug IE o tf for law



So the hole solution have a negative groupvelocity eg the currentof
particles is oppositeto themomentum

groupvelocities

groupvelocities are shown in parties
the figure right as a horn

function of lil T
Notehow the holeUg indeed

becomesnegative for KIT50,6
If

Wfrfactor
Rememberfinally theafr
factorsforfermions Inthe sum

massless limit particles

holes

2I rEp mpot151
1

Again the figuredoright shows

thewho factors for particles and holes as a function of kilt Notethat

holes east only for mall 15115 Here we used the QCD couplinggot1.216
Twhichcorresponds to MY t 0,2T or Min 0,43T

large
Sum rule

I LEFCho1 fEy It 2KZ PI 8Po sew 2 2 1.1

So indeed for k n me the sum rule fails It is satisfied however forboth
14 20 and MIST

ee



I
)

? Qrn - Þlss*c^

-
ln rneclitrnn pon+tclu beovvrt- b".*J b/ r¡,Ltnc.c,hhs.

1- t*h'¿^ st.Ln¡ üfft,dn\ merelra, ør. {Slsd-pclì}ft1l,a,

GUechw moclø a l d,rurouLui3erl y d,spe.n.iõr, rc\ah"r.¡ t¡(t)
c/^^cl b/ do ral¿ (Ë) ( Çi''lr* ç¡-t.'^").

DA. will Ìae S,.**t "" f pote o$ thÅ popc^{ctur/ (rr¡\rd*Å ,,liK

J4nr ruaL pørt 4 -lû^ t*tf Co"*glt< parl "l +ü" "{t **T/
caÂ\ be 

^'-tÁhû- 
to t'.(t).

$ talto r ( eññü^ or << åtT )

,i (.t.) '\rT ) E,- scal¡ tf nd¡nd. ¡<nt.r.lo
'., tmltnponhile ctr>ûan trA *Vt

F- sco.l.r "f cv0huhv¿ ex¡l'fnFíon. teþþ1l)
s-3. C C,)t&cÅì,\ m^þr.,nÀAr

t( CrJ rv gtT ¡ ilc.q^t\r- St¡.lr (Ñon() - 1r- À Dn)

)f.ti ) a, X'f ( &ru cat{ )

Qu.nspn^rrhlf$ \MeJ,( .l.hl.'t"t il- i

)

(^)

L
^ f

/2

{

F
1T

f\, I ûr
D

r

!<<
qT
at

(1,r )

658



@
( ¿*totl"t T >> *" )

Xu 
?¡ûwr4'c $"rk--T phohn potan3al'ron ù¡non À o. l¡,xr¿r^ t¡'nbtqii\n

4 tf"i*. {tnsr¡cr bf , VrVo tr4q, o'.0,\ qr(u*u,Çt ol'ur*(

ç i" t¡¡Slrur,ro.rrlu,nì a t¡ À t1"{ {U^nl- \-wlsu'\.

3*gn tà\aa/uìq.na Sþfn ,Àpl.in .fl/,À \^la.¿- nfunh\ :

(orþ = o (ta)

I q g,il^ 9" r'nchpør d¡'. I cnrr"tt]nnt , ,^fr.r^þ Try corr cÍr¡ae,rcl elrþ e4

trrr¡o çalcr fr.,".ttr*s. tl o {orrrrt^,¡¡qnþ {.ts drurr,r¡ot \," ûr\

Er \(t,,r) P¡u\,

(*rer,sæorq )

/v

tr" )L.

+ rrr(\ u )
(lln,,¡,u.t^i+)

s. (T¡)

(tr I

hjhnt v,lg nsled. ìt^^f \, ca¡n *fy "rgr*¿ û^ \¡¡o x-a.La. f*,h*"

¿r) q (,u 8, þ= (k,*)t - Kt (?,\ )

(onenry û^d tå- tno",,o^ùu* ), onnd

rs^þD'ru

þ

^,Xy3

[f,5)

(l,c;

ûIr ur^ u

(+, s )

ûaÀ

Kr \r^ - .^rþ

u

059



Nlok thef Þlu

ulh!.t b- (^,ù ).
*Uansr¿rrrf nþFon,

-) - (àii

Thå ,A *Y
fn,t¿rL ,'

ÐF (-å^. * (t- t) i È"?*3 {'^i

@
ïþ, $* |,v+ô (* %' =P¡"=o)
Pf, 'À lhr kn¡ananÞ $'^ sf t(\

) Qf ",, Q^., 3 Q 
F,

(r,., ì

(t,rr)

P

pt^
r

PN0\ u

)

Ptsu

= G.F^ Pt, = $

$.

