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Effective 3d theories

Wehavealreadynoted that thermalequilibrium FIT is atheory on S Let

us now n'rider the connection between the topology andphysics at different

lengthscales

T O QFT defined in Minkowskispace IM a 5011,3

gyu diag 1 1 1 1 Timeordered Greens function Feynman E

Wick Euclidean IR a 5014 theory gin din

Y M win Y R

ism ifaxLu Se fdxc.de

TIO FTFT wasfound to be

equivalent on a QFT defined

on S Rd where Xoe lop
I s

S Rd

and 0,41 010 Yp 4,101 I fatfatLe

WhenT 0 p s x and S R Periodicity losesmeaning as Matsubara

frequences coalesce and one recovers the continuum R theory

Moreover for a finite T 0 theory looksdifferent at differentscales

D la te k f In these length eat
scales the only the largest Matsubara

frequencies contribute Modes






































































































































effectively Walesa Thepaths that mainly contribute to the PI
are not sensitive to periodicity Low Matsubara modesnot relevant

iif f n YT Temperature corrections

essential All Matsubara modes

dynamical relevant

l t

iid 12 It In theselengthscales

T dimensiondoes not Showanymore

Only the zeromode contributes to dynamical correlations

Theory has been effectivelyreduced to three dimensions

Freetheory correlators mismiswi

Canonico pf
e

witw Ez Idpp m Idzeiplitz

ip Imp

4TH E Gdppg e
isplit

M

Rep
yp Idppig e

P

B
y ly C

Mn
Mn Nmkt Lent

Thus all Matsubaramodes with n 0 decouple for 151 s YT Then for
largedistances only thezeromode corelater survives






































































































































Yok co 4h e mr af yukawa coulomb

Interactingtheory For n I modes the freetheoryresult remains a good

approximation For thezeromode the leading correction is thethermalmass

correction ME MELT

rYou co
4

e
mo

milt mix II

Thefull Y D theory correlator thenis

Oct Xcode T Eeintsonextonco

T Ee
iWnt B
y

C Mn I yet emalt lil

more generally based on Wick's theorem also all higherorder Greens functions

reduce to those of thezero modes only

If we aremainly interested in the dynamicsof long waremodes it would be
sensible to derive an effectivetheory forzeromodesonly

Pharediagramofthe SM Electroweakphasetransition is cross over

n Baryogeness's not possible intheMn

II
must be beyond on physics

inflation






































































































































How to do this systematically I How to computetheform ofthe effective

3d action and the relationof the 3d effective parametersto physical
parameters in Ud theory

Obviousway integrate out all heavymodes problemswith

nonlocalterms

Practicalway dimensional reductionbymatching
of Yd 3d greens functions

1 Trivial reduction Here one simply restricts to static modes

neglectingthe n O modes altogether

zeromode not E

Idefax1190,4 f faxLe too I faxLalids 4

In Ap theory then Lz 154,1 t 12m30 t 414

43 FO dj 53 73

Mz Mr

13 Art dimensionfuel coupling

2 Integrating out n O modes Writing thepartition function inmode

basis we can write

f
doindependentpart

Z I ape
th

Zn fool esettled






































































































































5Ourgoal then is to derive Seato by integrating out all Into modes
To this and we write

f
dimensionless

Oct I TIEOnce é
int

once Idt y t.ae
averagefield real

Whichthengives 4net att Also dolt Idt 44,8 pÉ f 43
In termsof themode functions Lagrangian becomes leg O to

Le on TI 121741 Milont't Ii I know Entree

Tgf Igg interactions

I 4 t tamp03 t If Ifree t Int

Interactingpart can bedivided into 3 pieces depending on howmany zeromodes
are involved

Lint Lol4 1min10sOnto Into One
where o o

Lo 110 7,05 7,03 o o

o o

Lmi II 6082,141 t 4 1.6 44 e

It 03 6.12 137
o n

6 Estelledate
e k e

and k e

Into Fit Em tndudeOntute i

n n e n






































































































































6
With these preparation wecan attempt to derive Se og

IDon pexp Con zag
see

e tlmf onIpexpf Sfmal4mto7 Smix Sn.o

e
som f Don e

Stem If It Ismixt.sn
e
so's
II Zine É II smixts.to

where

x
g
Egg IIDon x e stand

By inspection we now get
freegascontributionfromneo modes

logZno I layziti logÉ Onto

I vacuumgraphsfrom
n O modes

whereasthe effective 3d action is

Sy 0,7 So y Ig tf SmixtSn o Sii
connected

Remember that taking log mean one gets onlyconnected graphs Subtracting






































































































































7

Renormalization Vacuum ct's giverise to

Let II Smtp's 4On t f T Ee.noudednOEe

dntp'd 03 fits t Imixed Into

Lowestorder 8 10,7 510,7 fax13,10

I looporder

m
connected It In Ddp Blakftp.lonp e

snocn

fox Foiay ii

faxY InteractE o o

Combinedwiththe counterterm fax 8m43 fax track
wegetsimply

88 fax 0
and

Sep obit fdix 703 t 1am et 4 t 4,343

where still 4 Vito A Art and m3 t mi I milt
IoT






































































































































S
Thus at 1 loop level the effective 3dtheory is local and has an effective

coupling 13 Irt and effectivemass mo

a pimp I Az

Ring sum from 3d perturbation correction

log2 log2no log fog e
seCool

log2m I logZn t É cont

I I I ct's

log Do e
seCool

if logletme 1 If É
Combined thesegivejust the ring improved pressure found earlier

