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1 Quantum statistical physics

Ensembles thermalpotentials partitionfunction
SHO SFO particle in box pressure It integrals
Path integral for Sito Matsubara sums Exact PI

Thermal ensembles

Microcanonical f 8 H E UCSVN TS PV MN
du Tds Pdr MAN

densityoperator f Ts p t un
dy Tds Ndn

isolated system

T j F T V N U TS PvtMNCanonical I C
Hamiltonian de Sdt Pdu MAN

In thermal contact with the

surroundings Heatexchange

U o SE F Tr Ie P't

iiiTrp Z T V N






































































































































2

Statisticalphysics F T logZ

Indeed IF Sdt Pdu MAN

S JE boyz I boyz Trite P

Etf F U TS

Grand canonical pg e f
MN Heat particleexchange

numberoperator

iiiRIT YM F Mr PV

dr Sdt Pdu Ndu

Zgelv T M Tr e f Grand canonicalpartitionfunction

Again
I T log2go D E to logZge

also N Eu Tflog2g
P f Eloyzge

S 871 logZgettfloy2ge
t extensive V






































































































































3

N TElog2g Tf Tr pie min n

by2g a V P July2g EloyZ E
willsee

Again dr Sdt Pdu Ndu

5 85 boyz If boyz Tr milepam

Ft ee pin r E TS Mn

Note Gibbs entropy def Jeff I
Sgibbs Tr flagg I Tr p logy log21

FH
logZ t t Tr I MN f

logZ IKE min

It
E MN
y

R E TSgibuMN
ok






































































































































4

Simple harmonicoscillator

Isao Imp't marg kq mw'q

where g p i 4,9 Epp O

g I fwm at at mwig flatat

PE i mICa at Imp Ela att

Hsiu atat ca at E aateata w atat z

given that a at 1 Ex

Number states at o 11 atala ataatlo at103 11

F at 10 In mlm Smm

hln I Lola at o

f Lol na lat anat a o

n il n 1 D B

also Nin e ataln f atalat o mln

Numberoperator Miata
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Partitionfunction

2 Trefl MN Tr e playin few

ebug in e
BtwMi In

e tfw I eplw.mn
e
ten

l ePlay

AZ BI log e e plot

Particle number

N i Tr Nj to logZ

T p
etpcwmfe plwm.pl I

I

epiwal Foe w NE Co x

Energy Either directly computing from trace E it Isnt it81ns or

E R Ts MCN T logzg.tt lay2getTflogZge MTEulogy

of t flag i e f Mfo of epfl y a






































































































































6

Simple fermionic orillator

Pauli exclusionprinciple anticommutationrules

a a with x at 1 a a atat o

Now only two States 2 107 11 211 0

2 113 2 2 10 atat 103 0

Hamiltonian function Heo E WH hat w ta 2 win 1

Partitionfunction

Zsa Tre Mmm e P Ight e
t In e's I e plum

hzs.ro pwt log it e few 1

1
IN Tglog2 e pay Tpe

Plum
eplumy

Me w

E I Tr lie permitP Éii gene g e
plot't p

I

epawn E it e f we PM da t wfrow






































































































































7

Particles in a box L
Z

Boundary Cond 4 x y 2 0,2 0
i y

L It x

IPil 4 It Number of quantized States

Eachmode is equivalent with a Sto with W Ilm i p Elmman

I Hei I N E Isi

and

2 Tr e f
Md

I Z i

Now Cspi E
They2 TI hey2 I E T II dipillogz

Vt S logZp
D ThyZ
P f e I G Z V Ej if IT log it e few9

P f Ej FEI tlogli epw.nl I
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P Sgt Stephen

Pr E j w I
I

n F I fwyZac I eplw.at

WpE ti v f IWI t epw.me I Eo t EE
uppersigns fermions

Antiparticles

In relativistic fieldtheory these are included automatically Here we
must put them in by hand We can do this using Dirac hole interpretation

A state with n antiparticles corresponds to a positiveenergy state with

lack of n particles Then
same as forparticles

nilpin e Pla Mt
m t w

e pw e playin

E v f leapt epity t pity treat Et
upper
signs
fermion

Similarly if particles carry a conserved charge

a v 92,1Time Time

Chemical potential a freeenergydifference due to adding removing a particle

dr tudo Adding antiparticle requires pain creation so he m Mwr
at low Tam anti particles suppressed by C 2PM






































































































































DIGRESSION PI METHODS MOVETO NEXTHICK LINETO AND 9

Path integralmethod wemay define Qm transitionamplitudes

with PI

quantumstart from the standard OFI care mummy MY Nfb
P b a 1K ball i a

where

F baa I Ignke
s 12

where S Classical action and

KC a In KC b 12lb a 3

Correspondence
d
Sqa
8191 0 constructiveinterferenceonlyaround ga

t small classical physics at macro scales

Discretization
ywhyextra see later b

In him kn.IE dqiki 5104

t

ti
g

S fat L fat mi veg
Ntl Ao Fa
2 Mg Ernie eV again
4 0 Anti Fb

I whyaverageest






































































































































10
Determine k by applying 3 to interval tb e th

K quit q ta Idg knc l'd't
t

k g tie gata
Oodd

Idgke't1959 l ievlq.lt it 19 8 14,1 7
t Kotbtie feta

This is where weneed to tilt the time path convergenceofthegaussian
integral can be guaranteed by t t t 11 id D E o ell is d E
then won't

payyaneitgy him joyyene e y u

x 8so n

his tmdafaa.si and ib.VE Vitti diet

Klgbtb gta W l itV4111241ft Igt
Ole Klabitse guta

LHS RHS when E 0 D knf I s kn VET

i ftp.klfbtbifa ta Imfg Vats k 9btbita ta

Also GiaKlein ohta big ke 8cg ta

onlyonesliceinterval no integration

K obeys the sameequation as U gaita qt go.tl e la ta

hasthe same initial condition






































































































































M
formal equivalence

Usingthe integral relation a e
ha fig fdpeiap ibp

one can write

K Futh igata f g e
eStadt Img VG

DqDp e
ifat pg Em veg s

going backwards discretizing treatingp just as VG we see a Em Then

it is easy to show that 2nd line in s reproduces discretized Klantb qts
However we see also that KI IF VET knkn VIEVIT E

