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@ Electrical measurements
@ Physical problem
@ Calderon’s problem
o Partial data

© Broken ray tomography
© Periodic broken rays and tori
@ Tomography on groups
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Physical problem

Is it possible to measure a non-constant electric conductivity inside an
object by making voltage and current measurements at the boundary?
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Applications for such non-destructive imaging:
e Medical imaging (lung collapse, breast cancer).
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Physical problem

Is it possible to measure a non-constant electric conductivity inside an
object by making voltage and current measurements at the boundary?

Applications for such non-destructive imaging:
e Medical imaging (lung collapse, breast cancer).
e Finding oil.

@ Quality control.
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Calderon’s problem

Calderén’s inverse problem is the mathematical formulation of this
problem:
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o Let Q C R” be a nice domain.
o Let v: 2 — (0,00) be a nice function.
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Calderon’s problem

Calderén’s inverse problem is the mathematical formulation of this
problem:

e Let Q C R™ be a nice domain.
o Let v: 2 — (0,00) be a nice function.
o If u: Q — R is the electric potential, —yVu is the current density.

@ The current density is divergence free.
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Calderon’s problem

Calderén’s inverse problem is the mathematical formulation of this
problem:

o Let 2 C R™ be a nice domain.
Let v: © — (0,00) be a nice function.
If u: © — R is the electric potential, —yVu is the current density.

The current density is divergence free.

The voltage and current at the boundary are u|sq and v - yVu|gq.
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Calderon’s problem

Does the knowledge of u|gq and v - YVulaq for all solutions u € W12(Q)
of

div(yVu) = 0

determine the function ~ uniquely?
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Calderon’s problem

Does the knowledge of u|gq and v - YVulaq for all solutions u € W12(Q)
of

div(yVu) = 0

determine the function ~ uniquely?

@ Yes if n =2 and ~ is measurable. [Astala—Paivarinta 2006]
@ Yes if n > 3 and 7 is Lipschitz. [Caro—Rogers 2014]

@ And many earlier and related results... [Calderén, Sylvester—Uhlmann,
Nachman, Astala—Lassas—P&ivirinta...]
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Partial data

The problem is much harder if we can only measure on a subset of the

boundary. On the rest of the boundary the voltage is zero and the current
is unknown.
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Partial data

The problem is much harder if we can only measure on a subset of the
boundary. On the rest of the boundary the voltage is zero and the current
is unknown.

Theorem (Kenig—Salo 2014)

Suppose a bounded domain Q C R? contains a cylinder [0, L] x D for a
domain D C R?. Assume the part inaccessible to measurements is of the
form [0, L] x R for R C 0D (contained in the cylindrical part). In this
setting one can reconstruct a C? conductivity in ) if any function

f € C(D) can be recovered from its integrals over all billiard trajectories in
D which reflect on R and have endpoints on 0D \ R.
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Partial data

A tube-shaped domain. The gray area is inaccessible.
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Partial data

Theorem (Kenig—Salo 2014)

Suppose a bounded domain Q C R3 contains a cylinder [0, L] x D for a
domain D C R?. Assume the part inaccessible to measurements is of the
form [0, L] x R for R C 0D (contained in the cylindrical part). In this
setting one can reconstruct a C? conductivity in Q if any function

f € C(D) can be recovered from its integrals over all billiard trajectories in
D which reflect on R and have endpoints on 0D \ R.

| A

|dea of proof
(Very roughly.)
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Theorem (Kenig—Salo 2014)

Suppose a bounded domain Q C R3 contains a cylinder [0, L] x D for a
domain D C R?. Assume the part inaccessible to measurements is of the
form [0, L] x R for R C 0D (contained in the cylindrical part). In this
setting one can reconstruct a C? conductivity in Q if any function

f € C(D) can be recovered from its integrals over all billiard trajectories in
D which reflect on R and have endpoints on 0D \ R.

