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Matter in the Standard Model

There are two sectors of matter particles (not force carriers) in SM:

Quarks

electric charge
q = −1

3e q = +2
3e

ge
ne

ra
tio

n 1 d, down u, up

2 s, strange c, charm

3 b, bottom t, top

Leptons

electric charge
q = −e q = 0

ge
ne

ra
tio

n 1 e, electron ν1

2 µ, muon ν2

3 τ , tau ν3

Generations/flavors only differ by mass, and all 12 masses are different.
The charge jump is 1e in both sectors.
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Weak interactions mix generations

The (charged current of the) weak force couples particles of the same sector but of different
charge.

This coupling is not diagonal: d does not couple to only u, but a combination of u, c, t.

This mixing of generations is described by two matrices:

Cabibbo–Kobayashi–Maskawa matrix V for quarks

Pontecorvo–Maki–Nakagawa–Sakata matrix U for leptons

The linear combination of neutrinos ν1, ν2, ν3 that couples to the electron is called the electron
neutrino, νe =

∑3
i=1 Ueiνi.
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Neutrino kinematics

Neutrinos are often produced and observed in “flavor states” νe, νµ, ντ .

These particles have no well defined mass — they are linear combinations of the “mass
states” ν1, ν2, ν3.

As the quantum states of the different mass states oscillate at slightly different frequencies,
there is a beat: Neutrinos seem to oscillate between the different flavor states.

This neutrino oscillation is a kinematic phenomenon.
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Neutrino kinematics

A particle with velocity v is called

non-relativistic if v ≪ c,

relativistic if v ≳ 1
10c, and

ultrarelativistic if v ≈ c.

Typical measured neutrinos are ultrarelativistic: (c− v)/c ≈ 10−20.

Kinematically we can thus treat neutrinos as perturbations of photons (which have v = c), so
they are well modeled as ultrarelativistic Jacobi fields along null geodesics.
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Observation of and with neutrinos

Neutrinos are produced in great numbers by supernovae, stars, nuclear weapons, and the
early universe.

Only a tiny fraction of neutrinos gets observed with huge detectors.

Neutrino intensity does not drop much: The Earth is transparent.

Neutrino oscillations are interferometric and thus sensitive to finer details.

Neutrinos (like photons) travel cosmological distances and they are not disturbed by our local
electromagnetic fields.
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Neutrino oscillation

The state space of a neutrino is 3-dimensional, and the state (in the flavor basis) is

ψ(t) =

ψe(t)
ψµ(t)
ψτ (t)

 ∈ C3.

The time evolution of this state is governed by the Schrödinger equation

iℏ∂tψ(t) = Hψ(t),

where the Hamiltonian H may depend on time, position, and other things.

Semiclassical description: A classical point particle that carries a quantum state.
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Neutrino oscillation

In vacuum we have just the free Hamiltonian

H0 =
1

2E
UPMNS

m2
1 0 0
0 m2

2 0
0 0 m2

3

U∗
PMNS.

In a medium we have H = H0 +NeA, where

A = 2
√
2EGF

1 0 0
0 0 0
0 0 0

 ,

where Ne is the electron number density.
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Measurement

There is a set of possible initial states ψ(0) we can prepare the neutrino to.

(Simplest case: The flavor basis vectors.)

There is a set of possible reference states ϕ that we can measure with, giving us |⟨ϕ, ψ(T )⟩|2.
(Simplest case: The flavor basis vectors.)

Phase information is lost, so multiples of the identity matrixare invisible.
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The inverse problem

Question
If we can prepare and measure the initial and final states of neutrinos passing through an
object, can we find the electron number density Ne(x)?

Theorem [I., 2016]
Suppose we do the measurements above for all straight lines through a nice domain Ω ⊂ Rn

with n ≥ 2 with a hermitean Hamiltonian field H : Ω → Cn×n.

If the measurement library is big enough, then the measurements determine the trace-free
part of H(x) uniquely for all x ∈ Ω.

The conclusion is more than strong enough for the physical problem, but we also assume too
big a library.
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The goal

Question
If one makes geometric measurements of the arrivals of all photons from all supernova
explosions but has no spectral information on the photons, can one reconstruct the Lorentzian
metric describing the spacetime in one’s visible past?

No! The observation is scale-free and one can only hope to see the conformal class of the
spacetime.

Idea
Neutrino worldlines are only almost null — remember the ultrarelativistic Jacobi fields.
They break this conformal symmetry infinitesimally.
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The result

Theorem (Kurylev–Lassas–Uhlmann, 2018)
Measurements of light cones in an open subset of the spacetime determine the geometry and
conformal class of the spacetime in the lightlike past of the measurement set.

Measurements of photons determine everything in the visible part of the spacetime except
except the conformal factor: We cannot tell (M, g) and (M, cg) apart.

Theorem (I.–Uhlmann, 2021)
Suppose the conformal class is known. Measurements of (perturbative) neutrino cones in an
open subset of the spacetime determine the conformal factor in the lightlike past of the
measurement set.

Photons and neutrinos together determine the full geometry of the visible part of the
spacetime!
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Visible past
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Supernovae

A supernova is the exploding death of a big star.

Neutrinos are a tiny bit slower than photons (v ≈ (1− 10−20)c) but are released a little
earlier.

The neutrino cone depends on the motion of the dying star, the light cone does not.
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The two cones
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Not the normal kind of normal

What we measure is not deviations of light rays, but deviations of light cones.

=⇒ We need to take the component of the ultrarelativistic Jacobi field normal to the light
cone.

If γ(t) is the light ray, the direction normal to the light cone is γ̇(t).
It is both tangential and normal to the light cone!

The normal component of a Jacobi field J(t) is N(t) = ⟨J(t), γ̇(t)⟩.
The Jacobi equation is very simple for the tangential component: N̈(t) = 0.
=⇒ The inverse problem becomes simple!
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Conformal gauge

The light cone bundle on a Lorentzian manifold has a light cone at every point.

A conformal change of the metric tensor leaves the light cones unchanged.

Particles travelling at the speed of light only care about the conformal class.
They have no sense of scale, local or global!

Mass is the ability to sense scale.
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Conformal gauge

light cone bundle = {v ∈ TM ; v · v = 0}
↔ possible photon directions

↔ conformal class
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DISCOVERING MATH
at JYU.Since 1863.

Slides and papers available:
http://users.jyu.fi/~jojapeil

Ask for details:
joonas.ilmavirta@jyu.fi



Lessons

Neutrinos. . .

. . . interact very weakly in all respects.

. . . oscillate between the flavors νe, νµ, ντ .

. . . have a tiny mass, but that is enough to sense scale and fix a conformal factor.

. . . are well modeled by ultrarelativistic Jacobi fields along light rays.

. . . can see what other particles cannot.

. . . are fun.
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