one p integral foreachqinterval

kN
9 this.tl him Ii fag.iq e

ilitcai.siihpF ijj
eatsthe entra

e
iHlapie e PittihimÉII dei2

catheter
If AB O
Cnumbers Ok

Operators

e
i It Ti idrite

ipin

I Yg
I di O

giventhis prescription for It in termsof commuting E0,7 0
Not conjugatevariables

ftp.i e
i e th e Pittin fi q I e

i 19.5 e
lg

ftp.spilai
The last step is only valid if q l II gp q ai111 Afi i 19

operatorsmust beWeyl ordered For example






































































































































12

Weylgin gp pg't 29mg fix IWeylEph ai

fi 2g g t Fini fit p fi

tint fit in

Klanto gaita him I fdqi Late ly

himCq e fatal e lqn.is sq e Iga

qbt e Igaita U lyin g ta

Finite T we are interested in computing traces

Z Trp Inlet In E Inlet fdgIg ginn

Idg q In in le P lg IdgSql eB lg

We can wine q let q g'te
i tip q Kl trip g j ta g

and in particular
t

get2 Sdg Kl ipq 0 g
t

th is

f q e
iftide 8m17 it nip

fDq e
Fede

In measure Dqp
indexprefers toperiodicity int






































































































































13where

LE dog t VCq

d

Of course we couldhave derived the Euclidean Itg
path integral directly without therecourse to

real time PI That would beperfectly

analogous towhat we did except that one 9
does not need the timepath tilting argument
Alsoin this case de mustbepositive along thepath for PI to exist

Generating function propagator

We now have a PI expressionfor 2
g79

2p f gye
SEH

Seg Idthe Pdt Lg veg

We can generalizethis to a generating function

2Gj f gye
8E9ItfidtjcelqcnThen21p1

21p.o Wegetthe 2pointcorrelationfunction

1 SZCpj
is Ep jagjit j

Ep fapp ganglia e sat






































































































































14

Basedon the derivationofthe PI its connection to operator formalism on p12

it is obvious that state is the t ordered propagator

y
t ordered

scents Tr PTGlingcod Tcgtingle

where T gasged Ole ti ganglia OGztngltpg.lt

i e PI expectationvalues are automatically time ordered on t ordered

Translationinvariance KMS relation p g da id g

Notingthat gilt e geo e
t

gp i i veg

Ig gilt itg I tip
Stints II II id q I d g
T get q e t iz a gilt H ding

etttgcoje.tt elite thtdelgeoTr epage gun Trp
Tr e f glide'tgoé't Try etdigco ga
Tr ep'té't gie e't go Trp
Tr e f gli tr g o Act tyo Dlt in Tr invariant

Rms Att Ip Tr EP gagcos too

Tr etiquettep gco Tracep epigeal
trltcgcepg.co alp t

Kool MARTIN SCHWINGER RM Relation






































































































































15
Propagator as greens function 394twig jq
Now take

Vo tmw'q EY zag
Ide I'Ct t get

2Cpj frog e
tide 91 ditai q ja

E Otto get

f Dg e differ
t fat jager

Iqs q ja Ej's s q sj Ijsj
Iq'sq Ijsj

2 p
etfididtjltlsli.ij.lt

1 TZIPI
Thus indeed as notation already suggests Ep djtidoja

j
At

So Solt isthe Greensfunction that obeys

Of w dolt t Oct t

Jetting saltW TI.gsolwnle.int

Wn't w Ao wn.ws I Do Ew
Also KMS sit p T II solute

w
e P see

II
Ciw't 1 un Lent

Bosonic Matsubara frequencies






































































































































16
Matsubara sums
First compute propagator I

e

e

VDoltw TIE solwnle.int
o

T.E.io eiwnt

Note that SC T w slaw 6

because i i t d n n n leaves soli w invariant
essential

Now use the fact that
CP

ept pot for 2 2nitti dz

and elfthe
eft 1

O t 121 a

Doltw fe wÉ
e

sum is givenbyresiduesinsideCeft I

2 w sum isgivenbyresidueshitwczayzy
twin e'Pw

Ep y outside pole
sign due to clocwise
pathis absorbed to

L ewig e
win et

efwy are e we

lento ew't'tmfwlew with molwi epw.pt

In particular TI.nu w fw lt2mowl






































































































































Partition function This is a very important topic Wewill do the
17

calculationexactly in Ex 1.6 Here we do a more heuristicQFT evaluation

followed by a regularization tide Theusual OFT evaluationuses F space

QFTevaluation Fourierspaceevaluation

f surface term

Zip Dg exp Ide191T ditw alt t Cs

Scale T ph q pkg

Ide19101ditw qtr Idy gin of pw g n

Since kno Item where Eng F kn B kno

Dq ITknedg I kinda Dg invariant

Na th integration is the trace over q

Icy I'Ine
it

cons 2in complex Én Én
becauseEEIR

Ida 9121to pwt gin In Ingican'tpay
fanfiction

I ain't pwt 4.1 Ilan'tspot req t Cmg

qi quit I É gin IVingn unitarytransformationn
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I dgi det18ft I doin det u IIdin

IfdÉndgt ns.t.dreqndImgn

We are a bit sloppy with thezeromodehere

Afterthesepreliminaries we can evaluate 2 p

2B Cat É c e
trlogs

i C bi e4

log21ps Tr logsix C 122 log artful c

Bw G

fatIn a wa t Eloy tan t c

Idw w pAo to wi c
drop

I do 1 2 101 Bt t log i eBw

We werecareful not to dropany p dependent constants on the way Thismeans
that we know 2p and 2Cpj upto an overall constant Usually thatis

good enough as all correlation functions evaluated from 2 pj are independent
of suchconstant
However P logZ would seem to depend on C Sp Er Also
we know from our quantum statistics calculation that C 0 How

does this resultemergefrom a more rigorous calculation






































































































































most straightforwardway is to perform PI consistently in thedirectspace
This is the topicof Exercise 1.6

Laine Vuorinen trick

The idea is to evaluate the infinite coefficient in the limit w 0 where Z

can be evaluated also artout PI However
zeromode becomesunbounded in

this limit and needs special care Hence onewrites

get Igo II Ine
int

Cditw get w'go Ig witw Ine
int

Then using f'dte
t

pEmin one finds

Je f di gli Of w get atw fi t at I witw

Performing Gaussianintegrals we get

all w indep terms for
CA day any

t

non zeromodesabsorbed

to Clp Containsalso
independent Zeromode
of w contribution surface terms

Thegoal is to determine Cf in the w so limit But zeromode blows
out here because it contributes a gaussian integral fdge Gw's






































































































































20
To circumventthis we consider a regulated system

where theaverage
variation over te Lop is restricted to some range sq Indeed

fideget di Igot II Ine
int

go

do that g gli Theconstraintonly restrictsthezeromode which

now gives a contripution poof So we have

Zreglp w o Clp payat ai

Onthe other hand
r f

Zreglpw o Ggg g e
fit ly

Sada offsale Ip sp q

Sagd ft e EP Iggy 19
VII

Combining the two results we get Clp raftwiwhichthen gives

I
2 p Isowtf II Fat asinn pw

x
thisofcoursehidessomewhere one at last and II it E

sinh

of the burdenofproof
Exercise 1.7
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2 Free bosonic field theory