| A

|dea of proof

(Very roughly.) Construct solutions to the PDE div(yVu) = 0 with the
correct boundary behaviour that focus on a transversal billiard trajectory.
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Partial data

Theorem (Kenig—Salo 2014)

Suppose a bounded domain Q C R3 contains a cylinder [0, L] x D for a
domain D C R?. Assume the part inaccessible to measurements is of the
form [0, L] x R for R C 0D (contained in the cylindrical part). In this
setting one can reconstruct a C? conductivity in Q if any function

f € C(D) can be recovered from its integrals over all billiard trajectories in
D which reflect on R and have endpoints on 0D \ R.

| A

|dea of proof

(Very roughly.) Construct solutions to the PDE div(yVu) = 0 with the
correct boundary behaviour that focus on a transversal billiard trajectory. If
two conductivities give the same boundary data, then they have the same
integrals over such trajectories.
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@ Electrical measurements

© Broken ray tomography
@ Broken ray transform
o Reflected rays or reflected domains?

© Periodic broken rays and tori
@ Tomography on groups
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Broken ray transform

o Let 2 C R”™ be a nice domain and R C 9. Denote E = 00\ R.
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o Let 2 C R”™ be a nice domain and R C 9. Denote E = 00\ R.

@ A broken ray is a curve in 2 which reflects at R and has both
endpoints at E.
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Broken ray transform

o Let 2 C R”™ be a nice domain and R C 9. Denote E = 00\ R.
@ A broken ray is a curve in 2 which reflects at R and has both
endpoints at E.

@ The broken ray transform is an integral transform that takes a function
on € to a function on the set of all broken rays in Q. The value at a
broken ray is the integral of the function over the broken ray.
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Broken ray transform

o Let 2 C R”™ be a nice domain and R C 9. Denote E = 00\ R.
@ A broken ray is a curve in 2 which reflects at R and has both
endpoints at E.

@ The broken ray transform is an integral transform that takes a function
on € to a function on the set of all broken rays in Q. The value at a
broken ray is the integral of the function over the broken ray.

When is a continuous function determined by its integrals over broken rays?
When is the broken ray transform injective?
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Broken ray transform

o Let 2 C R”™ be a nice domain and R C 9. Denote E = 00\ R.
@ A broken ray is a curve in 2 which reflects at R and has both
endpoints at E.

@ The broken ray transform is an integral transform that takes a function
on € to a function on the set of all broken rays in Q. The value at a
broken ray is the integral of the function over the broken ray.

When is a continuous function determined by its integrals over broken rays?
When is the broken ray transform injective?

Applications: Electric measurements, seismic tomography, spectral
problems.
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Broken ray transform

A domain.
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Broken ray transform

A line through the domain.
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Broken ray transform

A broken ray. E is blue and R is red.
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Broken ray transform

Large E.
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Broken ray transform

A broken ray.
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Broken ray transform

Another broken ray.
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Broken ray transform

Small E.
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Broken ray transform

A broken ray.
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Reflected rays or reflected domains?
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Reflected rays or reflected domains?

There are many different approaches to the broken ray transform |[I.,
|.=Salo, Hubenthal, Eskin, Mukhometov], and here is one: Replace
reflected rays with reflected domains.
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reflected rays with reflected domains.

Example: Consider a planar domain with a cone-shaped reflector R.

Joonas llmavirta (Jyvaskyld) Calderén & tomography on groups 7.1.2016
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There are many different approaches to the broken ray transform |[I.,
|.=Salo, Hubenthal, Eskin, Mukhometov], and here is one: Replace
reflected rays with reflected domains.

Example: Consider a planar domain with a cone-shaped reflector R. We
can reflect the domain and straighten then broken rays.
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Reflected rays or reflected domains?

There are many different approaches to the broken ray transform |[I.,
|.=Salo, Hubenthal, Eskin, Mukhometov], and here is one: Replace
reflected rays with reflected domains.

Example: Consider a planar domain with a cone-shaped reflector R. We
can reflect the domain and straighten then broken rays. A function in the
plane is determined by its integrals over all lines.
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Reflected rays or reflected domains?