P fu t l l Ii i t

JI mi MIMIR
T

t fanti III
This is just thering sum we found earlier resumming thezeromodes






































































































































S
Higherordertruncations At order I we start to get correctionsalso
also to 0 and I beyond thetrivial mappings foundabove The P

correction to 13comes at 1 loop and P corrections to 4 and m3

at 2 loops

Couplingconstant the lowest order correction is thefollowing

six nt.znnaJnI alpe.s I t.to d d1d1llannecsea

1Ifdixdyoyoicy Eef1 411 Ide connected

YI I faxdy din Ila y oily m 0

This isclearly a non localterm thatcannotbe written as an effective local

3d interaction However we can do so approximatively if externalmomenta in

light modes is small p E Ant Indeed

TIEfaddy x spa y pity
re x Y
X lay

T faxd r Oo XtE TEDier 0 X E

T fax fdirt foster o x to cx glow t

T Jd x eOoex 20867 07






































































































































10
First coefficient is

I TI disin T Efp Sacyskip forc t
k

TEfp sup bulpl TES did
1

Wixpya
l 2mi
94,52

t

Now use

fit Tp'dgo Efa toy

TI Ej i t.pro

Tl aped III I p lap d

2
f Igf ga amp

as 2,4 TÉÉ

ere y

2 G d

EuIÉÉÉ time
Ft 1 Getlogy

jell El ret ly II I re CIF

É It re log II 5107 II

Theleadingtermthen is soda

T I if It re log Ii 51071 7 totes






































































































































11
this is divergent as expected Wehave a counter term at our disposal
however T 4708 The countertermdepends on scheme of course

In the ma o limit renormalization at p o is not possible We could

use some other scale say s t u M to definethe coupling Am

or we can use just the ts scheme where one just removes the
UV divergence

SE I iB M o o on Zai E twilight

Is Art 4 1 E re log II 5107 257

I E vet logYa T

ai It 33 are 2lay It 5101 II

do we now got a sensible thermallycorrected local 3d 4pointcoupling

However this was just a first term in the infiniteseries of operators We

already extracted the second term n 2402of

T Efdir's r T.IS fops FTE f catty

ft IL f
an'tr ai
can'tpay f E f i don'twe

Wehave a new integral which we can compute noting that f Ip n Tat P

whence






































































































































12

T of f tap ltd Ip f wi fwi

gofastftp.t.pe I f p Lpf a

FEn C If't

z f 1 t Gtd YI YI o d

134221 z 32154T

So the secondterm is

7 33 p 44 1 at 1 p f to root a ait E o

In the dim reduced theory we assume

f higher
order

p s m n Ant T 4 do s ait ol

so the error wemake neglecting this term is higherorder a coupling in the

regime where we are working

Thingsget evenmore messy with 2 loop correction to selfenergy First

all is well with etc as we have seenwiththe ring expansion
However the graph is more complicated






































































































































13

f smallmass

no mto

OK V
PS at

OK all hard Not captured by
effectivetheoryin our recipe

This means that to getconsistenteffectivetheory we need to integrateover

hard contributionsofsoftmodes as well How to do this consistently

Dimensional reduction bymatching of greensfunctions
There arethreetasks definethe truncationof the3d theory consistentwith the

symmetries and thendefine theparametersof the ID theory in terms ofthefull
Yd theoryparameters definedfromobservables Finally one mustdefinethe

validity rangeof thetheory

InAo theory weaimforthe super renormalizable 3d theory

Lz ios t 1m30s t 7,703 t mustbe mall

T T T
OrMr Ar

Lowest orderadditionaloperators

Of 40370 t
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z

n aft9 If faxdyd z 4 x Ifa y x
T
p

x Ey Ily z EG DIZ x

fax aft 08 x TEE did'resuer suresure n

fax É p Ttt inn

This operator would give a contribution to two point function

ooo n toME bit
gpsart

Similarly the operator T 4 yo n ai f Tol e ar

TojoInTmo IFT

g these are Shifts Its a Ir and Ark respectively The two loop
selfenergymatching can thusbe computed to order Ii 3 loops1 ignoring
higher order term in effective expansion Similarly

16mo n Ir T ok upto 2 loops

0000 af E n bit4,4 n to 2 loop contribution






































































































































ISSo if we need to trust the theory to p art we can use theelective

3d theory 2 pointfunction to 3 hops and 9 point function to 2 loops

If we needed to trust the theory to highermomenta is perturbative validity
regionwould get smaller

2 point function
Therenomalized 2 point functionof thezeromode computedfrom Ydtheory
can alwaysbewritten as

f
this is hereonlyformally NotcomputedfromYd th

Dyck n k't ME TTh2 t Talk I k Ilk orIn.mn

where I Ch comes from the zeromode and TICK contains n 0 mixed

neo and no contributions The 2 point function generated by theeffective 3d

theory we now think that 0smy As are someyetundetermined parameters

I th E't my IT k i talk Talk msAz

which we think is valid for p s art The function I Chi is tr safe

and can be expanded as

I cut Ito OF
of E

T P TE Olin for pedant
for max accuracy Max accuracy

compute to 3 loop 2 loops






































































































































16

E'tME t FCK e it co E Mit o

It Co

Note that we haveassumed that renormalization wascarried out This mean

that Teco and I Col are finite purely thermal correction Since An 2043

we have a d 4 we can absorb 1 510 into 4

I
03 letgo do Vt 1 ITcos do fill sitios Ina

Mj
ME Ito
I Ito

Mr't o l Tcos

Similarly for the 4 point coupling

10,40 1,711 I In 1208

1 tfÉ
cos 1,203s

Tamai tiekenkin redusoiture I lumppitarolla jo aiemminlaskettuun

Joshalutaan lis'dta perturbatinstatarkkuntta ai sis nitemenial kerheampean

hertalukunn run deiytyy myo's lirate uusia operaatoresta

MushutwJaina oli rain lelumalli DR on hyodyllisimmilletan beenduthitaan

teeriora joiden IR clue on ei perturbatiinnen
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Tab Sm H Win A