Wewill studysimpleKlein Gordonfieldand then move to complexscalarfield
with nonvanishing charge and finishwith a study of Bose condensation

ftp.fleinGordonfied

I duo MIO D I If of

Canonical quantization Eiht Ily t idle g
OYE t Olg t Isi t I 15,17 0 12.1

Field operator
densityof thestates

it fEFOp apeP'Igtein

Gt fEFOp iwpapeimtiwp.atein

Canonical rules 2.11 imply that CapAp atpatp O while

airanti citing pi

Where DpCy
La
yup Beyond this restriction one is free to choose G

at will It is interesting to keep Op Cp free for now and

write down the Hamiltonian
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I f fdin Ig f 24 atp.ci Lana

ICEcos IF
ft CEIaptaf WiopCp

Kit

I REIafar t's
Vacuumpart independentofchoicefor Creop

If wewant to set fffcopCaptain's we need to choose

ZWEI Wp D NYT Cp

plp Lolapart10 Cp8 o f Yay 1

This is thenormalizationusedabovewith 070 In Qft oneoftenuses a

covariantnormalization Cpe anAwp which then implies Op fog
With this normalization

f
invariant

Iiit fEfawCapet I ate
Capapt 2,32up8 p p j plp Fav Nine

I SEE Iata v02

fifty w anta IT
usuallyV 1 unitvolume
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Partition function generatingfunctional
Now

2 p Tr e f f Dpa Yale eP loan

I 044cg guppy e fdiSdk 10,90

wherewe formallymade the samereplacements as with Sito partition function

Éfatdox 04 ex mid

j fPdefax 116,07 401 tm'd Sx Le10,997

Egg t.ae
E Sale

Alternatively we can use the Hamiltonianform

2B fDgp DA e
Sx it to Leto t

where we used IT 00 idol One can alsowritegenerating functional

2 pj Do peep six f je

Whence f Do perp I 0Xe Ike 44 jheyHel
É discretize a matrix x'Ax

Z p exp Saxe j Xe DokeE j É
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Propagator

1 829J
do't't Ip sjlosje.tl j TIGHT 8101 p

This propagator is also the Greens functionforequation

Of D't m dolt I Ole Ect

Fourier space Alt P Sp Act I e't't gives

HE Wp softp Sci

This is the sameequation solved for Sito earlier with co op So we
know the result

DownP whoop j on dint

and also Soltp for it malwp e t Malone

Evaluating KG fied 2 did'D pi so fi
Introducing Coto p y e p't Co p ik

0Gt p Iffy Inepte
it it

copy Lol

pkfggfpye
i nt p.i
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Je FC2tl pIn Ipp Insp witp'tme hep fit e
th
fake

Tin Fang
Ifp wit pwp IInsist

Again measure is invariant in F transform which is unitary and
we getdirectly Red DInd n o Rep'tImp

logZip hey I float exp 114 B'witwillopt

log I ftp.fdlolnpl exp p'twitwillopt

logIT pituitary Iplogpicwitwill

V JEF fie bug i e f Y JI mit

P E boy2 JI mit

While we again derived this result schematically in aft fashion we knowfrom

our earlierwork with Sto PI that this is an exact result






































































































































Noninteracting complex scalar field withaction
26

I 10,01 m lol

Decomposing 0 1,10 ion L É 1190it Ioi So wealready
know that 244 2 41 if no charge However we havecontinuous

symmetry

city L L

Noether

I conserved current charge

complexconj

82 fg8xtfES mdth.c

ayyy

É

irrelevantdepends

ondefofchangeJuju O where ji i 00 1 otory

if p a e
it justpm

Charge

Q faxjoy fax icon pret

Where I 84 8007 0 0 0 0 idiot
Note that in component notation ti dol 11 dtd idol Elt it

It dol tidth f Intitz
Q fax 12 loltick it it hic fox htt date






































































































































27Partition function with M O

21pm Tr eflitmil

DIDALDODopexp Split't I H na

we still kept the notation 4 0 0 despitemoving to Euclidean space

Here I It DO 70 t m 00

Q iot to it

Combining all terms containing t we get

it to at g info at

I I iftime if impt
t in H Y ing oftime 8 ing
IF I

After Shift I I 4 impt it s it eyeing the integrals

can be performed and give just a constant We are left with

Also noting that if idol we are then left with

2 pp 110000 exp f lofty 4 der 03 1701 t m lol

Now move to F space
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Ok It p't f yep e rant tip
I

one finds first from periodicity requirement 0ftp.t 06,7 was dint

Also did iwao did iconon whence

2 Ap f DonDon exp p Ontop pilwntiptemitp onlol

We can read off the propagator

1
DownPM

antiq t we

So chemicalpotential appears as a shift of Matsubara frequency

inn o icon y Periodicityof plot then implies Wn Lant

KMS condition Derivation is identical to Sto Define K A N
8 that grand canonical f e Bt Now amine O top

Salt I Tr ft Ici It 8611

I Tr eP get.es e é gco e r gamer
em e f ginger EMP

FpremTr epigcos I ftp.t em ga p gems

emg lo p I

Fyept Tr ft other ga emDylep t






































































































































If one only had this information to goby onecould now introduce
29

Fourier transformation

Dyce IS I Snlwp e
iPottipe

Then imposing the KMS conditiongives withoutsolving s explicitly

I epre Pot Po Lint in

Evaluating 2 AM chemical potential

poses but a minor complication Now
iany

already with some experience wemay wash
on Wr

Rep

P logZipp Tr logby C

IvEplog p cutin twill

YI du I
20

É
hi lepton teplum É Ii E epitt

l

f f dw t E epoxy

If of E flog e e part






































































































































Bose condensation 30

If system has a charge then it has conserved particlenumber At

high t all particles fit into available phasespace At very low T

however theremay not beenough phase space charge starts to

accumulate to ground state which has zero free energy

Wemissed condensateabovewhenwemoved fromdiscretized p to

continuousone Thecorrectway is to set

EI Ee
to I gulp e

int tip it

complexcondensate fluctuatingStates

Using this the evaluationof theprevioussection is correctedto

2 BME f pi.pDoing exp pulpmyE f Eep whip t wi onin
Totintegrated

I lay21pme ply mile If BE log i epomw

what is this

Treat E as a variational parameter requiring

1 811 2pm mi 9 0 9 0 it lml m






































































































































So the condensate can only form if the free energy of the ground state
3

Fgs WgM m M 0

We now determine from charge conservation

Denote q f Ey E dz
r Tloyz
de Sdt Pdr Ndn
N of toy

I

245 e f epitome
epoems

I 1MI e fp epappy epowers 9Mt particlesto

bothget smaller for smaller T

and eventually O as p x t o

for A 0 change assume Q 0 need y o

signofM for a fixedp up particledistribution

increases if u is increased

to keep q fixed as T decreases must increase M
but this can be doneonly until u m