A cone with a broken ray.
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Reflected rays or reflected domains?

Six copies of the cone. A straight line corresponding to the broken ray.
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Reflected rays or reflected domains?

This idea leads to a theorem:
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Reflected rays or reflected domains?

This idea leads to a theorem:

Theorem (I., 2015)

Let C CR"™, n > 2, be a cone with an axis of symmetry. If Q C C' is a
bounded domain and R = 092 N OC, the broken ray transform is injective.
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@ Electrical measurements
© Broken ray tomography

© Periodic broken rays and tori
@ Periodic broken ray tomography
@ Tomography on a torus
@ Tomography on closed manifolds

@ Tomography on groups
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Periodic broken ray tomography
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Periodic broken ray tomography

Let  C R™ be a domain. When is a function Q0 — R determined by its
integrals over all periodic broken rays (periodic billiard trajectories)?
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Periodic broken ray tomography

Let  C R™ be a domain. When is a function Q0 — R determined by its
integrals over all periodic broken rays (periodic billiard trajectories)?

Examples:

o If O C R? is the unit disc, a function is not determined by these
integrals. [l., 2015]

o If O C R? is the unit square, a function is determined by these
integrals. [l., 2015]
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Periodic broken ray tomography

Let  C R™ be a domain. When is a function Q0 — R determined by its
integrals over all periodic broken rays (periodic billiard trajectories)?

Examples:

o If O C R? is the unit disc, a function is not determined by these
integrals. [l., 2015]

o If O C R? is the unit square, a function is determined by these
integrals. [l., 2015]

To prove the result on the square, we can use the same reflection
argument, which leads to a new problem. ..
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Tomography on a torus

Is a function on the torus T? = R?/Z? determined by its integrals over all
periodic geodesics?
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Tomography on a torus

Question
Is a function on the torus T? = R?/Z? determined by its integrals over all
periodic geodesics?

Theorem (l. 2015, Abouelaz—Rouviére 2011, Strichartz 1982)

A function or a distribution on T™, n > 2, is uniquely determined by its
integrals over all periodic geodesics.
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Tomography on a torus
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Tomography on a torus

@ Find a parametrization of geodesics: All periodic geodesics are of
the form t — x + tv for x € T" and v € Z™ \ 0.
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Tomography on a torus

@ Find a parametrization of geodesics: All periodic geodesics are of
the form t — x + tv for x € T" and v € Z™ \ 0.

@ Realize the periodic X-ray transform as a family of symmetric
integral operators on L>(T"): For any v € Z" \ 0 define

1
Rf(z,0) = /0 it )i

For any fixed v, the operator f — Rf(-,v) is symmetric.

7.1.2016
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Tomography on a torus

@ Find a parametrization of geodesics: All periodic geodesics are of
the form t — x + tv for x € T" and v € Z™ \ 0.

@ Realize the periodic X-ray transform as a family of symmetric
integral operators on L>(T"): For any v € Z" \ 0 define

1
Rf(x,v):/o [z + tv)dt.

For any fixed v, the operator f — Rf(-,v) is symmetric.

© Reconstruct the Fourier coefficients of the unknown function
from the Fourier transform of the data: We know the functions
Rf(-,v). If k-v =0, then

o~

Rf(k,v) = f(k).
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Tomography on closed manifolds
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Tomography on closed manifolds

@ More generally, we can ask if a function on a closed manifold is
determined by its integrals over all closed geodesics.
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Tomography on closed manifolds

@ More generally, we can ask if a function on a closed manifold is
determined by its integrals over all closed geodesics.

@ This is known to be true if the manifold has negative curvature or
something similar [Dairbekov—Sharafutdinov, Guillemin—Kazhdan].
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Tomography on closed manifolds

@ More generally, we can ask if a function on a closed manifold is
determined by its integrals over all closed geodesics.