P

PP

c Q"
flltxor¿r

f 8r"
5!6r fr.' lo)

]* 'ft""+ dat¡ TCr=[l t"t T=f=ô), Nt rtorr¡QÁ Ì'kr-urua(

vhur¿n ¡zofau3aÀün ùernarr. Sln^dud.

Dtgss"J. phsfsrì PrbPo.caa.S'or

',tf 
e - co.n cepe4 êu.¡r c^o^!sr" +- {,..¡ sc-q-ç*.r- pr\pïù,^ urî*a,r-

'td^t- a.^! e-ro¡rt',xo *{^4} hrr- hqr\- tr* e.ruø.\ çr"^.4.,^.,r

I

+

Lfu\T
UL , ì..

\ 't - k"t(l- t r-, l¿. ' l.*
(Pp q.,

.UUn,Qør

Ong sn {qlt"(t nåe**å L^\.$ ',l<,tfu* o,¡lt^a^nîL¡i, (àthohlo*n,pe \.k4ù*

Sclturrrilr,- DdÌ'"\

I
\

t

flrrr
d13

+D D 4[à tît.noloEu

060



-rî{t V tt v +

ãq
\.

D
- F tf 14

 ç
j ,

c*
t A

-f 
üt

F8 -î ãl F,
'r,

Þc
 (

+
-þ

'
f¡t qF ?+ )& í¿ 7L

ä
4'

I ã
?ð

)
tf

+
3^ FI , 5 6 + g = t

es 'Ø Ê 
(-t

-è
g 7 f

4
'r 

-a
Lr f, LI ?P

þ ) + *_ Þ- -tl- 'Þ
t a g , g* 7 .F b3 { \/ 'Þ ë ìta * *

tl
á or L

T
\-/ +t Ç fil 4 "i

-å
+ '=
V* t v I

4
Ã I {
\J

.
?

tt , ?ì 1 .1
¿

'+
z á r -q
'

-a Þ< + Ø ìF x.
l- I rtF ¡ U

tí
\-/

 
ì

F ,á v r \-J ll +
-Ë

-l ?\
-]¡

^'
.J

ñl
-l

'À
¡ 
{ 5

-d -Þ t {la
,

Þ ?: î Js

Þ4

t,
af

i\ r g E ll I

lf

I
t

t{ 
lå

¡tl --*
 V -+ -P .I rñ {lf FA I

ü 
Þn

*
ãl

* # -t €
.

Â ? + 4x r5 øt
,* 

,

t À 7

F Å I

I Ã rlf --+
J F^,

.ñ
 l- F Ì, + Þ + \J + ^f
td ç& - \

-/ 
''ù

Tl
rl -5 I
:3

'Þ + jl5
t I 7

-

ll +
-É

¡E
r

p4 a- Þ -+ çl
F p=

-->

¡
t t:

I ç ?
õl

#
F t\t I ã I

g v r P * t
? gè

@01



(*v nç - \ ¡ t 
) (vvrq - Jvvq 

) *¡0, nl0
nå€,

"*p 5l- 
=)hPCr

)r
;rr% 'Frì!1uuì-y \)v4"t l.ìy-rtm^ 

ng 
u g

vìroß or :,"rT i*fJ- ' J\ d"O + .lL

(il't)tx),rv Jn:, rr-,¡ '.*^;5 i -

{ '1r3 *rroÞ.1
ù,

d
-)"lt

l"ut\il,

lv,al:<v¡ vurrp-er.25 ìHEYd .r=tau Þ lùr{"l1*rlrEnqu$n^ ,n)
C'

(:t '¿)('Ê"!,- ":rg)W IY' =

(.,9 -.11 ",P\p
¿^l
b ft.,

òr -i ?