I lowest T I at which all particles are on fluctuating slates

I 1
Wesolvethisby setting 9 e fp epicyml erewent

To Te q mustbesowed

numerically






































































































































32

At low temperatures T To we

balance of by the condensate

Found
particles

q Lem 9 MT particle

EET he q 9 mt parties

ECT pile 171 191m.tlpartial
Here8 0,5ms Tc 0,1214m

and finally 9and 2CME 9 9 mit particle

Onecould attemptto treat condensate formally as a d function contribution

to fcp setting awqwardly

I 1

epicotyl
O I 8 arm f 9notparte G f 9mitparte teplant

But can any IR enhanced distribution be thoughtof as a condensate

No if it is not associated with conserved charge
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3 Higherspin fields

Now move to Fermions gauge fields Still noninteracting

Keywords Anticommutationrules grassmannnumbers feeds Kms relation

gauge fixing Abelian gauge field non abeliangf

Fermions Free Lagrangian

L it 04 my 4

canonical momentum I If it

Canonicalanticommutationrules 4ft it it t.gl idapSay
FactI Iftg O

Iiit.tl IGHT 0

Field operator

Ict It fgyp I afufp e t bsptvsepje.ir

Choosing normalization uts p ucs p utes f vissp Rundos thecanonical

commutationrelations imply

af aft 65 6ft 2 32 8G p






































































































































34while other anticommutatorsvanish

Hamiltonian function

H JaxH Jax att L

Jax it't i 40 4 it if r m 4

Jax 41 if.at m 4 fax i 4 0 4

Inserting fieldoperators into this expression one finds

I Saffaw WrCattani bitbi wn

Conserved charge Ly is symmetric under X scity

Jj's 0 where jMex Year46

I 0 For Q fdajo foxyty fdxgit.tl

We can now write L I't L it dit L

21pm Tr e pl'tna

Exton capes É www.mgt.it
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DID 4 e cap l S t.gg g
ij.tm Y A

Ip refers to fact that integration is over antiperiodic field
configurations 4 PT 410,5 and Vp.IS XtIpx Here

x is mathematically a Grassmann valued field

Digression Grassmannnumbers

Assume Oi and Oj are G numbers 0Oj OjOi

05 0 010 at bo mostgeneral function
C numbers

Thus for example eat It at tall at

Integration

fdo 410 Sdo4
another G number

4161 at bo a do t b do0 a be do t b doo

where we used doE Edt This must hold for all E Ido 0

Furthermore we set do0 1 do410 Ido atbo b

Grassmann integration is then formally equivalent to G derivative

010 80 at30 b






































































































































Notealso that folydoOn 1 due to anticommutation rule Anyodd

permutation of dadoon changes thesignof integration
Nowconsider complexG numbers

Q face it and O Q it

Then Idodo O'a 1 and in particular dodo e
Abt

b

Generalization Toto 1 00 b

f II do'do É f II do O E Art

III dodo I Oj Ajktk
III dodo ErmAik Anan Ok Often

Ek kn Alk Anan dit A

Fermionicpathintegral
Ket states 0,63 0 etc I

Lbehave like G numbers

10 C
tat

o e oat o a10 0107 010

01 101 e 90 Lol i at Hat 1010 Colo

One thenfinds

Ale Lol i ad I eat 10 Lolo Lola oat o

It a ed






































































































































Unit operator trace With theQ states then
37

do do e
0
107101 dodo 1 00111 oat lolol 11 ad

fdoo 0 010 Lol Oat10710190

103201 117411 1

do'dO e
0
1 011107 dodo 1 0 0 ollitat A 1 oat lo

do do 0 01011107 Cola0 0at o

LolAlo al Ali Tr A

Where we assumed that O I 0 etc Eg I a rata

Tr corresponds to antiperiodic PI over O weighted by e
t

Pathintegral for SFO

2 fdotdo e
0
1 Ole p o

Idodo e
0
10,710,1

fda e
0
4 01 e

e
t e

e
I e
et
o

Now it take e
e ata o it title o e

e o is ti

exp OiOi 0 Gi EHOH ti

expf e 04,1 ACoinOi

The rightmost point is ok Nothingspecial The leftmostpoint requires some
care because it has O






































































































































Idodo e 0 1 01e that footdo 10ns

Idodo footdo e 00101on e
eHt On

Ido'dO fdontdo exp 0 0 Eon eHlOton

fdodo footdo expf e tot
On
H1ohQu

on

so in total

2 fdoo e
0
1 Ole p lo

É III dotdq expf eÉ0 acoinoil
o

05 05
I f 00 00 exp fide 00,0 4104011

Periodicpath integral over Grassmann field 0 015

Fermionic generating functional

21pm min 5104047
p exp I I sit In 54

GTt.gs FFEnter
2 pin exp f f gThe SEE E ME
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1 824g 2.5
DEKE

Zipp 826,5782102 2 50

Lipp 0404146 too e
soft Y

Tr PT Yu 3 o IT Ice Is Lol

Because 4 and I are anticommuting fields is T anti timeordered

product

T IIe I COS Ole IIT E TCO OfTIFLOY E

Fermionic Kms relation Again denote K I M

Alt E Ip Tr PT Yet I Fa j t so

trle Iger
er icon

Iff Trleft410 Ice p is t pi o

f Tr e pit Ili p Lo efrseli p.is

Here onewad Je into I Itoi 8 4 4 4 It 8

Hit f 47440,4 ly ItEdit ON
f 4710,4 I Jet it delta
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e pity it ep't e
p'tet t Ici e Ice p e