Integrateout n 0 Matsubaramodes bymatching

Lbsm HWit W
Integrate out n O modes for Wirwhich

getmo d g t 0

Loom HWII m ng't nonperturbative

Reduced 3d theories are often Universal Eg the same 3d theory represents

a large class of Ud theories Theyonlydifferbythe perturbative ORsteps

which define the mapping from Yd pm space to 3d theory

Examples Yukawatheory

Scalarelectrodynamics withSSB

QCD

SM

Bsm theories MSSM 217AM SSM

More complicated theoriesmay
contain more light solar fields forexample

different universality classes






































































































































18
EFFECTIVE ACTION

What is the groundstate of an interactingtheory Or more generally what

is the classical configuration that is the extremalsolution in interactingtheory
How do thesedepend on T

Effectiveaction effectivepotential

IPI generating function

Let us remind us about generating functions in AFT

Z J all graphs partitionfunction

WCT ilogZ J connected flogZ r

PipColo WET fauxJoc IPE graphs

where of Lol Ey j J If
T T

expectationvalue of Gc isdeterminedbyminimum
thequantumfield of Pr When J O

Effective action is generalization of classicalaction that accountsfortheeffects

of quantum fluctuations on classical field dynamics

Lowest order 9 out 0 a j 3 0

255 exp is yal TipLola Salou






































































































































19
Tip can be expressed in differentways

Coal faux Veylocal data Z a t

shift

iz f fdx dxn I in xn 0cal u own v

T
Coefficientsof a functionalTaylorexpansion

The second expressionreveals epi n point function

8T Out
n tnIki Joan ooo

M

f u 9 a gene ae Ein hn
trawl inv

Making gradient expansion

Filk kn In kite t knrun I hi skull
yo

o o t

we get

Mola if Idie din fgig 92,4 fake itki ta at tantara

TICO o och v Local u

ifd x It Fico o ax v t fax V10a t






































































































































Then in particular
20

Eafaxviola
q

if o

For the case of a homogeneous field more simply

It it i v fduYu

Here we derived an important result thederivative of thequantum corrected
effectivepotential canbe computed as the l pointfunction tadpole oftheshifted

theory ofcourse for a homogeneous field 4 0

Ve 14 TX In It old

Il lait til lait

That is Veity is the sum of all m point functions even here duetosymmetry

in the original unshitted theory

Vcu
Spontaneously broken to theory

I do not mix withdimnegp
y1 1 05

MEEEEE
dutree
do 0ft to 0 0 0 V 42 GI v2
0 0 localmaximum minimum
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Ightly y't u 2g 13 v2 mi 0

Shiftedtheory meconst

Lion duo t Econi Eloan t 0m01 Filoni É loan

IGN ITÉÉo Ero go.IEEIp
810,4 Smt22 o 4243 Eoh Vln

All Feynman rules can be directlyreadfromthis lagrangian

Tree level

it i ili My 123 my In Ey
en

t
thee

Venlo fdi if tanto t ai Vinaya

I hop level

it
two

i i it if sp ftp.n til idm ifniln

IniAolmilt8mqt823 Yod an

III Ent e lag I






































































































































To fix counter terms we need to define renormalization conditions Werequire

0 low O and I mi Ia

This is equivalent to form ly Ig 0 Now

Enitolmi EniEmpiaolmit dÉÉiB.co
mamil ant Em logmi

Thus we have

Éitolmilt Sit v2 0

Fitomi t fiBolomim Init Ii O

8 31k iBolomimi dnt Ii tolmil If iB lomimi2

d loop y iAomi iAolmi 1 2 v2 n iBolomimil
do 4 2

II eatinlate ti login Atrial Eta logME

Fire n E tag

I they En'll log ltE
AR
za 2milog Kayla v7

Idf mylog Ift mi mi finite goes tozero at Ev






































































































































23
This can beeasily integrated

E
Vest Kneelocal t 42 317 mylogII mi mi

Vineet Faz mm dx xby t mi x

Kneetale mice log Mmg 2 2min41

What was our renormalization schemeexactly
find ct's

We know that digit ri wig pemittll miÉÉ

so setting ME V law corresponds to setting m to p 0 mass Indeed

Ico i t i t i

Fritomi t 6.3.21 i'iBolomimi 8m Ev O
2

12 iAdmit dig iBolomimi t 8m 2
V2 O B

Considerdefining Ar E M o oo

t t t u 8 0 of Ii Bolomimi

Thus our scheme corresponds to AreM o oo and Miis p 0 mass at
brokenminimum






































































































































24

Changing scheme Supposewewant to define me pole mass

and A 7 Sa ta a

It is easiest to continue to use our current form for thepotential andjust
define mapping between schemes

Mi Mi Spin tri ti t Sui Sui
do Art an art Art fan San

do 2n O Or Zr Zn or

The differences in ct's are finite From di Zg fitspit fi don'tleg Ji
Sa Zi agar Tr 21 1 Int Zidan one can solve

sync
E Iti e di EpiIt88

San j I I 285an t

At 1 loop level we did not need to set wfr factors However the definition

M Iq and identifyingme as the plo mass corresponds to setting

Sy T co order byorder






































































































































35
Effectivepotential at finiteT
One loop result is straightforward Just note that in Euclideanspace
is se it Te eg

dovewop
dy

an fate SmrtEn
iAolmy

I Ij maltImy EN t II me

dviiip
an III ÉÉ an

divine
InJima

V OleT VineOa Viii Oa t Ji male

So the thermalcorrection to Coat is entirely givenby the Ji integral
To remind I changedmy notation to follow LIV alsofor bosonic JI