{
- -(/= r/n' 1

f

= ot, Jnl vn

t Tn q ìss?wTl.cw"rì"t/0r0 aløn¡ rF rro.ltþ¿0 rut\r?f

rv xJJ¡t^'q,J*jrr3

: llturìgrr,r,ßr* .,0 - f,1ïF tïvu:ua^olgttìlt lVw ðt'tur$

'trwlø¡l¡h¡trørvm \¿0 Þ*,'rp?T ( tr't) "f ( at) *fluU>t tor14',SQ

r
(stT)

,r.,

înuu, ,3 = 'î *, = {
.\rr!,mld

(r a)¡. rÀ alpgtns.t¡e¡-dlwwrnp¡

rï.It,trlùl I

'rP
Ì

@

( h,'t).\v' - .r.ùl+T

62

L



(0

dE ¡lt-x)
(âti}

-i, 
I

ËË -k ,*n,

( rutTf'+ hl¡l^,*'- t¡lutn(P+u'(F) ) n,

0ne

ItÊ
^o,5 s,r"tì[ø"t¡ r.b4ì^ p

À J*^r 4 '[üD(.

..k o. "'6ã - L,', r*- 0^d -tt^u,r l{r - ex4,a¡¡¡

TU runn¡tL lho^¡ld. bq-

5 +S
0

-K

(. È.Ê". - + ã*
/^

4:K
(cn¡rlurnhrx

*o\,utt?\

r

)8...

(+,,-t ) . (or*,

\+, r¡ )

taas
It\tc\,r*

wlwrt

' T*(0"
e&

(t-,rl )
f o^r t\r+^ b) ?no. (f,f ) oq^cl.

pälee ,rn¡ås e- ûh?fisrtt( .rqìþqh¡n h'lt{.
a^ktcn"rla'f

?øLu"l¡oHnnnen k"r^* T* ¡ tle.

f6tL^ Tl.. rr P¡u -t î¡ Q¡u

r,tFu'q^" 11 *t{u"û", trKl

\
tt'nlSfU,

It.¡

SAû.trrnguAPr.., = ô

rZta-

r#-)(-l'-çu)=-i-r.'
0

(*t*n Fn
)

?
(r,rt )fr

Vasloarsfi W'i.{aar\ oærìla¡- ,Xå

E Rrr (+, rc)I+ãEL_!
¿î

TännL¿,. oírç L^l*l",eti+ Vl,rv Ûn, {'* ?fÎ¡., .

1163



@
Ëþ"t^o^^e LJ^Ji.

ìohcl'¡.løt-an RfF;sså ,
J
ò/at -t"Jenlil .

D/o

Qo. [^^,. Lr F ì ssl. , ,ù l¿4" t obs o]cun *, r lcn r (l,ra)

U¿!Llå.å'r Fgnnanin "n'i!["a / F{l* ai lûn^fiß h^tol¿ûr},a

qGil (
*rw,
eft*1.

eN.\
.u*4

s (-?r,. YJ) u,."Ë uo '¡- ï'ù,Þ u*

: -(Pru*Q¡u)up.t (+,er)

ÞlD=\ U,' ¿
11)- fy uri u."

6F+

\ò
lertRg {o .:-

l¿'-tê

1* u¡u..
I

)

Te{,gôtakennq e¡\ ,t3l- .grne \¡¡u., e{lr,[Lå ¿¿lu-,éaár.rn t ¡oüonn^.
\orrnrns ",1"n \oill.* SÞ - åhHl8"

þ,
oF .r uî"*Ên fnur" ) ù-r

-l
U I -¡ç'tp:U-lfrn{tg+

ê) % õÅ(fi*F)Do, (l*;--')ftnP (t, te )

)it.d ful""l.r; DF = -(Þr*+4",)B É i'S , daòlq mu,..{!