QI I TIF I J 414,4 QI Y Q 1 I

eprdice.ee pre eprice I
F

Onecan now F transform

Deli x Appop e
Pottip I

Then the KMS condition implies
FermionicMatsubarafrequency
f EWen

eMeiPR 1 to po EntDat in

where F refers to fermionic frequencies TheFermionic

frequency requirement could have been seen abo from antiperiodicity of

4 Anyway one can read off from A on p 35

Imp
1

AlpoP
joliwentg 8.8 5 i

Repo

In crucial difference to bosons there are no

Fermion zero modes That is even the
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lightest thermalized fermionic excitationhas a thermal mass at

at high t one can integrate fermions out from effective field theories

That attempt to describe bing wave length modes late

Fermi on gas pressure

Php ptrlogZ1pM pflogf tn.pD4n exp fitness tips
f x180 def to detadetB

Ir layIpdet Icmp detijo I

flog det f wentin it ptigon
im

SElog def
went in is p

im wentin in p

2flag Wen in t p'tm

28 I dwl
W

Wain twk Imp

iafetid
ÉÉi gain

r

Eatesta est
1

2
p Idw I E eplainly

spin 7
2 If flag liter x

I particle antiparticle
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Abeliangaugetheory

Wequantize gaugefieldsusing theFadden Popov method inpathintegral
Fint note that

Ei Fo doAi dito

La FmFM É 8 Bi Gjatju Ali

with Fw Onto duty is invariant is gauge transformation

A AT Antand a arbitrary scalar field

All these configurations describe thesame physics E E Hugedegeneracy

Canonical quantization need to constrain tophysical subspace

Path integral quantization need to define PI for Z

Indeed asa result of G degeneracy thepartitionfunction

have f Day Kids

Moving to Euclidean space Art fits t of ti to t

is not defined one can not use this tocreate a generating function

Problem is that writing
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To Sm2mF

Syda Sq t Int I Am f BeSm ga Am

one can show that theoperator tanto da om om

out0nA OAu8A

Desper Ordu Ar duo A AuOnda

Au gmD 010 An
does not have an inverse o fait MIDe off Am

To fix this one has to impose a a gaugeorbits

gauge fixing condition At
GLAM OG A EO

whichpicsjust one member of each

gauge orbit

y
respectthe PI measure

But this must be donewithout biasingthe PI democracy Eachpath
is equally good FP method delicately extracts the G dependence by introducing
a unit operation

IdxSixxD 1
I App Ap I Do 8 GLA

factor III fu owhere

App Ap dit III FaddenPopovfunctional

determinant






































































































































YyFirst note that app is gauge invariant Ant A da

Ip Ai I a 8161A integralones all gauges

f Da's 8 GLAY still integralones all gauges

Afp Ar

Then it iseasy to seethat invariant
invariant

2namep f A
p Appia Da 8 GAg e

f

I invariant foreach A integration range is no tox

dad providesjust a finiteshift
so for each a we can transform AIsAn everywhere

JEDI DAIp AppCAPS GLAM e
A

IFP dit
constraintonshell

JEDI 2pm p
Infinite gauge volumeextracted

Eg

2pm p f DA p App Ap S Glam e
A

Precise form depends on gaugechoice what is GA






































































































































9sBlack body radiation this isjust a fancy name We are again
evaluating the free partition function Here it is a little more

interesting due to G dependence

Axialgaugechoice Az 0 special caseof RA U

with E o0,01

In this case FP determinant is simple

Afp AT def
8 7 834
ga

det d XAm

Usingthis the functional 8 constraint we get

2 A dit d DADADaze
Alas

In zero T theory we would drop detco an an trelevant constant Nothere

Watts
g g 12In Aml dude Mv A

Az0 do or

Sanaa at i l
Moving to F space dodi 0 onPi 0 dj Pip j D an'tp

edonttip I

lay2 logdeter I logdet anti anti pi atrip
WnPL Pip
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Now

det wtf anti p
one

wurz pin witpipe
con'tp pplanted it p l war Yip win ri

t are life pp lPipe

p city's wittily war war with ri wapiti

Wnt wup anti p Wnpipe

on'tp p witpi wipi wip witt onp ppi Pilwitty
r

Thus we get Fp determinant cancels thispart

log2 Tr layp Tr log picwitpi Tr lagwitty

We recognize a familiar structure and write immediately
f 2 Php potstates

B fulay2 21 1 t log l e f

vacuumdrop

This can be in fact evaluated all the way because
myo

go

It is customary to denote det contribution by arcane loop

log z Es t






































































































































Photon propagator Axial gauge can becumbersome in PT
7

Covariant gauges can be induced by

Gw Ap OMA W O

AppAn def
8 Arth w

def o
8 a

final trick is to do x integral over differentdrones of w

2 p Nef Dw e
W

Dsl Sera 8 Guy e

Ngdit o Drip exp Sx Egland

r
e dappaps

Ley An Imo't 1 f dud t

o 12AM Jwp 1 f pep Av LADY A

b invertible

an dm A E it Pg on p
with was hint

Photon pressure again can be computed in covariantgauge It

Is particularlysimple in Feynmangauge where E l Nor

directly hereNe 1






































































































































73 ne

P pflagZ flog dit d dit duo

2Irtlag ditCoy

2 Itr lay wit f 255101

For a general one can write

su ta duo Py te empt f Pt Pin

Noting that Pimp's 0 pimp Pia PIP Pha

log det Smu lag detf Int Pt Tr log f Pat pin

TrEG Pt Pt Tr I a Pt Pio

Tr layp't Tr lag Epa

Qtrhype Trey
0 in dim rg or infiniteconstant

fromghost we divided out in definitionof
a partitionfunction

P Tr layp Triage pflagN e Iris's e bye

log f Dw Ee
Sxsw

Tr layp t
Itr log
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Interacting bosonic field theory

The formal PT machinery is similar to To QFT OnlytheFeynman

rules are slightly different continuous p an it a

This affectsmainly the integralscoming from loop diagrams
and hot depends on formulation imaginary vs real time

Keywords Perturbative expansion Finite T Feynman rules renormalization

Self interacting scalar field
consider first

L d4
M
9 t VI d Leo VIG

Now the generating function becomes

2Cpj Do exp I Leo Vea ja

expf SysVI Ej DoopcapL S Leo jo

Ffp exp SysV Ej exp f ji DokeE jke

Zip Z Cpj
loop corrections

This step is highly non trivial does PI converge to full result






































































































































so

Now the Grand potential becomes even dearer

s flagZ flag20 flog2 rot Sr

T t

det connected loops etc

Quartic self interaction

142 FO
To compute an approximation for 2 we need to expand

layFtp lay e ly pet list Jj lucie o

É Iffy g et ljaj
connected

jo

SYCE et ljaj jo
t

Where we used even more compact notation far S This creates

the well know PT Evenmore log2 p only prs the connected

diagrams

legZep n t t t

included in Z






































































































































51Lowest order calculation It 1 El jsj t

I 1 4 g et
Sisi

jo

IT I S j Ilja
4 waystoconnect

Ipl Elo Ip pv scope

ftp.t
SP E f ftp

Of course we can compute this also diagrammatically from
FTFT Feynman rules by inspection or by Wickrotation from to rules

propagation rule

I

waitup

e f

f t

I
addsumthin

SP I 43 Fwiw I him t

This result has the problemof being infinite of course






































































































































Indeed using our complex integration techniques we can compute
52

I with I T Ip
i n sS T

cop22 eft I
1I 5 13 Ip Ip epw p Iot II

vacuumpart T t thermal part finite

ftp.g 8cm3 e Elm d al ftp Ia
Ej Gamer rt ieMt III 4E

E M itE
ra

isolmy

31,1 l getlayYiu tf thyth Oct

Need to renormalize diverges

Renormalization Lagrangiandefined in termsof local operators
All observations have finite resolution Lagrangianparameters are not

observable In our modeltheory

L ly m a dup
M
0 4,0 Minkowski

Redefine formally sofar

24Xp I Art 81 m's mkt dm
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Then LComid LCormiAr 2Conon
Edman ydof