JI m Tf log ite por

where cop Np'tm ca is now p dependent In particular for high T i

JI e It Matt 11 17 28 2kg4at log 2






































































































































26
Combiningthis with the vacuum term we find that for i am

F const

SV won Matt 121 64 log71 2re 2kg4 2min ta ind
pieces

CB r 3.9076
alt t b t g t c t m t d t y

Apartfrom my Vino becomesagain a simplepolynomial at highT The

most important corrections are the first two terms giving

Ts Tc
V Vineetdewon NO't I I E

It a

Mj T I cancause thebump To

This examplequalitatively displaysthemain physicalintereston Veg.cat it

revealsthe possibility of phasetransition of is the orderparameter of

thesystem that changes from 0 0 highT phase to 040 llow T

phase somewhere around thecritical temperature

yet 31 0 4 To YET a functionofmodelpure

Important questions

what is the order of the transition 1 torder 2ndorder

thermodynamics of the transition

dynamics ofthe transition

Observables of transition BAD GW signal
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27Contributionsfromotherfields

All fieldsthat couple to y contribute to Veet How Considermeet

the

Yukawa interactions

Ly 4144
shitted

s FatTfg1274
theory

1
dependent

mass for 4 ME 7th
at's

Itt f 1 1 1 1 ft Tr pim D Pfm
JM if 8

4m I ay we 8987 28

I
4 ELSElog witwi

Svg 421 log witw 4J mf 4 JotJcm

Of course Jomi is combined with the counter term We can add newpieces
to existing ct s just setting

Sm Snl Smt t cte

where 84 are again set by af on
d dy
d z w

O Because

Jo ny is exactly of the same form as the earlier solar conechin the
calculation is analogous One then finds






































































































































28

or 141 14 lag int 3 amicalmia 4Jica

At highT limit Jitme becomes

JI my I IIT MF YI log I 28 21git

So that for T Smf

out II ai misfit 1
aminomins

Complex scalar field

L 10m91 t t El 11 1 I fly tix

duel't xp
Eigg

Tree level Minimum at direction X 0

If ft't dy y 0 y o v e É
In

thisneedstobeog
y

pit 3hr 2102 27 M

refined in fact

and off
no te'tar 0 Goldstone bosom

Y V






































































































































29
Shiftedtheory

shiftedtheory

y hey
y qb ÉÉzaq h't dux It 1 X g h't2hyen

h't x 2hx Anh agha t h lie an 9 h
4h23

Yuh
ct s same structure with a is t i dm

b S duh dux s d x

One loopcalculation

f n'tsayh X

Ignis i
n
t i

n
t d Baritomi AniAomi t dm daily

JS 3 8 2
Mean

After renormalization and adding the thermal partsmeagainget Ex

own I a mice log mm 3 amice'm as Jilmical

where mice Emily te'tJay and miles mice y'tdy

This calculationwentformallythrough without a problem However note that

since my u 0 this result is actually ill defined What is theproblem
The renormalization scheme The p o mass is not well defined in this context

The problem is the IR singularity due to Goldstone boson






































































































































30
Mass renormalization with Goldstonemodes morecarefully

h X h

IT i h h h h t h h h h of r
IT pi

Titolmittaritomi t 18aihtiBolpimi.mn t 22h'iBolpmimi
Sm t 3h'S t p'd

Theself energy is well behaved for pyo ormi 0 However if plo
ane tries to take my so the

x
term is IR divergent This

means that the p o mass is IR divergent We can write it in terms of
thepolemass a divergent part bymoving fromplo schemedo on hell scheme

p O scheme

Im Jav I TA

Smt38 V Ta TB o TB o p Sgp

S Tito I IT o and Sm Fat Tolo

pimp scheme notethat ter

Im 5,52 I Ta
f ITImi

Smt Jai E Is mÉÉÉÉÉimi t g p

J T mi J Fz IT mp3 MpTlbmpt and

Im That I mi Mft mj






































































































































31Let us first note that

I'm ZgEp yelp spy
sitdoin
1 85

di Im

Using mi Litt Llyn'tdun forthe bare mass we can write the plo
scheme mass mi in termsof the pole mass as

poleIcheme Ploscheme

m It my 28g LSt
e mi 218mSm 218 d
I Mp Talmy Tyco MpIt mi Mp I Cmp Tflmi
mp3 Itfmp3 Tfo mph o ME AT

Tv finite but IR divergent
Theproblem is that it co is not well defined at pl o We can keepthe

Goldstone mass as a formallynonzero regulatorfor awhile Nowobserve all Adi
are finite

D8 Sp Sp Hmp I o

Adm Em Im Telma mp it mi Tfo
SIT miss 12

sd 5 d e f sdm FAI

Wecannow obtain the effective potential correspondingto renormalization

conditions fobs

File 0 Ifl mi

by adding the difference of ct lagrangian
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Felt time Viji famy y18,9
1

differentfrom to FEI mi y'tany
Vince

II v4 t const giftsI const

ME M smice mix Imeet
This termcan be combined withthe x term in thevacuumeffectivepotential

funMikel log in 3 smiles IÉ m mill

where TTBpi 18iBolpmimi 2iBolpmymy Theonlydivergentpart in SE

is the X part inTTB o Using the result

Bo p mimi oh Iggy
fo'dx lay xu xp me ie

f
canputmixv o here

IB Imp IB 10 mittymi z fo'dx lay all xmi logtmful 1

If flagMfg 3 Idelayx it
21dalogx 2

TBhImp IBn o mphIjnmi

mph
1 I'dx lag Excl x 1 mytie logl mitie

n nmymy

I

it f'dx lay i all all t any it at t






































































































































33

Combiningthe logs the X term in the new vacuum termbecomes

anMikel lag Mmff jgggjjhisumasnese.ae

Tolatermathmyminthelog

So our full pole mass renormalized I loopcorrectionbecomes

F um I a
mice log ing 3 ami.com cnJtJilmicas

Ifor x field mi mi 12.21

64 2Mice

Check

Epcot JV Ey my'tfade plsdm v's8 O

GV EV

d'T r

dy Ep
Vtv É fi som y'sd y

mill J 8 218m Sm

mi t 218mdm miffydy

Mi t ATI mph t

Show that Sva IIa so that Va Va at least to 1 loop2mi
order






































































































































34
Gauge fields Here we encounteranother problem gauge dependence This

is a very profoundproblem that startsfromthefact that for the
complex or more general field the selectionof the so vacuumstate
breaks the symmetry g the l point function Ea y is not GI