^üt +ås*å.t\eø" \rr.t{^. qa.a.nnni,r U l(cj ,rvrrvH, {ap*tIr kitå,nLå.âltå :

Þr' = -b' u st u I * oõ0 (rer )., 0 ôru

mtirl' È Lt-Tç. G''9
k."Gr

e¡t(rt.t-k)/¿(-ut-Ëi )

IL
I o

0

t )

6,ePrq - E'
u ö,u

br -ftrutl
,¡(tbt*")/a (úpi ) q -.ÊttrDî

(-1,*l

64



(e
?m¡"*t ilun:

kDT'= kor' = u )
-

l.t - k^Fr,,
(t,ac¡

Ja

l*- n\ L
(r'- a.ñ'rr)t + (n frJ'

l^îr''
Ir Dl" = -LDJf frurl (eÍ"tr*r)

(r..- prËrt)t * (-tt)'
1t lj(lt"t) = €[h) [r* rgtr"r)

\rìâH vtt \nuä xro,^*å, t4{#"ån[ fþW, (lrô, ban.* 6,(g o-u )

R .lrt = R,r n]t = R*lri,- (+, zr¡

T"^ q"t = Ion ltll' = e (&o) ( r * q{t,,.1 ) T.rç. (t, ao ¡

fu-jkr^

Þå" = le k") $r,">
lnn Ti,.

(1"'- Êtîh,.f r (r-tr*f (z,co )
Þ]i = le rk")(1- f ql )

lrtl'
(Lr- r\Er.) \+(t r" îr,¡L

Ja weIX vø+tøerørr{-'

Tr,I'" = - A€(b) (t * ¡tl")) ¡,",. lo,

t +,er)

)

)

nr' Q e trro I t${r-.¡ [. îr*

[", jì )

36.5



@

[lqot\ar\ \-.- avrru I I S^îr., -àO

Rq, Drr + 1PP

l"n 0,, -Ð (t+qttrkt )Ìrs(k])

1r) D,,* r$(tur) t(t.)
-tl¿rrrle

0l(

(r, tr )

I
l(¿

I
\¡{e¡J¡.}tr\ pat l. tcr,^brnr -ltt¡ f?.. Þ¡¡.

J* "'

(vosì\tq t¿l&isk., ch'r pensonqlea.h¡ þ -^ä$,'t7\"lt n\+* fcaorrcr>|,1

k¿ - Rriill
t;r ô .=à co"¡(È)

{.^
fà ùnerrnqç l¿r¡[,]ì n"e t- lk. rõrÀh,

tf 1( t)
ì

r-r--qTt^n\ f3!bl , * In 1,,,
Jç rt

( 
",31)J

Voru,n¿ siLs t-lr\ï, 0.r^t*r^*^ gpr),, - þ,>*r¡.

66



lãlonin rlseiso.rte h. ¡

- tr9 l.\

T >) krur ; n.+ 0 t1'q i ¡:0

r = -Le' J,*. n[t i5, t¡-u.)t,,ts¡ ¡ll
[r,¡c )

d

= iS, (p)

I (+,tt)

(13s)P
l-l

sr
II(: P-K

tc

¿

,ìt

K K
P

(-l)t,..^^¡'>ï'e ìS=t

Lqsl¿tloû\ ú¡h .|qmrwn Þtn reoo.J¡cnq . Tt.,,å $stllåå y\den vaL^,qþ\r-

þ ¿l.t"r {t¿miltø¡ p^015.o1¡oiin }cun'.cslqkiq ¡3ry-(b.¿[* ;

Päã"rwl R"(:.)
{-rartek 

"
ü.
(ân)i f Q¡) I(¡t-,ni)

--

1

*P l(r n-r*r) l( t¡-ur,-^¡ )]L
P

Vc.r\dø. p.> prL
{å\t^X.qt scsst
J¿rr.¡lnÀ.

x J¡ ( ¡rty-r+ms) d, q +\)) (+,gr)

dFo

(tn)3 J(tr"r) ì( ¡'- ^l ) 'e

trr".å huom,\h\n "t*[ W*.') -Þmnrn q¡s¡¡lz. (k" | Þvnf = Kl*l('p

( +, ga)