Lolormi VI Armi dy dmda
where

Sp Zg 1 wavefunction renormalization

dm Z ma Emil mi mass renormalization

d 24 Anton Ar couplingconstant renormalization

In BRAZ Scheme used here 8 are treated as interactions giving Euclidean

piston

II
ipdy ism

Minkowski

Renormalization themes choiceofparameters couplingconstant later

p mi
Sh p p mi trop o p mi

iii
eg Talma O

pineITFairly
mm
so

0 shell scheme

renormalizationpony
A P n it

PEO
Alternatively Shep o Mr

Info I 0 p O scheme

Jptrip'll






































































































































5hOne loopcalculation

Minkowski neeles IR Euclidrules
i 8 o
pi mi

ing Ir

Selfenergycorrection what is the blob in givensetof rules wit t

a e I o o

é
primatial

i

pi mi pim

I

am
It pint p

Pim primate prime t

i
prime11 pit pig

Eg Tre i O in Minkowskirubs Te a inEuclideanrules

Ide
w

samedirectlyfromYa E rules

i

time i i 7 ftp my 124 915
m

I

dim
o IMI fam Eitolmil

reg

IM Elma4 e 1 a jar flame
a rt l E
ra

demi
za
ÉÉÉgÉ a thymine ace

I III E t l logMy e p independent constant
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Full self energy in vacuum

I if t o Knw mi Sfp'tdm

Onshell scheme

dpt pl of 0

TIME IT nomi Sit 0 Sm Tianmi
at one loop Traun pl O

Full thermal self energy now with finite T rules

IT I who t dm

12 Iot I Eisolmi I top egg It

We thusget a finite T dependent self energy correction
OnShell

A p TIron up'tmi t I mi É
an'tp in E thermal correction to dispersion relation

For T my imagT rules

It I dp É É512 I It It
I pyron p'tmist m2 t emit II thermalmass






































































































































56Now goback to our evaluationof thepressure Euclideanrules now

sp I i

fr fat I'm whew mac

I

ay tight a kid I tract's Nac

Iti t

Enfantri Eat

Vacuumcounterterm is something one can add to Lagrangiananytime

fauxFy L fax Fill Iman

do at f loop level the premm is
definitionofm

fdefinitionoffree

P E i

É Et ya I e It 1 Y
v

finite correction Followsfrom

defining the on shell mass

here zero and the vacuum

energy






































































































































Coupling constant renormalization Choose the scheme

s
z u

Xp E Pulo o o i t t t t u channels t

3 3

Art 3.21112 8.43.32 pitman t d r

n ng g gang Go iBomimi o

Proofof no T dep divergences to 2 hops

I Selfenergy

p

I

43 2 Y 2
5 8.34.3 8.4.7.2

IffItem Em 6 gplpimkg.tn f m.m.mp
214 pimp off s p'ts'm

I di Speptmatz di I IppÉ

I
Ig pf.IE p3fpgttpI

Hmmmpits p'ts'm

SpEmap Calmm Ippalm t Int Iot I

I GotGt






































































































































IT GotGt ÉGo Int Io InHlmm mp Sgp't8

II G t art Go t 341Goto 8HotHotH 8 p'ts'm

T 00
34kGoto YiHo 8 p tsk

I if to prime
dnt l mif Holan 7 Goto

fiHo F'Goto t 84p'ts'm Hopi Holme pimp Ipito pema

This combination is finite Remain the terms Art Go and ofHot
Div Structureof

soft

finite t
phard

T dep not killedbyct's onlyhard killed byat's

e 3 FattSyfy finite Art Got finite

Theremaining at contribution 3sof T deppartof I exactly cancelsthis
I't is finite In particular all potentially T dep nitrites cancel
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the 2 loop contribution to pressure comes from followingterms

couplingconstant renormalization

lb

si s
poked'm you

É o't
in

I

ummmm emotion

Adding 1 Cia and lb gives

8Pa I

11 56o.zf.li atfjmy.taEi o.z5IiII ping
128m pimp

L eÉÉÉ antichrist It or't Emp t GotGi

Y ftp.q IIlirictti5 f0oCirict i
60 ti It Im8

If Smtp84 341Goto thetawitwp

I
Fop Hdmi pmi 1pm12

Remains the divergence structureof






































































































































GO

i
Pr

dir f p I Y t

Ii
2.4 615,1 Go 1 4ft t t fuk

Got If ah Holp t t finite

Wethenget

8Pa

ÉÉt2THTvatIT

IGo tractIT I GoTrac Theta Got

I 1k for Holp Hdmi pima 1pm t t d t finite

IGot I finite

Summing the two weget Spera t 8Pa is finite The T dependent

divergences went away in particular In all

spy FIG I finite t topart
TO part absorbed to 11






































































































































G1Infrared divergence Daisy resumanation

We still have a problem this time at IR Indeed

1
SRF f tf f pampa Iti Gt

Got6 Go

contains an IR divergence for m O

I fanion f teh
G fantasy Em I f twotho n partial

Go t Gt Ifor mall w

Gt n Iz f In for me 0 PT breaksdown

at IR at finite T

Basketball is IR r e however

I

miso m o It SSg e pgElp qtr
dog

a É fdpdqdrdcadcpq.q.gg a fdp n find

Theproblem is that T 0 corrections create an effective man n It but
we are still eepanding Pt armymasslesspropagator Wealreadysaw that

thermal loop correction induced mfsm it y so resummingthe leading
loopcorrections shouldhelp Question is how one does this consistently






































































































































Daisy resummation for pressure
It is important to realize that IR divergence comesentirely fromthe n O mode