@ This is known to be true if the manifold has negative curvature or
something similar [Dairbekov—Sharafutdinov, Guillemin—Kazhdan].

@ The problem becomes different if we assume algebraic structure
instead of curvature restrictions.
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@ Electrical measurements
© Broken ray tomography
© Periodic broken rays and tori

@ Tomography on groups
@ Geodesics on Lie groups
@ Tomography on Lie groups
@ Finite groups
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Geodesics on Lie groups
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Geodesics on Lie groups

@ On a torus:

o Closed geodesics through the identity element are homomorphisms
from S*.
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Geodesics on Lie groups

@ On a torus:

o Closed geodesics through the identity element are homomorphisms
from S*.
o Other closed geodesics are translates of such homomorphisms.
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Geodesics on Lie groups

@ On a torus:
o Closed geodesics through the identity element are homomorphisms
from S*.
o Other closed geodesics are translates of such homomorphisms.
@ On other compact Lie groups, we can simply define closed geodesics
to be (left or right) translates of homomorphisms from S1.
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Geodesics on Lie groups

@ On a torus:

o Closed geodesics through the identity element are homomorphisms
from S*.
o Other closed geodesics are translates of such homomorphisms.

@ On other compact Lie groups, we can simply define closed geodesics
to be (left or right) translates of homomorphisms from S1.

@ These are really geodesics with respect to any bi-invariant metric.
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Tomography on Lie groups
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Tomography on Lie groups

Is a function on a compact Lie group determined by its integrals over all
closed geodesics? That is, is the Radon transform (periodic X-ray
transform) injective?
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Tomography on Lie groups

Question

Is a function on a compact Lie group determined by its integrals over all
closed geodesics? That is, is the Radon transform (periodic X-ray
transform) injective?

Theorem (l. 2014, Helgason 2011, Grinberg 1991)

Let G be a compact Lie group with dim(G) > 1. The Radon transform is
injective on G' if and only if the connected components are neither S* nor
S3.
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Tomography on Lie groups

Question

Is a function on a compact Lie group determined by its integrals over all
closed geodesics? That is, is the Radon transform (periodic X-ray
transform) injective?

Theorem (l. 2014, Helgason 2011, Grinberg 1991)

Let G be a compact Lie group with dim(G) > 1. The Radon transform is
injective on G' if and only if the connected components are neither S* nor
S3. This is true even if the Radon transform acts on distributions instead
of smooth functions.
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Tomography on Lie groups

Theorem (. 2016, Helgason 2011, Grinberg 1991)

Let G be a compact Lie group with dim(G) > 1. The Radon transform is

injective on G' if and only if the connected components are neither S* nor
S3.

Idea of proof

\ |
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Tomography on Lie groups

Theorem (. 2016, Helgason 2011, Grinberg 1991)

Let G be a compact Lie group with dim(G) > 1. The Radon transform is

injective on G' if and only if the connected components are neither S* nor
S3.

Idea of proof

It suffices to look at connected groups.
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Tomography on Lie groups

Theorem (. 2016, Helgason 2011, Grinberg 1991)

Let G be a compact Lie group with dim(G) > 1. The Radon transform is

injective on G if and only if the connected components are neither S* nor
&,

Idea of proof

It suffices to look at connected groups. If the Radon transform is injective
on a group H and H < G, then it is injective on G.
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Tomography on Lie groups

Theorem (. 2016, Helgason 2011, Grinberg 1991)

Let G be a compact Lie group with dim(G) > 1. The Radon transform is

injective on G if and only if the connected components are neither S* nor
&,

Idea of proof

It suffices to look at connected groups. If the Radon transform is injective
on a group H and H < G, then it is injective on G. If a connected,
compact Lie group has rank two or higher, it has a 2-torus as a subgroup.
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Tomography on Lie groups

Theorem (. 2016, Helgason 2011, Grinberg 1991)

Let G be a compact Lie group with dim(G) > 1. The Radon transform is
injective on G if and only if the connected components are neither S* nor
&,