67



@
(etnb¡Ì.ô *ùt ,¡ãt'rs J. å,.* Pl-\e *S

lftilh¡nvcrriqnsìi
= þfi+mq) ( * K¿+ tk.p

Knfun^{, o(

t,+ -.-rt - lt I t' ug.-rÐÍ k'--] )_., 
,Lv^c\*s= Kt- rk.? - 4( (,¡r-*.¡

a< -Tr(¿,,p) + T.(¡# ) oÐ

&f-t*' ¡ Ti ( ¿rq*'c( ) [, t¡rt*, ] )

è

= å(p'-^;¡' I ( âpnp, ... (þ¡,*R, xrä*) ( +,gt)

lluo^*l*on eÀ\à r;nklnoc.lrs=.^ (1St) ¡nulemnræJ''lerrr.iÞ oraF.är^lhxb (H5

s,t-rlå Þ8t *iLài *',lk.,..varìansçi 6h s\h tk ), J" sno.Íì.\rv1s

]

(+'TsJ

I ¡"¡,

Pr) *

þ a,

J"qskdoor\ er,*^ Rr Íf¡ = - $ ul',^' Pr.rnþ ., úe "näll"' Pr

Tep koo.ei.l tø"¡,¡þæ\., .ñ1ì$st

ul*n'9. = 9pÃ-ap.4nR,ç, s 4ft-fol(s-F,f, (tvr)

n3F 0tmQyì

[+,'4¿)l(2- Lu,
Þ

I K?-rhpotâ'Ë,p'

68



I
tSti¡'

Pq

P¿Tta = *8e¿ (+,\31

joko pí* ootto'U.n [ *r) ¡tlrun a"{ar, x ^i 
(ø+r^) (u,rr- r¡)

&ï,- = - 
"u: 

ä å Joo, f,r$(.J (r- fr,(ixlhrupn*d\ql ffiH l)
Tü"ü |qto¡ on ..æ.tå çkoc\.J¡i \¡.r'r *ri,^ 

É= 
u (r,r^.ørf'w^ Or*^ù,*U ) , 

(1W¡

) Aselclt"n .n¿)î no= Ò¡ loflorlu -l:¡Ft = p* Ånçt4{,aqr. ^){ AJôt rai\ hiu¡:lr^.

I'tqt

fåffs,r'qrfie(ffi

lþ
I

dl l'h¡o\i

( I+-
k

R^,rr= #;t,-s)å ï-t
P t* _!c

{kP çpd) bl
Kzr 2p(xço.r)

Kt- rptt<+o) T)
(lrs )

ehr

(-luomc,q er{[å (Tnñh¡nennn 
^"\V /hrq'¡trvot, Td\"å $\{,-^ snlå, v$l

n1*"t, U^driÅn 
¡râà,orua rvdttryrri'

, ? t"f ( p**) È å ( tt tptx+ie) * l,1(p**-.")) -- \lr*"tc

.Þ

Su^*n L øi"lq..^, -t \då ",1$6r , 
orlî^1.ä Jåttrrr^ t+n) ;

kïTu =S,,r-$) iot[m
eÊP* t

&

IP

T*,
o

l[. (-

(r^rt¡)t- ttt'

lc^r*ì.)t- \ln.

5'
Þ -*d.ff-r)b\ffiï)

X Ji*(sr-*r\-t t Ci*2pkt,
¡ C=tåltp¡

+t gr*¿r.pt
*'
C- tàkgt-l

= -l- fito**lco) h(å:*f ) ) qç*åc, - i't'* tú* å\r,o

C" = (t=2"1h

(l,re )

65



@
lRl.nr;lå
Vot-^e

lìgT'

rerrþnrì 4.^*¡I.¿,l'nn"ne sfiü vrdå Juu.^¡.üv\ \Qr

U¡*å Jeøraon J^^U¡S!. t+,\-o) ',

oìf'
0 5^::

""":--Ee'r 
T,*&ff+,rl ot

,tyA - Ë È

K?ç Q.pur r rt.p-

fl-= rp-
õrr!c. =lx'