In practice one works in Landau gauge whichhasbeenfound togive
results that are usually consistent with Gl invariant Latticesimulations

Scalar QED

L 10m41 t y 101 710114 IFmFM

This is like our previousexample except that now weget new gauge interactions

IDid 1 out ietu 4 Con ieAnd0 0 then tix

duh t dux eAm x orh horx E htx Anam

give atescalar
tadpole 7

Re gauge fixing
c removes Goldstone

photonmixing

Lgf EFEeyx Feldman'texcoman feelin
phototragator EEmasforthe

Goldstonemode






































































































































35In this gaugethe full quadratic Lagrangian is

Lo duh It y'tsay h't float tmtÉÉÉyxz

I FmFM CentAnAM Omar

In a general gauge mics Eev 0 but is theLandaugauge 9 0 my 0
General gauge propagator

at i q min gmt 1 419,9 minelent

Dur him gu a e got m
End I
Landau gimp du FIE
0

Finally there is a Ghost G Out ex O

f O
o 11 idly EX Chen a j 8h ax 8AM I did

AntAntEnd
SG fondant enchanta d ex

Ea o't cent'tEen

highest I lo't lent'tEen C

Tuple when 0

cgWecan forgetghosts in L gauge
we are onlyinterested in fielddependentcorrection






































































































































36
So to one loop theonlyrelevantnew interaction is tehAman

h X
doviii if n

t t t t o
dh

Bayitomi AniAomi 3Chisolm's Smtdaily

In Landau gauge ma n 312 54mi 312

Mf y'tby III an

mi en EYE en

In I 281 iAdmit et's

h X h X

IT i h h
y
h h h h h h

e
eAnlxduh hdrx

nm he ielpip.in

t hit a ji t gift t

IT pi

Titolmittaritomi t 18aih Bolpimi.mn t2arh'Bolpmimg

2 99179.9P
peg

C 97
9 gp p g 2Jie'tolm's then'iffite

gemmappm
tie site

campaignm

Idp Bolomimi p so VO p o

Sm t 3h'S t pdy Tat tip pi t tip f IS
SEA

Here the gauge contribution tap's is technically slightly more demanding to

compute but otherwise the analysis is exactly the same as with the






































































































































alys ly
complex scalar field 37

Stun Eg on mice lag ing 3 am celm as Titmice

mica 12.21 Ic87uh

where mice y't3ary mice y'tdry mice e'd gag 1 ga 3

And Mph MxnEmp And MpaE EV Finally

I Tamilv11 Ido Mitt mi Elmimi

generalexpression for the correction tem on thesecond lineis

I

sankmice E
In've

Ritz log

where I I mi T o Mf mi where IT is thefull selfenergy
function in themodel

we did not renormalize e de was not needed at this order

At higher loops thiswill beneeded and requires renormalization

of gauge sector
What is In now We know 8 and8s so we can relate

In to any observable we wish It is very close to 5 cooo

but not quite 8 E and S E Ex






































































































































I did not even bother to redo the finite T computation 38

with the gauge field The result is obvious but let

me remind

Be a 3enfy we 352 iAdmin If lmical

ele

Ring resummation
Just as withpressure we encounter an IR singularity with massless fields

if we try to go to higherorders Fields that are particularly sensitive
are the scalar itself when the debye mass mba y't37 in the
singetmodel is small and themagneticmodesof the gauge fields

Ring rim resums diagrams like

y no

the a gut
y

y ete
no n o mode

h

The sum is neededonly for n O modes For n O modes thermal mass removes
the IR sensitivity Again the resummation couldbeextended to all modes

to get a ring improvement consistent with mle.tl t x Parwani

scheme but then one recovers the same problems encountered earlier

whenevaluating the premiere
Here we dress only the n 0 mode Carrington Arnold Espinosa scheme

This requires no new effort






































































































































f High T limit
39

I
N O

I

p'tm pimp
i moi t mice t Iii go I iz

where It is the thermal correction to the self energy of the excitation
in the high T limit This correctsonlybosons of course In o TSEn ME

Ino II
I mi I mi mile min

gfn AE scheme

So our final result for the ring corrected potential is Rev

F un Eg y
mice log ing 3 am celm as

Erm

Jimas II mise min
ofGoldstoneModes I in SQED 3 niMsm

okmice I ng9.21 Iic ACT

where mice y't3ary mice y'tdry mice e'd guGy 1 ga 3
and mph man Mp and MpaE Ev Finally one can include also any number

of fermions with mfg Lyfe and gf Y In theend

Iie I Ti Mi Tito Mitt1mi If Ziith.x

writethesedownexplicitly

This result directly extendsto the Sm case Theonly difference to the






































































































































y ly f
40

scalar electrodynamics case is the particle content Also m em thereare
3 Goldstone modes Otherwise one just extends the rim over 1 to include all

fields in the SM

Debye masses requiredfor theSQED

Tina II t t iii t wd t iii
It c.tn

In 314 out afax 302 sat in 1844 2414
EE see

L
yes

Inlet 42 36 44 t Olin em yin

Mpinct y't32g t 46 36 442 pit3dg tent

Similarly Notethat Lyubawat LIFT rt Yeh 4L
YEthen It TEXTjoy If Ifans

xTy x
n

t t t it 2 I
t

Mj T M Ap text with Cx 41 38 4yi Cg






































































































































CAhornhorx h4xAman 41
Gaugebosons enhanam t e'n'Ai t enAncon

hix

if mum min misfit in it
n'a

i 21 131 t.it
45e2f Ertocmim

qu

f g dido dos o 1,2997
928

gu
2dmoduoI.to

Titu s e'll Ny Jodo Cat Inodro

ME at e'y'tCat j MattieT e'g

Todo givegeneralexpressions for I for i 4 Am Age






































































































































42ComplexVelt
Effective actioncanbecomplex Indeed thevacuum contribution to V

contains a part putbacktheFeynman it primetie

É ly1m Initially'mm ironical

Invest In Amica

iIn the simple dy theory with SSB this itcomes about when
v pig 4,79

m y V y y'tfay c o e ly a
2 Y'tSarina

x p

In thisregion the potential is concave Negativemass means that themodes
unstablearound 0 const

