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Questions

Question
Can a color-blind astronomer reconstruct a reliable model of the universe by just looking at the
sky?

Question
If one makes geometric measurements of the arrivals of all photons from all supernova
explosions but has no spectral information on the photons, can one reconstruct the Lorentzian
metric describing the spacetime in one’s visible past?

No! The observation is scale-free and one can only hope to see the conformal class of the
spacetime.

Question
How can we break this conformal symmetry?
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Active and passive

Active measurements:

You send a wave out into the unknown and see what comes back.

Requires nonlinear interaction so that something does come back.

The signal needs time to go out and come back. If you measure for two years, you can
see one lightyear away.

Cosmological or even galactic scale is inaccessible.

Studied for photons: A. Feizmohammadi, Y. Kurylev, M. Lassas, L. Oksanen, G. Uhlmann,
Y. Wang. . .

Passive measurements:

You see what comes in from the unknown.

No range limit, applicable to cosmology.

Studied for photons: P. Hintz, Y. Kurylev, M. Lassas, G. Uhlmann.
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The result

Theorem (Kurylev–Lassas–Uhlmann, 2018)
Measurements of light cones in an open subset of the spacetime determine the geometry and
conformal class of the spacetime in the lightlike past of the measurement set.

Measurements of photons determine everything in the visible part of the spacetime except
except the conformal factor: We cannot tell (M, g) and (M, cg) apart.

Theorem (I.–Uhlmann, 2021)
Suppose the conformal class is known. Measurements of (perturbative) neutrino cones in an
open subset of the spacetime determine the conformal factor in the lightlike past of the
measurement set.

Photons and neutrinos together determine the full geometry of the visible part of the
spacetime!
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Visible past
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Spacetime

Euclidean space: Rn with the quadratic form x21 + x22 + · · ·+ x2n.

Minkowski space: Rn with the quadratic form x21 − x22 − · · · − x2n.

Riemannian manifold: A space where the “infinitesimal local geometry” is Euclidean.

Lorentzian manifold: A space where the “infinitesimal local geometry” is Minkowski.

Special relativity lives in a Minkowski space.

General relativity lives in a Lorentzian manifold, and local GR is SR.
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Light cone
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Scaling

The light cone of a Minkowski space is the set of of lightlike directions — vectors where
the quadratic form vanishes.

The light cone bundle on a Lorentzian manifold has a light cone at every point.

A conformal change changes the local quadratic form (matrix field) gij(x) c(x)gij(x).
The light cones are unchanged.

Conformal class = light cone bundle.

Particles travelling at the speed of light only care about the conformal class.
They have no sense of scale, local or global!

Mass is the ability to sense scale.
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Light cone bundle
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A wishlist

To detect the conformal factor (local scale), we need a particle that
1 is slow enough and fast enough (0� v < c),
2 does not interact too much with electromagnetic fields near us (zero electric charge),
3 can be detected, and
4 is produced in sufficient quantities all around the universe.

The only particle that meets these requirements is the neutrino!

Neutrinos have a tiny but non-zero mass and are typically ultrarelativistic. They are electrically
neutral and interact very weakly but can be observed with specialized detectors. They are
produced in great numbers in supernova explosions; about 99 % of supernova energy is
carried by neutrinos.
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Supernovae

A supernova is the exploding death of a big star.

A SN releases both photons and neutrinos in great numbers.

Neutrinos are a tiny bit slower (v ≈ (1− 10−20)c) but are released a little earlier.
(The catch-up time is often long.)

We treat neutrinos as small perturbations of photons: ultrarelativistic Jacobi fields.

The neutrino cone depends on the motion of the dying star, the light cone does not.

The neutrino data reveals this motion of supernovae too, not just the conformal class.
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The two cones
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Not the normal kind of normal

What we measure is not deviations of light rays, but deviations of light cones.
=⇒ We need to take the component of the ultrarelativistic Jacobi field normal to the light

cone.

If γ(t) is the light ray, the direction normal to its light cone is γ̇(t).
It is both tangential and normal to the light cone!

The normal component of a Jacobi field J(t) is N(t) = 〈J(t), γ̇(t)〉.
The Jacobi equation is very simple for the tangential component: N̈(t) = 0.
=⇒ The inverse problem becomes simple!
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A couple of lessons

Supernova photons determine everything but a conformal factor.

Mass is the ability to sense scale, so a massive particle is needed to fix a conformal factor.

Neutrinos have a tiny mass, but it is enough to break the conformal symmetry.

Ultrarelativistic particles can be modeled by Jacobi fields along light rays.
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