Gi tf I E 14

All otherintegralsGf are IR finite because of the thermal mass Lint

only need to resume the n o mode

There is alsointuitive reasoning for this zeromodes
have long wave lengthand it is natural thattheir A
interactions are screened by neo modes
ItYay screening mass

Also the IR divergence if diagram wasjust the first in a series
To order Are the most IR divergent diagram is

Hardmodes
symmfactorof subdiagram

i

n
i Sn f WI spgu

sit

y y
2N

orderofPT waysto order
N s to circlezero ÉodeMY

g
a
ay 6.2 I So tri oriented

Add all possible C't's

each sub o atb I 1 a b

I É on II s
note that all
graphs with
N 3 are finite






































































































































63to ate
I Ip I I it Idwpl one signfromeachvertex a

I Ip log lit it to asf
r

I Ip laywntwp.tt logwitwit Tito

denote thisby do Into

I IT Spto f fromzeromodeonly

Here refers to resummed zeromode propagator I witty
This is still valid alsofor me0 And that is fine Wemay have Ts m

Now remember our One loop result to

I Intf far it t It no

It tarttott nto Lattinto

It Kitty
t nd both or r

finitecontributions

So the full f hop rig resumedresult is diagrammatically

P I t t
no
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Po I It logp'tm't It logtrim Earl it Into

i hoffoop
Now use Ip pym MF Exercise correction

It II IT k It if Tsm

So for Tsm the t looppart is an modified Thenuse

If logp'tm Ifdm of prime If dmmi If c

Y mint t
Mft125

lm O
o III ya he 1 t

Thus the ring contribution is na whichis larger than the 2 loop arrections

P e got t 1 get t

restricted to Tom
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Full daisy resummation
Howabout resumming all Matsubaramodes Sometimes onemight like to dothis

heh so let'stryi
n dipprop

N TtIcwpl

I laywntwp.tt logwitwit It so

I t trTt It Tue

Now this is of course still divergent In addition to tart IttTue
that gotextracted there is the divergence I II Go inThe N 2 term

This is cancelledby 3 E
suitablychosent

only Go div parts

We did notneedthere above because for thezeromade

Sp Imy Ffp me
FmYI Em or finite

do combiningwith SP subtracting the appropriatect's one can write

a finite ring corrected P

P FI Sn
of
the mind termfrom 2woncontribution on

I II Go
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I 1

JI tart titre f tiGo

I laywitw IT ftp.ttftfptttyanttyITGo

Jo meat Jj mat T II t frittata t t ITGo t
resummedthermalintegral

Let us now checkthe finiteness of this result

Jomkay Ankit't East log Ig
IttTty It itolm 3ÉÉÉÉgt it byY

IIIGo ty Iii Bolomint EtlEmtheyMn
I n't It

Jo mtg frittitut ITGo t

gun
m log it E 2min I log l E It E byft'm

7
This is finite and 00 as T 0 So all is well No theterm

is again IR divergent eg blow upwhenm2O The reanimation failed

Theproblemis with themixed correction Ii Go from the 2 loop contribution

coming from 8Pa E t
g

t gu






































































































































67
If we replace Colm's here with Golmeet then the offending log term just
drops This is weird though because Go came from da eg the counterhim

So if we want to resume the whole thing we should apparently somehow

replace by everywhere in the 2 loopterm

Is there a systematic way to do this

Yes The 2PI expansion We come back to this later if time permits

Daisy resummation for self energy
Leading IR divergences areagain no loops I It tiring
with

IT ITo IT no
and

Tring É Sn
i

Sn I N Si

Th Th t 12TfpIgC 1 NITIon It o

fTht t IT Sp
prewitt pp'tm

it limit m i II
so the ringcorrection to man is






































































































































68
Full Daisy resummation of self energy
To do full Daisy renmmation we againneedmore et's at 2looplever

T t
t tno t f Ar It Go

É Sn
i

t leftoverfrom

2hop
renomalized

I it t fat ÉÉÉf za.nlEmi

EEE se IITs
Ift Its 1

It t Iii f Splat t pity IF a IT s

Gt

It ptg Iaf p me I't Serge

12Io mint II mkt t ng iAolm E IT iBola ay
I thermalresummed É E thyAme

This is Uv finite It function Ok

Io imit iAlm Tt iBolmimio

Ig Chitti Eat it lay IT mint Eat it lay f it
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af matte log it E at finite but again tix

Theculprit is the same as before the 2 Art Go term Resumming

the vacuum mass in Go here would remove the log termassociated with

It R finite

Superdaisyresummation Gapequation
One can extend our previous results to superdaisy resummation by
generalizing the ring equationfor it to a gap equation

Tsn If pity I Sp me It'sSaiga

note that this is UV finiteby our previous argument and its IR problem

for m o is similar to full ringresult Thisequationcaptures diagrams
of the type

de

Deriving thegapequation more precisely including consistent renormalization at's

is not that easy It is best done with 2PI techniques

Asstated before these full resummations may be desirable for continuity in
MIT But they may be useful also in other

contexts due toother reasons






































































































































70
Large N expansion
Consider amodel where 0 fi where N 1 But still

Le I F t 228 t f E

This is O N symmetricmodel where I I Gi and

8 40 49 2 010 Ed gof

ey at two loop level due to simple combinatorics

kI v2

I
i i n N

Jo at large N limit the simple bubblediagrams dominate and

II o 1 when N so

That is the sb result from the Gap equation is the exact result for 61N

theory in N one limit






































































































































71Other interactions somesimple 2 loop results

Yukawa theory

L 9472 X 4,0 Flix m 4 yay

Le Ilbo 34440 Itis m ttgI 4

where JM 180,8 jr jr 28M Indices are raised toward

by 8 and Smu

pp juju pep p
Tr Ep Kmp Tr frJu 4K p

aroundd
del hip

jug 8,8 Kayne 818mF 2K CADE Ld1 E

Ight 8m 8980 d 8 del

atwp i Po one tin

im É Mt pm one in pWnitmi

s y Epi I f 8 Epi

Fermion linewithin aloop f f Eachvertexcarries

a difunction

Bosonline within a loop palm 8 Epi Jail Epi
T

Kroneckerdelta
Cosed fermion loop add on






































































































































Pressure in Yukawa theory to order 1 yo In massless case
7

Pe t g yo
lint

a r y

From p 63 therealerpart is just

Ekiti Eti Eat

Renormalization in limit p 20 myO
S l

T s 1 s

4 5
it any

y f Tr ECEpik Kimi Ckppm TP Y Salkmy hppm dot

Ly p e'Bolo mmy p Iq Easthey Exp O

of ftp fittestlying

AllthatSy does is cancelling the vacuum IR dio partfromthe 2loop diagram
soft

y

In fact in dim neg one can just put my 0 and p O to begin with and

then use theresult f I 0 No divergence no counter term
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In this definition the IR singularity log Mmg o Ems and cancels