with my k c o g k's mice are tachyons and start togrow

exponentially if excited In the concaveregion the minimumofVeit is
unstable

9 F
Y 0 4 co

Indeed consider a very largebox If we I YA
only require that 10 as ft we can

V A
arrange an inhomogeneous configurationwhen

6 Fin a fraction of the volume

I VEy't

9 17 and elsewhere y V5 20 É VIT p






































































































































At the infinitevolume hint the energy at boundaryvanishes

Eff a v O

V co

and we conclude that EY in 0 jthis is the famousGibbsconstruction
Ein

The true minimum of thesystem with

p p between the two minima is inhomogeneous If prepared to a state

in the concave region system decays to unstablemodes In and matter

this is called spinodal instability spinodaldecomposition and in

cosmology tachyons instability It canhappenog at theendof inflation
in some models

Anothercomplexpart can arise fromthehigh T expansionterm At highT

the vacuum term is canceled but now instabilitycomes from the cubic term

m3YT T
12

o that ie o ÉÉ mace
a

125 125

ImVegGT
m ly t
121T VOI

Again we see that the complexpart corresponds

to the concave area of the Vet
These complex parts are relevant for the dynamics of a transition wherethe field

may evolve strongly as a function of time eg at theendof inflation

tackyone particleproduction

But neither ofthese complex parts are relevant for theonset evolutionof
phase transtions






































































































































44

Phase transition 1storder

this is a verycomplicated topic withseveral distinctparts eachof which

requires differenttheoreticalmachinery

I

2 Thermodynamicsof thetransition

Latentheat o sE ER'ssixty

Vet IIII Re a Eu
lattice

Ij Ratt To

1 Bubblenucleationrate Tet
now

x Amount of supercooling to 53
x how does transition complete 0

Mfa94
Y Dynamicsoftransitionwalls plasmadistortions of o

Boltzmann equations coupling 0 ftp.t 46,7
If ft

Ow 0 z cp even

9 CD violating perturbations of BAU modelparameters

6 GW signal modelparameters

Bubble nucleation

This is a complicated problem because it is nonperturbative Wecan not go

through the full argument here but wego throughthemain points






































































































































4S
First Consider

1417 C
Et
o e

i Ree ti ImE It
o

AV x

24611412 e
Im t

Lycoslycos

tmm e
Melt yal exponential

decayloew

ME 2Im E E E In
Excel

In Fieldtheory one would then expect that y

RenE

M 2 Im F

t Free energy
0 0

It turnsout that

M 21mF whenquantumtunnelingdominates Callan Coleman

P É 21mF when thermalactivationdominates Langer

to prove this we shouldcompute bothsides of the equation T and F

Here F is the freeenergy of the system evaluated by analyticcontinuation
of the saddle point contribution to F fluctuationaround0 0

t
F t lay foggy e se T log Zo E

iT what is this
we are interestedin instabilityofconfiguration4 0






































































































































where I is the contributionfromthe nontrivial saddlepoint Here 2052
and Z EIR so that saddlepointconfiguration

1mF EImZ x T Im e
se del I

detloff to

Obviousquestionsarise

what is the saddlepoint
Where does the imaginary part come from

How to compute thedeterminants

The bonce the saddlepoint configuration ofexit is a nontrivial solution to the

classical equationof motion V6

IS
El IF vet O C Miffy

with the boundary condition 01 T 0151 0 as t x Bounce is an

exampleof an instanton Note that I describes motion in a potential V

z a
96 Eir

If Ta V then Euclidean time direction is

similar to spatial ones and one expectsbounce

to have 641 symmetry Vacuumtunnelingcase i

If T V then bounce configuration is verylarge in
t

Bunits YT the T directiongetssqueezed and the o

bounce becomes 6131 symmetric thermalactivation i
Se defaxL BfaxL pSza






































































































































WhenU n T the situationis more complicated and both effects are relevant
7

This is a very narrow regionhowever and usually one is interested in the

case too We shallalwaysassume that the bounce is Old symmetric

Because bounce is an extremum SCF must be invariant in particularin the

infinitesimalscaletransform x'sbed To this end define 0,47 81 7
and

514,7 It Ifddxlong t d fdd v J Yt ar

O
dSCO
g p

A 2 T do Lv E 1 T

5 T LV T I fd x dy 0 Good probability
makessense

2 d 2 d 3 T t d d 1 v

d 2 d 3 t l d T 2 d fdux op s 0 for d 2

Because 570 exp 5 is small Onthe other hand IF co means that

the bounce is not a stable minimum configuration Theremustbe at least

one negativeeigenvalue I around thebound det 8 becomes complex

D At a stable fixedpoint eigenmodes of II are strictly positive

det fDyexp 1,148 of iswelldefined






































































































































48

Moving to eigen basis Et o Sol doin80
and doneCnfn suchthat S fnfm 8mm

One canwrite

det1 4 N IT t exp 211 c II ftp
X

2 Around the saddlepoint configurationwe can do thesame

8ft 84 In84 doin I Cnfn with IxFnfm Inn

However theGaussian integrationdoes not workalways because

there is one negative mode 8 dot I 80

there are a numberof zeromodes IF IF 0

Zeromodes

Zen modes correspond to arbitrary placingof the SP configuration of in thespace
and so they correspond to translations den a day Indeedi amdug x Ext a Ex
Also