Idea of proof

It suffices to look at connected groups. If the Radon transform is injective
on a group H and H < G, then it is injective on G. If a connected,
compact Lie group has rank two or higher, it has a 2-torus as a subgroup.
Therefore the result follows from the result on tori.
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Tomography on Lie groups

Theorem (. 2016, Helgason 2011, Grinberg 1991)

Let G be a compact Lie group with dim(G) > 1. The Radon transform is
injective on G if and only if the connected components are neither S* nor

55,

Idea of proof

It suffices to look at connected groups. If the Radon transform is injective
on a group H and H < G, then it is injective on G. If a connected,
compact Lie group has rank two or higher, it has a 2-torus as a subgroup.
Therefore the result follows from the result on tori. There are only three
groups of rank 1: S, S3 and SO(3).
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Tomography on Lie groups

Theorem (. 2016, Helgason 2011, Grinberg 1991)

Let G be a compact Lie group with dim(G) > 1. The Radon transform is

injective on G if and only if the connected components are neither S* nor
&,

Idea of proof

It suffices to look at connected groups. If the Radon transform is injective
on a group H and H < G, then it is injective on G. If a connected,
compact Lie group has rank two or higher, it has a 2-torus as a subgroup.
Therefore the result follows from the result on tori. There are only three
groups of rank 1: S*, S3 and SO(3). Injectivity on SO(3) has been shown
before due to applications in crystallography.

v
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@ Recall from Lie groups: We defined geodesics to be translates of
homomorphisms S! — G.
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@ Recall from Lie groups: We defined geodesics to be translates of
homomorphisms S! — G.

e If G is a finite group, we can define geodesics as translates of
homomorphisms C,, — G where C,, is the cyclic group of order n.
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@ Recall from Lie groups: We defined geodesics to be translates of
homomorphisms S! — G.

e If G is a finite group, we can define geodesics as translates of
homomorphisms C,, — G where C,, is the cyclic group of order n.

@ We cannot scale all geodesics to have the same length, so we need
different ns.
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@ Recall from Lie groups: We defined geodesics to be translates of
homomorphisms S! — G.

e If G is a finite group, we can define geodesics as translates of
homomorphisms C,, — G where C,, is the cyclic group of order n.

@ We cannot scale all geodesics to have the same length, so we need
different ns.

@ Integrating over a geodesic now means a finite sum.
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@ Recall from Lie groups: We defined geodesics to be translates of
homomorphisms S! — G.

e If G is a finite group, we can define geodesics as translates of
homomorphisms C,, — G where C,, is the cyclic group of order n.

@ We cannot scale all geodesics to have the same length, so we need
different ns.

@ Integrating over a geodesic now means a finite sum.

@ This makes sense for functions taking values in any field, but | have
only looked into characteristic zero.
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Finite groups

LA point v € V so that p(g)v = v for all g € G.
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Is a function on a finite group determined by its sums over all closed
geodesics? That is, is the Radon transform injective?

LA point v € V so that p(g)v = v for all g € G.
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Is a function on a finite group determined by its sums over all closed
geodesics? That is, is the Radon transform injective?

Theorem (1. 2014)
Let G be a finite group. The following are equivalent:
© The Radon transform is injective on G.
@ No nontrivial representation p: G — GL(V') has a nonzero fixed
point®.
© G is not a Frobenius complement.

LA point v € V so that p(g)v = v for all g € G.
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Theorem (1. 2014)
Let G be a finite group. The following are equivalent:
@ The Radon transform is injective on G.
@ No nontrivial representation p: G — GL(V') has a nonzero fixed point.

© G is not a Frobenius complement.

Idea of proof

The equivalence of the last two is a known classification result. We can use
the same idea as with tori: Reconstruct the Fourier series of the function
from the known sums. Fourier analysis on a (finite) group is essentially

representation theory.
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Thank you.

Slides and papers available at http://users.jyu.fi/~jojapeil.
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