_t_
ehr

P

L* d .I- Kz

lkp 'xtffil )
(rn,f,qt ttpt-t{rt- ('

P

le'
1ç Iot

iìp, *Tnk- K') + 1r,w)L
g(5Pt t

fhir, s^odaqn jr k¿ra,or.sha (1i1C) ¡ 0.'r+¡ i P¡Wr = -åot* in r["';,

r f.Tr,Ëi t# - s{^?tF,.t - llo*l

)hlffi't
(,rt+t"f-

(o-lâ'-'\r'

çz (*t
l'P¿l

ohk'1--
ï l¿'

t+¡¡)I

Hi+å hrar¿skin \*ju,l *.l"hqvi cr a¿r¡iHa,a a,l*}. T > L,,^r

E 
?T¿(,-il)(,. ähtO-lr. (ln)kKt ))¿ü+1.'3

u¡ -\
lcytll-*'til -('-älåqR'nT

(+-so)



€detteert vord.aon os.¡illrq ",|4{ 1*r) [a¡n \¿=õ T>>tr)#o)

fu,n (o¿^) & qto,r) ù
3

\u+n tu-Þ (t:> ¡c f ô)

¿ (rsr )tôPqa

Jq

a

a

1ra I
nrìD (T )R¿ i(,.( k,o)

Rr rrr[u,o ) o

e
a.\)

(tsr )

(15Þ)
)

ü<ørþr¡

,'y€r T
D isper, stt ceLs+,¿r*^"

e.h

t

^Í = h(+ lPrrr,_(^,,¿)

trçt- þtt Pr-Î{rnf,) u\'t1ù
¿

Ynotr)

tls als I ¿/er

\

L
rcfLø.rfn¡ { I

)
t-Y¿r

tdrililru L-ur. a¡ Þ 0¡,r

t/g

L
C'ù

â,t¡?L"(t+¿it*?)

dd ¡a{t-cau Mb ek p.rurnl-*el(îÉ,r¡. \.paaoi .raüokarao¡-.



I

'L 
^ 

T Xq .þ¡*s frtSÊ$ \,'rtq

'Yîa$ t*l I >{ \a L' l* *.i '\sr-ows-u1<r- a¡'p }.q'." V1¡¡q¡
u.uowrrr.¡l f4Âîf*^1e"o.^., -T."o \o ¡t o,usqd. iÌt'- aÞìrnr1 ( ) salyJ-

'vn¿fltru¡¿r*æ 
[ì]¡l iq\*â1\\% l8 * vø¡aøìf vn] la¡ø\ \trtrFe8

()
!ùc
rTf

gïn'9

( ç,1*ú,h)1¡¡.rlY =(ç.3){

Fglaro ïrr{"lTrrrr¡+:.rrto\ v¡;r.c*øryt \ã4<,lT?ør4yvî}&I{l1

.u4\î\O'A^te,r rTaF *.f"*r4t.uÞltfi 'lU¡.reùiìA4¡ tt"tsv¡ruqrW,\

T*f,.frß¡ Xrl'gpun f Un¿,tyrÌtl^^, v/rr{/n vrxu}Þlo¡vq¡\wd :nsN

-na¡^r¡\,fÞ^q uolsolh.f lld*r-t Þ,if rs:s¡p 
"ps¡Ql6 "rlr? 

llCIoplo¡
.¡í¡

(

ñ¡:- Udau¡ Ì&\utrçw

' \Qr¡øo lf.vrlpsuuxm6l

þ".as.rv.sr¡r¿q^ Ple's stls ,/,(u¡¡t6 0 < $ ìrï

( ."

'¿\qvïìr.ar¡ Ípru Bvcl,?Vàþ

( o't) ¿u -,
.d t -"M

Ô+l rsü

l*tdJ20il= (Q,cn)-ll,¿
0

(¿rpI
oüd

Ð
I

frr/ïF\rî îp ",1\.D 
'zralzvun¡ ußôÞtry\{ ( ggl - lg'i) 'o.Øloln¡ ,=çFI¡

072