the UV divergence This is standard result with thedimRig in the massless

limit At any rate we can compute the 2hop diagram not worrying

ofeither IR or UV divergences

fermionloop I 1 K q Y 16q y g

Spy I at ttyttfyp.atfg18lktpg e at
q

k4g p
El YIfap app 8 htp g at

Fyi 1,4 pie ftp.e z ec.t

2yF 2IIco1Itco I o IIT

wherewe and thefact that in massive limit I I 10 t I o where

e refers to bosons fermions and finally II o 5712 and IF o 7424

Ringcorrection because 0 the ring correction now simple

Pring
MT T
1212

where

meet II y't I fit Carthy
It

Combinin all to order go 7

ar4yy
Pyunawa 1 2

t
t
me ay

t
288
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QED TheQED Lagrangian in Euclidean space is SE Ke

Le Flitttier my 4 IFFY

which gives F rules hi f dm 1 e Ppf

est

TheQED pressureup to e

pre e My i m t Mjg

1 Freegas limit My 7 2 3Ny

Renormalization p O limit my O there is no correction in dein neg

ii e correction

I Trlejraju
Ofa I me feint ftp.n.qkipiqh dm 119

p
Schipig

q

Can
TrCEjmgj

Pika K'p2q2
81kt 9 1 E part

d1 Nye ftp.u.gptg 8lktpg tet

4e2Nf fp f p 4,4 Inst
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Gaugeinvariance

ftp.u.gp geTr EPq7pJdlktp.g

ftp.n.gpfge 2kpgp p kg dcheepg

4Kpgp ktp k p gtp qpt q hi p q hi p't

2pleg p ly4 b g p p d g

4Kpgp 212kp q47 p gite

ftp.u.gp
gz 9

th 2k2g p 19th sulkp g

48g pl j pntTk 8lktp71 4fu.p pay
dreg symm

4fp.nlfat II o

Ring correction First we need the photon mass

In mint tefnyfn.tl TE8 hey 241410kK p h

dnodu.fi gigqIItt
I

Bosonic or
fermionic duoduo IfCo 138midui Ifco I o
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FI co off I IS ofwit
Inflate Int I Ito EI o

It107 I o T I o I o

KEY dmSui Indro I o validforboth
bosonic
Fermionicsum

Im 481 1 dmSui Indro Ito sentgod I o

ET NgSnoSno ME T InoSoo
Debyemass

Thus only the longitudinal polarizationmode of thephotongets a thermalmass

Thismeans that onlytheelectricfield is screened but magneticfield which

comesfromspatial components only Bi EijuFju is not screened at this

level The ring sum thenpicksonly one component

Spring WII zÉÉt
All together to order e

P 8 2 3Nf t
y Nyt

eNt t
3653I






































































































































77Non Abelian gauge symmetry
The PI Quantization very similar to QED Thedifference is that gaugetransf

is non linear hence onegetsghosts even in simplegauges

Introduction Consider a model where L Felix m 4i is invariant under

global SU n transform

4 Ufj where U E e
T

and ItaTb ifabet
t structurefunctions

tomakethis theory locally invariant we write

L Flip my 12 Tr FmFM

where the covariant derivative or dipdu igtj.IT
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and the gauge invariant

Yang Mill fieldstrengthtenoris
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The obviously GI YM Lagrangian is

I 289 fundamentalreps

Lyn Tr Fyi IFT Fm I'm I Fmlfam

Thequadratic part of Lyn is just sum over QED like fields in
addition to which we pick cubic and quadratic self interactions

Gauge fixing
Again we introduce covariantgauge condition Gala OnAar wa O

2 SEDA SFCa Do 8161A estTm

100 CDAp A p Ag g qq.amy e
Sx 47nF

2pays NIE DAY A p A exp ly IF'mFa feldman

with layNCE logit Doa expf Eef w a MzTrbye

Ghosts

Theseappeardue to nonlinearity In Re gauge

si a det If t A
det orf go dat f ai

Bosonicdeterminant

As usual we express this as a fermionicintegral over ghost field C andE

Afp A DcDc e
Se ta d 8 du t gfa ai c
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Note despite their Grassmann nature ghosts shouldobey thesame periodic

boundary conditions as gaugefields bosonicMatsubarafrequencies

So the full G fixed Ym theory Generatingfunction is

2Epjahata Nie exp 1,4 Ema In CDAp DeDcf x

a exp lx Lyne jiAi t Jama Naca

where Lyne Ilona d A Ig duan Ca 8 a Cb

IAI SMB i f Mdt Av Ea 8 a lab
dud Syd'd

Quadraticpart is foreacha thesame as forQED so we get

ma mm Yb Sabpf dm l E Ppf p anecon

d

Jabplz bosonic matsubara frequencies

The interaction Lagrangian is Fir antidusitgf Aya

AmIa c gf dataAfc after apartial integration

Ef out d a A A's 848
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From these are canwife the F rules Eg the ghost rule using
A f dee ik dtete c f la é t Ite and e f ateiht bee it
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Finally there is the coupling to fermions Ii gigAgrYi
91M

igtj.fm
i j



Pressure in QCD to order g

P Lef t t t Loge Ewf new t ween
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fermions infundrepresentation
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This can bealsocomputed contracting directly the vertex

m m

lol 4fab fadeAinthype gangpu lo
can act fid

Iffabfade onedeg gap 8dg's sup 8 s'dyoua 88 FA
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For the rest let us use the Feynman gauge
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Finally the fermioniccontribution is
k

Futile TjTj ftp.n.gtrl
T98
Kpg
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Alltogether then to order g

Pae Ni it Nant t ga ni 1 B E 4 NetEN II
Iota notEnt ni 1 th a2 74 T

3ft 1 Eas T

We still miss the ring correction To compute this weagainneed towork
out the gluonmass

Thermal gluon mars we work in Feynmangauge

a a a

IT yeah Heathen t ien week alle we

can fit it ai

Ia genii I gEti It lol
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Tat t t it g N d d 1 duo dmSvi Indro I o
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Finally
If ftp.tndijkkihIg g'NfTj.Tjifn.gtrtEIg1t Siu g

SLAVnor

gNg 28 44,1444
k
4g's snog It o Triton

Jule link
Ng8 Ipodof kn co E

P109
In 2N Nf T 8 duodo ME T 8 duoduo Laine

Vanier

the ring contribution thenbecomes

Spring 3 Itf got

and the full QCD pressure to ordergs is
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