5 43 Sx Long t V10

É o gig V'con o di viol day 0

Iya zeromodes






































































































































49Thezeromodes do not exist make no sense for the homogeneous
0 0 configuration

Gaussianintegration overzeromodes would be a disaster Todefinethem

properly one must go to finite volume

First from fadxdiff dse and the Old symmetry of F we get
Jddx day Ee foreachindividual translation
Then sellingON a fan and requiring fauxfonFom Inn we get

1 Ifdux oxy IzE Fon se day

Now his It Eton of econ d
of E xx const so weshould

restrict cons to range O L D Con E O L's

I É JI Va

Thus zero modes guarantee that 1mF a V

Thenegativemode fhardtoprove

Theresult is quite expected As one mode becomesnegative HE becomes

complex However there must be just one negative mode andthereis an
additionalfactor 1 2 which comes from the analytic continuation These

are sticky bones Following Callan Coleman 1977 consider a particular

path in the configuration space labelledby G whichpasses through
the saddle point along the unstable direction This contributes a term
I to partition function






































































































































50
unstable a

stable b

0
iii

É
to Z The path is chosen such that

t
the bounce occurs at Cio Cio

d0 the negative mode istangent
no bounceto thepath at Go Got

bounce

900 0 is theglobalminimumof S
F is the local maximum of S alongthepath e Ime

For C Cit s s h because V is negativethere
q pec

starting from the stablesituation onedeforms the path as shown in fig e
theintegralalongGo remains finite for A O but I picks a complexpart

ImJ ft e
841 5 cattle apt

eSIE joy e
t's ly Iscafé so I Fi e

sin

So the negativemodegives of the full fluctuation correction because
the Gaussian integralpasses overonly half of the saddlepoint path
























































































































51

Weshouldstill relate 1mF to the decay rates Thispart is even lengthier
albeit more accurately developed than finding 1mF and we onlygo through

some simple examples Moregenerally

TO or Ta v l case Callan Colemannicely now that

summing over a numberof bounces leads to a correction to the

ground state energy SE F 24nF givesthe decay rate as

suggestedinitially Callan Coleman PhysRevD16 1977 17627

P 2 ImF

T V case Langer JSLanger AnnalsofPhysics54 1967 258

gives a generalproof that

thedecay rate of a metastable
state via thermal activation

is dominated by the flow

across the saddle point

configuration where the rate can again be related to Imf

this timeby
M It 21mF

E firstMatsubara frequency

ofcourse F in the Tsar and Tov cases are very different Langers

generalproof beautiful but lengthy



At any rate wehave the result forthenucleation rate at finiteT
52

A C217T i
f means exclude zeromodes but notnegativemode

r
u

det l'm VCoD
Eg ke suntdet out v Col

where in the end we used Se pSzd Usually at thetimeof nucleation
Sza P s 1 so one usually drops to 6111 terms IF and Eat
and solves ra from

E T aft e saloon
Weset E T

and alsoapproximate

dimensionally 151 n t

Thismaybeoffby a factor6110
Simple ID example ASteck

VCAconsider the Id exampleof particle

y.gg
dissipation

in thepotential at night
Classical flux over the barrier
5 ythebarrier

oilmen
canassumethis

p
I expl

pcipsvc.ioIfapp here

fdgfexpl.plEph

denominator is dominatedby x e o fluctuationswhereV e fr co x e twox
It gives classically

Zo E fdpe.tt faxé P EEMEI two
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Nominator hasbeen designed to evaluatethefluxover themaximum at X I

e to affidppe fi eNo tip fdpdpé1 If
Paws E epro

Quantummechanically Theflux is given by
transmissioncoefficient

p try it s fofdf they e f o
Trp Vo parabolicpotential

it i
Considerthe case BE 1 where WE V I

In this case the flux is dominatedby thermal Vix Vot V I ex It

activationbymodes with E ZVo In this Vo Lw ex es

region solvingMR Schrodingerequation Notsimple g Landau Lifshitz

1212 i e
ri Et j

j x Ewe
then f II tie eBE I epro f e

e f

x Ite Ee

Ie Mo g Id
e É
tt e x

areintegral OEeMogg2 I e it
anti it

whenBET I



epro si w e it E e int su

eprow
Rief
l e ipu

It ain't

The denominator is familiar to us now computed as quantum

Zo I e P
go.hn

w
fdetloitwi

Thus

M of sinhMs e pro II e prosin PE

I 1
We observe that

agingpg asinh ing
det of in 2 analytically

continued
dit of wa 2

to w sin

do we do have

M E dit of v i tze.pt
If 2ImF21T ditLd'tv o

Here we had nozeromodes but the negativemode
behaved as expected

Also note that here the ratiosof the fluctuation determinants really
is mall assuming BE 1011 calulationassumed it was E ti This

is really the case in almost all relevant applications
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Bubble nucleation in 3d
Wearguethat by symmetry the bounce solution Inna.tt
in 3d Euclideancase Tsw is 613 symmetric

qt
to

bubble Theclassical Eom corresponding to 3d action

S pfor LEO Viat
pbP
s p

for ouch configuration I Ter is

Ift Eff v cat É g

with g x o and Fil 0 Suchequation canalways besolved

numerically whenthe potentialV'cat is defined Let us pause to dothat

A good analyticmodelpotential is

It y'tgt ey To I
V14T 128 TT p 138Tp t 494

Clearly at T To OfVile O We can reunite Vice as

cat pal ÉÉÉÉ 814 It til
TAT To

Ti I and 4 35 I E E
1 i



Wecontinue study potential more a little later For now we observethat
s

near To we expect that the nucleating would bevery large such

that off s fort near the boundary Wemay y sp
therefore use

7
IF I V g i r

thinwall bubble

If V Fy p g 14g g 1 y4cg it iseasy to write theequation
in form

a II Fog gig N o c 2,1512 i
4go6g 2g

Ig 4g 2g 3g11

where y raw with di Eye TT Indeed micato ti ti y

x tie e
it is now easy to see that

Zee me theT E e tanhFe

is a solution This is exact at Tc and a good approximation near To For
our currentapproximationscheme it is essential that Rosen to be seen

shortly We want to use the nucleationformula M T I expfSalt
to estimate the nucleation rate For this we need an approximation for
Sale for the bounce criticalbubble Let us compute Sad for arbitrary
radius bubble in thin wall approximation n The action has two contributions

1 volume contribution 881 and 2 surfacecontribution did



D Volume contribution inside the bubble Of or a 0 and V AV
t

853 e for SV ER's
Vix

2 surfacecontribution Nt Isv

855 HIR fdr dry Virs

y af'd
ti

is
where o fdr dry surfacetension

Altogether then

NowRisthe

parameterthatgun Rsv Rs Mi
r

asadapoint

labelsthesteepest

descentpathacrossdSsa
ar YARAV t Sitko D

R O V R Ly R

Salk Ig Eu sv 45 35 t
1
112 i dimensionless

Wethusget for the nucleation rate including fluctuation around thebounce

r
F T's ke EE



We now see that MV is definedby AV and o These both dependon se

the temperature so MV is also strongly dependent on T Letus

study how we get these quantities from VK.tl

a Surface tension Wecomputethe Id actionusing

Orgdig OrgV'la e or ort v o

r fdr ort fdy longl Fiatdy
o

Bei f'dggag Era I Eat

b Because V yet D AV V er T where 4 is the broken

minimum at T 0

Opv at 0 y get To 8Ty Ap O

p o or y I N 155

where Ict 34 1 1,1 21 1 II III
Onecouldjustcompute Scott numerically However we canget
a tractable approximation defining the latent heat

f
s j P V j ftp.st

LIT Af Al p ST UGT T IF I



Latent heat heat is the internal energy released in the transition
S

Wemay in particular define Le L Ta
VCUT 128 TT p 138Tp t 494

be I V4T To stay 1384
are 1 In

8 31 501 1 Tc gFtiti

Anticipatingnow that TcTna Tc Tn nucleation temperature we can

write

SU Viet t theltc t 4 Toti II

Wenow haveeventually an estimatefor Ssa Tc in thin wall limit

É II MEET TÉÉE i
LGBT 8
3 Paya É e 0.012 II

Note the strong sensitivity on 8 the largerbump the more largeris SzaEllie
more supercooling is needed tomake salt smallenough TnTo ours

gr
Indeed we canget a rough estimate forTn just by setting JsaIT 1

whichgives
8kTn Te Oil
ya
Tc
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Nucleation temperature
A more appropriateconditionfor Tn couldbe defined by setting Tn to be
the temperature at which one nucleates one bubble hubble horizon

I fatYEA fat YH3 T expf salt

to evaluate this carefully note first that in radiation dominance Ha a e

H É It t below Tc tf 2 É

then we see that Salt 2 IT a tea ofps 245 it Thesequantities

diverge at t t but we can expand pssa around theyet unknown tn

Pssa BEattn PssaItn t tn

Obviously ps ta fonts Ital By far dominant t dependence ofM is
in the exponent and the integral is overwhelmingly dominated by teth
Wethen have

It att

1 E E EE e it fate
Rin't ti

IE
Whichgivessimply

e4 E Eff'ÉÉ
iron trot

wemayset Tnt
in thedenominator

it
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psalm log are 4log I log II t flagpsia

this equation can be solvediteratively for anysin Plugging in

f 1 22 10 GeV

H e Ega Ii 17In Ee ME t.ie.io E

Then wealready see that psa is rather large t 100

psia a 144.0 4log Ff log II log psa

If we now set PSal 0.0112 II where in our model a okay
we can further set

II O Ira 139,5 4log 7 loga
2

8,92 103Ta 1 0,014 log F flogTa

Fanconiction
It is now clear that even in very strongtranstions when anOLD sin
is at 61 levelof Tc



Let us now make some numerical estimates In theMSM Ex

m 9

ME SEE

ME p
r e 4 246 9g 3g 12yi I 0,40

FF

gg

Mi 2Av2
V2Ge off fr

d 2 2 2141 44,44 0,03

g It 0.65

Igtgt
2 0.74

Because I is so small the msm transition is very
g 0,35

weak Formally To I ME

To a 197,7Gev Ok Lattice Te 159.5GeV

To 198,4 Gev dOnofrio al PRL113,14160212014

Te Tn 1.2 MeV Ridiculous

reflectsthefeetthat transitionveryweak

These numbers reflectthefact that SM transition isveryweak It actually is not

firstorder at all but a cross over AW weget

E T 0,1531 EWBG needs E 21
or rather Yu I

but In 91533

I almost thesame
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How to improve

METo T 100GeV

New light bosonic daf's with large coupling to higgs
2 ormulti step transitions

For example if one adds 6 new bosonic species R handed lightstops
in the Msm then wemust add

Aj 6 48 and D8 6 4it

To e 172,5 GeV

To 186 I GeV

T T Goy go

d 976g

0772

moderate change dremeti chene

Ourapproximations are a little crude In a more careful evaluation the

light stop scenario wouldwork but it is ruled out by experiments

2 step transitions

Add new scalars coupled to hi

Is A

VCh S T MlHl 2111 t tu 1111 s

Tess You E n



64
correct just masses y y't ont

yes mixest

Arrange To Tn E Ya andyet VCUo o Vcow O

Then transition progresses as in FigA In the second transition step the

two minima at h s o w it and his uct o are separated by
a tree level barrier if Jw 0 Canhavestrong transitionwithoutlarge

radiative corrections This kindof mechanism is currently most promising
drives modelbuilding efforts

Other topics that we have no time to address are

Dynamical expansion of bubbles

Hydrodynamics

Microscopic wall particle interactions friction

deflagration

detonations

Forget

Runaway

CP isolating dynamics at wall

Out of eg FT


